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ABSTRACT

It is shown that of the nine components of the flow velocity gradient tensor, only the two which
represent the vertical gradient of the horizontal velocity components contribute significantly to
increase the collision rate of small droplets above the still-air value. Hence, to predict the rate at
which droplets collide, the turbulent motion within a developing cloud is modelled by a uniform

vertical shear flow which varies randomly in time.

1. Introduction

Laboratory experiments of Jonas & Goldsmith
(1972) show that a uniform vertical shear flow
produces a significant increase in the rate of
coalescence of small water droplets of comparable
size above the coalescence rate in still air. These
results can be explained if it is assumed that there is
an interaction region associated with the wake of a
droplet such that other droplets inside this region
eventually collide with that droplet (Manton, 1974).
The simplest model of such an interaction region is
a cylindrical volume of uniform circular cross-
section of radius r; and of length L extending ver-
tically behind a falling droplet. Thus, any other
droplet swept into the cylindrical interaction region
of a given droplet by a relative shear flow even-
tually collides with it.

Now the air motion within a developing cloud is
invariably turbulent; that is, it consists of an un-
steady and non-uniform vorticity distribution.
Hence, it would appear that the motion cannot be
modelled by a simple uniform shear flow. This is
because the turbulent time scale is much smaller
than the expected time between droplet collisions
(Manton, 1974). On the other hand, the flow may
be modelled by a spatially uniform but temporally
unsteady shear if the linear dimension of the swept-
out volume for a collision is small compared with
the length scale of the turbulence. Then colliding
droplets are embedded in essentially the same tur-
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bulent eddy at any instant. It is shown below that
this is indeed the case for droplets of comparable
size.

When the droplet radii differ greatly, the expec-
ted initial separation is much larger than the tur-
bulent length scale. However, in this case,
coalescence is primarily due to the greater terminal
velocity of the larger droplet, which therefore
catches up to the smaller. Because the turbulent
motion conserves volume, the coalescence process
is unaffected by the turbulence (Manton, 1974).
Thus, it remains to consider the effect of tur-
bulence on the coalescence of droplets of compar-
able size.

Although the relative motion of colliding
droplets may be described adequately by assuming
the air motion to be an unsteady, uniform shear
flow, the velocity gradient tensor du,/dx; contains
nine components in general and so the analysis
could become quite complex. But it is found that of
the six off-diagonal terms of 9u,/0x;, only the two
vertical gradients produce significant coalescence
(Manton, 1974). The first task of the present work
is to show that convergences and divergences
within the flow give rise to negligible contributions
to the rate of coalescence. Thus, in addition to the
horizontal gradient off-diagonal terms, all the
diagonal terms of du;/dx; may be neglected in the
analysis. That is, the effect of turbulence on the
rate of coalescence of droplets may be modelled by
an unsteady, uniform vertical shear flow. Conse-
quently, the expected rate of coalescence is
calculated below.
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2. Droplet coalescence in a converging
flow

The velocity vector u describing a uniform con-
vergence in an incompressible fluid is given by

Uy =—(C, + Cx;, (2.1)

where (x,, x, x;) represents a rectangular co-
ordinate system such that x, increases vertically
upwards; C, and C, are constant flow strain rates.
The velocity vector v for the motion of a small
droplet (radius of order 10 gm) within a developing
cloud is described well by the equation (Manton,
1974)

u,=Cpxy, U4y =Cyxy,

2.2)

where W is the terminal velocity of the droplet and
0y, is the Kronecker delta. Equation (2.2), which
results from a balance of the Stokes drag and the
gravitational force on a droplet, is valid except
when droplets are close enough together for mutual
interaction to become important (i.e. when one is
inside another’s interaction region). When this oc-
curs, the droplet motion is independent of the exter-
nal fluid flow, and the interaction is as for droplets
in still air. That is, a shear flow cannot increase the
probability of a collision between two neighbour-
ing droplets. It can at most increase the number of
times that droplets pass within a given distance of
each other.

