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The spectral balance equation 
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ABSTRACT 
The formula for generating stream function coefficients in terms of height coefficients developed 
from the linear balance equation wherein the dependent variables are expanded in solid har- 
monics has been analyzed and results show that for non-zonal waves the kinetic energy derived 
increases with decreasing scale. A new set of basis functions has consequently been developed in 
which the geopotential field may be expanded to yield energetically consistent stream coefti- 
cients and simultaneously satisfy the balance condition. A relationship is determined whereby 
those stream coefficients may be determined from the height coefficients of a solid harmonic 
expansion and these coefficients are shown to be consistent with those previously derived for the 
zonal case. 

1. Introduction 

The balance equation has received scant atten- 
tion in the last few years when compared to the 
intensity with which it was studied in the 1950's. 
This tendency may well reflect the current interest 
in the primitive equations for atmospheric flow 
prediction as well as fourdimensional analysis for 
initialization. Nevertheless, both the theoretical and 
observational validation of balance in the larger 
scales of atmospheric flow remain undisputed and 
that knowledge should be utilized when applicable. 

There appears to be a need for this information 
when interpreting atmospheric observations and 
assessing kinetic energy distributions. Although 
wind data is available regularly on a hemispheric 
basis its vertical structure is not detailed, whereas 
geopotential height fields are sampled with con- 
siderably more vertical resolution. Thus if the rota- 
tional part of the wind field incorporates the bulk 
of atmospheric kinetic energy in the large scale 
flow (including synoptic scales), the linear balance 
equation will provide us with energy data based on 
observations of geopotential height alone. Because 
there are indications from theoretical analyses (see 
Charney, 197 1) that energy (both kinetic and avail- 

able potential) should show a statistical distribu- 
tion dependent on scale, and that this scale should 
reflect the three dimensionality of the atmosphere, 
it is imperative that we investigate the scale depend- 
ence of energy from observations. It is for such 
analyses, given the greater quantity of geopotential 
observations, that we may benefit from our under- 
standing of the balance conditions. 

The balance equation, and in particular its linear 
form, has of course been used frequently for the 
purpose indicated. Because of our focus on scale 
dependence, we prefer to consider the balance 
equation in spectral form wherein the stream func- 
tion and geopotential are expanded in series of 
associated Legendre functions. The first applica- 
tion in this domain seems to have been presented 
by Eliasen & Machenhauer (1965), and they have 
provided a recurrence relationship for generating 
the stream coefficients (representing rotational 
kinetic energy) from the height coefficients which 
are determined from observations. Since their for- 
mula is not self-starting for the zonal coefficients, 
i.e. a condition is missing, Eliasen & Machenhauer 
(1 965) have ingeniously provided the condition 
by determining the lowest coefficient from the 
mean geostrophic angular momentum. 
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Merilees (1968) subsequently showed that this 
condition imposed by Eliasen and Machenhauer is 
the only one which will provide a convergent 
energy distribution, and implies a termination for 
the zonal series of stream function coefficients. The 
non-zonal formulae require no additional condi- 
tion and consequently lead to non-terminating 
series. Merilees has shown that these series are not 
convergent and hence the energy in each wave is 
unbounded. 

We propose to show that the formula of Eliasen 
and Machenhauer when applied to height coeffi- 
cients for the non-zonal planetary waves leads to 
energy distributions with scale which depend pre- 
dominantly on the equation itself rather than on the 
data. This result obviously suggests that the 
recurrence formula is not complete and is in con- 
currence with Merilees’ hesitation over its use. To 
circumvent this difficulty we propose that the 
expansion of the height field is performed in a dif- 
ferent set of functions, to be determined from the 
solution of the balance equation on the assumption 
that the stream function is expanded in associated 
Legendre polynomials. We shall show that these 
functions are generated from Legendre poly- 
nomials and that the stream coefficients may be 
determined from height coefficients, even when the 
height coefficients are given in terms of an expan- 
sion in associated Legendre polynomials. How- 
ever, the equations relating the coefficients will be 
seen to be complete and the energy will be bounded. 
Finally, the relations to be derived will also be fully 
consistent with the zonal constraint imposed by 
Eliasen and Machenhauer, and justified by 
Merilees. 

