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ABSTRACT 

The transient state of sea-ice formation due to a given constant drop in surface temperature, and 
the associated change in sea-water salinity due to salt rejection, has been investigated 
theoretically by the heat balance integral method. The water temperature is taken to be constant. 
Ice, water and salt were assumed to coexist in thermodynamic equilibrium at the ice-water inter- 
face, and the analysis is valid for small temperature perturbations. The ice growth rate is found 
to be considerably reduced due to the depression of the freezing point caused by salt rejection. 
Utilizing Foster’s (1968) results, haline convection with typical wavelength 1-2 mm is found to 
occur after a characteristic time of order 1 min. Results are also presented for the ice growth 
problem when the ice-water interface can be regarded as a constant temperature boundary. 
Some effects of variable thermal properties due to brine trapping in the ice are taken into ac- 
count. The case of a timedependent surface temperature is also considered. 

1. Introduction 

The increase in salinity of surface waters 
associated with the formation of sea-ice may have 
a primary influence upon the formation of oceanic 
bottom water (see Munk, 1966). It is not yet com- 
pletely understood how this process takes place. It 
seems, however, as if haline convection may con- 
tribute significantly to the bottom water formation 
(Foster, 1972). 

Irrespective of how the mixing process actually 
occurs, it is essential to study the growth of sea-ice 
in order to predict the total amount of salt supplied 
to the water during the freezing process. For this, 
and various other reasons, particularly associated 
with environmental changes, numerous studies of 
the ice growth have been performed since the 
classical work of Stefan (1890); see Mayakut & 
Untersteiner (1 969) where appropriate references 
can be found. These studies, however, commonly 
deal exclusively with the heat transfer problem, and 
neglect the coupling with the salinity field in the 
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water. At the ice-water interface a constant tem- 
perature or heat flux is prescribed, which implicitly 
assumes that the salinity increase due to salt rejec- 
tion is removed by some sort of turbulence in the 
water. 

The present paper investigates the formation of  
sea-ice when the body of sea-water initially is at 
rest. Ice, water and salt are assumed to coexist in 
thermodynamic equilibrium at the ice-water inter- 
face, and it is shown that the coupling between the 
heat and salt transfer problem can not be neglected 
at this stage. 

The salinity boundary layer produced below the 
ice, will ultimately become gravitationally un- 
stable, leading to the onset of haline convection 
(Foster, 1968, 1969). By utilizing Foster’s (1968) 
results, the critical time for onset of convection, as 
well as the critical wavelength, is predicted. 

Finally, some results are presented for later 
stages of ice growth. It is then assumed that tur- 
bulent convection, or turbulence in general, is suf- 
ficiently effective to remove the salt excess at the 
ice-water interface. This, then, may be regarded 
as a constant temperature boundary, which is along 
the lines of traditional ice growth studies. Explicitly 
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we have considered some effects upon the ice 
growth due to variable thermal properties. These 
variations arise from brine being trapped in the ice 
during the freezing process. Also the case of a 
variable surface temperature has been analyzed. 

2. Model and basic equations 

We consider a semi-infinite model where initially 
sea-water of uniform salt concentration So is at 
rest. The temperature To is also uniform and equals 
the freezing temperature. Especially for sea-water 
with a salinity greater than 24.7%,, this is not an 
unrealistic assumption. In that case, the cooling 
process towards freezing is accompanied by ther- 
mal convection, which ultimately leaves us with a 
uniform upper layer of considerable depth com- 
pared to the final ice thickness. Wind mixing will 
of course also contribute to this result. Measure- 
ments below natural growing ice-sheets clearly 
show such uniform regions (Brennecke, 1921 ; 
Tabata, 1958; Lewis, 1972). 

