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ABSTRACT

An entirely new type of equation for forecasting atmospheric parameters is derived by applying
variational methods to a mathematical model of the atmosphere. The method also defines
vertical eigenfunctions to the model. In a simplified case some of the eigenfunctions are
compared with empirically obtained data, and conclusions are drawn regarding the validity of
some of the approximations in the mathematical model.

1. Introduction

In the terminology of numerical weather predic-
tion a forecasting parameter is a function of x, y
and ¢ only (or 4, ¢ and ¢) substituting the dependent
variable we wish to forecast by means of non-linear
predictive equations. A compact and very general
form for the transformation from a time and space
dependent variable to a parameter may be obtained
by a series expansion. Taking for instance the
stream function w(x, y, ¢, p) as dependent variable,
the expansion

W(x’ y! t'p) = Ean('x’ y' t)Fn(p) (1'1)

will determine the forecasting parameters a,(x, y, ¢)
as soon as the functions F, (p) are given. In
integrated models these will be suitably chosen
continuous weighting functions, while, taking them
as delta functions, we obtain instead parameters
representing conditions at prescribed levels.

The form of the series expansion (1) shows that
what we in fact are doing, when carrying out the
transformation, is to utilize the method of variable
separation, so common and efficient in solving
linear partial differential equations. However, when
application is made to non-linear partial differen-
tial equations, the purpose of the method is not
very clear, and it is therefore of interest to make a
comparison between these two very different situa-
tions.

In the case of a linear equation, the expansion
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(1) is not arbitrary. Instead, it is defined by the
requirement that each separate term in the series
should exactly satisfy the equation, and furthermore
that the functions F,(p), in this case the eigen-
functions of the problem, should satisfy certain
boundary conditions, The rate of convergence of
the series is not of particular interest, it is
determined partly by initial conditions, i.e, the
extent to which various modes are excited initially,
and partly by damping or diffusing terms in the
equation which generally result in high frequency
and high wavenumber modes vanishing rapidly.

In the non-linear case particular solutions that
exactly satisfy the equation do not exist, except in a
few special cases which are of no interest. There-
fore, in our usual approach to a non-linear
problem, the functions F,(p) in (1) remain undeter-
mined and arbitrary, and one may choose any
complete orthogonal set provided boundary con-
ditions can be satisfied. For reasons of formal
simplicity Fourier functions are often selected, but
again it should be noted that these are not in any
specific way related to the equation. Due to the
non-linearity, energy transfer will take place bet-
ween possible modes, and the rate of convergence
in the series—or in other terms the energy
spectrum—will depend on the choice of the ortho-
gonal set. Obviously one may by misfortune make
a poor choice and end up with a very slow con-
vergence. In the application discussed here this is
equivalent to a need for many parameters before a
satisfactory approximation of the dependent vari-
able is obtained.



416

In order to economize on the number of
parameters and, by this, also on computer time and
capacity we obviously need a method by which a
best choice or a consistent derivation of the
expanding functions F,(p) can be made. With this
purpose in mind it is natural to return to the
principle of eigenfunctions, but in view of the non-
linearity, to generalize and extend their definition.
Retaining the condition that they should satisfy
proper boundary conditions we may now define
them by the relaxed requirement that they should
satisfy the equation not exactly, but instead as well
as possible. This means that the determination of
eigenfunctions transforms into a well-defined
variational problem. The definition of eigen-
functions to linear equations will remain un-
changed as a special case, since here the minimum
will be exactly zero.

2. Some properties of generalized eigen-
functions

In order to clarify the ideas discussed above we
shall consider a dependent variable u(x, y, f) the
evolution of which is governed by the non-linear
equation
Mu)=0 2.1
M being a non-linear operator. Equation (2.1) is
supposed to be valid in the area S, and u should
satisfy given boundary conditions along the boun-
dary L. Furthermore u is supposed to satisfy some
initial conditions.

For u(x, y, £) we now introduce an approxi-
mation denoted by v(x, y, £). We may require v to
be of the form
v(x, y, )= a®)f (x,y) (2.2
but other restrictions are also possible. With the
imposed limitation, v can no longer satisfy eq. (2.1)
and we therefore have
M@)=R(x,», 0 .3)
where the values of the residual R depend on the
approximation or restriction made in ». Within
these limitations we now wish to make the best
possible choice of v and we therefore introduce the
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condition that R should be minimized in the least
square sense when integrated over S and over the
time interval (0, 7).

