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ABSTRACT

The kinetic energy of horizontal flow in a hydrostatic atmosphere is divided into the
kinetic energies of its divergent and nondivergent components. The law of conversion
between these two energics for large-scale flows in the atmosphere is derived and
discussed using balanced and unbalanced models of circulations in the atmosphere.
It is shown that the total potential energy is converted into the kinetic energy of the
divergent flow which, in turn, is converted into the kinetic energy of the nondivergent
flow. These energy conversions are equal in a so-called balanced model, but may dif-
fer in & model based on the primitive equations. The analysis shows that the kinetic
energy reservoir of the divergent part of the flow may play a quasi-catalytic role in
the energy conversion between the total potential energy and the kinetic energy of
the nondivergent flow. Two sets of data, the history data generated by the NCAR
GCM of a January simulation, and the NMC wind data and FNWC height field of
August 1 to 15 of 1970, were used to evaluate the energies and energy conversions.
The computations confirm the direction of energy conversions in the theoretical argu-
ment and the quasi-catalytic nature of the kinetic energy of the divergent part of the
flow. The energy conversions hetween the total potential energy and the kinetic energy
of the divergent flow occurs mainly in the lower layers of the atmosphere at middle
latitudes where the baroclinie eddy activities are dominant. The energy conversion
between the kinetic cnergies of the divergent and the nondivergent flows is mostly
carried out by the Coriolis effect. In other words, the quasi-geostrophic model explains
most of this energy conversion. The introduction of a more sophisticated model gives

small improvement as far as the magnitude of energy is concerned.

1. Introduction

Numerous models of the atmosphere have
been designed to study the dynamics of the
atmosphere and to make weather forecasts. In
general, atmospheric models fall into two cate-
gories; balanced and unbalanced models.

In the unbalanced model (the primitive equa-
tion model, which was initiated by Richardson
(1922)), the Eulerian hydrodynamic equations
are simplified by the assumption of hydrostatic
equilibrium. It was realized that Richardson’s
scheme governs the slow-moving meteorologi-
cally important motions as well as the high-
speed wave motions.

! Present affiliation: European Center for Medium
Range Weather Forecasts, Bracknell, Berkshire,
U.K.

Rossby (1939) proposed that the principal
mechanism governing large-scale short-period
atmospheric evolution is the conservation of
the vertical component of absolute vorticity.
Indeed, Rossby’s proposal is not only the es-
sential of the so-called barotropic model, but
also the forerunner of the balanced models. To
take the development of weather systems into
considerations, Rossby’s scheme was generalized.
The most complete generalization of Rossby’s
approach is the set of equations consisting of
the vorticity and balance equations. They are
generally known as “‘balanced equations”.

The major difference between the balanced
and unbalanced models is that the former
neglect the time-rate-of change of divergence
to eliminate the high-speed gravity wave which
exists in the latter. Wiin-Nielsen (1968) in-
vestigated the modification in the energetics of
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the atmosphere due to the hydrostatic assump-
tion in the primitive equations. He concluded
that the constraint of the hydrostatic assump-
tion not only reduced the vertical velocity to
an implicit physical variable, but also makes
the reservoir of the kinetic energy of vertical
motion a ‘‘catalyst’’t to channel the internal
energy to the potential energy. The kinetic
energy of the divergent flow is small and the
horizontal divergence is always forced to be a
diagnostic variable in balanced models. Wiin-
Nielsen’s (1968) study suggests that the diver-
gent component of the motion plays a similar
role in balanced models as the vertical motion
in the hydrostatic atmosphere.

Wipperman (1957), based upon an extension
of balanced models, similar to Lorenz (1960)
and Arakawa (1962), presented the possibility
of energy conversion between divergent and
nondivergent flow. We attempt to propose the
same consideration from the primitive equations.
However, the difference in the energetics be-
tween the balanced and unbalanced models
will show the role played by the divergent com-
ponent of the large scale motions when we con-
sider the conversion between the total potential
energy and kinetic energy.