Let the z-axis be directed vertically downward, 
and let t denote time. At t = 0, the origin is situated 
at the surface which is covered by an infmitely thin 
layer of ice. For t > 0, we apply a small negative 
temperature perturbation -Q(t) at the surface. 
Assuming that no supercooling occurs, freezing 
begins, and a horizontal layer of ice starts to form. 
In the model, we disregard any microstructure, and 
take the ice-water interface to be sharp and 
smooth. Further we assume that the dissolved salts 
behave as a single solute. At the ice-water inter- 
face, ice, water and salt are assumed to coexist in 
thermodynamic equilibrium governed by a relation 
of the form 
f (T*,S  *) = 0 (2.1) 
where T* is the temperature and S* is the salinity 
at the phase boundary. The pressure is assumed 
constant during the process. Hence, at t = O,f(T:, 
S:) = 0 where = To and S: = S,,. Denoting the 
perturbated position of the phase boundary by ((t), 
thermodynamic equilibrium in general at t > 0 re- 
quires to a first approximation that 

( = -6 - a 5  

where we have used the fact that (dS:/dz),=o = 0. 
Here 8 and S are the temperature and salinity 
perturbations at the phase boundafy, and a, a 

positive constant given by 

where the last relation follows from (2.1). From 
measurements we obtain a, = 54.1 1 x OC for 
salinities up to about 140%,. (Assur, 1958). 

From (2.2) we observe that, if the initial tem- 
perature increases downward, a negative tem- 
perature perturbation at the surface causes the ice- 
water interface to move downward, while the 
associated positive increase of salinity at the inter- 
face, as well as liberated heat, tend to oppose the 
motion. Finally a new stationary position may be 
reached; see Gjevik (1972) for a similar problem. 

In the present case there are no initial gradients, 
and hence 

6 = -a, S, z = ( ( t )  (2.4) 

Accordingly, the ice will continue to grow to this 
approximation, provided the surface temperature 
is below the initial freezing point. 

Since water expands by freezing, the ice surface 
will move upward during the freezing process. This 
small expansion is not essential for the present 
problem, however, and can be neglected. 

When sea-water freezes, nearly pure ice is for- 
med, and salt is rejected back into the sea. Since the 
advancing ice front tends to develop a micro- 
structure in which the ice crystals and their con- 
nections form a matrix, however, highly saline 
brine may be trapped in the ice during the freezing 
process. The amount of brine trapped depends 
largely on the freezing rate, and rapidly formed 
sea-ice may have salinities up to 20%, (Pounder, 
1962). 

Due to the salt content., the properties of sea-ice 
may differ significantly from those of pure ice. In 
the present context we are particularly interested in 
its thermal properties, first measured by Malmgren 
(1927). The most striking variation occurs in the 
specific heat at constant pressure, c, which may 
vary by several orders of magnitude in a tem- 
perature interval near the freezing point for sea- 
water. The latent heat of fusion, L, also varies con- 
siderably. Ono (1967) has derived analytical 
expressions for c, and L, which are in agreement 
with experimental results. For the present purpose, 
it is sufficient to take into account only the leading 
terms in Ono’s expressions; the other terms are 
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quite small. The resulting formulae are 

C, = 41 + G, SIT2)  (2.5) 

L = Lo(1 + GZSiIT) (2.6) 

where the superscript 0 denotes value for pure ice, 
which we assume to be constant, and Si is the ice 
salinity in parts per thousand, T is the temperature 
in deg. C, and G,, G, are constants, having values 
8537.6 x 10-3(0C)2 and 54.11 x 10-30C, res- 
pectively. 

The trapping process is not very well urider- 
stood and it is therefore dimcult to relate the ice 
salinity Si to the variables of the problem. We shall 
therefore have to be content by assuming that Si is 
constant. This merely means an adjustment of the 
physical constants of the problem, except that c, 
and L still vary with temperature. 

Since pure ice conducts heat nearly four times 
better than sea-water at the freezing point, we shall 
neglect the heat flux into the water, and assume 
that all heat released by the freezing process flows 
to the ice. This assumption frst introduced by 
Stefan (1 890), greatly simplifies the mathematical 
problem. This is especially the case when working 
with time-dependent surface temperature and vari- 
able thermal properties. Accordingly, heat balance 
across the ice-water interface implies 

(2.7) 

where a dot denotes the time derivative. Further p 
is the density and k T  is the thermal conductivity of 
ice, which is assumed constant ( k T  vanes less than 
10% according to Mayakut & Untersteiner 
(1969)). It should be noted, however, that under 
natural growing conditions, the air bubble content 
in the ice has a marked influence on k T  (Pounder, 
1962). 

Salt balance across the interface further requires 

where KS is the diffusivity of salt in sea-water. 

sional variables may conveniently be defined by 
Introducing an arbitrary length h, nondimen- 

Z = 2' h, 

8 = 8' Lo/$, 

t = t'h2/KT, 

s'= s '(So - Si) (2.9) 

153 

where 

KT = k T / p !  