The variational problem is thus

fs fr R*ds dt = minimum

or in view of (2.3)

fs fT R 6 M(v)ds dt =0 2.4)

Since variations by definition are small, this
equation will be linearized in terms of the variation
ov. If M (u), for instance, contains the term u du/dx
we shall have

2
ff Ra(v—v)dsd:=ff R s
sIr ox s Jr ox

+Rvd @)det
ox

By partial integration the second term may be
transformed so that the final result becomes

ov v J6Rv

J.chS v— dsdt=Jf R———

sYT ox sJT ox  Ox
X dvdsdt+ J;JT [Rv dv)32 dy dt

Here, if v is given on the boundary we have dv =0
at x, and x, and the second integral vanishes. If this
condition is not imposed on v the second integral,
possibly together with other partially integrated
terms will provide so-called natural boundary
conditions on v. In any case the first integral above
will separate out, and together with other terms
multiplying the variation of dv in S and T give an
equation of the form

fs fT M’ (R, v) v dsdt=0 (2.5)

where M’ is a new operator on v and R, involving
non-linear partial derivatives. In particular, if M
includes partial time derivatives M’ will also do so
and is thus a prognostic operator.

In (2.5) we may now consider the case when the
restriction on v(x, y, ¢) is one of variable separation
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according to (2.2). We thus have

ov = a(t) 6f(x,y) + f(x,y) da(?) (2.6)
where 6f and Ja naturally are independent.
Equation (2.5) therefore separates into the follow-
ing two

J' M R,v)a(®di=0 @7
T

and

f M'R,v) f (x,»)ds=0 (2.8)
S

Going back now to (2.5) it is seen that if the
variation dv is unrestricted everywhere, then
MR, v)=0 29
will be a correct prognostic equation for v. If on the
other hand the variation Jv is restricted according
to (2.6) then the operatore M'(R, v) will be ortho-
gonal to a(?) over the interval (0, 7) and to flx, y)
over S. The predictive equation (2.9) is no longer
exactly valid but will, if applied to an initial field v
produce an error field which is orthogonal to a(¢)
and f(x, y).

In practical application (2.9) will not be used for
forecasting purposes. Instead eq. (2.7), being inte-
grated over ¢, will provide a non-linear partial
differential equation which together with given and
natural boundary conditions will determine f(x, y)
as a solution. The coefficients in this equation will
depend on statistics of a(¢) and its time derivatives.
In a similar way eq. (2.8), being integrated over S,
will provide the necessary predictive equation for
a(f), in which the coefficients will depend on
surface statistics of f(x, ) and its derivatives.

If we multiply eq. (2.8) by a(f) and integrate over
time we obtain a relation between these two types
of statistics. This corresponds to the usual relation
between eigenvalues that one finds in linear
problems. It follows that by this method different
modes can be determined where, in each separate
mode, an interdependence exists between time scale
and horizontal scale.

Considering the predictive equation (2.8) it is
easily shown by partial integration that if the
operator M of (2.1) includes the time derivative
d/ét, then the operator M’ will have 8%/or® as
highest order time derivative. This means that the
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forecast equation for a is very different from the
initial forecast equation (2.1). In a similar way we
find that the order of space derivatives will be
increased.

We therefore arrive at the somewhat surprising
conclusion that in order for an approximation to
satisfy a prognostic equation as well as possible izs
evolution in time should not be calculated by intro-
duction in this same equation, but instead in a
different equation of higher order. It should be
noticed that this also holds true if in (2.2) we pres-
cribe the function f(x, y) and thus only deal with a
variation of a. The resulting forecast equation for
a(?) will still be equation (2.8).

The procedure given above may now be extended
to include more terms in the approximation of u(x,
», ). Taking, for instance,

v=a,(8) fy(x. ) + & (0f,(x, y) (2.10)
we have
o = a,0f, +f,0a, + a,df, + f,0a, 2.11)

and since these variations are independent, egs.
(2.7) and (2.8) transform into

(@ fT M' R, v)a,dt =0
o) L M’ (R,v) f,ds =0
© fr M’ R,v) a,dt =0
@ fsM'(R,v)fzds=0

which shows that the orthogonality considerations
made before still hold. Since it is not possible in
(2.10) and (2.11) to discriminate between the first
and the second term, an extra condition has to be
prescribed. Various possibilities may exist but the
simplest is probably to consider f,(x, y) as
prescribed, determined instead from (2.7) and thus
excluding eq. (a) from (2.11). Equation (¢) in (2.11)
will then determine f, while forecast equations for
a, and a, are obtained from egs. (b) and (d). This
procedure may then be extended to any required
number of terms.
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3. The model atmosphere

