
Tellus (1977), 29,470-475 

Forced plume characteristics 

By P. F. CRAPPER*, Geophysical Fluid Dynamics Laboratory, Monash University, Clayton, victoria 
3168. Australia 

(Manuscript received May 18, 1976; in final form October 26, 1976) 

ABSTRACT 
This paper describes an investigation of turbulent forced plumes generated by the steady release 
of mass, momentum and buoyancy from a finite source in a uniform environment. The entrain- 
ment coefficient assumption has been made; however a variable coefficient has been used so that 
the characteristics of the transition from jet to plume behaviour can be presented more clearly. A 
modified Boussinesq approximation has been made which corrects for the effect of density 
variations in the mass and momentum fluxes. The treatment reveals that the characteristics of 
forced plumes can best be discussed by reference to the Froude number. For all cases of forced 
plumes (except a pure jet) the Froude number approaches a particular constant value as the 
height increases. 

1. Introduction 

Flows referred to as plumes, forced plumes, 
buoyant jets and jets may all be considered part of 
a more general category of free turbulent flows. 
There are many important geophysical examples of 
these flows in such fields as meteorology, ocean- 
ography, air and water pollution, etc. The term 
“plume” has been used to describe flows arising 
when buoyancy is supplied continuously and “jet” 
has been used when momentum is supplied con- 
tinuously. Flows which have the characteristics of 
both jets and plumes have been called “forced 
plumes”or “buoyant jets”. 

It has been observed by many experimenters that 
jets and plumes have a sharp boundary between the 
turbulent fluid and their surroundings. The flows 
increase their mass flux by the process of entrain- 
ment of surrounding fluid across this boundary. 
The interface between the turbulent flow and the 
surroundings is continuously moving, however the 
time-averaged profiles of velocity and density 
deficiency are quite smooth and can be accurately 
fitted by Gaussian profiles. The mean radius for 
both jets and plumes has been found to increase 
linearly with distance from the source. 

*=sent address: CSIRO, Division of Land Use 
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Batchelor (1954) pointed out that the linear 
growth of radius with height implies that the mean 
entrainment velocity is proportional to a charac- 
teristic upward velocity. This statement, now regar- 
ded as a basic assumption and called the entrain- 
ment coefficient assumption, was first used by Mor- 
ton, Taylor and Turner (1956) in the analysis of 
plumes. They made two additional major 
assumptions: 

(i) That the profiles of mean vertical velocity and 
mean density deficiency are similar a t  all heights 

(ii) That the density difference between the am- 
bient fluid and the buoyant fluid is negligible except 
in the buoyancy term in the conservation of 
momentum equation, where it provides the driving 
force and in the conservation of density deficiency 
equation. This assumption is commonly called the 
Boussinesq approximation and is discussed in con- 
siderable detail in Turner (1973). 

Taking cylindrical polar coordinates (x, r )  with 
the x axis vertical and the source a t  the origin and 
supposing that p ,  U and V are the time-averaged 
density, axial and radial velocities, Morton, Taylor 
and Turner then formulated, for a uniform den- 
sity ambient fluid, the following conservation 
equations: 

d JoQ)2nrudr = - lim ( 2 n r ~ )  = 2nmb 

(i) volume 

(1) 
dx r-Q) 
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(ii) vertical momentum 

Pm -P 
27rrauZdr= lm 2nrg (p,) dr (2)  

ak 

(iii) density deficiency 

(3) 

where p ,  is the ambient density, u and b are 
characteristic axial velocity and radius scales and a 
is the entrainment coefficient. 

Morton (1959) has extended the work of Mor- 
ton, et al. (1956) to include plumes generated 
from sources of finite size which deliver fluxes 
of mass, momentum and buoyancy. These plumes 
have been called "forced plumes" by Morton. 
One limitation of Morton's approach is that 
the values of a for a jet (a, = 0.05 1) and a plume 
(ap = 0.085) differ significantly and so a forced 
plume cannot be characterized by a single value. 
Initially the forced plume will exhibit jet-like 
characteristics (a = 0.051) and ultimately it must 
exhibit plume-like characteristics (a = 0.085) and 
so a constant entrainment coefficient can give only 
approximate answers. A further limitation of Mor- 
ton's work is the Boussinesq approximation, which 
excludes many industrial applications. 

