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ABSTRACT

The transient state of sea-ice formation due to a given constant drop in surface temperature, and
the associated change in sea-water salinity due to salt rejection, has been investigated
theoretically by the heat balance integral method. The water temperature is taken to be constant.
Ice, water and salt were assumed to coexist in thermodynamic equilibrium at the ice—water inter-
face, and the analysis is valid for small temperature perturbations. The ice growth rate is found
to be considerably reduced due to the depression of the freezing point caused by salt rejection.
Utilizing Foster’s (1968) results, haline convection with typical wavelength 1-2 mm is found to
occur after a characteristic time of order 1 min. Results are also presented for the ice growth
problem when the ice—water interface can be regarded as a constant temperature boundary.
Some effects of variable thermal properties due to brine trapping in the ice are taken into ac-
count. The case of a time-dependent surface temperature is also considered.

1. Introduction

The increase in salinity of surface waters
associated with the formation of sea-ice may have
a primary influence upon the formation of oceanic
bottom water (see Munk, 1966). It is not yet com-
pletely understood how this process takes place. It
seems, however, as if haline convection may con-
tribute significantly to the bottom water formation
(Foster, 1972).

Irrespective of how the mixing process actually
occurs, it is essential to study the growth of sea-ice
in order to predict the total amount of salt supplied
to the water during the freezing process. For this,
and various other reasons, particularly associated
with environmental changes, numerous studies of
the ice growth have been performed since the
classical work of Stefan (1890); see Mayakut &
Untersteiner (1969) where appropriate references
can be found. These studies, however, commonly
deal exclusively with the heat transfer problem, and
neglect the coupling with the salinity field in the
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water. At the ice—water interface a constant tem-
perature or heat flux is prescribed, which implicitly
assumes that the salinity increase due to salt rejec-
tion is removed by some sort of turbulence in the
water.

The present paper investigates the formation of
sea-ice when the body of sea-water initially is at
rest. Ice, water and salt are assumed to coexist in
thermodynamic equilibrium at the ice~water inter-
face, and it is shown that the coupling between the
heat and salt transfer problem can not be neglected
at this stage.

The salinity boundary layer produced below the
ice, will ultimately become gravitationally un-
stable, leading to the onset of haline convection
(Foster, 1968, 1969). By utilizing Foster’s (1968)
results, the critical time for onset of convection, as
well as the critical wavelength, is predicted.

Finally, some results are presented for later
stages of ice growth. It is then assumed that tur-
bulent convection, or turbulence in general, is suf-
ficiently effective to remove the salt excess at the
ice—water interface. This, then, may be regarded
as a constant temperature boundary, which is along
the lines of traditional ice growth studies. Explicitly
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we have considered some effects upon the ice
growth due to variable thermal properties. These
variations arise from brine being trapped in the ice
during the freezing process. Also the case of a
variable surface temperature has been analyzed.

2. Model and basic equations

We consider a semi-infinite model where initially
sea-water of uniform salt concentration S, is at
rest. The temperature 7Y, is also uniform and equals
the freezing temperature. Especially for sea-water
with a salinity greater than 24.7%,, this is not an
unrealistic assumption. In that case, the cooling
process towards freezing is accompanied by ther-
mal convection, which ultimately leaves us with a
uniform upper layer of considerable depth com-
pared to the final ice thickness. Wind mixing will
of course also contribute to this result. Measure-
ments below natural growing ice-sheets clearly
show such uniform regions (Brennecke, 1921;
Tabata, 1958; Lewis, 1972).

Let the z-axis be directed vertically downward,
and let ¢ denote time. At ¢ = 0, the origin is situated
at the surface which is covered by an infinitely thin
layer of ice. For ¢t >0, we apply a small negative
temperature perturbation —Q(f) at the surface.
Assuming that no supercooling occurs, freezing
begins, and a horizontal layer of ice starts to form.
In the model, we disregard any microstructure, and
take the ice—water interface to be sharp and
smooth. Further we assume that the dissolved salts
behave as a single solute. At the ice—water inter-
face, ice, water and salt are assumed to coexist in
thermodynamic equilibrium governed by a relation
of the form

f(T*SH=0 @.1)

where T* is the temperature and S* is the salinity
at the phase boundary. The pressure is assumed
constant during the process. Hence, at ¢ = 0, f(T%,
S%) = 0 where T = T, and S = §,. Denoting the
perturbated position of the phase boundary by {(¢),
thermodynamic equilibrium in general at ¢t >0 re-
quires to a first approximation that