In order now to apply the method to the
construction of an atmospheric model we shall here
consider the simplest possible case, starting from
the vorticity and adiabatic equations in the follow-
ing, approximate form

oV
v G.1)

ow ow
+f8 —+Jy, Viy)— f,—=0
ot ox op

o9
+J v, — ]|+ wo,=0
op

Elimination of «w and introduction of the geo-
strophic approximation fyy = ¢ gives

and

%
ot op

3.2

Vi Py

ot op

oy 4 1
ﬂ—+J(w,V2w)+f‘——
ot p o,

7]
+J(u/, —W)]=0
op

We now introduce the following approximation
for the stream-functions

(3.3)

w(x, y, 1, p) ~ a(x, y, )F (p) 3.4

and obtain from (3.3) the relation

oV
ot
éa d l dF
+ fI— =R(x,y.1,p) (3.5
ot dp g, dp

where R is the residual due to the restricted form of
the approximation. For the same reason, and due
to the geostrophic approximation, the Jacobian
from the adiabatic equation will take the form

( dF
S2J(a, a) — )
¢ dp

and thus vanish. It should, however, be pointed out
that friction would invalidate the geostrophic
approximation and make the Jacobian non-
vanishing. The term may therefore be of impor-
tance. We shall return to this question later on.

Ja
+ f— | F + J(a, Via)F?
ox

1. HOLMSTROM

In order to have a boundary condition at the
surface of the earth we introduce for the geo-
potential ¢ an approximation consistent with (3.4)
or
#(x, y, 1, p) = Fo(p) + foa(x, y, OF ()
where F,(p) represents a standard atmosphere.

Taking the surface of the earth to be flat with ¢
= 0 and differentiating the expression on the right-
hand side with respect to time, we obtain

dF, dp dF dp da

L i fia——+ fy —F=0

dp dt dp dt dt

or
da dF, dF

fo —F+o|—4 fa— |=0 (3.6)
dt dp dp

Introducing the same approximation into the adia-
batic equation, it may be written

da dF
s ——+ wa, =0

dt dp

3.7

noting that here the operator d/dt only includes
horizontal derivatives. In (3.6) we now neglect the
second term in the parentheses multiplying w and
obtain from a combination of (3.6) and (3.7) the
boundary condition at p = p,

S a F=0
— =0 =
Odp 0

with S, = dF,/dp, the negative value of standard
specific volume at surface pressure.

With regard to the upper boundary at p = 0 the
only condition required is that F should remain
finite since this point is singular due to 1/g,
behaving like p? for small p if we assume an iso-
thermal upper stratosphere.

4. Variation of a
With the form given in (3.4) for the approximation

of y, the variational problem directly separates into
the two equations

fsfrfp R6,Rdsdtdp=0
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f”mafi‘f} dLdp=0
@4.1) vr e on |

and

.’.sfr fp RORdsdtdp=0

with R given by (3.5).

Here the variational symbol J, indicates that
only a and not F is to be varied and vice versa for
0 S is the horizontal area of integration with ds =
dx dy. The boundary of S will be denoted L withdL
a line element on this boundary. Furthermore T
indicates the interval of time over which the fore-
cast equation is to be valid and P the vertical
pressure interval, here taken to be (0, p)) with p,
equal to surface pressure.

In order to have a more compact form of the
equation we also introduce the notation

d (1 dF
f‘o —

dp \o, dp
The variational equation to be considered here is
first

oVia o
fsfrfp Réa[( a:a +5;§)F

oa
+ J(a, V* a)F? + a— F‘] dsdtdp=0 4.3)
t

F*= 4.2)

where partial integrations have to be carried out in
order to obtain integrands which explicitly contain
da or its lowest possible derivatives as a factor.

The manipulations are rather long and details of
them have therefore been collected in the appendix.
For the discussion it is sufficient to give the
resulting full equations. After separation into dif-
ferent and independent variations of a or its
derivatives we obtain the following integrals,
which all must vanish separately.

dViR dR
ff F +F* — + F*J(R,V?a)
s JT JP ot ot

R
+F*v2 J(a,R)+ F B 5-]6adsdtdp=0
x
4.49)

f ‘L[(F V2R + F*R)oc)ldsdp=0 4.5)
s
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(4.6)

T

dLdp=0

£l
LJp on 0

R oJ(R, a)
fff{[F —F? ]dL+
L JT Jp aton on

+[F2R V(V’a)+FRVf]d|L}5adtdp=0

4.7

@4.8)
R oa
fﬁff[-F—+FZJ(R.a) 0—dLdtdp=0
L7 at on
4.9)
ffszRVaavzadlLdtdFo (4.10)
LYTYp

The main problem with regard to egs. (4.4)-(4.10)
is to decide if they are exactly satisfied by restric-
tions on ¢ or its derivatives or if they give so-called
natural boundary or initial conditions, that have to
be satisfied in order for R to be a minimum.