The kinetic energy equations of the divergent
and nondivergent components are derived in
section 2. We also analysed the relationship
between the kinetic energy of the divergent
and nondivergent flow and their relation to
the rate of change of the total potential energy.
A further analysis will consider the form of
energy conversions in simplified models.

To confirm our theoretical arguments, the
computations of energy parameters based upon
the data are demanded. Two sets of data are
used for this purpose; one is history data of
general circulation model which was provided
by the National Center for Atmospheric Re-
search for a January simulation, and the other
is NMC wind data and FNWC height field of
August 1 to 15 of 1970. The results are displayed
in sections 3 and 4, respectively.

The concluding remarks are provided in sec-
tion 5.

1 The word ‘“‘eatalyst” is used here in the same
sense as by Smagorinsky (1963) and Wiin-Nielsen
(1968). It means that an energy conversion between
two energy resources involve a third reservoir which
is unchanged at the end of the process.
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2. Theoretical background

A. Energy relations

We shall adopt a system of notation similar
to the one used by Lorenz (1960). The thermo-
dynamic variables (density, specific volume,
temperature, potential temperature) and the
geopotential (due to its relation to the specific
volume through the hydrostatic equation) will
be denoted by a subscript 1, while the non-
divergent wind, the stream function, and the
vorticity will have 2 as a subscript. Finally, the
subscript 3 is reserved for the divergent part
of the wind, its velocity potential, the two-
dimensional divergence, and the vertical ve-
locity.

According to Helmholtz’ theorem we may
write

V=V,+V, (2.1)
where
V, =kaVy,, V, = Vy, (2.2)

in which k is a vertical unit vector, y, the
streamfunction and y; the velocity potential.
If k =4V -V is the kinetic energy per unit mass,
we may write

k=ky+k; +Vy V4 (2.3)
where
ky =4V,'V, and k, =3V,-V,

The total kinetic energy in the atmosphere is

1 Po
K=7
g Jo

f kdsdp (2.4)

where g is the acceleration of gravity, p, the
surface pressure, ¢ the total area of the earth,
end ds the area element. We find from (2.3)
that

K=K,+K, (2.5)
where
1 Da
K,=- f f k,dsdp (2.6)
gJo Js
and
1 Do
K,=- J‘ fk,dsdp (2.7)
g Jo
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(2.5) holds because the last term in (2.3) can
be expressed as a Jacobian of y, and x; and
integrates to zero over the sphere.

It follows from (2.6) and (2.7) that the ki-
netic energy equations of nondivergent and
divergent flows are

4K, _ f f( Py avz)dsdp (2.8)
an
dK f f( au, )dsdp (2.9)

where # and v are the zonal and meridional
wind components, respectively. It should be
noted that the surface pressure tendency is
very small so that we neglect its contribution.

Our next concern is to evaluate (2.8) and (2.9)
from the equations of motion. We start from
the usual equations

ou ou ou ou o

o Wy W B i, (2.00)
ot ox oy op ox

v o e b 2
—+u~+v—~+a)—v— —‘é—fqu'Fy (2.11)

at sx oy  op

By simple differentiation it is straightfor-
ward to show the following identities:

ou ok
v—=——v
2y o

U
u—+
ox

(2.12)

where { = dv/ox —ou/dy is the vorticity, and

v ov ok
y—t+tov—=
ox 2

oy

+tu (2.13)

Eqgs. (2.10) and (2.11) may be written in the
form;

ok
AL L (2.14)
i ox
ov o¢
@l P2 _p 2.15
o (C+Hutow w1 (2.15)

The divergent and nondivergent wind com-
ponents are introduced in (2.10) and (2.11).
Using the system of subscripts we obtain:
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ou, ou, ok, ok, 8V, V)
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ot at o ow o (, f)vz
ou, U, | o4,
(vt —tw,—+—=1F 2.16
(o f 3 waap wsa 2 PO )
and
? . ok v,
N R T
& ot &y oy oy
v & a
+(cz+f}ua+wa—3+w3ﬁ+ﬁ=ﬁ’y (2.17)
op op Y