The problem of determining an appropriate 
entrainment coefficient has beem examined by List 
& Imberger (1973). They used dimensional argu- 
ments and experimental results to show that in a 
uniform density environment the entrainment func- 
tion and the buoyancy function are functions of 
the local Froude number and the spreading angle. 
Further, dimensional analysis revealed that the 
spreading angle is constant for both jets and 
plumes and the experimental results showed that 
the angles are almost identical. List and Imberger 
assumed that the spreading angles are equal and 
that the angle for a forced plume is constant and 
equal to the jet and plume value. In this paper List 
and Imberger's formulation for a variable entrain- 
ment coefficient has been used because it is more 
accurate than the assumption of constant a with 
the inherent problem of selecting an appropriate a 
value. Their results can be expressed as follows: 

2nrUdr = c, (1 + z) (4) 
3RP 

8 QFC, d jm 2 7 r r V d r = - n g - -  
dx o 3 Pz R ,  

where 

p 2 =  jOm 4 r U 2 d r  

( 5 )  

and C, and R, are constants. Before the terms in 
equation (6) can be evaluated, it is necessary to  
make some assumption about the variation of U 
and p with x and r. It is normal to assume that time 
averaged profiles are similar at all heights and can 
be represented by Gaussian distributions. There is 
considerable experimental support for these 
assumptions for both jets (see Albertson, Dai, Jen- 
sen & Rouse, 1950) and plumes (see Rouse, Yih 
& Humphrey, 1952). Thus assuming 

it can be shown that 

0.650 

Fr 
a= 0.051 + - 

(7) 

where 

In the following work a pure plume is considered 
to be one arising from a virtual point source of 
buoyancy alone. For such a plume the Froude 
number has a particular constant value Fr, The 
value depends upon the definitions, scaling and 
value of a, (0.085) used and in the present context 
Fr, = 4.37. In the case of a pure jet Fr, = 03. If 
fluid is ejected from a finite source with the proper- 
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ties U, b and E # 0 such that Fr # Frp then Fr can 
be greater or less than Fr, and the properties will 
change in a way such that Fr + Frp. A plume pro- 
duced by accelerating fluid initially a t  rest will have 
Fr = 0 at the source. For cases where Fr < Fr, 
then eq. (8)  leads to the result that u > 0.085; as 
there is no experimental or theoretical support for 
this it seems more logical to assume in this case 
that u = 0.085. For cases in which Fr < Fr, some 
of the underlying assumptions of this method 
would not be valid e.g. the flow may not be fully 
turbulent. However as Fr + Fr, comparatively 
quickly, the caution that the assumptions may not 
be valid need be borne in mind only very close to 
the source. 

2. Formulation of equations 

d 

dx 

where 

- ( F ) = O  

CP 
2fi7r 

--. I- 

In the formulation of eqs. (9) and (10) the usual 
Boussinesq approximation was made. This approx- 
imation can be improved considerably if density 
variations are allowed for in the terms for mass and 
momentum flux. The terms Q and P 2  can be 
redefined as follows: 

( 1 5 )  . .  

In the following a variable entrainment P2= 

coefficient a, as defined by equations (4) and (8) 
will be used and a modified Boussinesq approxi- 

substituted into (31, ( 4 )  and ( 5 )  it can be shown that B = 12b2E 
mation will be made. If equations (6) and (7) are N O W  substituting eq. (7)  into W. ( 6 )  and ( 1 5 )  gives 

4 cp nFnQ 
- - p 2  = g ~ B = - - g -  (10) 

These terms can now be non-dimensionalized with 
respect to ( 1  + L2)F and g to give 

dx d ( n )  2 3 R p n  
- P2 
2 

d 

dx 
- (gnF)  = 0 

where 

e & =  ( 1  1 )  

( 1  + d2)F 

P =  
(( 1 + A2)F)3/5ggl” B = 2  I O w r  (T) P, - P  d r .  

2apg1/5 
S =  

These equations can be further simplified to (( 1 + 12)F)2/5 

d BQ - ( Q ) = 2 u i P + g -  
dx P2 

d g B  
-((P)= - 
dx P 

bg”’ 1 
(12)  6 =  

( ( 1  + ,l*)F)U5 P - ( 1  + d2)( 1 + 212) 

(13) x ( Q+- 1 : 1 2 ) )  
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P2 

(( 1 + 12)F)"5g'" 1 
- U 

u =  - 

&-  (1 + P)(1 + 212) 

Equations (1 2), (1 3) and (14) can now be reduced 
to 3 eqs. in 3 unknowns &, P and E. 

d& 1 
- = p + -  
ds 

dP 1 1 

Equations (1 6) and (1 7) have a first integral 

L+(;). P 
0 

This integral provides a very convenient method for 
checking the accuracy of solutions. 

3. Solution of equations 

Let us define 

1 f . ' = ( $ ) / ( Q -  (1+12)(1+212) 

1 

Equations (16), (17) and (18) have been 
numerically integrated using a Runge-Kutta 
technique for a range of initial conditions Po and 
E, However before discussing the results it is 
worthwhile reviewing very briefly the results of 
pure plume and jet theories. 