The non-dimensional equations governing the 
unsteady growth of sea-ice and the associated 
change of salinity in the water, may then be writ- 
ten, dropping the primes, as 

a8 a28 

at a22 
v, - = - O<Z<<(t )  

as a 2 s  

at a z z  
- =t-, <(t)<Z<., 

(2.10) 

(2.1 1) 

where 

q = C p / C ;  and r = l Q / K T  (2.12) 

8=-9(t), z = O  (2.13) 

The boundary conditions are 

1 a0 - = I <  
az 

(2.14) 

8=  -as (2.15) 

s=o, z=co 

where 

and 

a = a, c$tso - S,)/LO 

(2.16) 

(2.17) 

(2.18) 

A useful boundary condition, not involving (, may 
be obtained by differentiating (2.15) with respect to 
time and applying (2.10), (2.11) and (2.14). This 
finally yields 

z =< (2.19) 

where subscript m denotes value at the ice-water 
interface. 
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3. Method of solution and similarity for the salinity 

The system of equations (2.10-2.17) will be 
solved by the heat balance integral method intro- 
duced by Goodman (1958). In principle, the heat 
equation is integrated over a thermal boundary- 
layer depth 6 ~ .  The exact solution is approximated 
by a polynomial in z. By integration, this results in 
a first order differential equation for bdt). This 
procedure is analogous to the momentum integral 
method developed by von Karman (1921) and 
Pohlhausen (1 92 1) for viscous boundary-layer 
theory. For application of the heat balance integral 
method to freezing and melting problems, reference 
is given to the review article by Muehlbauer & 
Sunderland (1965). 

In this particular problem, the heat equation is 
integrated over the ice thickness, while the salt 
equation is integrated over a suitably defmed 
salinity boundary layer. Integration of (2.10) then 
yields 

where 

V =  s p d 0  

Defining a salinity boundary layer 6 by 

S(<+6)=0 (3.2) 

(3.3) 

the salt equation (2.1 1) can be integrated directly in 
z and t, by the aid of (2.16), giving 

(3.4) 

where we have used the fact that 3 = 6 = 0 at t = 0. 
In this part of the analysis we shall, for simplicity, 
assume that the non-dimensional surface perturba- 
tion temperature -q is constant. An analysis for 
variable 9 will be left for section 5 .  By differentiat- 
ing (2.13) with respect to time and assuming that 
(2.10) is valid at the boundary, we obtain 

a20 

a z 2  
-=o, z=O (3.5) 

a2s 
az* 
-=o, z = 3 + 6  

Equations (3.5) and (3.6) are usually termed as 
“smoothing” conditions, and are often encoun- 
tered in boundary layer analysis. It should be 
noted, however, that the inclusion of such extra 
constraints does not always improve the accuracy 
of the solution (Goodman, 1961). 

According to the adopted approach, we assume 
that 

e = c, + c, + c,z* + c3z3 (3.7) 

and 

S = Do + D, z + D2 z2 + D3 z3 (3.8) 

where the coefficients are functions of time. By ap- 
plying (2.13),(2.15) and (3.2-3.6), we obtain 

(3.9) 
4az 6 i;: 9 4 

O = - ( Z - Q - - + C  - - -  
3 

43 
h4 s = - - ( z  - 3 - 6)3 (3.10) 

Equations (2.16), (2.19) and (3.1) finally provide 
the necessary relations between the unknown <, 6 
and C. They are a bit lengthy, however, and we 
have therefore placed them in an appendix. Inspec- 
tion of (A.l-A.3) reveals that we have a solution of 
the form 

C = const. 

3 = KtIf2 

ij = Dt’I2 (3.1 1) 

where K and D are constants. This is of course a 
reflection of the fact that we apply a constant tem- 
perature perturbation at the upper ice surface. Sub- 
stitution of (3.1 I )  into (A. 1-A.3) leads to a coupled 
system of algebraic equations in C, K and D. 
Defining F = D/K, (A. 1) may be expressed as K = 
K(F), while (A.2) give C = C(E).  Insertion into 
(A.3), then yields an implicit equation in 6, which is 
solved numerically by the method of bisection. The 
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integral in (A.3) was solved numerically at each 
step by Sipson's rule. 