2. Expected energy distribution 

The linear balance equation considered herein 
may be written 

v .pW =V2@ (1) 
where 1c) represents the stream function and @ the 
geopotential height. We use surface spherical co- 
ordinates ,I (longitude) and p (sin $J - latitude) and 
the dependent variables are nondimensionalized by 
the earth’s radius, rate of rotation and gravity. 
Following Eliasen & Machenhauer (loc. cit.) both 

@ and 
Legendre polynomials such that 

may be expanded in a series of associated 

*= 2 *,G (Ap); @ = 2%Ya(Ap)  (2) 
a 

where a = n, + im,, a complex wave number with 
m denoting the planetary wave number and n repre- 
senting a two-dimensional scale index (see Baer, 
1972) which also refers to the order of the Legen- 
dre polynomial when Y, = exp(iq,A)P,(p). We 
may substitute (2) into (1) and generate the recurr- 
ence formula established by Eliasen and 
Machenhauer assuming that the solid harmonics 
are normalized as well as orthogonal. The relation 
between the coefficients @, and @a then becomes in 
the notation of Merilees (loc. cit.) 

n,+l n f - 1  
= - - - ~  - 

nrc+2 €,+l  n,(n,+d (:,) 
(3) 

and evidently a 1 = n, f 1 + iq,. Since a is 
clearly defmed, we shall fmd it convenient on sub- 
sequent occasions to suppress the a notation when 
referring to m or n. The limitations posed by eq. (3) 
when n,, = m,, = 0, as indicated in the introduction, 
should be apparent. We shall, however, only con- 
sider (3) for m # 0. Furthermore, since little data is 
available in the Southern Hemisphere, we shall 
assume that the height field is represented by even 
functions, and the corresponding stream field by 
odd functions, thereby completing the representa- 
tion over the sphere. The arguments to be pre- 
sented may easily be extended to more general par- 
ity considerations. 

Since we are interested in the dependence of the 
stream coefficients on the height coefficients 
(which are known from observations), we apply (3) 
repeatedly and fmally arrive at the following series 
where Q 4 $I,, ; 

n-nt-1  
~ 

2 

1c): = 4 t r )  2 bj(m) @:+2j 

n 
a(rr) = * 

j = o  

( n  + 1) (n - m - 2)!!(n + m - Z)!! [ (n--2)!!]: 

(n- I)!! 

(4) 
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Inspection of (4) clearly indicates what Merilees 
has stated, that there is no termination of the 
stream series despite a termination of the height 
series. If we consider the height Coefficients to 
vanish for n, > N,  then we see that the ratio of 
stream coefficients for n, > N is given by the ratio 
of the u(a) alone, and does not depend on the 
height coefficients. We shall consider the implica- 
tions of this on the energy structure subsequently. 
We shall first attempt to extend this argument into 
the domain of nonvanishing height coefficients. 

There is some indication that the height coeffi- 
cients G + 2 j  decrease with increasing j ,  that the 
significantly largest values are given for the 
smallest values of j. This indication comes both 
from the variance calculations of Eliasen & 
Machenhauer (1965) and the writer's own experi- 
ence with height expansions. If this is indeed so, the 
independence of the ratio of stream coefficients 
from height coefficients may well be extended into 
the domain n < N dependent of course on the 
characteristics of the coefficients b, (m) (see eq. 
(4)). Calculations of bj+l/bj shows it to be in the 
domain 0.79 I b j+ , /b j  I 1.13 for the range of 
values m and j ,  15 I n = m + 2j I 25.  We have 
chosen this range because it reflects the scales in 
which energy statistics comparable to theory might 
be found (see Baer, 1972). These values for the 
ratio of terms suggest that the magnitude of the 
coefficients @z+2 themselves and not their coeffi- 
cients b j  determine the significance of each suc- 
cessive term to the series (4). Thus so long as the 
ratio %+2j+2/@;+2j  < 1, as indicated by observa- 
tions, each additional term in the series (4) after the 
first few (and assuming that the first few are the lar- 
gest) does not contribute significantly to the series. 