From (2.1) and (2.2), it is seen that the position x
at time ¢ of a droplet in a convergence is

vy=u — Wy,

X = Xy ecrt,

X3 = Xy €C1* .3)

X3 = {x39 + WHC, + Cp}e- €1+t — W/(C,
+C2)7

where x = (x4, X0 X30) at £ = 0. To determine the
motion of a droplet of radius R, relative to a larger
droplet of radius R,, we introduce the relative posi-
tion vector

yim X8 — 5P, 24)

where xV is the position vector for the droplet of
radius R;. Equations (2.3) and (2.4) give

Vi =y]0eC1t,
Y, =Yy €cut, (2.5)
Yy =UNC, + Cy) +{y;— U/C, + C))}e” €rrC,

where y,, = x{I) — x{J and U= W, — W, is the
relative terminal velocity of the droplets.

Now collisions may occur by two different
means. The first method is simply due to the larger
droplet overtaking the smaller. Thus, a collision oc-
curs for all small droplets passing through the cir-
cular surface
y;=0 with y+yi<ri, (2.6)
where r, is given by the usual collision efficiency E,
in still air; that is,

Ey=ry/(R, + R,
Droplets passing through the surface (2.6) at time ¢
originate from the elliptic surface

V30 ={UNC, + CYHl —eCitCr 1t} 32 o2t

+ Vi ert<r
This surface has an area of nr} e~€1+C2% and so
the swept-out volume in time ¢ is

1
Vo =— fo mry e CatCt gy

=nriUt, Q.7

independently of the shear flow.

The second way in which a collision can occur is
for a small droplet to be swept by the shear flow
into the interaction region of the large droplet. For
simplicity, the interaction region is taken to be the
volume
O0<y, <L with y+y2<rl. (2.8)
We consider the swept-out volume V; in time ¢ due
to three types of convergence; namely, (i) C, >0
and C, >0, (ii) C; < 0 and C, < 0, and (iii) C, and
C, of opposite signs.

It is seen from Fig. 1 that if L < U/(C, + C,) in
case (i), then V' equals zero and collisions occur
only by the large droplet overtaking smaller ones.
On the other hand, if L > U/C, + C,) then there is
a flux of droplets through the surface

y3=L with y24p2crl

From (2.5), we see that droplets passing through
this surface at time ¢, initially occupy the elliptic
surface

V3o ={L — UIC, + C}}e€1+Q* + UAC, + C,)
with 13, e2Cit 4 y2 €2t <rf .
Therefore,
t
V= f arie Cir gy
0

=nr{L(C, +C,) ~U}t. 2.9)
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Fig. 1. Path lines of small droplets relative to larger
droplet in uniform convergence for C, > 0 and C, > 0.

rr

/

Fig. 2. Path lines of small droplets relative to larger
droplet in uniform convergence for C, < 0 and C, < 0.

Hence, for C, > 0 and C, > 0, the total swept-out
volume by a large droplet is

Ve VoV a2 Ut for L=<UNC,+C).
T=Vot V= AR I(C, +C)t +nUt (1} —1?)
for L >UNC,+C). (2.10)

Droplet path lines corresponding to case (i) are
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Fig. 3. Path lines of small droplets relative to larger
droplet in uniform horizontal convergence for
C,=-C,=C.

shown in Fig. 2. From this, it is clear that the
swept-out volume Vs induced by the convergent
flow is given by the flux through the surface y, =
L, y} + y? < r} minus the flux through the surface
¥y, =0, ¥} + »2 < r}. Using (2.5) and (2.7), we find
that

Vs=—nr:L(C, + C),

and hence the total swept-out volume when C,< 0
and C,< Ois

Vp =ary Ut —artL(C, + C)t. Q.11)