According to (2.8) we must multiply (2.16)
by u, and (2.17) by v, and add the resulting
equations in order to find the rate of change of
K,. In deriving the final result we make use
of the property of a Jacobian and the fact that
V, is nondivergent. Using Gauss’ theorem re-
peatedly and the fact that the divergence of
any vector integrates to zero over a complete
spherical surface we find nonzero contributions
from terms having indices that add to 7 and 8.
The result is;

1 [P ok,
- - (Ca+ 1) (ug v, — 1, 05) + 03—

g Jo s op
+w,V," ] dsdp +-— f f V,-F,dsdp

(2.18)

Using the boundary conditions ws =0 at p =0
and p=p, and the continuity equation, we
may write (2.18) in the form;

dK, 1 [
o —‘(; . ) (C+H V- (kaV,)+k,V-V,
oV, 1%
+w3V2'—3] dsdp+—f J‘Vg-Fdsdp
op gJo Js

(2.19)

We may naturally obtain an equation for
dK,/dt by multiplying (2.16) and (2.17) by wu,
and v, respectively, adding and integrating.
It is, however, more convenient to make use of
(2.5) and derive the general equation for dK/dt
which may be obtained from (2.14) and (2.15)
in the usual way. As is well known, e.g., Wiin-
Nielsen (1973), the result is
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Do 1 Do
—f JV-V¢d8dp+—J JV-Fdsdp
0 s gJo 8

(2.20)

The first term on the right-hand side of (2.20)
may be taken as the energy conversion from
potential energy to kinetic energy due to the
cross-contour flow (Kung, 1966). According to
(2.1), the integrand of this energy conversion
term may be written as,

-V:-V¢ = —V,- Ve, - V- Vg, (2.21)
These two terms on the right-hand side rep-
resent the barotropic and baroclinie processes
(Pearce, 1974) respectively. Integrating the fore-
going equation over the whole mass of the

atmosphere by using (2.2),

1 Po 1 Do
—fJ‘ fV-V¢dsdp=—~Jl fJ(%»%}dep
gJo s gJo 8
1 Do
RS
gJo s
1 Do
= —-»J‘ Jva-V¢ld3dp
gJo Js

The barotropic term vanishes because a Ja-
cobian integrates to zero over a closed domain.
Physically, the barotropic process cannot cause
the conversion between the potential energy
and kinetic energy over the whole atmosphere.
This energy conversion is completely ac-
complished by the baroclinic process. Under
these considerations, we shall express (2.20) in
the form

— = —~Jv J‘V V¢, dsdp +— f fv Fdsdp

(2.22)

Subtracting (2.19) from (2.22) we get:

dK3 1 Po 1 Do

—— = - V, Ve, dsdp +—

dt gJo Js gJo Js
[Cﬁf
dsdp+— f fV -Fdadp
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(2.19) and (2.23) express the rate of change
of K, and K;. Considering the equations to-
gether with the equation for the rate of change
of potential and internal energy we shall pro-
ceed to define a set of convenient energy con-
version integrals which may be used to describe
the energetics of the system. Following Lorenz
(1960) we shall identify C(K,, K,) as containing
only terms of class (2, 3}, (2, 2, 3) and (2, 3, 3).
C(P, K;) shall contain terms of class (1, 3)
while C(P, K;) contains terms of class (1, 2).
Under this classification system we get

1"
—‘J‘ fva-v¢ld8dp
gJo Js

(2.24)

O(P,K)-C(P,K,)-

and

Y

+k,V-Vi+w, V,»

- (kxV,)

]
dsdp (2.25)
op

The right-hand side of (2.25) can be separated
into three integrals. For convenience in section
3 and 4, we will use C(K,, K,)4, C(K,, K,)B,
and C(K,, K,)C in order to denote these three
integrals. Also, we will use C(K,, K,)A41 to rep-
resent the contribution to C(K;, K,;)A from
Coriolis effect and C(K,, K,) A2 from relative
vorticity effect.