Since da is arbitrary in S and T the necessary
condition for eq. (4.4) to be satisfied, directly gives
the following forecast equation for R

oV*R  OR
f{F( +ﬂ——)+F2[J(R,Vza)
P ot ox

JR
+V:J(a,R)] + F* — }dp=0
ot

4.11)

Taking (3.5) into account, we see that this in reality
is a predictive equation for a of second order in
time and of fourth order in S. Thus, in order to
carry out a time integration using (4.10) we have to
know a and Qda/ot initially. On the other hand,
since we wish to apply the equation to all kinds of
initial fields, we do not wish to fix ¢ at T = 0
once and for all, and this means that da may at this
instant be arbitrary. In order for (4.5) to hold we
must then have

fP[FVZR+F'R]dp=0 t=0 4.12)
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which again, taking (3.5) into account, determines
the initial da/dt as soon as initial a is given. It
should be noted that the coefficients in eqgs. (4.11)
and (4.12) are obtained by integration over p of
second or third order products of functions of F.
The construction of a model on the basis of these
equations will therefore require a knowledge of F.

Turning now to the remaining equations we shall
choose the simplest possible case and assume the
area S to be so large that we can have ¢ = 0 and
furthermore da/on specified along L at all times.
This makes da = & da/on = 0 in egs. (4.6)—(4.9)
which thereby are satisfied. Furthermore the con-
dition (4.10) is also satisfied since Va-.dl = da
taken along L which vanishes with ¢ = 0. The
variation 6V2a along L is thus free.

5. Variation of F

In order to simplify notations when carrying out
the second variation of (4.1) we introduce

y oVla ﬂaa oa

= + — - 1 2 ; — —

Py P B=J(a, Via); C=f? p”
(5.1)

and have thus to consider

fffRa[AF+BF2+c;(GIOZ)]

X dsdtdp=0 (5.2)

For the third term inside the brackets we obtain
after partial integration

d (1 dF
f [ RCé — [ "\asdrdp=
s ‘Tt Jp dp \o, dp

[Je[fote- o]
ST

o, dp

fff ——(——)(5Fdsdtdp (5.3)

Gy Ip

where, in the first term on the right-hand side the
integrand will vanish at p = 0 provided R and
OR/ dp are finite. At the boundary p = p_ we have

I. HOLMSTROM

from (3.8) the relation

dF
Sy 0 — =0, 0F
dp

so that the natural boundary condition on R, taking
F unspecified and §F = 0 at p = p, becomes

fsfrc[ﬁ__]dsdt 0

S, op
Carrying out remaining variations in (5.2) and
taking (5.3) into account we obtain

o {1 OR
Jf':R(A+ZBF)+C——(__):|
s Jr op \o, op

X dsdt=0

(5.3)

(5.4)

which in view of the definition of R is a fourth order
non-linear differential equation for F. Denoting

f f a(x, y, 1) b(x, y, £) ds dt = ab
S T

and introducing R from (3.5) egs. (5.4) and (5.3)
become

d 1 da| — — —d (1dF
———]ACF+BCF*+C* — | ——
dp o, dp dp \o, dp

e —d{1dF\ — df1dF
ac—|=Z)s28cr £(—E
dp \s, dp dp \a, dp

+ A?F + 34BF? + 2B°F3 =0 (5.5

and atp =p,

o | — — — d ({1 dF
—|ACF+BCF*+ C> — | — —
S, dp \ o, dp

d 1
= [ACF+BCF2+C2d ( dF
dp dp\ g, dp

(5.6)

If we divide by C? and furthermore apply a
normalizing condition on F, only four statistical
quantities involving a are needed in order to solve

Tellus 29 (1977), 5



OPTIMIZATION OF ATMOSPHERIC MODELS

eq. (5.5) with the boundary conditions (5.6) and
(3.8). However, these are not known since, as
already mentioned, the evolution equation for a
and thus also statistical quantities on a will depend
onF.

