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ABSTRACT

Mak's (1976) model for the macro-structure of the undisturbed lower trade-wind circulation is
modified by taking into account the potential temperature distribution in the layer above the
trade-wind inversion. The downstream variations of temperature, wind and the height of the in-
version base predicted by the modified model are found to agree reasonably well with those for
the BOMEX region during an undisturbed period.

1. Introduction

In a recent article, Mak (1976) presented an in-
teresting introduction to a model study of the
downstream variation of the lower trade-wind cir-
culation in undisturbed weather conditions. He
concluded his study by stating that “the theoretical
expression [for the upward slope of the inversion
base| is comparable to but overestimates the slope
by a factor of two or three ... Thus, even guided
by the basic reasoning of this analysis, it is still
difficult to theoretically predict the downstream
variation of the trade-wind layer with good ac-
curacy.”

The purpose of this note is to show that, with a
slight modification, Mak’s model gives better agree-
ment with observation than Mak indicated. This
modification is made by matching the solution of
the potential temperature deviation to the pre-
scribed potential temperature in the layer above the
inversion. The result indicates that the height of the
inversion base increases with the downstream dis-
tance in proportion to the rate of diabatic heating in
the sub-inversion layer, and in inverse proportion to
the horizontal wind speed and the potential tem-
perature lapse rate in the layer above the inversion.

2. Layer-averaged model

The basic equations Mak employed to investig-
ate the downstream variation of the two-

dimensional trade-wind circulation are written in
dimensional form as
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All notations and symbols are the same as those
defined by Mak. In particular, £ denotes the rate of
cooling by evaporation from liquid drops in the in-
version layer, Af is the jump of 8 across the inver-
sion layer and the subscript i denotes the quantities
at the inversion level. Following Mak, we consider
the variables averaged over the entire depth of the
sub-inversion layer denoted by the symbol [ |.
Assuming {Q] is independent of s and eliminating
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&p, dp and w from eqgs. (1)-(6), we derive the fol-
lowing three equations:
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where the following abbreviations have been used:
W=le—(w8)]/A8 (10)
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Elimination of (] from egs. (7) and (8) gives
d [h) Gy, W
—l—]= (12)
ds \G glol

Mak assumed that both G and W are constants
with respect to s and determined A, [«] and {56
from egs. (12), (7) and (9) respectively. However,
his solutions were obtained without referring to the
atmospheric conditions in the layer above the in-
version. Because the atmospheric conditions in that
layer are determined by physical processes which
are not considered here, it would be reasonable to
prescribe these conditions and match the solutions
for the sub-inversion layer to the prescribed con-
ditions at the top of the inversion. Furthermore, we
can imagine intuitively that the rate of entrainment
of air from the layer above the inversion into the
sub-inversion layer will increase the inversion
height depending upon the static stability in the
layer above the inversion.

We shall first define the total potential tem-
perature averaged over the entire sub-inversion
layer by

161 =181, + 156 (13)

where at a certain upstream location, characterized
by h = h,, we have [86] = 0, and 8] = [6],. Let us
also denote the total potential temperature above
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Fig. 1. Schematic distribution of potential temperature in
the layers below and above the trade-wind inversion.

the inversion layer by 8,(z), and specify it as
(Fig. 1)

0,)=10l,+A0+(z—h,) (14)

for z > h > h,. We could use a more generalized
form for 8,(z) by including the s-variation of 8,.
However, the above expression gives a good first
approximation to the observed field and eq. (14) is
sufficient for our present discussion. It follows from
eq. (14) that at the top of the inversion at any
downstream location, we have

0,(hy =16l + AG=16], + (561 + 46 (15)
From egs. (14) and (15), we obtain
(681 = B (h — hy) (16)

We now have four equations [egs. (7), (8), (9),
and (16)] for five variables: k. [ul, [86), G, and W,
provided that | @] is prescribed. Consequently, one
of the five variables must be prescribed to deter-
mine the remaining four variables as a function of
5.

First we assume that G is a constant with respect
to s. Then, by eliminating [86] and [u] from egs.
(8). (9). and (16), we can write down 4 as a fun-
ction of s, as

h 46,Gs \12
=21+ {1+
2 gph?

or, by making use of eq. (8), as

h 1/2
h = —*[1 +(l +&)
2 cBhlul,
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The downstream variations of |34]. {u], and W are
then determined from egs. (16), (9) and (7) respec-
tively.