We may conclude from the previous discussion 
that successive coefficients of the stream function 
rpc, as given by (4) will depend only on one another 
and the factors a(n) except for those with the 
smallest allowed values of n which will indeed de- 

pend on the height coefficients. We shall now at- 
tempt to establish the energy distribution implied 
by these stream coefficients. The energy in each 
wave component a is given by E, and the energy in 
each two dimensional scale element tg is E, defmed 
as 
E, =n(n + l)i+b,g; E n  =Z E, ( 5 )  
Presuming now that we are dealing with those ele- 
ments of Q, for which Xb j@z+2 does not change 
significantly, we take the ratio of energies in two 
successive scales given from (5) and utilizing (4) for 
the stream coefficients we find, 

n n + 2  2 n + 5  (n+1)2-m2 

n + 3  n + l  2 n + 1 ( n + 2 ) 2 - m 2  
E, En+2=  - - - 0 (6) 

We must now perform a summation over all 
allowed m-values, m < n to determine the energy in 
terms of n alone, as seen from (5). If m 4 n this 
clearly would create no difficulty but for several 
values of rn such as n - 1 and n - 3 the weighting 
of the energy coefficients E, should be considered. 
Note that we have chosen n - m odd. For sh- 
plicity of argument let us assume that the m- 
distribution of energy for a given n-scale is the 
same in any two sucessive n-scales (say n and n + 2) 
and that the energy in any component can be repre- 
sented by some mean value. Thus we would have 
that 

n2- 1 

3 
- - - En (n even) (7) 

If the energy decreases with m-scale as anticipated 
from observations our sum will be overestimated. 
However, if our assumption of equivalence of dis- 
tribution holds, that overestimate will be the same 
in both n-scales and will tend to compensate. If we 
now perform a sum over all allowed m-values in (6) 
after first multiplying by (n  +2)2 - m2, and utiliz- 
ing the result of(7), we get, 

L(Y) '  nodd 
n + l  n + l  

2n 2n + 5 ( n  + 2)4 

n + 3 2n + 1 (n  + I)2 
- - - 

1 

2nZ + 8n + 9 
X neven (8) 
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Fig. 1. Time mean energy as a function of wave number (both planetary and two-dimensional) at three. pressure levels 
for the winter, 1970, utilizing three variants of the balance equation. 

Now if (8) were consistent with the expected 
theory for isotropic scale characteristics, the 
energy should fall off with index n according to En 
c c r 3  which is clearly not the case. Indeed if we 

assume a distribution for ,?$ of the form 4 = Anb 
and compare the derivative to the fmite difference 
given from (8), we have for the slope, 

(9) 

where we have used the odd relationship from (8) 
for simplicity. The exponent b gives a limiting value 
for b -+ 0.5 for large n. Indeed, for n as small as 
10 we fmd b > 0.40. 

Let us consider another alternative to calcul- 
ating the energy distribution. Assume that Ec, 

decays at a rate steeper than m-2 with m for given 
n, an assumption again borne out by observations. 
We may with this condition legitimately ignore all 
reference to m2 in (6) under summation and come 
immediately to  a n  alternate form o f  (8) as, 

n n + 2 2 n + 5  

n + 3  n +  1 2n + 1 
En E,+z = - - ~ (8a) 

and a corresponding slope value of 

b = +[(n  + 3Xn + 1M2n + 1)I-l (94 
We note that in this case b 0, but its value is ex- 
tremely small going to zero as n-* and having a 
value less than for n = 15. 