Case (iii) when C, and C, are of opposite signs is
generally more complex than the previous cases.
Thus, we consider the particular situation in which
C, = —C, = C, say. This corresponds to a purely
horizontal convergence. The neglect of vertical
convergence is allowable because its effect is found
from cases (i) and (ii). Fig. 3 shows that the shear
flow sweeps small droplets inio the interaction
region through the surfaces

0<y, <L, y,>0, |y|<r/2v

with 2 +yi=r}
and
0<y,;<L, y,<0, | y,|<r/2"?

with y1+3i=r}
Hence, the cross-section of the swept-out volume
V., is as shown in Fig. 4. Therefore, from (2.5),

Vy=2r] LCt,
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Fig. 4. Cross-section of swept-out volume ¥, due to
horizontal convergence.

and so,

Vy=nriUt +2riLCt. (2.12)

From eqgs. (2.10), (2.11) and (2.12), we see that a
convergence of order C produces an increase in the
swept-out volume Vi of order r}LCt above the
still-air value. On the other hand, a uniform vertical
shear (u; = Cx,; d,,, say) increases Vy by nL*Ct
{Manton, 1974). It is found from the observations
of Jonas and Goldsmith (1972) that L/r, could be
of order 8 (Manton, 1974), and so it would seem
that convergences within a flow have a small effect
on the coalescence rate of droplets compared with
the effect of vertical shears. Also, Manton (1974)
shows that horizontal shears of the forms
;= Cx, 8,, and #; = Cx, 6, give rise to increases
in the swept-out volume of order r} LCT and r} Ct,
respectively. It therefore appears that when es-
timating the effect of a complex shear flow upon
the coalescence rate of small droplets, only the ver-
tical gradients of the horizontal velocities must be
considered. The neglected terms then yield an error
of order r; /L.

3. Droplet coalescence in a turbulent flow

The turbulence within a developing cloud
typically has a velocity scale u, of order
50 cm sec~! and a length scale /1 of order 20 m.
Such motions produce a rate of dissipation of tur-

bulent energy € of order u}/l; that is, € ~
60 cm? sec—3. For isotropic turbulence, the mean
square value of one component of the turbulent
strain rate is given by

N2
(%) =€/15v,

where v is the kinematic viscosity of air. The length
scale of motions associated with the turbulent shear
is the Taylor microscale /, where

Thus, for a developing cloud, the turbulent shear
rate{ (Qu/9x)*}"/? is of order 5 sec™' and the length
scale ,is of order 10 cm.

It has been shown in Section 2 that of the nine
components of the velocity gradient tensor gu,/0x;
only the two off-diagonal components gu,/9x; and
ou,/9x; should contribute significantly to the rate
of coalescence of droplets within a flow. Also, the
shear flow dominates the coalescence process only
for droplets of comparable size. When colliding
droplets are of unequal size, the larger droplet sim-
ply overtakes the smaller; and the rate of
coalescence is essentially unchanged from the still-
air value. Thus, we consider the relative motion of
droplets of equal size in a randomly unsteady,
vertical shear flow. The random shear produces
relative horizontal motions of the droplets, so that,
on the average droplets lying within the conical
volume

0<y,<L with )+ y2<Li(y,/L)

are swept into the interaction region of a given
droplet. The radius L, increases with time in a
manner dependent upon the statistics of the shear
flow. Thus, the average swept-out volume at some
instant is

) = [ nLiG/LY dyy =4ml3L.
0

Only a single droplet lies within the swept-out
volume when n (V) = 1, where »n is the number
density of the droplets. Therefore, the expected
radius of the swept-out volume associated with a
single collision is given by

L, = (3/nnL)*2,

For a developing cloud, n is typically of order
102 cm=? and the droplet radius R is of order
10 ym. Thus, taking L ~ 8R, we find that L, ~
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1cm; that is, colliding droplets have an initial
separation of about 1 cm. But the length scale /, of
the turbulent motions associated with the shear is
of order 10 cm. Therefore, because L/l ~ 0.1, it is
clear that the collision-inducing turbulence may be
approximated by a simple shear,