( dn,)
(=-0-—a,S
dz z=0

where we have used the fact that (dS%/dz),—0 = 0.
Here 0 and S are the temperature and salinity
perturbations at the phase boundary, and q, a

(2.2)
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positive constant given by

( 2/108% ( dr*
A, = ==
’ af/aT"; )z=0 dS?’)z:O

‘v

2.3)

where the last relation follows from (2.1). From
measurements we obtain a, = 54.11 x 10-3°C for
salinities up to about 140%,. (Assur, 1958).

From (2.2) we observe that, if the initial tem-
perature increases downward, a negative tem-
perature perturbation at the surface causes the ice—
water interface to move downward, while the
associated positive increase of salinity at the inter-
face, as well as liberated heat, tend to oppose the
motion. Finally a new stationary position may be
reached; see Gjevik (1972) for a similar problem.

In the present case there are no initial gradients,
and hence

z={1n)

Accordingly, the ice will continue to grow to this
approximation, provided the surface temperature
is below the initial freezing point.

Since water expands by freezing, the ice surface
will move upward during the freezing process. This
small expansion is not essential for the present
problem, however, and can be neglected.

When sea-water freezes, nearly pure ice is for-
med, and salt is rejected back into the sea. Since the
advancing ice front tends to develop a micro-
structure in which the ice crystals and their con-
nections form a matrix, however, highly saline
brine may be trapped in the ice during the freezing
process. The amount of brine trapped depends
largely on the freezing rate, and rapidly formed
sea-ice may have salinities up to 20%, (Pounder,
1962).

Due to the salt content, the properties of sea-ice
may differ significantly from those of pure ice. In
the present context we are particularly interested in
its thermal properties, first measured by Malmgren
(1927). The most striking variation occurs in the
specific heat at constant pressure, ¢p, which may
vary by several orders of magnitude in a tem-
perature interval near the freezing point for sea-
water. The latent heat of fusion, L, also varies con-
siderably. Ono (1967) has derived analytical
expressions for ¢, and L, which are in agreement
with experimental results. For the present purpose,
it is sufficient to take into account only the leading
terms in Ono’s expressions; the other terms are

=—8,85, (2.4)
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quite small. The resulting formulae are
=1+ G, S/TH (2.5)
L=LY1 + G,S:/T) (2.6)

where the superscript 0 denotes value for pure ice,
which we assume to be constant, and S; is the ice
salinity in parts per thousand, T is the temperature
in deg. C, and G,, G, are constants, having values
8537.6 x 10~3(°C)* and 54.11 x 1073°C, res-
pectively.

The trapping process is not very well urider-
stood and it is therefore difficult to relate the ice
salinity S; to the variables of the problem. We shall
therefore have to be content by assuming that S;is
constant. This merely means an adjustment of the
physical constants of the problem, except that ¢,
and L still vary with temperature.

Since pure ice conducts heat nearly four times
better than sea-water at the freezing point, we shall
neglect the heat flux into the water, and assume
that all heat released by the freezing process flows
to the ice. This assumption first introduced by
Stefan (1890), greatly simplifies the mathematical
problem. This is especially the case when working
with time-dependent surface temperature and vari-
able thermal properties. Accordingly, heat balance
across the ice—water interface implies
kr gg =pL{ z=(

0z

2.7

where a dot denotes the time derivative. Further p
is the density and kris the thermal conductivity of
ice, which is assumed constant (k7 varies less than
10% according to Mayakut & Untersteiner
(1969)). 1t should be noted, however, that under
natural growing conditions, the air bubble content
in the ice has a marked influence on k7 (Pounder,
1962).
Salt balance across the interface further requires

—-ngg=(so+s—31)(, z=( 2.8)
2z

where kg is the diffusivity of salt in sea-water.
Introducing an arbitrary length 4, non-dimen-
sional variables may conveniently be defined by

z=z'h, t=tF/xr,
6=6"L%c,
=SS, — S) (2.9)
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where
kr = kr/pcd