The symbolic energy equations which con-
tain the major result of this section are there-
fore;

K,
o ~C(K, K,) - D(K,) (2.26)
K, .
——dEA = O(Kga Kz)_D(Kz) (2.27)
where
1 Do
D(K)——*J‘ fvs-Fdsdp (2.28)
9Jo s
and
]. Po
D(K,) = -—j fVZ-Fdsdp (2.29)
gJo Js

(2.26) and (2.27) can be illustrated by the
energy diagram in Fig. 1. The arrows in this
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& —K3} K2
C(P.Kj) C(K5.Ky)
D(K;) D(K,)

Fig. 1. Schematic energy diagram showing the dif-
ferent forms of energy, energy econversions, and
energy dissipation included in this study.

diagram show the likely directions of energy
conversion in a steady state.

B. Simplified models

It 18 not expected that the three parts of the
integrand in (2.25) will be equally important.
A check of the derivation of (2.19) and (2.23)
from (2.16) and (2.17) shows that the last two
terms in the integrand in (2.25) come from the
vertical advection of momentum in the equa-
tions of motion or, equivalently, from the ver-
tical advection of vorticity and the twisting
term in the vorticity equation. Scale analysis
(Phillips, 1963) shows that these terms are, in
general, one order of magnitude smaller than
the dominant terms in the basic equations.
Haltiner (1971) distinguishes between the most
general model for which (2.25) applies, and a
model in which the nondivergent wind replaces
the total wind in the term expressing the verti-
cal transport of momentum. It is easy to see
from (2.16) and (2.17) that (2.25) in the latter
case reduces to

Do
C(K:;’ Kz) = _g f J\ [(C2+1)V2 N (kxvs)

+k2V-VR] dsdp (2.30)

A further simplification is obtained if the
vertical transport of momentum or, if the model
is based on the vorticity equation, the vertical
transport of vorticity and the twisting term,
are neglected altogether. In that case (2.30)
becomes even simpler because the second term
in (2.30) will vanish, i.e.

1 Do
C(K,, K,)= —!;f J‘ (L, + )V, - (kxV,)dsdp
o s
(2.31)
The models mentioned above are still based

on the primitive equations with or without
ignoring certain terms. Alternatively, we may
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use the vorticity or divergence equations. The
main point is that K; can still change in
magnitude during the integration of (2.30) or
(2.31). If we, on the other hand, make further
simplifications and consider the so-called bal-
anced models, K, remains constant in an
energetically consistent model which incorpor-
ates the balance equation. Several models of
this kind have been given by Lorenz (1960).
All of them make use of a balance equation.
The most general balance equation is obtained
from (2.16) and (2.17); by neglecting friction,
differentiating (2.16) with respect to z, (2.17)
with respect to y, adding the resulting equa-
tions, and keeping those terms which belong to
classes 1 and 2 only, we obtain

Veky = V-[(L + /) Vipa] + V2, = 0 (2.32)

It can be shown by elementary differentia-
tion that (2.32) reduces to the customary bal-
ance equation

621'0 a2w azw 2
V() +2| 2 - |—} | =V 2.33
(V) [ax2 oy (axay)] $1 )

Since (2.32) is obtained from the general
divergence equation by neglecting the time
derivative and other terms, it follows that the
kinetic energy of the divergent part of the flow
will remain constant, or that

C(P, K;) = C(K,, K,) (2.34)

To obtain the formulas for the two energy
conversions in (2.34) we multiply (2.32) by y,
and integrate over the total mass of the atmo-
sphere. The contributions from the various
terms are;