We now consider the collision of a droplet of
radius R, with another of radius R,, where R, >
R,. The motion of a droplet within a developing
cloud is described by eq. (2.2), viz.

b= u,— Wb, 3.1)

Introducing the relative position vector y,, given by
(2.4), we see that (3.1) becomes

dy,

:; =4, (x?, 1) — 4y (x™, 1) + Ub 3, 3.2)
t

where x is the position vector for the droplet of
radius Ry, and U = W, — W, is the relative ter-
minal velocity of the droplets.

By expanding u,(x®, ¢) in a Taylor series, (3.2)
may be written

a zui
ax‘,axk

dy, au, m
a —y,axj(x y D+ Y,

+...+ Uy

(xM, 5

3.3

But we have shown that the expected separation of
the droplets is much smaller than the turbulence
length scale (L,/l, ~ 0.1). Hence, y, is adequately
described by retaining only the first term in the
Taylor expansion of (3.3). Also, we found that only
two of the nine components of 9u,/9x; contribute
significantly to the collision process. Thus, eq. (3.3)
may be reduced to
dy,

= =C3030,; + Cyyp36p, + Udy,

7 (3.4)

where C;; = du,/dx, (x, 1) is a random function of
time representing the turbulent shear rate at the
larger droplet. The volume V;(f) of fluid which is
swept through the interaction region,

O<y,<L with y}+yi<ri,

by the relative shear over a time interval (0, ?) can
be calculated from (3.4).

In the interval (¢, ¢ + df), the shear-induced
swept-out volume is increased by the amount

L
dv, = fo dA dy,, (3.5)
where dA is the horizontal area element at a given
vertical position y,;. Fig. 5 shows the projection
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Fig. 5. Horizontal area element d4 which contributes to
the shear-induced swept-out volume at time ¢ in a tur-
bulent flow.

onto a horizontal plane of the path lines of small
droplets which enter the interaction region at time .
Because the model velocity field is uniform in the
horizontal (y,, »,) plane at any instant in time, we
see that dA is the area of a parallelogram whose
orientation is determined by the direction of the
horizontal velocity vector at time ¢. That is,

dA = 2r, dt|w(t) - w(0)| / [w®)], (3.6)

where w = (dy,/dt, dy,/df). Equations (3.5) and
(3.6) implicitly assume that the area elements at dif-
ferent times do not overlap. This would seem to be
a valid assumption provided that the expected time
between collisions is large compared with the time
scale of the turbulence.

Equation (3.4) implies that
wi(®) = (30 + UHCy5(0)
and GB.D

wy(t) = (730 + UHC(0),

where y, = ,, at time ¢ = 0. Putting (3.7) into (3.6),
we find that

dA = 2r; y,,dt| C,5(8) C1;(0)
+ Cy(HC,, (O)I G0 + Ch}v2, G-8)
independently of the relative terminal velocity U.
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The average swept-out volume is calculated from
(3.5) and (3.8) to be

Fy=nL? [ d<ICiCO + Cod O/

{CHn + CHOY ),

where < >denotes an average value. To evaluate
(3.9), the integrand must first be determined.

An approximation to the integrand of (3.9) is ob-
tained by replacing C?, by its average value (C};)
in the denominator; that is, we let

1€ C15(0) + Coa(t) C3(0) | /{CH(1) + CH(O})
:(IC”(I)C”(O) + Cza(’)czs (O)I >/{<C}3(t)>

+{CHnO} 2. (3.10)

If the turbulence is assumed to be stationary and
isotropic, then C,; and C,; are independent but
identically distributed stationary random variables
with zero mean. Thus,

CHOY=L{CHO>=C?, (3.11)
the constant mean square velocity gradient. Also,

C,3(5) C15(0) and C,,(#) C,4(0) are independent, iden-
tically distributed random variables, where