We find here an interdependence of the same
kind as in the case of linear partial differential
equations where eigensolutions for separated vari-
ables are related through an equation between the
eigenvalues. In the non-linear case discussed here
similar equations relating statistics of « and F may
be obtained by multiplying eq. (4.11) by a and inte-
grating over s and ¢ and by multiplying (5.5) by F
and integrating over p.

It is, however, obvious that even with relations of
this kind being satisfied an infinite number of solu-
tions will exist and that in order to find those that
are relevant to and important in our atmospheric
model it will be necessary to take forcing and dis-
sipation into account in the variational problem.
This is, however, way beyond the purpose of this
paper and we shall, therefore, in the following
paragraph utilize empirical data in order to
determine approximate solutions to (5.5).

Before we do this it is, however, of interest to
discuss in some detail the meaning of the residual
R(x,y,t, p)ineq. (3.5).

Instead of the approximation (3.4) we shall in
equation (3.3) introduce

W(x’ VD5 t) = a(x,y, t)F(p) + W’(xny’ t:P)

and at the same time presuppose that at time r =0
the initial field is exactly represented by aF, or, in
other words that

v'(xy, 0,p)=0

At ¢t =0eq. (3.5) may be written

3 o (1 oy
M(aF)Z—[VZu/’+fg—(__W
ot ap.\o, op

where M (aF) is the expression on the left-hand side
of (3.5). The residual R is thus a measure of the
instantaneous creation of potential vorticity in y/,
i.e. in modes that are not present in the field. By
minimizing R? we find vertical modes with the
property that the transfer of potential entropy
from one excited mode to other non-excited modes
is as small as possible.
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6. Observational data

In the previous sections we have determined
approximations to the stream function y(x,y,p,f) of
the form a(x,y,f)F(p) with an optimized per-
sistance in the mathematical model of the atmos-
phere. It is then natural to assume that if the model
is sufficiently realistic similar vertical modes should
be dominant in the real atmosphere. If y(x,y,t,p)
represents measured values of the stream function
we therefore formulate the following variational
problem

f“ (w(x, y, p, 1) — 100, p, DS D

X ds dt dp = minimum 6.1)

and expect that the function f{p), determined from
empirical data should be similar to one of the
solutions F (p) to (5.5).

Furthermore, if differences between F(p) and
JS(p) are found, it also seems natural to assume that
these will depend on deficiencies in the math-
ematical model, for instance a neglect of important
terms in its derivation.

Turning now to the variational problem (6.1) it is
not surprising that we recognize the basic principle
in the derivation of empirical orthogonal functions
—in too many applications thought of only as
eigenvectors to a covariance matrix. Carrying out
the variation we obtain a system of two integral
equations from which either 7 or f can be
eliminated. Choosing to eliminate 7 we find

LK (@.p")F(@')dp’ =£(p) (6.2)

or in matrix notation
Kf=A A=1/y

where the kernel K(p,p’) is the covariance function
(matrix)

K@, p)= f f W6 01, 0) Wk, 3, &, p') ds dt
SYT

and u, the eigenvalue of the Fredholm integral
equation is defined by

%:LJ’T r’(x,y,t)dsdt-fpf2 ®) dp

The eigenfunctions of (6.2) form an orthogonal set
and give in a series expansion of observed stream
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Fig. 1. First four functions f(p) in expansion of geo-
potential data into empirical orthogonal functions.

function data the fastest possible convergence with
an optimized variance reduction for each term.

We have in (6.1) and (6.2) used the stream
function as atmospheric variable. Since no expan-
sion into empirical orthogonal functions exists on
such data we shall make use of results from expan-
sions of observed geopotential heights, taking
advantage of the geostrophic approximation. A
certain caution is necessary since the approxi-
mation is not always valid.

Expansions of geopotential data have been made
by Obukhov (1960), Holmstrom (1963) and others
and we shall, for reference, utilize results obtained
by Holmstrém. The first four empirical functions
S(p) are reproduced in Fig. 1. They are normalized
to 1 over the interval 1000-100 mb. The
dominance of the first mode in these hemispheric
data from 7 days in October 1959 is very pro-
nounced with r.m.s. values of corresponding z-
functions being 236.2, 42.5, 20.1 and 10.2 m
respectively.

7. Linearized model

For the comparison between theoretical and
empirical results we shall not in this paper use the
full equation (5.5) but instead consider a simplified

. HOLMSTROM

version which is more easily discussed. Since the
circulation pattern of the atmosphere to a major
part is characterized by waves of rather sinusoidal
form and relatively small amplitude, it seems
reasonable to assume that eq. (5.5) would give
realistic vertical profile functions even if the corres-
ponding a-field is linearized. We shall therefore
only consider small perturbations on a zonal flow
and for a introduce

~ ik(x—ct)
a=—Uyy +ae

1.1
where U, and & are constants and is small.