Eq. (17) indicates that the characteristic horizon-
tal length scale L in this model is given by L =
Bh,lul,c,/41Q). Mak estimated [Qlc, =
0.9 K day~! using the BOMEX data. A typical
value of {u| is 7 m sec™! according to Fig. 2 of Hol-
land & Rasmusson (1973), and Figure 4 of Augs-
tein et al. (1973), and A4, = 1.5 km. We estimate f
=4 K km~! from Mak’s Figure 4 which shows the
vertical variations of potential temperature ob-
served aboard the Discoverer and mt. Mitchell in
the layer above the inversion during the BOMEX
Phase I1II period. With these values, we obtain L =
720 km. For s much smaller than L, the rates of in-
crease of h, [66] and [u] are then found to be given
by

dh
(_ _ ol as)
ds * c,ﬁ’lu]*
(dlsel) _ lol (19)
ds . cp[ul‘
d
( |u|) _ [0l 20)
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Secondly, we may consider a model where W is a
constant but G varies with s. In this case, we derive
the equation for & by eliminating {«} and [56) from
egs. (7). (8). and (16) as

dh(h—h,) [Qlh?

- 2n
ds c,B(Ws + {ulhy)

The solution of this non-linear equation is readily

obtained as
h h [Q] Ws
2In — + | ——1 :—Q~ln 1+ (22)
he \ K ‘, lul
Mak estimated that W ~ 0.7 cm sec™!'. The charac-
teristic horizontal length scale in the second model
is then given by L = lul, A, /W ~ 1500 km. It is in-
teresting to note that for s < L, dh/ds and d(86l/ds
in the second model are identical with those in the
first model. However. dlul/ds is different and is

given by
[Ql
of

(dlul 1 (
. = —|w
ds |« hy

(23)
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It should be also noted that G in the second model
decreases in the downstream direction approxi-
mately 16% over a distance of 1000 km, while [u]
increases about 41% over the same distance. This
downstream decrease of G has not been observed.

We may also look at our four basic equations
from a different viewpoint. That is, {«] is regarded
as a prescribed function of s and the other four
variables, A, [86], G, and W, are unknown func-
tions to be determined by the model. In this case,
we seek to determine the large-scale thermo-
dynamic structure (4 and [861) and the small scale
processes (G and W) in response to the imposed
large-scale subsidence. The equation for A is
derived by eliminating [84] from egs. (9) and (16),
as

dh(h—hs) hlQI

- 24)
ds c,Blul
The solution of this equation is
heotQl [ d
2k —h)— hyIn r_tehpas (25)
h* Cpﬂ o l(ul

It can be shown that, for small s, |dh/dsl, and
|d1861/ds], are again identical with egs. (18) and
(19) respectively. dG/ds can be either positive or
negative. depending upon the relative magnitudes
of [Ql/c, and dlul/ds.

3. Comparison with observations and
discussions

We shall now compare our prediction equations
(18)-(20) with observations. Mak observed that
the increases of the height of the inversion base in
the downstream direction over a distance of
500 km over the BOMEX area is approximately
150 m. Mak’s Fig. 3 shows that the corresponding
increase of potential temperature is approximately
0.7 K when averaged over the layer from the sur-
face to the height of 1.5 km. In other words, dh/ds
~ 3 x 10-%and dl88l/ds ~ 1.4 x 1078 K cm~! over
the BOMEX area. When we assign the values
[Ql/e, = 09K day™', {ul, = Tmsec™), h, =
1.5km and B = 4 K km~! referred to earlier, eqs.
(18) and (19) give us (dh/ds), = 3.7 x 10~* and
(d1561/ds), = 1.5 x 10-8 K e¢m~!, Thus, the predic-
ted values agree very well with observations.
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Furthermore, eq. (20) gives (dlul/ds), =
1.7 x 10~% sec™ . If dlul/ds in this two-dimensional
model is interpreted as the horizontal velocity
divergence, this value is also comparable with the
observed value over the BOMEX area.

At this point, it is of some interest to compare
our result eq. (18) with Mak’s result eq. (32). By
substituting eqs. (18) and (19) into eq. (7), W at
s = Ois given by

2001
W, = _——
* o5 (26)
or,
Sl I (27
ds [« 2lul,

On the other hand, Mak’s (32) is written with our
notations as

( dh ) gh,[Q]
— = WG/2
ds | « 906‘,,

By substituting G in eq. (8) into eq. (28), eq. (27)
is recovered. It will be now clear why Mak
overestimated (dh/ds), by a factor of two or three.
First of all, Mak’s W is a prescribed quantity to be
evaluated from directly or indirectly estimated
values of & (w'@); and A8 in eq. (10). He estimated
W ~ 0.7 cm sec™!. On the other hand, W estimated
from eq. (26) is 0.52 cm sec™!. Secondly, Mak as-
signed the values G ~ 1.3 x 10-2 c¢m sec~? and
[Ql/c, = 0.9 K day~'. He took this value of G from
Holland and Rasmusson’s (1973) estimate with the
assumption that (97/9z), = 0. However, within the
framework of Mak’s model, G and [Ql/c, are
mutually related by eq. (8), and consequently
should not be assigned independently, as Mak did.
With [Ql/c, = 0.9K day~! and [ul, = 5 msec™!
(as Mak assumed), eq. (8) gives G = 1.0 x 10~?
cm sec™% With [ul, = 7msec! (as assumed in
this article), G is further reduced to be
0.75 x 10~2cm sec~2. Thus, Mak’s overestimate
might stem from the use of large W and G, aside
from not making use of the information above the
inversion layer.