1 Po . 1 Do
- %3V ¢ dsdp= —— Vi, Vé,dsdp
gJo Js gJo Js
1 Pa
= —~f J‘Va'VqS,dsdp
gJo s

=C(P,K,) (2.35)
and

1 Do
;f f XB{V[(Cz'*'f) V'l’z] _Vz IC,} dsdp
0 s

1 Do
) '§f f[<c2+f>v,-(kxv3>+k2V-V=]dsdp
0 3
(2.36)
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The expression (2.36) is identical to (2.30).
We have therefore shown that (2.34) holds
provided the vorticity equation is used in the
form

L (Gt DV [+ H V]

ot

aVv,
+V- [waJ] =k-vaF  (2.37)
ap

where the only approximation is the replace-
ment of the total horizontal wind by its non-
divergent part in the vertical advection of
vorticity and the twisting term.

A simplified form of (2.33) has occasionally
been used in numerical prediction models. As-
sume for example that (2.33) was replaced by

V- ({Vy,) = V¢, (2.38)

This balance implies that

1 Do
“f flavg¢1d8dp
gJo s

1 Do
——f ffV%-andsdp
gJo s

Po
lf J iV, (kaV,)dsdp  (2.39)
gJo s

C(P,K,) =

[

The last expression must be equal to C(K,,
K,). This is accomplished by adapting the vor-
ticity equation to the form

8L,

TV UGN VIV [Vl =k Ve  (2:40)

which after multiplication by —v, and integra-
tion leads to the equation

dK, 1
dt g

Do
f f fvz - (kxvz)dsdp _D(Kz)
0 s
(2.41)

An even simpler form of (2.33) is adopted in
in the quasi-geostrophic models where (2.35) is
replaced by

fo Vs = V24, (2.42)

where f, is a standard value of the Coriolis
parameter. (2.39) reduces in this case to
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1 Do
C(P,K,) = —--f f fo Vy - (kxV,)dsdp (2.43)
gJo Js
The expression in (2.43) must again be equal
to C(K;, K,) and this is accomplished by adopt-
ing the vorticity equation in the form:

a—cz=V-[(C2+f)V2]+f0V-V,=k~VxF

” (2.44)

Tt is thus seen that the balanced, energetically
consistent models imply a conservation of the
kinetic energy of the divergent part of the flow,
while variation in K; can take place in more
general models.

C. Discussion

Eq. (2.25) gives the energy conversion from
K, to K, in a general model based upon the so-
called primitive equations. No evaluation of
C(K,, K;) from meteorological data or from a
general cirulation model is presently available.
It is obvious that the evaluation of the various
terms in (2.26) requires the knowledge of V,, V,
and w; where the last two parameters are con-
nected through the continuity equation:

dwg

VeV,4—2=0 (2.45)
op

V, and V, can be generated by separating the
horizontal wind vector into its divergent and
nondivergent parts. w, can be evaluated by the
indirect methods from meteorological data, e.g.
Petterssen (1956), or can be provided by the
direct output of a general circulation model
based upon the primitive equations.

The main purpose of such a calculation will
be to compare the magnitude and the direction
of C(P, K;) and C(K,, K,) as shown in Fig. 1.
We expect that these two energy conversions
will both be positive, i.e. the direction indicated
by arrows in Fig. 1 and are equal if we average
them over a sufficiently long time. Strictly
speaking this statement is true only when we
disregard the friction dissipation of Kj, i.e.
D(K,). One would expect that D(K;) would be
small, but it can be evaluated because F, the
horizontal foree of friction, is parameterized in
any general circulation model. In the same
long-term average we must have

C(K,, K;) = D(K,) (2.46)
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One should notice that one of the major
characteristics of the large-scale flow in the
atmosphere is that the amount of energy in
the divergent flow seems to remain small at all
times. This must mean that C(P, K,;) and
C(K,, K,) are approximately equal at all times
because if they were unequal for any reasonably
long time period we would find large values of
K. While the kinetic energy of the divergent
part of the flow is an extremely important
energy reservoir because all the energy con-
verted from the total potential energy must go
through K, it appears nevertheless that K,
plays an almost catalytic role because it must
be present at all times, but the major energy
conversion appears to be almost directly from
P to K,.