Instead of introducing this expression in (5.5) we
may proceed in a different way. From (3.5) and
(6.1) we obtain

R =[(k% + p)F — kU, F? — cF*lik ™"
and from (4.10)
{[(k* + B)F — K*UF* — cF*’dp =0

where second order quantities in ¢ have been
neglected. If we look for stable solutions with the
phase velocity ¢ being real, this relation cannot
hold unless the integrand vanishes at all p. We
therefore have

d (1 dF) Ke+p KU,
— )= F— Fz
dp \o, dp fie Sec
where the expression for F* in (4.2) has been re-
introduced.

A few characteristic properties of solutions to eq.
(7.2) were discussed by Holmstrém (1964) but the
equation was not properly derived and the
presentation of computational results not ade-
quate. An extended treatment is therefore given
here.

Equation (7.2) which for o, = constant has
elliptic functions as solutions, has with g, variable
also certain interesting properties. First of all it is
directly seen that if F = 1 we obtain the Rossby
phase velocity relation. A slightly modified form is
also obtained if the equation is integrated over p
with the boundary conditions dF/dp = 0 at 1000
mb and dF/odp = O at p = 0 the modification
depending on the integrated value of the nor-
malized function F.

By taking F = 4G where u is a constant it is also
easily shown that the coefficient of F2 has no influ-

(1.2)
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ence on the form of the solution. It determines only
its amplitude and sign and may therefore be
arbitrarily chosen so as to make the solution
normalized and to be positive at p = 1000 mb. As
will be seen the properties of the solution are only
determined by its absolute value at 1000 mb and by
the coefficient in (7.2) multiplying F. This co-
efficient has here the character of an eigenvalue but
the similarity with linear equations is not complete.
It is convenient for the demonstration to introduce
the notation

e+ p kU,
a’= . =2 (7.3)
fie fie
so that the equation becomes
d (1dF
—|——|=a?F-p:F? (74
dp \o,dp
If we introduce
F=uG+v (1.5)

where u and v are constants, we find from (7.4)

d {1 dG
U—|—— | =(a =22 ) uG
dp \o, dp

+ W@ — vb?) — b 2 G2 (7.6)
Taking v to satisfy the relation
at-wr=0 a.n
eq. (7.6) transforms into
d (1dG
— | —— )=—a*G— ub* G? (1.8)
dp \ g, dp

which only differs from (7.4) by the sign of the
eigenvalue and possibly by a different normali-
zation of G depending on the arbitrary constant u.

Multiplying now (7.8) by F, (7.4) by G and
taking the difference we obtain

d|GdF F dG
dp

o, dp 0y dp
=2a*FG — b*FG(F — uG) = a* FG

where the relations (7.5) and (7.7) have been taken
into account. It is seen that F and G are ortho-
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gonal functions provided they satisfy a boundary
condition of the type given in (3.8). On this condi-
tion we have two (7.4) pairs of mutually ortho-
gonal solutions corresponding to opposite signs of
the eigenvalue and related linearly through eq.
(7.5).

With this result in mind it is interesting to com-
pare the two first empirical functions given in Fig.
1. Determining the equivalents of 4 and vin (7.5) so
as to give the best possible fit in the intervals 1000-
100 mb and 1000-250 mb we obtain from the
values of f, the curves f; and f} in Fig. 2,
compared with f;. In spite of the difference above
250 mb the similarity between f, and f7} is striking
and seems to imply the validity of this charac-
teristic property of (7.4) also in empirical data.

A further point of interest in eq. (7.4) is the role
of the non-linear term. Taking a” positive the effect
of the linear term is to make the solution diverge
from the p-axis. For positive F the non-linear term
with its negative sign is therefore necessary in order
to recurve the solutions towards zero and to satis-
fy realistic boundary conditions. For negative F the
solution is seen to diverge and consequently no
boundary condition at p = 0 can be satisfied.

Turning now to numerical integrations of eq.
(7.4) a sample of calculated profiles for F is shown
in Fig. 3. Integrations have been carried out from
prescribed initial values of F at 1000 mb in steps of
1 mb and in the first step satisfying the boundary
condition (3.8). Values for g, have been taken from
Holmstrom (1963), interpolated in the interval
1000-200 mb and from there on extrapolated as-
suming a smooth transition to an isothermal strato-
sphere. The solutions have not been renormalized.