These results indicate that formula (3) implies es- 
sentially no decay of energy with increasing scale, 
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and that distribution is independent of the observed 
data. We have analyzed two months of height data 
(January-February 1970) and calculated the 
energy therefrom utilizing (3). The results describ- 
ing the time mean energy (eq. (5 ) )  in terms of the 
two-dimensional wave number n may be seen on 
the dashed curves of the lower part of Fig. 1 for 
three different pressure levels. In all cases we see 
that the energy amplitude tends to increase with 
increasing wave number for the shortest scales, as 
anticipated by the above analysis. For comparison 
we show in the upper part of Fig. 1 the energy dis- 
tribution in terms of the planetary wave number 
(the more conventional representation). Here we 
note that the energy continues to decay with in- 
creasing wave number when using (3). The implica- 
tions of this section thus suggest that we must fmd 
an alternative to (3) if we hope to establish the scale 
dependence of atmosphere energy from a balance 
condition. 

3. Alternative expansion functions 

We have already indicated the convenience for 
calculating energy associated with an expansion of 
the stream function in solid harmonics. We need 
not, however, confme ourselves to such an expan- 
sion for the height field. Indeed, an alternate ap- 
proach would be to establish those functions in 
which the height field should be expanded such that 
the balance equation is satisfied for an expansion 
of the stream function in solid harmonics. Let us 
consider then the following representations: 

The difference between these equations and those 
of (2) is simply that we have introduced the func- 
tions Ha, BS yet unknown. For simplicity in the sub- 
sequent discussion the Legendre polynomials (&) 
will be considered unnomalized. We shall now at- 
tempt to establish the fbnctions Ha. Substitution of 
(10) into the balance equation (1) and integration 
over d after multiplying by exp(-itq,d) yields an 
equation for each value of m dependent on latitude 
alone; 

If we now choose the H n  to satisfy (1 1) for each no, 
the balance equation will be satisfied identically 
and the stream function coefficients will be given 
directly from the height coefficients. The differen- 
tial equation for H,, which we must solve is, 

I - p '  

where the prime denotes differentiation with 
respect to p. The P, are known, and for boundary 
conditions on the H, we will require regularity at 
the poles. Eq. (12) is an inhomogeneous 
Sturm-Liouville equation and may be solved by 
utilization of the appropriate Green's function. 
Although our primary interest is for solution 4 in 
the wave domain (m, # 0) we shall include m = 0 
for completeness. 

The solution to (12) can be shown to be, 

m2z 

where the Green's function used in (1 3) is given as 

where the upper sign holds for p 5 z and the lower 
sign for ,u 2 z. Carrying out the integrations of (13) 
using (14) and the definition of the Legendre poly- 
nomials leads to the solution for H, in terms of 
Legendre polynomials as follows; 

n-m+l 
(2n + 1)H, = nPa + 1 

n +  1 
(n + m)(n + 1) 

n 
X Pn-1 (1 - 6 n . o )  (15) 

The H, are thus linear combinations of the Pa ;they 
are complete, including the zonal functions. Details 
leading to (15) may be found in a report 'by 'the 
writer (Baer, 1975). 
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We note that this alternate representation pro- 
vides us with an expansion series which will satisfy 
the balance equation. It should also be apparent 
from (15) that these functions have opposite parity 
to the particular wave vcctor under consideration. 

4. Calculation of stream coefficients 
We are now in a position to expand the observed 

height field in a series given by (10) where the 
expansion functions H, are defined in terms of 
known functions (15). There are a number of ways 
in which this expansion may be performed com- 
putationally but we must deal with the fact that the 
H, are not orthogonal over the domain. Once the 
observation points in latitude are established, an 
orthogonal set of  functions may be generated by a 
Gramm-Schmidt procedure (see Fougere, 1963, 
for example). Since we are accustomed and pro- 
grammatically adapted to data field expansion in 
terms of solid harmonics, it is probably most 
direct-as well as enlightening-to utilize the coef- 
ficients of  such an expansion for determination of 
the coefficients in  the new basis functions, &. We 
shall proceed in this vein. 