Computations were performed with sea-ice 
salinities ranging from zero to appropriate values 
for the bulk of sea-ice (4x3. No significant 
change in the solution was found. It is also clear, 
that for such small temperature changes as con- 
sidered here, significant trapping is not likely to oc- 
cur. Hence Si can be taken as zero in this part of 
the analysis. 

4. Results and discussion 

Fig. 1 exhibits the main features of the solution. 
The non-dimensional growth rate coefficients K for 
the ice thickness 3 (solid lines) and D for the 
salinity boundary layer d (broken lines) are plotted 
as functions of the initial sea salinity S,. Various 
values of the (constant) temperature drop Q at the 
upper Ice surface have been considered. In the 
computations we have chosen Lo = 80 callg, c"p = 
0.5 cal/g°C, KS = 7 x 10" cm21s and KT = 
0.01 cm21s. We observe that the growth rate co- 
efficient for ice increases with Q, which is obvious, 
and decreases with the sea salinity So. This latter 
effect is due to the depression of the freezing point 
caused by salt rejection during the freezing process. 
For a drop in surface temperature of 1 "C, the in- 
itial growth rate of ice on sea-water of 35%,, is 

0 10 20 30 

S.( 'I..) 

Fig. 1. Non-dimensional growth rate coefficients K for 
ice (solid lines) and the salinity boundary layer D (broken 
lines) vs. sea salinity S, The values of Q represent con- 
stant drops in surface temperature (in "C). 

nearly ten times less than the corresponding growth 
rate on fresh water. 

It is also observed that the salinity boundary 
layer thickness increases with increasing S,,, and 
also increases with decreasing Q. The figure shows 
that the salinity boundary layer in the sea is con- 
siderably thicker than the ice-sheet. The values of 
D for So = 0, i.e. fresh water, has of course no 
physical relevance. 

The analysis presented so far has assumed a 
purely conductive state in the fluid below the grow- 
ing ice-sheet. Both theoretical analysis and lab- 
oratory experiments, however (Foster, 1968,1969), 
give evidence that, after a certain period of time, 
the relatively saltier layer just beneath the ice 
becomes gravitationally unstable, and haline con- 
vection commences. Assuming the ice-water inter- 
face to be fmed in space, Foster (1968) performed 
a linear analysis to determine the onset of convec- 
tion. The Schmidt number v /k , ,  v being the kine- 
matic viscosity, was taken to be infmite, which is a 
good approximation for molecular values of v and 
KS. His results for a given constant salinity step 
AS at the upper rigid boundary are relevant for the 
present purpose. Convection then began after a 
critical dimensional time 

59 213 

KS 
(4.1) 

The horizontal wavelength of the fastest growing 
disturbance was 

1 13 

A= 5.1 .(%) (4.2) 

Here y is the "expansion" coefficient for salt and g 
the acceleration of gravity. The exact erfc-profile 
used by Foster in his calculations, is very well 
approximated by a cubic profile of the form (3.10) 
(Goodman, 1961). Hence the present analysis 
enables us to determine AS in (4.1) and (4.2) as a 
function of the ice surface temperature. The results 
are summarized in Table 1. For a sea-water salinity 
of 35%,, the properties of sea-water near the freez- 
ing point are y = 0.8, = 0.02 cm2/s and KS = 
7.10" cm2/s. 

We observe that, even for such small tem- 
perature perturbations as considered here, haline 
convection commences relatively quickly; the 
characteristic time being of order 1 min. or so. The 

Tellus 29 (1 977). 2 



156 J. E. WEBER 

Table 1. Onset of haline convection for various values of the surface 
temperature Ts = To - Q. AS denotes the induced salinity increase at the 
ice-water intersace, tc and Ac are the critical time and wavelength, respec- 
tively, and SC, Sc are the salinity boundary layer and ice thickness at t = tc 