The non-dimensional equations governing the
unsteady growth of sea-ice and the associated
change of salinity in the water, may then be writ-
ten, dropping the primes, as

960 90

@ o =37 0<z<{(?) (2.10)
ig:rﬂg, H<z<w 2.11)
] 922

where
©=cy/c) and T=Kg/kr 2.12)
The boundary conditions are

0=—g(t), z=0 @2.13)
9 _ ) (2.14)
0z

f=—aS Lz=((t) (2.15)
1S s @.16)

z J
§=0, z=w .17
where
o0

q= 19/c8 , I=L/L®

and

a=a,c¥S,— S)/L° (2.18)

A useful boundary condition, not involving {, may
be obtained by differentiating (2.15) with respect to
time and applying (2.10), (2.11) and (2.14). This
finally yields

1 [06\? 1 3% 198508 028

—|—} +——+a|—— —+1—|=0,

In \ Oz P 022 Indz 0z 022
z=( (2.19)

where subscript m denotes value at the ice—water
interface.
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3. Method of solution

The system of equations (2.10-2.17) will be
solved by the heat balance integral method intro-
duced by Goodman (1958). In principle, the heat
equation is integrated over a thermal boundary-
layer depth 47. The exact solution is approximated
by a polynomial in z. By integration, this results in
a first order differential equation for é7(¢). This
procedure is analogous to the momentum integral
method developed by von Karman (1921) and
Pohlhausen (1921) for viscous boundary-layer
theory. For application of the heat balance integral
method to freezing and melting problems, reference
is given to the review article by Muehlbauer &
Sunderland (1965).

In this particular problem, the heat equation is
integrated over the ice thickness, while the salt
equation is integrated over a suitably defined
salinity boundary layer. Integration of (2.10) then
yields

¢ . (06
— Vdz={l+ V(C)}C—(—) 3.1)
dt Jo 0z /:=0
where
V= [odb

Defining a salinity boundary layer 6 by

S(C+08)=0

a8
aZ 2=(+d

the salt equation (2.11) can be integrated directly in
z and ¢, by the aid of (2.16), giving

f(“‘s Sdz=¢(

where we have used the fact that (=d=0atz=0.
In this part of the analysis we shall, for simplicity,
assume that the non-dimensional surface perturba-
tion temperature —q is constant. An analysis for
variable g will be left for section 5. By differentiat-
ing (2.13) with respect to time and assuming that
(2.10) is valid at the boundary, we obtain

3.2)

(3.3)

34)

2’0

— =0,
dz2

z=0 (3.5)
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and similarity for the salinity

oS
—_— = O’
022

z=(+6 3.6)

Equations (3.5) and (3.6) are usually termed as
“smoothing” conditions, and are often encoun-
tered in boundary layer analysis. It should be
noted, however, that the inclusion of such extra
constraints does not always improve the accuracy
of the solution (Goodman, 1961).

According to the adopted approach, we assume
that

0=Co+C,z+C,2* +C, 23 3.7
and
S=Dy+ D,z + D,z + D,2} (3.8)

where the coefficients are functions of time. By ap-
plying (2.13), (2.15) and (3.2-3.6), we obtain

o= (og- ¥ c(za ol (3.9)
=—(z-Q—- —+C|=—--= .
(0= Slac(2-2)

4
S=— 2= (-0 (.10)

Equations (2.16), (2.19) and (3.1) finally provide
the necessary relations between the unknown (, 6
and C. They are a bit lengthy, however, and we
have therefore placed them in an appendix. Inspec-
tion of (A.1-A.3) reveals that we have a solution of
the form

C = const.
CI Ktl/2
6 =Dr'? 3.11)

where K and D are constants. This is of course a
reflection of the fact that we apply a constant tem-
perature perturbation at the upper ice surface. Sub-
stitution of (3.11) into (A.1-A.3) leads to a coupled
system of algebraic equations in C, K and D.
Defining € = D/K, (A.1) may be expressed as K =
K(e), while (A.2) give C = C(¢). Insertion into
(A.3), then yields an implicit equation in €, which is
solved numerically by the method of bisection. The
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integral in (A.3) was solved numerically at each
step by Simpson’s rule.