Calculations in Fig. 3 have been made with a =
5.10* and b? = 6.25.107* Taking f, = 10~* and
B = 107! various values of k (or wavelength L)
correspond to the values of ¢ and U, given in Fig.
4. Different initial values of F at p = 1000 mb have
been prescribed and we shall use these for
reference.

From Fig. 3 it is seen that all curves become
negative before reaching 5 mb. They will then go
rapidly towards infinite negative values and the
curves in this calculation do therefore not represent
solutions that satisfy the upper boundary condition.
In some cases this may be due to the integration
step 1 mb, being too large close to the singularity,
but this point is not of special interest. More inter-
esting is the fact that vertical gradients as well as
curvatures become very large at tropopause level



424

I. HOLMSTROM

-1

+2

Fig. 2. Comparison between the function f,(p) of Fig. 1 with corresponding functions /5’ (p)and £,” (p)calculated from
/i)

g a5 10 1.5

Fig. 3. Profiles F(p) calculated from eq. (6.4) with a2 =
5+1074, b = 6.25-10~* and varying values of F at p =
1000 mb.

and one would therefore expect turbulence to be
generated in this region. The neglect of friction in
the initial set of equations is therefore likely to be of
crucial importance.

The effect of neglect of friction is also evident in
the curves 0.6—-1.0, giving unrealistic values of the
wind at the ground, taking the geostrophic approxi-
mation into account. The drag should lower con-
siderably the value of the function s at 1000 mb.

m/sec
30
%
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20
15
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5 -
T ———1——": /
Uy, €
K— 05 10 15 201078
Le— 126 63 L2 3.4+ 10%km

Fig. 4. Relation between wave number k, phase velocity
¢ and zonal wind U, for values of a® and ? used in Fig.
3.

Naturally a rederivation of the equations should
therefore be made, including an expression for the
friction from the beginning. This would also affect
the geostrophic approximation and make for
instance the Jacobian in the thermodynamic
equation non-vanishing. It would, however, also
necessitate inclusion of an external forcing to

Tellus 29 (1977), 5
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|
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Fig. 5a, b. Profiles F(p) calculated from eq. (7.4) with
relaxed boundary condition at p = 1000 mb and com-

pared with empirical f,(p). Values of a® are given beside
the curves.

balance dissipation and this would not only compli-
cate the treatment but also make the results
dependent on rather arbitrary assumptions. We
shall therefore take surface friction into account in
this paper simply by relaxing the lower boundary
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condition (3.8) and carry out the calculations and
the comparison assuming that at 1000 mb the
theoretical solution F(p) should have the same
value and the same slope as the empirical function
S @)

Recomputing F with this boundary condition we
obtain the results shown in Fig. 5 for varying
values of a? and b2 Up to levels around 250 mb
some of the curves show a striking similarity with
the empirical one but above this level we again
notice a much larger curvature and much steeper
gradients. This may be due to lack of friction but
other approximations may also be involved.

We also notice that solutions remain rather
similar for a wide range of values of a2 This implies
that the vertical structure of the model atmosphere
and most probably also the real atmosphere does
not to a large extent depend on the circulation
pattern itself but much more on the average static
stability and on surface friction. This is corro-
borated by the dominance of the first empirical
orthogonal function in expansions of the geo-
potential. One may here also see a reason why one-
parameter models indeed give comparatively good
results in short-term forecasting.

8. Conclusion

The purpose in this paper has been to draw
attention to the fact that in parameterizing a non-
linear predictive equation—as we always do in
meteorology—the parameters should not be pre-
dicted with the same equation as the variable they
replace. Instead, a higher order equation may be
derived which minimizes the approximation made
when introducing the parameters. The variational
method employed also defines vertical eigen-
solutions to the mathematical model of the atmos-
phere. Some of these should be similar to those
found from empirical data. If this condition is not
satisfied the conclusion should be that the mathe-
matical model does not sufficiently well-simulate
the real atmosphere. In such a case one cannot
expect the predictive equations to give useful
results.

Starting from a set of approximative equations
and drastically simplifying computations we have
shown that the eigenfunctions to the mathematical
model have certain characteristic properties com-
mon with the real atmosphere. However, certain
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obvious differences exist. These may be due to
neglect of friction in the mathematical model but
other sources of error are also possible, for instance
the geostrophic approximation. A more compre-
hensive treatment of the problem is therefore
required in order to determine the simplest possible
mathematical mode! of the atmosphere which still
has “eigenfunctions” that sufficiently well-resemble
those found in the atmosphere.