0.2 3.7 1 12.0 1.86 1.3 1 0.034 
0.4 7.3 70.7 1.48 0.99 0.052 
0.6 11.0 54.1 1.29 0.83 0.065 
0.8 14.6 44.7 1.17 0.73 0.076 
1 .o 18.2 38.6 1.09 0.65 0.085 

critical wavelength is roughly between 1 and 2 mm, Recently Farhadieh & Tankin (1 975) have repor- 
and is a little less than twice the boundary-layer ted some interferometric measurements of the 
thickness. It is worth noting that these wavelengths freezing of sea-water. In their case strong thermal 
are about the same order of magnitude as those ob- convection was maintained in the water during the 
served by Foster (l969), although his experiments freezing process. The fact that thermal convection 
were performed at much lower surface tem- dominated the fluid motion, probably explains why 
perature than that for which the present analysis is they did not observe any effects of haline convec- 
valid. Since, however, the initial wavelength tion like those reported by Foster (1969). 
basically varies as AS-”3, which is a rather slow It may also be worth pointing out that haline 
variation, this result may not be so surprising after convection in the salinity boundary layer below the 
all. Experiments with haline convection in a Hele- growing ice sheet may affect the morphological 
Shaw cell of “infinite” depth with AS = 25% stability of the ice-water interface. For morpho- 
(Green & Foster, 1975), also show that the hori- logical instability to occur, constitutional super- 
zontal cell sue of the primary convection is just a cooling must be produced ahead of the advancing 
few millimetres. interface; see Serkerka (1973) for a comprehen- 

It should be noted from Table 1 that the ice- sive review. If, in a simplified model, the phase 
sheet is extremely thin at the onset of convection. boundary is assumed to move with constant 
This again makes it clear that there is no trapping velocity W, a stationary solution for the salt dis- 
of brine at this stage. tribution in the fluid is 

As mentioned before, formulae (4.1) and (4.2) 
have been derived under the assumption of a fured 
upper boundary. Taking K s I & ~  to represent the (1 - K*)  W 
characteristic velocity at slightly supercritical con- s= so + so - exp (- x,(z-o)9z2< 

K* 
vection, we find that this is of the same order of 
magnitude as the downward velocity of the ice- 

in Table 1 should be considered as order of mag- 
water interface at time tc. Accordingly, the results (4.3) 

nitude estimates only. 
The early stage of haline convection under ice, 

with the body of sea-water at its freezing point and 
initially at rest, has not yet been subject to careful 
laboratory observations. From a theoretical point 
of view, one would expect three-dimensional dis- 
turbances to be dominant, since the basic salinity 
profde changes. In fact, by analogy to the fmdings 
of Krishnamurti (1968), convection cells with hex- 
agonal planform should be observed. 

while the corresponding temperatures in the ice and 
water are approximately linear for the case of in- 
terest. In (4.3) K* is the distribution coefficient (the 
ratio of salt in the solid to salt in solution at the 
interface). Linear stability analyses of this solution 
then yield a criterion for the onset of morpholo- 
gical instability, i.e. dendritic growth (Mullins 
& Serkerka, 1964). The salinity distribution 
(4.3), however, varies typically over a distance 
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6 - KS/W and will be convectively unstable 
(Howard, 1966) when 

(4.4) 

When sea-water freezes, nearly all the salt is rejec- 
ted back into the water, and k. is accordingly very 
small. Estimates suggest k. < I&' (Harrison & 
Tiller 1963). For So = 35%,, (4.4) gives that haline 
convection will occur when 

W 5 lO-*cm/s (4.5) 

This is contrary to morpholological instability 
which is favoured by increasing W (Serkerka, 
1973). Despite the roughness of the above con- 
siderations, the results indicate that for small inter- 
face velocities, i.e. not too strong freezing, haline 
convection may occur prior to dendritic growth. 
This will probably result in a delay of the latter 
since convection mixes up the fluid adjacent to the 
interface and hence reduces the degree of super- 
cooling. 