Computations were performed with sea-ice
salinities ranging from zero to appropriate values
for the bulk of sea-ice (4%,). No significant
change in the solution was found. It is also clear,
that for such small temperature changes as con-
sidered here, significant trapping is not likely to oc-
cur. Hence S; can be taken as zero in this part of
the analysis.

4. Results and discussion

Fig. 1 exhibits the main features of the solution.
The non-dimensional growth rate coefficients X for
the ice thickness { (solid lines) and D for the
salinity boundary layer 6 (broken lines) are plotted
as functions of the initial sea salinity S,. Various
values of the (constant) temperature drop Q at the
upper ice surface have been considered. In the
computations we have chosen L° = 80 cal/g, ¢} =
0.5 cal/g°C, ks = 7 x 107 cm?/s and kr =
0.01 cm?/s. We observe that the growth rate co-
efficient for ice increases with Q, which is obvious,
and decreases with the sea salinity S,. This latter
effect is due to the depression of the freezing point
caused by salt rejection during the freezing process.
For a drop in surface temperature of 1 °C, the in-
itial growth rate of ice on sea-water of 35%,, is

0-10

005

Se(*fee)

Fig. 1. Non-dimensional growth rate coefficients X for
ice (solid lines) and the salinity boundary layer D (broken
lines) vs. sea salinity S, The values of Q represent con-
stant drops in surface temperature (in °C).

Tellus 29 (1977). 2

155

nearly ten times less than the corresponding growth
rate on fresh water.

It is also observed that the salinity boundary
layer thickness increases with increasing S;, and
also increases with decreasing Q. The figure shows
that the salinity boundary layer in the sea is con-
siderably thicker than the ice-sheet. The values of
D for S, = 0, i.e. fresh water, has of course no
physical relevance.

The analysis presented so far has assumed a
purely conductive state in the fluid below the grow-
ing ice-sheet. Both theoretical analysis and lab-
oratory experiments, however (Foster, 1968, 1969),
give evidence that, after a certain period of time,
the relatively saltier layer just beneath the ice
becomes gravitationally unstable, and haline con-
vection commences. Assuming the ice—water inter-
face to be fixed in space, Foster (1968) performed
a linear analysis to determine the onset of convec-
tion. The Schmidt number v/kg, v being the kine-
matic viscosity, was taken to be infinite, which is a
good approximation for molecular values of v and
ks. His results for a given constant salinity step
AS at the upper rigid boundary are relevant for the
present purpose. Convection then began after a
critical dimensional time

59 VKs \2/3
fo= — .
Ks gYAS

The horizontal wavelength of the fastest growing
disturbance was
VK¢

1/3
v (22)

Here y is the ““expansion” coefficient for salt and g
the acceleration of gravity. The exact erfc-profile
used by Foster in his calculations, is very well
approximated by a cubic profile of the form (3.10)
(Goodman, 1961). Hence the present analysis
enables us to determine AS in (4.1) and (4.2) as a
function of the ice surface temperature. The results
are summarized in Table 1. For a sea-water salinity
of 359%,, the properties of sea-water near the freez-
ing point are y = 0.8, = 0.02 cm?/s and ks =
7.10~¢ cm?/s.

We observe that, even for such small tem-
perature perturbations as considered here, haline
convection commences relatively quickly; the
characteristic time being of order 1 min. or so. The

4.n

4.2)
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Table 1. Onset of haline convection for various values of the surface
temperature Ts = T, — Q. AS denotes the induced salinity increase at the
ice-water interface, t. and A. are the critical time and wavelength, respec-
tively, and &, (. are the salinity boundary layer and ice thickness at t = .

«°C) AS% to(s) A-(mm) 8.(mm) {(mm)
0.2 3.7 112.0 1.86 1.31 0.034
0.4 7.3 70.7 1.48 0.99 0.052
0.6 110 54.1 1.29 0.83 0.065
0.8 14.6 44.7 1.17 0.73 0.076
1.0 18.2 38.6 1.09 0.65 0.085

critical wavelength is roughly between 1 and 2 mm,
and is a little less than twice the boundary-layer
thickness. It is worth noting that these wavelengths
are about the same order of magnitude as those ob-
served by Foster (1969), although his experiments
were performed at much lower surface tem-
perature than that for which the present analysis is
valid. Since, however, the initial wavelength
basically varies as AS—3, which is a rather slow
variation, this result may not be so surprising after
all. Experiments with haline convection in a Hele-
Shaw cell of “infinite” depth with AS = 25%,
(Green & Foster, 1975), also show that the hori-
zontal cell size of the primary convection is just a
few millimetres.