Let us now assume that the height field (on any 
pressure surface and at any time) has been expan- 
ded in solid harmonics and that the coefficients are 
known; i.e., 

CD = z&&(a, p) (16) 

where the notation remains the same. Although it is 
customary to perform such expansions with 
normalized functions, our discussion will presume 
the functions to  be unnormalized. 

Consistent with our previous discussion, we shall 
choose the expansion (16) in terms of even func- 
tions (n + m even) and furthermore utilize tri- 
angular truncation, terminating the series at a maxi- 
mum scale N such that n,, I N and amax = N(l + 
i). We now equate (16) to a series for the stream 
function. Because of the nature of  the 4, (they 
satisfy the balance equation) we may expand the 
stream coefficients in these functions directly and 
we find, 

where to avoid confusion we have chosen /3 as the 
wave vector. Note from (15) that if we plan to 
equate (1 7) with (lti), the p vectors must be odd, 
i.e., np + mp odd. Since the $b are as yet unknown, 

the truncation of series (17) remains to be establ- 
ished. Note also that the longitudinal ( A )  depend- 
ence o f  both (16) and (17) are identical. We thus 
fmd that the stream coefficients for a given plane- 
tary wave will depend only on the height coeffi- 
cients o f  that wave in the form, 
IN -m/21 

where we have utilized the parity conditions just 
stated and the fact that n 2 m. The series limit on k 
must be chosen as the integer part of  the ratio 
stated. 

will be determined from 
(18) by a least-squares minimizing procedure. We 
shall simultaneously presume the error to be 
distributed over the same number of  stream CO- 
efficients as there are height coefficients. Thus for 
each planetary wave m we may generate a set of 
stream coefficients equal in number to the given 
height coefficients. The least-squares procedure 
leads to  a set of  equations for the stream coefficients 
which may be established by multiplication of (1 8) 
by each o f  the f l  and integration over the domain 
(from pole to  pole). The number of  such equations, 
as implied above, will be determined exclusively by 
the-values of  N and m. By virtue of  the defmition of  
Hp (eq. (15)) the process outlined will lead to 
equations which will relate at most three successive 
stream coefficients to at most two successive height 
coefficients. These results may be seen readily as 
follows. Rewriting (1 5) in terms of  m and i, 

The best values of  

HE+2i+i = aiP:+2i + biP:+2i+2 
(2m + 2i + 1 )  (m + 2i + 2) 

(m + 2i + 1)(2m + 4i + 3) 

(2i + 2)(m + 2i + 1) 
(2m + 4i + 3) (m + 2i + 2) 

(1 - bm+i.o) a .  = 
I -  

b .  I -  = (19) 

multiplication of (1 8) by Z-Z: +2i+  I and integrating 
leads to the equation, 
f l . i  +1$:+2i+3 + f l , i@+Zi+l  + fl,i-l@:+2i-i 

= f l , i & + 2 i  + &,i+I&+2i+2 

y" I , I + I  ' i + l  biKi+j ; V9.i a?Ki + b?Ki+l 
y" 1 , 1 - ~  a; b,, Kj; urn.. = a . K . -  

1, I I 1 -  
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Combining the equations for all allowed values (2), and assuming that the variation of the co- 
of i given by (20) leads to a matrix equation for the efficients (a$,) must be arbitrary, (22) becomes 
coefficients $: in the form 

j (V.PVY,)  wz @ - v . p  V*)dMp = 0 AmY"'=B"'@"' 

y,+~P@-V.pV@z%ip+d, 

utilizing the recursion formulae for Legendre poly- 
nomials. We now recall that formulae (3) was 
derived from the following integral, A m  = { y g }  ; B r n =  {aC} 

Note in (21) that y $  = 0 unless] = i, i 2 1, and 
(24) 