5. Later stages of ice formation 

For larger times and/or freezing rates, convec- 
tion below the growing ice-sheet may develop in the 
form of long streamers (Foster, 1969), or the mo- 
tion may become intermittent. In the latter case the 
qualitative behaviour of the flow is described by 
Howard's (1966) heuristic theory of blobs breaking 
away from an unstable boundary layer; the process 
repeats itself in a cyclic manner (see also Sparrow 
et al., 1970; Foster, 1971). Arguing along the same 
lines as Palm & Weber (1973) for thermal convec- 
tion, it may be shown that the salt transported by 
descending heavy blobs is sufficient to account for 
the total downward salt transfer. Assuming then, 
that the intermittent blob mechanism effectively 
removes the salinity excess at the ice-water inter- 
face, the latter can be considered as a constant tem- 
perature boundary. Mathematically this means we 
take a = 0 in (2.15). The removal of salt may also 
be aided by the presence of turbulence from other 
sources, currents, thermal convection, etc., in the 
sea. It should be mentioned that at this stage of sea- 
ice formation, the ice-water interface, under 
natural growing conditions, is quite corrugated with 

0- 1 5 10 15 20 2 5  

Q P C )  

Fig. 2. The non-dimensional growth rate coefficient for 
sea-ice as a function of surface temperature for various 
values of the ice salinity. - Si = 0, ----, si = 4%,; . Si = 4 (Q/"C)'"%O. 

growing ice platelets and drainage channels (see 
Lake & Lewis 1970). The brine drainage from 
these channels also contributes to the turbulent pic- 
ture in the water below. Accordingly, there is a 
complex transition zone rather than a sharp, 
smooth boundary. 

In Fig. 2 we have displayed the non-dimensional 
growth rate coefficient K for ice as a function of 
the drop in surface temperature Q. The solid curve 
corresponds to pure ice (Si = 0), while the dotted 
curves have been obtained by assuming Si = 4% 
and Si = 4(Q/°C)'/2%0, respectively. The first 
value of Si is about the average for sea-ice, while 
the latter expression takes into some account that 
the trapping of brine increases with increasing 
growth rate; which is essentially proportional to 
d". In these computations we have chosen KT = 
0.008 cm2/s to account for a smaller kTdue to the 
presence of air bubbles, etc. The results, however, 
differ very little from those obtained with K T  = 
0.01 cm2/s. It is observed that sea-ice at this stage 
has a larger growth rate than pure ice, and that the 
growth rate increases with the salt content. Com- 
putations show that the growth rate actually de- 
creases due to the variation (the increase) of c, (eq. 
2.5). This decrease, however, is more than com- 
pensated for by the increase due to the variation of 
the latent heat of fusion, see (2.6). In total, then, the 
presence of salt in the ice leads to increased growth. 

The fact that the growth rate increases with de- 
creasing L is also obvious from Stefan's (1890) 
approximate formulae for 3. When the ice is thin, 
the temperature distribution in the ice is approxi- 
mately linear. Hence heat balance at the ice-water 
interface (2.7) directly implies kTQ/< = Lpl,  so 
that 5 a L-'". Why the relatively large increase in 
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O(‘C) 
Fig. 3. The nondimensional heat flux coefficient c~ in 
eq. (5.1) as a function of the ice surface temperature 
for Si = 0 (solid line) and Si = 4%,(broken line). 

c, (see (2.5)) has so little effect, is probably due to 
the fact that c, basically varies locally (near the 
interface). Hence the integrated effect turns out to 
be only moderate. From Fig. 2 it follows that for 
Q = 18 OC, i.e. a surface temperature of -20 O C ,  

and with Si = 1n0, 8.6 cm of ice forms in 8 h. 
This is about the average growth rate reported by 
Foster (1 972) for rapidly growing ice in the Wedell 
Sea. 

The heat flux to the atmosphere during the 
freezing process may conveniently be expressed in 
non-dimensional terms as 

(5.1) 

In Fig. 3 we have plotted  as a function of Q. The 
coefficient did not vary much with the salt content 
in the ice, but a slight increase at larger Q was 
found, as illustrated by the dotted curve for Si = 
4%0. 

In this case, where the ice growth is assumed to 
be independent of conditions in the sea, the com- 
putations easily may be extended to account for a 
time-dependent drop of the surface temperature. 
Let 9 = 9(t) for t > 0. The “smoothing” condition 
(3.5) is no longer valid, which reduces the numb’er 
of coefficients in the temperature profile by one. 
Accordingly, the temperature is taken to be para- 
bolic in z. This leads to 

4 c z  
8 =  - G - O + - ( z - 3 )  

3 32 (5.2) 

We then fmally obtain (see the appendix for 
details) 

(I,‘ 12ABdt)”’ 

B 
3 =  (5.3) 

where A(f )  and B(t) are defmed by (A.7). For 
Si = 0, formulae (5.3) reduces to the one reported 
by Goodman (1958). In this case, when q is small, 
(5.3) gives 

(5.4) 

which is Stefan’s formulae in non-dimensional 
form. 