It should be noted from Table 1 that the ice-
sheet is extremely thin at the onset of convection.
This again makes it clear that there is no trapping
of brine at this stage.

As mentioned before, formulae (4.1) and (4.2)
have been derived under the assumption of a fixed
upper boundary. Taking xs/d. to represent the
characteristic velocity at slightly supercritical con-
vection, we find that this is of the same order of
magnitude as the downward velocity of the ice—
water interface at time .. Accordingly, the resuits
in Table 1 should be considered as order of mag-
nitude estimates only.

The early stage of haline convection under ice,
with the body of sea-water at its freezing point and
initially at rest, has not yet been subject to careful
laboratory observations. From a theoretical point
of view, one would expect three-dimensional dis-
turbances to be dominant, since the basic salinity
profile changes. In fact, by analogy to the findings
of Krishnamurti (1968), convection cells with hex-
agonal planform should be observed.

Recently Farhadieh & Tankin (1975) have repor-
ted some interferometric measurements of the
freezing of sea-water. In their case strong thermal
convection was maintained in the water during the
freezing process. The fact that thermal convection
dominated the fluid motion, probably explains why
they did not observe any effects of haline convec-
tion like those reported by Foster (1969).

It may also be worth pointing out that haline
convection in the salinity boundary layer below the
growing ice sheet may affect the morphological
stability of the ice—water interface. For morpho-
logical instability to occur, constitutional super-
cooling must be produced ahead of the advancing
interface; see Serkerka (1973) for a comprehen-
sive review. If, in a simplified model, the phase
boundary is assumed to move with constant
velocity W, a stationary solution for the salt dis-
tribution in the fluid is

(1—«k*

K‘

w
S=S,+S, exp[——(z—()},Z>C
Ks

4.3)

while the corresponding temperatures in the ice and
water are approximately linear for the case of in-
terest. In (4.3) x* is the distribution coefficient (the
ratio of salt in the solid to salt in solution at the
interface). Linear stability analyses of this solution
then yield a criterion for the onset of morpholo-
gical instability, i.e. dendritic growth (Mullins
& Serkerka, 1964). The salinity distribution
(4.3), however, varies typically over a distance
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& ~ ks/W and will be convectively unstable
(Howard, 1966) when

157

06 :
NSO — Sp)0°
S=— Z 103 (4.4) K o4t 1
VKs
02
When sea-water freezes, nearly all the salt is rejec-
ted back into the water, and k. is accordingly very 0 . .
1 5 10 15 20 25

small. Estimates suggest k. < 10~ (Harrison &
Tiller 1963). For S, = 35%,, (4.4) gives that haline
convection will occur when

W <10-2cm/s (4.5)

This is contrary to morpholological instability
which is favoured by increasing W (Serkerka,
1973). Despite the roughness of the above con-
siderations, the results indicate that for small inter-
face velocities, i.e. not too strong freezing, haline
convection may occur prior to dendritic growth.
This will probably result in a delay of the latter
since convection mixes up the fluid adjacent to the
interface and hence reduces the degree of super-
cooling.

5. Later stages of ice formation

For larger times and/or freezing rates, convec-
tion below the growing ice-sheet may develop in the
form of long streamers (Foster, 1969), or the mo-
tion may become intermittent. In the latter case the
qualitative behaviour of the flow is described by
Howard’s (1966) heuristic theory of blobs breaking
away from an unstable boundary layer; the process
repeats itself in a cyclic manner (see also Sparrow
et al., 1970; Foster, 1971). Arguing along the same
lines as Palm & Weber (1973) for thermal convec-
tion, it may be shown that the salt transported by
descending heavy blobs is sufficient to account for
the total downward salt transfer. Assuming then,
that the intermittent blob mechanism effectively
removes the salinity excess at the ice—water inter-
face, the latter can be considered as a constant tem-
perature boundary. Mathematically this means we
take a = 0 in (2.15). The removal of salt may also
be aided by the presence of turbulence from other
sources, currents, thermal convection, etc., in the
sea. It should be mentioned that at this stage of sea-
ice formation, the ice—water interface, under
natural growing conditions, is quite corrugated with
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Fig. 2. The non-dimensional growth rate coefficient for
sea-ice as a function of surface temperature for various
values of the ice salinity. ——, §; =0, ————, S;=4%,;
————— 5= 4(0/°C)%-