A quantitative description of the downstream
variation of the Pacific trades was given by Malkus
(1956), although the number of samplings of obser-
vations was much less than the BOMEX case. Her
Fig. 1 indicates that, (i) the increase of the height of

(28)
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the inversion base is approximately 1 km over a
distance of 2500 km, giving dh/ds ~ 4 x 10—, (ii)
the corresponding increase of potential temperature
is about 6 K at the surface, decreasing slowly with
height in most of the layer and rapidly decreasing
to zero near the inversion base, (iii) the horizontal
velocity at the upstream location is about 5 m sec™!
and the velocity also increases in the downstream
direction, giving the horizontal divergence of about
2-3 x 1077sec”'. If we take d[d8l/ds ~
5K/2500km ~ 2x10%Kcm~' and [u] ~
5msec!, eq. (19) gives [Ql/c, = 0.86 K day~".
With this value of [Ql/c, and § = 4K km™, eq.
(18) predicts (dh/ds), = 5 x 10~*, very close to the
observed value referred to above. However, eq.
(20) predicts (dlul/ds), ~ 2.5 x 107® sec™!, one or-
der of magnitude larger than the observed value.
The observed value of dlul/ds may not be typical
to the eastern Pacific trade or the eastern Pacific
trade may correspond to the third model in the pre-
vious section with u being nearly constant.

In summary, even though the result of the above
analysis is gratifying in that the predicted
downstream variations eqs. (18)-(20) agree fairly
well with observations, the present work should be
regarded at best as an introduction to the complex
problem of the downstream variation of the lower
trade-wind circulation. The discussion in the pre-
ceding paragraphs calls for the more precise estim-
ate of the magnitude of parameters involved. We
have ignored the vertical variation of Q and con-
sidered only [Q} averaged over the entire sub-
inversion layer. However, the recent estimate of @
by Nitta and Esbensen (1974) and Soong and
Ogura (1976) using BOMEX data indicates that Q
varies considerably with height, Q being negative in
the lower portion of the sub-inversion layer, mainly
due to the radiative cooling and positive in the up-
per portion because of the condensation heating.

We have also assumed that [Q] is independent of
the downstream distance. Our basic equations (7)—
(9) permit horizontally homogeneous solutions,
h=nh,,186] =0, dlul/ds = W,/h,, if [Q] =0. This
is why all rates of the downstream variations in egs.
(18)-(20) are proportional to [Q]. This is a reflec-
tion of the fact that the rates of the downstream
variation depend upon the degree to which the
dynamic and thermodynamic structures in the
lower trade at an upstream location are locaily
balanced. We should have a more rigorous
analysis on how h, is determined, how the at-
mosphere is balanced locally and how the down-
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stream variation of |Q| affects the slope of the in-
version.

More fundamentally, the hierarchy of the prob-
lem of the lower trade-wind circulation should be
clearly recognized, as stressed in the earlier works
(Malkus, 1956: Riehl & Matkus, 1957). On one
hand., the maintenance of the dynamic and thermo-
dynamic structures of the circulation are controlled
by much smaller scale processes (heating and cool-
ing by trade-wind cumuli and eddy stresses in the
boundary layer). On the other hand, the lower
trade-wind circulation, being a downward branch
of the Hadley circulation, is controlled by the larger
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circulation. A modeling study, presented in this
note. represents nothing but a low-level hierarchy
of the problem in that some of the small scale pro-
cesses and some of the features of the larger-scale
circulation are prescribed.
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3AMEYAHUE O TTOOBETPEHHBIX BAPHUALIMAX
NMACCATHOU UUPKVIALUVU B HUXHEN TPONIOCOHEPE

Moneny Maka (1976) MakpocTPyKTYpel HEBO3-
MYLHCHHOM TacCaTHONW LMPKYJISUHH MOTH(HLHDY-
eTCs NMyTeM y4eTa paclpelesieHusi NOTeHUUATLHOH
TEMIEpaTypel B CJIO@ Had NAacCaTHOM HHBEpCHEH.
Ipencka3biBaeMble MOAHQHIUPOBAHHON MOIEITBIO

OOABETPEHHBIE BapHallHH TEMNEPATYPhl, CKOPOCTH
BETPa M BbICOTBI OCHOBAHHS MHBEPCHHM AOCTATOYHO
XOpOIO COTIACyloTCs € COOTBETCTBYIOIUMMH BEj-
HYHMHAMM, H3MepeHHbIMA BO BpemMa BOMOIKCa s
Te4YeHHe HEBO3MYUIEHHOTO TfiepHoaa.
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