6. Summary and concluding remarks 

We have investigated the early stage of sea-ice 
formation taking into account the coupling between 
the heat transfer in the ice and the salt transfer in 
the underlying water. Assuming that ice, water and 
salt are in thermo-dynamic equilibrium at the ice- 
water interface, it is shown that the ice growth is 
substantially reduced due to the lowering of the 
freezing point caused by salt rejection during the 
freezing process. It should be emphasized that the 
analysis is valid only for small perturbations of the 
surface temperature from the initial freezing point. 

Using Foster’s (1968) results, we find that the 
salinity boundary layer just below the ice relatively 
quickly (of order 1 min) becomes gravitationally 
unstable, and haihe convection commences. The 
critical wavelength is typically between 1 and 2 
mm. 

At larger times and freezing rates, intermittent 
convection may develop. Assuming that the salt 
excess is effectively removed by downward blob 
motion or turbulence in general, the ice-water 
interface can be regarded as a constant tempera- 
ture boundary. In this case we have determined the 
ice thickness and the heat flux to the atmosphere as 
functions of the surface temperature. The ice was 
assumed to have a constant concentration of salt. 
Particularly the growth rate coefficient is found to 
increase with increasing sea-ice salinity. Basically 
this is due to the associated decrease of the latent 
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heat of fusion. A formula for the ice growth when 
the surface temperature is a function of time, has 
also been derived. 

Finally it may be argued that the assumption of 
a given temperature at the upper ice surface may be 
unrealistic; especially for longer periods of time. 
The surface temperature in general is determined 
not only by the air temperature, but also by radia- 
tion, snow cover, etc. The present paper, however, 
does not intend to cope with the annual heat budget 
for the polar regions. The analysis of section 5 is 
merely aimed at rapidly growing ice at high 
latitudes. Under such circumstances it seems 
reasonable to assume a given surface temperature. 
Since the production of salt surface water is es- 
pecially large in the early stage of rapidly freezing 
polynyas and leads, in which ice may form in very 
large flat sheets, even in the presence of strong 
wind (Foster, 1972), the presented results are 
hoped to give some relevant information about the 
salt flux into the polar seas. 
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8. Appendix 

Substitution of(3.9) and(3.10) into(2.16), (2.19) 
and (3. I), finally yields 

(6*+4<6)(-12r<=O (A 1) 

d 
3 - w 2  + c/4 +2am -pf) 

dt 

I = !  I d< 

0 - cp- (q - c - 4 a W K  + q - 0, 

When a = 0, as assumed in section 5, insertion 
of (5.2) into (2.19) readily gives 

C = (2qb, + bi)”2 - q - b, ( A 9  

where 

b, = L ~ c P ,  

(A3) may then be integrated to give 

Here 

A = 2q + b, - (2qb0 + b5’I2 
B = 2q + 6fm - bo +(2qbo + bi)1’2-PUo + I/@,) 

(A71 

REFERENCES 

Assur, A. 1958. Composition of sea ice and its tensile 
strength. Arctic Sea Ice, NAS-NRC Pub. No. 598, 
Washington, D.C. 106138. 

Brennecke, W. 1921. Die ozeanographischen Arbeiten 
der deutschen Antarktischen Expedition 191 1-1912. 
Arch. Deut. See worte39, No. 1,215 pp. 

Tellus 29 (1977). 2 



160 J. E. WEBER 

Farhadieh, R & Tankin, R. S. 1975. A study of the freez- 
ing of sea water. J. Fluid Mech. 71,293-304. 

Foster, T. D. 1968. Haline convection induced by freez- 
ing of sea water. J.  Geophys. Res. 73, 1933-1938. 

Foster, T. D. 1969. Experiments on haliie convection 
induced by the freezing of sea water. J. Geophys. Res. 
74,6967-6974. 

Foster, T. D. 1971. Intermittent convection. Geophys. 
Fluid Dyn. 2,201-217. 

Foster, T. D. 1972. Haline convection in polynyas and 
leads. J. Phys. Oceanogr. 2,462-469. 