<C13(t) C13(0)> = <C23(t) C23(0)> = CZF(I)-

F(r) is the “Lagrangian” correlation function of the
velocity gradients following a droplet, such that
F(0)=1and F — 0 ast — . The coherence time
scale for the turbulent fluctuations is of order C-1.
Therefore, for Ct > 1, F is essentially zero; that is,
C,;(t) and C,;(0) are uncorrelated. Thus, we take
the distribution of C,;(¢) C5(0) to be Gaussian with
zero mean and variance C*. Now it can be shown
from (3.10) and (3.11) that

<IC13(t)C13(O) + Czs(’) Cz;(O)’/{Cfg(t) + C§3(t)} V2
~@2/m)"C. (3.12)

Equation (3.12) may be used in (3.9) provided that
Ct > 1. Then the assumption that C,(f) and C,,(0)
are uncorrelated is valid over most of the domain
of integration.

Putting (3.12) into (3.9), we find that the expec-
ted shear-induced swept-out volume is given by

VD) = (2/m)'* riL2Ct.

(3.9)

Therefore, the expected rate at which collisions oc-
cur is
[,=Q/m)" LG, (3.13)
where n is the number density of the smaller
droplets.

The validity of (3.12) and hence of (3.13), re-
quires that

Cify» 1;
that is, from (3.13),
Q/r)"* nLn < 1.

Taking the typical values r, ~R,, L ~ 8R,, n ~ 10?
cm~ and R, ~ 10~*cm, we find that C/f,~
2 x 10°. Hence, the turbulence time scale is much
less than the expected time between collisions.

In addition to the shear-induced collisions,
coalescence can also occur by a larger droplet
catching up to a smaller one by virtue of the greater
terminal velocity of the former. That is, collisions
occur for all small droplets passing through the
surface

»3=0 with ]+ yi<r,

where 7 is the still-air cross-section for a collision
between a droplet of radius R, and another of
radius R,. Because the fluid velocity u; is a random
function of time and position, it is seen from (3.2)
that the expected swept-out volume corresponding
to this collision process is

V) =nrils,

independently of the turbulence. Hence, the ex-
pected rate at which collisions occur is

Jo=nrinU. (3.149)

From (3.13) and (3.14), we see that the total rate
of coalescence between droplets in a turbulent flow
is given by

f=fy+fi=nrinU + 2/m)"* r,L?nC.

The expression fin (3.15) for the shear-induced
collision rate is not necessarily valid for droplets of
unequal size. However, as U increases from zero
for R, = R,, the collision rate f; increases while
[ is essentially constant. Hence, the former tends
to dominate the overall collision rate f when R, and
R, are unequal.
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O CJINSAHUU BOOSAHBIX KAIIEJIb B TYPBYJIEHTHBIX OBJIAKAX

IToka3aHO, 4TO M3 ACBATH KOMIIOHEHT TEH30pa
rpaJMeHTa CKOPOCTM NOTOKa TOJBLKO 1Ba, Ipeac-
TaB/ISIIOIIMX BEPTUKANBHBIA TPAgUEHT TOPU3OH-
TaJbHBIX KOMIIOHEHT CKOPOCTH, NAlOT CYyLHECTBEH-
HBIK BKJIaJ B YBEJIHMYCHHEC CKODOCTH COYIAapeHHH
MajieHbKHX KaIlleJIek IO CPaBHEHHMIO CO ClyyaeM
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TOKOAIIErocs Bo3ayxa. IToayomy s mpencka3aHus
CKOPOCTH COyHapeHMd TypOyNeHTHOE [BHXEHME
BHYTDH Dpa3BHBAIONIETOCA 06jaka MOJETHPYETCS
MOTOKOM C OOHOPOAHBIM BEPTHKAIBHBEIM CIBHTOM
CKOPOCTH, CIy4aliHO MEHSIOLIMMCS BO BPEMEHH.