9. Appendix

Starting with the first term in (4.2) we first inte-
grate partially with respect to time, obtaining

fffRF& ® dsdidp— ff

x [RFéValldsdp

_fffp—5V2adsdtdp (A.1)

since F is a function of p only. On both terms on
the right hand side we now utilize Green’s theorem

fsavzbds=fsbv2a+§L(ag_b —Z’—l)dL

(A2)

This gives directly

R

- Up [FV:Réa)l

ds dtdp

T
dax OR
+§ [ F|rR6=——sa| arap
LJe on on |,

—fff F—éadsdtdp
R da 9’R
—fff (at on atanéa)
X dLdtdp J

r»(A.3)
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The next term to be dealt with is the Jacobian,
where we first notice that, since 6 is a linearizing
operator, we have

fsf fp RF?6J(a,V? a)ds dr dp
T

=foTfPRP[J(5a,V2a)

—J(6V2a, a)l ds dt dp (A.9)

We shall also utilize the following two relations,
which are easily verified

J(a, b) =k +(Va + Vb) = k - [V x (aVb)] (A.5)
and, if c = ¢(x, y)
cJ(a, b)=J(ac, b) —aJ(c, b) (A.6)

Combining (A.5) and (A.6) we have

fs cJ(a, b) ds = f J(ac, by ds — f aJ(c, b) ds
S S

=J‘ [Vx(ach)]ds—faJ(c,b)ds
S

or, using Stokes theorem

fs cJ(a, b)ds = f

L

acvVb-dL —f alJ(c, b) ds
s
(A7

In these equations ds is a vector surface element of
S and dL a vector line element along L.

Combining now (A.4) and (A.7) and taking
¢=R, a= ba and b = Vg in the first case and @ =
0V2a and b = V2a in the second, we find

fs fr prFzé"(“’V’a)dsdtdp

=§LLLF2RV(V2a)5a-detdp

_ fs fr fP F?J(R, V? @) Sads dt dp
_ §ff F*RVa-6V?adl dtdp

+ fsjrfp F2J(R, a) 8 V2 ads dt dp
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or, using (A.2) on the last integral
f f f RF' )@ Vi) dsdtdp |
s JT Jp
= — 2 2
fszLF [J(R, V2 a)
+ V2 J(a, R)] dadsdtdp

SASRLIEE

—VadV? al-dlL dtdp

> [4.8]

et

dJ(R, @)
on

oa J dL dt dp
~
The variation of the f-term is easiest to carry out if

we write it under the form of a Jacobian. Repeating
previous procedures we find

fs frfp ﬂrkaﬁ'fdsdtdp )

ox

fs fr fp Fl/Réa, )~

— J(R, ) ba) ds dt dp r (A9)

I

foTfP FRVfda-dlL dtdp

_fs J‘T fP FB ‘; da ds dt dp

a

Collecting present results and including also the
transformation of the time-derivative from the adi-
abatic equation we find

oV:R oR
TINE=
's ¥r %p ot ot

+F2J(R,V*a) + F2V*J(a, R)

+Fp %]aamdtdp + pr

[ (FV2R + F*R) da) T ds dp

SRt

oR 17
—g—éa] dL dp
>(A.10)
R
$ L (o
OR Oa
ot on

F? [J(R, a)d z—a

n

oJ(R, a) } }
- oa
on

dedtdp+£ foP{FZR[V(vza)aa

—Va éVial+ FRYf da}-dlL dtdp=0
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OINTUMUBALIMA ATMOC®EPHBIX MOJEJIEN.

BRIBOOMTCS COBEPIIEHHO HOBBIH THII YPaBHEHHH s
MPOTrHO3a aTMOCEPHBIX MAPaMETPOB MYTEM NPHIO-
ACHAA PAapHAIMOHHLIX METOLOB X MaTeMaTH4ecKOl
Mmozenn armochepbl. MeTton nossonseT Takxke
ONpene]uTh BepTHKAIbHBIE COOCTBEHHbIE (YHKLIHH
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Mozend. B npocrelieM citydae HEKOTOPBie COGCTBEH-
Hbl¢ GYHKUMH CPaBHMBAIOTCA C IMIHPUYECKHMH
AAaHHBIMH M ACNIAIOTCA BLIBOABI O CIIPaBEAJIMBOCTH
HEKOTOphIX AaNnmpOKCHMAaUMii B MaTeMaTHYECKOH
MOZENH.