(i) Pure plume 

b = 4 apx  = 0.102 x 

u a x-'I3 

(ii) Pure jet 

b = 2a,x = 0.102 x 

u cc x-' 

As discussed earlier, the rate of spreading for 
plumes and jets is the same. 

In Fig. 1 the normalized height s/Po is plotted 
against the normalized radius 6/P0 for e0 = 1 .O and 
Po = 0.1, 1, 10, 100 and 1OOO. The theories for 
both pure plumes and jets leads us to expect 
dbldx = 0.102 and after making the appropriate 
substitutions this is equivalent to d6/ds = 1, as ob- 
served. For the larger values of Po, d6Ids = 1 
throughout the range of s, however for Po = 0.1 
some initial necking was observed. The variation of 
velocity with height is shown in Fig. 2 for the same 
initial conditions. The pure theories suggest 
logarithmic gradients of -1 and -4 for jets and 
plumes respectively, and for the axes used these 
lines have slopes as shown. The transition from jet- 
like behaviour to plume-like behaviour is shown 
very clearly for Po 10. For small s the buoyancy 

then eq. (1 6) can be written as 

-=P(l+-) d& 1 

ds 2a,Pr2 

A constraint, which must now be remembered, is 
the limitation on the range of a. By comparing eq. 
(19) with eqs. (4) and (8) it can be seen that the 
maximum value of 1/2aJ#r2 is 3 and Pi-: = 14.71. 
When P i 2  = Pi;  the equations reduce to the pure 
plume problem and when #r2 = co the equations 
reduce to the pure jet problem. Initial conditions 
can be conceived which give #r2 < and for 
these cases 1/2a,#r2 was set equal to 4. For all 
cases, except the pure jet solution P i 2  - Pi; as s + 

co. This is shown clearly in Fig. 3. 
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s - 
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Fig. 2 

force is relatively unimportant, in terms of 
modification of the momentum flux, but as s 
increases the buoyancy force continually increases 
the momentum flux so that a t  some height the 
original momentum flux becomes unimportant and 
the flow now behaves as a pure plume. The larger 
Po the later the transition from jet-like to plume-like 
behaviour occurs. For Po = 1 the behaviour is 
described fairly well by the pure plume theory. For  
Po = 0.1 the buoyancy force dominates and the 
flow initially accelerates before settling down to the 
pure plume behaviour. It is this acceleration that 
leads to an initial reduction in radius 6 as observed 
in Fig. 1. The variation of Pr2 with height is shown 
in Fig. 3. For Po 2 10 the Pr2 is initially greater 

1 
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h 

p. 
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Fig. 4 

10 

than $r2 and Fr2 + Prj a s s  -+ co. When Po = 1 then 
Pr2 N & thus it is to be expected that the velocity 
variation could be explained fairly accurately by 
the pure plume theory. For Po = 0.1, Fr2 < Prj 
and thus for small s some of the underlying 
assumptions are probably invalid. However ErZ -+ 

Prj as s increases and so the assumptions would be 
valid over most of the range. 

The variation of 6 with s for the same range of Po 
but c0 = 0.01 is shown in Fig. 4. The features ob- 
served in Fig. 1 are evident except that this time it 
takes longer for the small Po cases to  approach the 
pure plume solution. Fig. 5 shows the variation of u^ 
with s and this figure reveals that for Po < 1 the 

s - 
p. 

:i 
01 
I 

02 05 

Fig. 5 Fig. 3 
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height of maximum velocity increases as E~ dec- 
reases. Thus it is to be expected that the small p,, 
cases will take longer to approach the pure plume 
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XAPAKTEPHCTUKH BbIHYXnEHHbIX R3bIKOB 
B CTaTbe OIIRCaIibl pe3ynbTaRd HmenOBaAHII 
~yp6~~1eHTHbxx BbmyXCAeHWIX IISbIKOB, IXHCpHpye- 

HbIM KOHeYHbIM HCTOYHHKOM MaCCbl, EMUyJIbCa H 
M~D( B o ~ ~ o p o ~ o i t  orpyxamweit cpene, nomom- 

M ~ B ~ U ~ C T H .  CnenaHo npemonoxemie o KO*- 
4mmeme npomimoBemin, OAH~KO,  TOT KO*- 
&miem CWT~UCII nepeMeH-, T ~ U  wo MOXHO 
6 ~ 0  60nee IICHO npenmamn XapaxTepHcTHm 
nepexona ~ 0 3 6 y n c ~ a e ~ o r o  ,unmremix OT mpyiinoro 
m a  K R ~ ~ I K O B O M ~ .  Emo HcnomormIo MOX- 
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