We do not know a great deal about the be-
havior of K,. So far we have been satisfied by
noting that it is small. However, the calcula-
tions of C(P, K3} and C(K,, K,) will show the
extent to which K, is catalytic.

3. Results of calculation of energies
and energy conversion from the
history output data of the NCAR
general circulation model

The arguments of section 2 show that the
evaluation of some energy parameters requires
three-dimensional wind data. In fact, this in-
formation is available or can be generated in
a general circulation model (GCM) based upon
the primitive equations. The history output
data of the GCM at the National Center for
Atmospheric Research are used for this pur-
pose. This history data is derived from the six-
layer version for a January simulation (Kasa-
hara & Washington, 1971) which has a spherical
horizontal spacing of 2.5° in longitude and lati-
tude. The data used are horizontal winds, u
and v, vertical velocity, w, pressure p, density,
0, and longitudinal and latitudinal components
of frictional force per unit volume, at 12-hour
intervals starting from day 71 to 100.

The existence of mountains make the global
surface of the lower levels in GCM become a
multiply-connected domain. A conventional
method of solving Poisson’s equation, therefore,
may not be applicable to separate horizontal
wind vectors into its divergent and nondiver-
gent components. However, a direct method
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which was designed by Endlich (1971) is modi-
fied and applied to avoid this difficulty. For
the details of the modification of Endlich’s
scheme, the reader is referred to Chen (1975).
A Drief deseription of the essential part of
Endlich’s scheme follows. Let us consider a
given point in the grid. By definition, the non-
divergent flow in this point must have a proper
value of vorticity and zero divergence. To find
velocity vectors that meet these conditions,
small corrections are made to wind fields at
adjacent points to force zero divergence. This
adjustment of eliminating divergence may
change the vorticity. Therefore, other correc-
tions to wind fields are introduced to restore
the new vorticity back to its original value. In
this way, a new velocity field which is non-
divergent is generated. The divergent part is
the difference between the original wind field
and this nondivergent part.

Notice that the NCAR general circulation
model was formulated in the z-coordinate sys-
tem. Therefore, we should reformulate the
energy relations in this coordinate system. The
new energy relations, except with some extra
terms, are similar to those in section 2. These
extra terms in the new energy relations are
mainly caused from the nonvanishing of the
integration of Jacobian terms on the constant-
height surfaces due to the presence of density,
0, in the integrands. As we observe from me-
teorological observations, the slope of isobaric
surface is usually small so that we may expect
that terms involving the integration of Ja-
cobians are not significant. Also, the energy
quantities in the z-coordinate system gives ac-
ceptable approximations of corresponding quan-
tities in the p-coordinate system.

A. Kinetic energies of divergent and
nondivergent flows

The mean values of K, K,, and K, from day
71 to 100 of the NCAR general circulation are
shown in Table 1. It is of interest to compare
the kinetic energy, K, of the NCAR GCM with
observation studies. January is a winter month
in the Northern Hemisphere, but it is a sum-
mer month in the Southern Hemisphere. There-
fore, we may take the global mean value of K
in January of the NCAR GCM in comparison
with the yearly mean at the Northern Hemi-
sphere from observational studies. Wiin-Nielsen
(1967) obtained a yearly mean of K =18.49 x 103
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Table 1. Mean value of the kinetic energies K,
K,, and K,, and the ratios, K,/(K, + K,), and
K (K, +K;) from day 71 to 100 of the NCAR
GCM

K K, K,  KyK,+Kg)  Ky/(K,+K,)

14.71 14.52 0.18 98.8% 1.29%

joule m~? using the NMC data from February
1963 to January 1964. Recently, Peixoto &
Oort (1974) obtained yearly mean of K =
12.39 x 10® joule m~-2 using 5-year daily upper
air data. This comparison shows thus that the
mean value of K of the NCAR GCM is accept-
able. The ratios, K,/(K, + K;) and K /(K, + K,),
show that the kinetic energy budget of the
NCAR GCM is mostly explained by K,. Notice
that a small discrepancy exists between K and
K, + K, This discrepancy is due to the non-
vanishing of the integration of V,-V, over the
whole mass of the model atmosphere.