(21) will be completed by multiplication with the 
inverse matrix of A"'. w e  need not dwell on this As noted by Merilees, (24) gives r ig  to a non- 
computa~ona~ point, but we do that A m terminating divergent series for II) for non-zonal 
is a tridiagonal matrix which makes the solution to waves (m # 0). Thus our conclusion that the soh- 

(21) particularly simple (see, for example, Forsythe tions to (21) will differ from those of (3). How- 
& Wasow, 1960). ever, the choice of the first zonal coefficient to 

The stream function coefficients derived in (21) represent the mean angular momentum of the flow 
are the alternative coefficients to those given by as utilized by Ebasen and Machenhauer was Pre- 
formulae (3) as originally derived by ~ l i ~ ~ ~ ~  and cisely the condition which also terminated the Z O n d  

Machenhauer. They differ from (3) for waves m # series for II) and Yields a finite number of equations 
0 and have convergent energetic properties, as well from (24). These Wations Clearly also satisfy (23) 
as satisfying the balance equation. Although the and thus, if we terminate the stream series 
solution to (3) will satisfy (2 I), they will do SO only developed by (23) at the Same point as (24, the two 
for an infmite set. Since we are constrained both results will be entirely equivalent, as suggested 
observationally and computationally to a finite set 
of energy coefficients, (21) will yield a different set 
from (3). This may be seen from the bottom curves 
of Fig. 1 ,  where the solid curves describe the energy 5. Conclusions 
distribution with two-dimensional scale based on 
the stream field generated from (2 1). Note that the 
energy decays with decreasing scale to the limit N. 
For comparison we include the energy structure 
calculated from the geostrophic 
constant) as the dotted curves. B~ geos&ophic 
energy also decreases with decreasing scale. 

For the zonal case (m = 0), (21) yields results 
identical to tho= derived from (3), for which 
energetic consistency has been proved (Meraees, 
bc. cit.). We may see this correspondence in the 
zonal coefficients as follows. The stream coeffi- 
cients which we have derived stem from the varia- 
tional equation, 

6 W2# -V. pV@)2d,4dp = 0 (22) 

where the variation takes place on the stream func- 
tion. With the stream function given by the series 
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The form Of the linear equation 
in COmmOn Use has been investigated for nOn-ZOnd 
scales with regard to the scale dependence of 

(f kinetic energy derived therefrom. Results Of the 
analysis indicate that the ene ra  tends to increase 
with scale as one proceeds to shorter scales rather 
thantodemeaxastheory wo~dex*ct. 

Based On this inconsistency, We have reinVeStig- 
ated the characteristics of the balance equation, 
and have generated a new set of basis functions 
which satisfy the equation and in which the obser- 
ved geopotential field may be expanded to yield a 
set of stream coefficients for solid harmonics. 
These new functions are relatively simple, con- 
sisting of the sum of two associated Legendre poly- 
nomials, and should yield readily to data expan- 
sion. 

If, however, one chooses to expand the geo- 
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Fig. 2. Statistical slope of energy decay with wave number based on a power law for time mean energy data (winter, 
1970) at 14 pressure levels utilizing three variants of the balance equation. Figure describes the slope in both the 
planetary wave number and the two-dimensional spherical wave number. 

potential field in terms of solid harmonics as  is con- 
ventionally done, a consistent set of  stream func- 
tion coefficients may still be developed. We have 
provided a matrix equation for generating these 
stream coefficients from the given height coeffi- 
cients in an energetically consistent fashion and for 
each planetary wave independently. The results are 
also shown to be consistent with the zonal equa- 
tion in accepted use, one that has been shown to 
contain the proper energy constraints. 