growing ice platelets and drainage channels (see
Lake & Lewis 1970). The brine drainage from
these channels also contributes to the turbulent pic-
ture in the water below. Accordingly, there is a
complex transition zone rather than a sharp,
smooth boundary.

In Fig. 2 we have displayed the non-dimensional
growth rate coefficient K for ice as a function of
the drop in surface temperature Q. The solid curve
corresponds to pure ice (S; = 0), while the dotted
curves have been obtained by assuming S; = 4%,
and S = 4(Q/°C)"*%,, respectively. The first
value of S; is about the average for sea-ice, while
the latter expression takes into some account that
the trapping of brine increases with increasing
growth rate; which is essentially proportional to
Q” 2, In these computations we have chosen k7 =
0.008 cm?/s to account for a smaller k1 due to the
presence of air bubbles, etc. The results, however,
differ very little from those obtained with k7 =
0.01 cm?/s. It is observed that sea-ice at this stage
has a larger growth rate than pure ice, and that the
growth rate increases with the salt content. Com-
putations show that the growth rate actually de-
creases due to the variation (the increase) of ¢, (eq.
2.5). This decrease, however, is more than com-
pensated for by the increase due to the variation of
the latent heat of fusion, see (2.6). In total, then, the
presence of salt in the ice leads to increased growth.

The fact that the growth rate increases with de-
creasing L is also obvious from Stefan’s (1890)
approximate formulae for {. When the ice is thin,
the temperature distribution in the ice is approxi-
mately linear. Hence heat balance at the ice—water
interface (2.7) directly implies krQ/( = Lp(, so
that ( o L~2. Why the relatively large increase in
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15 10 15 20 125
Q(*c)
Fig. 3. The non-dimensional heat flux coefficient cy in

eq. (5.1) as a function of the ice surface temperature
for S; = 0 (solid line) and S; = 4%, (broken line).

¢p (see (2.5)) has so little effect, is probably due to
the fact that ¢, basically varies locally (near the
interface). Hence the integrated effect turns out to
be only moderate. From Fig. 2 it follows that for
Q = 18°C, i.e. a surface temperature of —20°C,
and with S; = 17%,, 8.6 cm of ice forms in 8 h.
This is about the average growth rate reported by
Foster (1972) for rapidly growing ice in the Wedell
Sea.

The heat flux to the atmosphere during the
freezing process may conveniently be expressed in
non-dimensional terms as

20
N,=|— =c t—1/2
(az ) =0 v

In Fig. 3 we have plotted cy as a function of Q. The
coefficient did not vary much with the salt content
in the ice, but a slight increase at larger Q was
found, as illustrated by the dotted curve for S; =
4%o.

In this case, where the ice growth is assumed to
be independent of conditions in the sea, the com-
putations easily may be extended to account for a
time-dependent drop of the surface temperature.
Let g = q(¢) for ¢ > 0. The “smoothing” condition
(3.5) is no longer valid, which reduces the number
of coefficients in the temperature profile by one.
Accordingly, the temperature is taken to be para-
bolic in z. This leads to

5.1

(5.2)
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We then finally obtain (see the appendix for
details)

‘ 12
(fluBm)
0

B

(= (5.3

where A(¢) and B(t) are defined by (A.7). For
S:; = 0, formulae (5.3) reduces to the one reported
by Goodman (1958). In this case, when ¢ is small,
(5.3) gives

(- (2 J;)1 th)llz

which is Stefan’s formulae in non-dimensional
form.

(5.4)

6. Summary and concluding remarks

We have investigated the early stage of sea-ice
formation taking into account the coupling between
the heat transfer in the ice and the salt transfer in
the underlying water. Assuming that ice, water and
salt are in thermo-dynamic equilibrium at the ice—
water interface, it is shown that the ice growth is
substantially reduced due to the lowering of the
freezing point caused by salt rejection during the
freezing process. It should be emphasized that the
analysis is valid only for small perturbations of the
surfacc temperature from the initial freezing point.