Gjevik, B. 1972. Surface readjustment owing to a sub- 
crustal phase transition. Phys. Earth Planet. Interiors 
5,403-408. 

Goodman, T. R. 1958. The heat-balance integral and its 
application to problems involving a change of phase. 
J. Heat Transfir, Trans. ASME 80,335-342. 

Goodman, T. R 1961. The heat-balance in- 
tegral-Further considerations and refinements. J.  
Heat Tranfler, Trans. ASME, (C) 83,83-86. 

Green, L. L. & Foster, T. D. 1975. Secondary convec- 
tion in a Hele Shaw cell. J. FluidMech. 71,675-687. 

Harrison, J. D. & Tiller, W. A. 1963. Controlled freezing 
of water. In Ice and Snow; Properties, Processes and 
Applications, pp. 215-225. Proc. of conf. at M.I.T. 
1962 (ed. W. D. Kingery). Cambridge: M.I.T. Press. 

Howard, L. N. 1966. Convention at high Rayleigh num- 
bers. Proceedings Eleventh International Congress of 
Applied Mechanics, ed. H. Gortler, 1109-1115. 
Berlin: Springer. 

Karman, T. von 1921. uber laminare and turbulente 
Reibung. ZAMM I, 233-252. 

Krishnamurti, R. 1968. Finite amplitude convection with 
changing mean temperature. Part 1 .  Theory. J.  Fluid 
Mech. 33,445-455. 

Lake, R. A. & Lewis, E. L. 1970. Salt rejection by sea ice 
during growth. J. Geophys. Res. 75,583-597. 

Lewis, E. L. 1972. Convention beneath sea ice. Colloques 
Internationaux du CN.R.S. No. 215,49-55, Paris. 

Malmgren, F. 1927. On the properties of sea ice. 

Norweg. N. polar Exped. with the "Maud" 1918- 
1925. Sci. Res. I No. $67  pp. 

Mayakut, E. A. & Untersteina, N. 1969. Numerical 
prediction of the thermodynamic response of arctic 
sea ice to environmental changes. 173 pp. The Rand 
Corp. RM-6093-PR, California. 

Muehlbauer, J. C. & Sunderland, J. E. 1965. Heat con- 
duction with freezing or melting. Appl. Mech. Rev. 18, 

Mullins, W. W. & Serkerka, R. F. 1964. Stability of a 
planar interface during solidification of a dilute binary 
alloy. J. Appl. Phys. 35,444-451. 

Munk, W. H 1966. Abyssal recipes. Deep Sea Res. 13, 

Ono, N. 1967. Specific heat and heat of fusion of sea ice. 
In Physics of Sno w and Ice, International Conference 
on Low Temperature Science, Proceedings Vol. I .  ed. 
H. Oura, 559-610. Sapporo, Japan: Hokkaido 
University. 

Palm, E. & Weber, J. E On free turbulent convection. 
Preprint series, Institute of Mathematics, No. 3, Univ. 
Oslo, 14 pp. 

Pohlhausen, K. 1921. Zur naherungsweisen Integration 
der Differentialgleichungen der laminaren Reibungs- 

Pounder, E. R. 1962. The physics of sea-ice. In The Sea, 
ed. M. N. Hill, 826-832. New York-London-Sydney: 
Interscience Publishers. 

Serkerka, R. F. 1973. Morphological stability, in crystal 
growth: An introduction. Ed. P. Hartman, 403-443. 
North-Holland/American Elsevier Publ. Comp. 

Stefan, J. 1890. fiber die Theorie der Eisbildung, ins- 
besondere iiber die Eisbildung im Polarmeere: Sit- 
zungsberichte Wien. Akad. Wiss. A .  18,965. 

Sparrow, E. M., Husar, R. B. 8c Goldstein, R. J. 1970. 
Observations and other characteristics of thermals. J. 
Fluids Mech. 41,793-800. 

Tabata, T. 1958. On the formation and growth of sea ice 
especially on the Okhotske Sea. Arctic Sea Ice, NAS- 
NRC Pub. No. 598, Washington, D.C. 169-180. 

95 1-959. 

707-730. 

shicht. ZAMM 1,252-268. 

nEPEHOC TEI'IJIA M COJIM, CB23AHHbIn C @OPMMPOBAMEM MOPCKOrO n b A A  

Tellus 29 (1977). 2 