Two months of data (January-February 1970) 
a t  a number o f  pressure levels have been utilized to  
obtain stream coefficients by the conventional 
procedure (Eliasen & Machenhauer, 19651, by the 
method recommended herein (Baer) and by geo- 
strophic balance constant). These results, aver- 
aged in time, have been converted to energy as a 
function of n (two-dimensional wave number) and 
have been fit to a logarithmic decay law. The range 
wherein the law is applicable was chosen as 15 5 n 
-< 25. The best fit of  the power at which the energy 
decays with wave number is plotted for a number 
of pressure levels on Fig. 2. We see that at most 
levels the slope based on the formula of Eliasen and 
Machenhauer is greater than zero whereas the 
slope based on the technique recommended herein 
is in the vicinity of  -1. The slope based on geo- 
strophic balance is still more negative. For con- 

trast we describe on Fig. 2 the slopes for energy 
decay of  the same data set based on the planetary 
wave index (m) in the range 8 5 m -< 18. Although 
the relative distribution of these methods are 
similar to those for the two-dimensional structure, 
the slopes are systematically steeper. 

If theoretical expectations are indicative of  what 
the data should show, our new formula is a step in 
the right direction since a slope of -3 might be 
anticipated. However, it is clearly far from -3 as 
seen from Fig. 2. Current analyses are under way 
to determine what the spectral structure of  the rota- 
tional part o f  the energy is when taken directly 
from wind observations. These results should deter- 
mine whether further refinements in calculating 
balanced energetics are necessary. 

6. Acknowledgements 

The writer has benefited from discussions with 
Dr Ingemar Holmstrom. This research was per- 
formed while the writer was a visiting scientist at 
the International Meteorological Institute in 
Stockholm and was supported primarily by that in- 
stitute. Some small support was also provided by 

Tellus 29 (1977). 2 



115 THE SPECTRAL BALANCE EQUATION 

the National Science Foundation, Atmospheric culations described were performed through the aid 
Sciences Section, through Grant GA-36409 to the of the Computing Facility, National Center for 
University of Michigan, Ann Arbor. The data cal- Atmospheric Research, Boulder. 

REFERENCES 

Baer, F. 1972. An alternate scale representation of atmo- 
spheric energy spectra.J. Atmos. Sci. 29,649-664. 

Baer, F. 1975. The spectral balance equation. Report 
DM-14, Department of Meteorology, U. of 
Stockholm, 26 pp. 

Charney, J. G. 1971. Geostrophic turbulence. J. Atmos. 
Sci. 18,1087-1095. 

Eliasen, E. & Machenhauer, B. 1965. A study of the 
fluctuations of the atmospheric planetary flow pat- 

terns represented by spherical harmonics. Tellus 17, 
220-2 3 8. 

Forsythe, G. E. & Wasow, W. R. 1960. Finite-digereme 
methods for partial diflerential equations. John Wiley 
and Sons, New York, 444 pp. 

Fougere, P. F. 1963. Spherical harmonic analysis. J.  
Geophys. Res. 68,1131-1 139. 

Merilees, P. E. 1968. On the linear balance equation in 
terms of spherical harmonics. Tellus 20,200-202. 

CnEKTPAJIbHOE YPABHEHME EiAnAHCA 

AHanH3HpyeTCfl @opMyna, Bbipamamluan K O ~ @ -  
@HUHeHTbI @YHKUHU TOKa Yep3 KO3l$@HUWCHTbl 
BbICOTbI w306ape~ec~ok IIOBepXHOCTU, BblBeAeHHafl 
w 3  nnHeBHoro ypaBHeHnn 6ana~ca ,  B KOTOPOM 
~ ~ B H C H M ~ I ~  nepeMeHHbie pa3noxe~br B pnn no 
C@epU’ieCKKM TaPMOHHKaM. Pe3ynbTaTbI nOKa3bI- 
MIOT, YTO nnfl He30HUlbHblX BOnH KHHeTUYeCKaX 

BbrBenerr HOBblii ~ a 6 o p  6a3UCHbIX @ Y H K U W ~ ~  W X  pasn- 
s ~ e p r m  ~ o s p a c ~ a e ~  c y 6 6 1 e a ~ u e ~  MaCUTa6a. 
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