Using Foster’s (1968) results, we find that the
salinity boundary layer just below the ice relatively
quickly (of order 1 min) becomes gravitationally
unstable, and haline convection commences. The
critical wavelength is typically between 1 and 2
mm.,

At larger times and freezing rates, intermittent
convection may develop. Assuming that the salt
excess is effectively removed by downward blob
motion or turbulence in general, the ice—water
interface can be regarded as a constant tempera-
ture boundary. In this case we have determined the
ice thickness and the heat flux to the atmosphere as
functions of the surface temperature. The ice was
assumed to have a constant concentration of salt.
Particularly the growth rate coefficient is found to
increase with increasing sea-ice salinity. Basically
this is due to the associated decrease of the latent
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heat of fusion. A formula for the ice growth when
the surface temperature is a function of time, has
also been derived.

Finally it may be argued that the assumption of
a given temperature at the upper ice surface may be
unrealistic; especially for longer periods of time.
The surface temperature in general is determined
not only by the air temperature, but also by radia-
tion, snow cover, etc. The present paper, however,
does not intend to cope with the annual heat budget
for the polar regions. The analysis of section 5 is
merely aimed at rapidly growing ice at high
latitudes. Under such circumstances it seems
reasonable to assume a given surface temperature.
Since the production of salt surface water is es-
pecially large in the early stage of rapidly freezing
polynyas and leads, in which ice may form in very
large flat sheets, even in the presence of strong
wind (Foster, 1972), the presented results are
hoped to give some relevant information about the
salt flux into the polar seas.
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8. Appendix

Substitution of (3.9) and (3.10) into (2.16), (2.19)
and (3.1), finally yields
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d
4 ; {q/2 + C/4 +2a(/b6 —BD
t

+ (lm—4a(/6 ——-———) £-q+C
0, —4al/d
+4a(/6=0 (A3)
Here
B =G, SILYKP, ©,=TALY/D
G,S;
lm = 1 + (A4)
(L%/c(©, — 4al/b)
B
Pm = 1+ ——m
(©, — 4a{/d)*

a

1
-]
0 —C—(g—C—4al/dX +q—-0,

When a = 0, as assumed in section 5, insertion
of (5.2) into (2.19) readily gives

C=(2gb, + b)"* —g — b, (AS)

where

bo =In/ Dm
(A3) may then be integrated to give

t 1/2

J' 124Bdt
(= 0 (A6)
) B

Here
A =2q + by—(2gb, + b3)12
B =2q + 6ln— by, +(2gb, + b2 — (L, + 1/@y)

(6% + 45X —121{=0 (AD (A7)
I7g + 2C — 4a(/6)* + 6Cop7h + and
+ all-4g + 2C — 4a/6X—12¢3/6%) =f1 S
+2471(3/8%1 =0 (A2) 0 —CE—(@—CX +q9—-0,
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C ®OPMHUPOBAMEM MOPCKOI'O JIBAA

nueM. C nomowmmio pe3ynstatoB Pocrepa (1968)
HalIeHO, YTO MOCJI€ XapaKTEPHOTO BPEMEHH MOPAIKA
1 MUHYTBI Ha4YMHAETCA XaJIMHHAA KOHBEKLMSA C
THNWYHOK OaHHOK BOJIHM 1-2 MM. IlpenctaBlieHbI
TaKXKe pe3yJbTarsl ANA npobiieMbl pocTa Jibaa,
KOrja rpaHuua pasjela JIeA-BOJa MOXET paccMmaT-
PHBaTbCA Kak IpaHHLA ¢ NMTOCTOAHHOMN TeMnepaTypoii.
VunTbIBaloTCsA Takke HEKOTOpHie 3QdeKTHl IepeMe-
HOHCTH TEePMHYECKMX CBOMCTB 1baa Onaropaps
obpa3oBaHHIO B HEM IOJOCTEl C  paccoiM.
PaccmarpuBaeTcs TakXke Cly4al TeMmnepaTyphl
MOBEPXHOCTH, 3aBHCALLEH OT pPEeMEHH.
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