Fig. 2 displays the contributions from lati-
tude zones to K, and K, The contributions to
K, come mainly from the middle latitudes of
both hemispheres where the strong westerlies
exist. Contributions to K, have a larger value
over the Northern Hemisphere. Figs. 3 and 4
show the altitude-height contribution to K,
and K, respectively. The largest values of K,
appear in the upper and middle layers of the

35
o 30+
£ 25f
g 20+
151
o
o’ 10
o 5-
(4] [ B S |
SP 60° 30° 0° 30° 60° NP
LATITUDE
(a) Ky
rl\lo'slll!llllflllrIlll
E O'ZLW—'—_/\/W\I\/_
w 0‘] A
—DJ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 L 1 I
3 sr 60° 30° ©0° 30° 60° NP
‘S LATITUDE
(b) Ky
Fig. 2. Contributions to K, and K, from different

1at1tude bands. Unit: 10% joules m—2.
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Fig. 3. Latitude-height distribution of 30-day (day
70-100) mean of zonally averaged K,. Unit: 10
joule m—3,

model atmosphere. A relative maximum of K,
exists in the lower layer between 60°S and
70° 8. This is due to strong easterlies over this
region. Contributions to K, come mainly from
the lower layers over the whole globe, and the
middle and upper layers in the tropics of the
Northern Hemisphere where the Hadley cell
circulation is particularly intense during the
winter time. The value of K, in the lower layer
of the Northern Hemisphere is larger than that
in the Southern Hemisphere because of more
intense activities of ¢yclones and anticyelones
in wintertime.

B. Energy conversions

The mean values and standard deviations of
various energy conversions and dissipations for
day 71 to 100 of the NCAR GCM are shown in
Table 2. C(K,, K,) is smaller than either
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Fig. 4. Latitude-height distribution of 30-day (day
71-100) mean of zonally averaged K,. Unit: 10-!
joule m-2,
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Table 2. Mean value and standard deviation of
various energy conversions for day 70 to 100 of
the NCAR GCM

Unit: watt m—2

Mean Standard

value deviation
O(P, K,) 2.8512 0.575
O(K,, K,) 1.7444 0.447
C(K,, K,) Al 1.7224 0.413
C(K,, K, A2 —0.2930 0.162
C(K,;, K,)B 0.2697 0.137
C(K;, K,)C 0.0443 0 032
D(K,) —2.5231 0.401
D(K,) —0.2216 0.096

C(P, K;) or D(K,). Even though D(K,), which
is an order less than D(K,), may reduce the
input of K; from C(P, K,), this reduction is
not significant. In other words, a quasibalance
between C(P, K,;) and C(K,, K,) + D(K,) does
not exist in our results. On the other hand, K,
and K, are more or less stable in our calcula-
tions. The energy cycle of the NCAR General
Circulation model as shown in Kasahara and
Washington (1971) exhibits discrepancies in
energy conversions. The excess output of the
eddy kinetic energy in the GCM may be suf-
ficient to explain the discrepancy between
C(K;, K,) and D(K,) in our calculation.

However, the positive value of C(P, K;) and
C(K,, K,) confirms that energy must be trans-
formed from total potential energy to K,, and
then from the latter to K, which will be dis-
sipated by D(K,).

Wiin-Nielsen (1968) obtained 2.5 watts m—2
for the yearly mean of conversion from avail-
able potential energy to kinetic energy. Oort &
Peixoto (1974) used 5-year daily upper air data
and obtained a value of 2.0 watts m~2. Compar-
ing the results presented in Table 2 and ob-
gservational studies, we find that our value of
C(P, K,;), C(K,, K,), and D(K,) fall in the
range of real value in the atmosphere.

It is of interest to compare the contributions
from various terms in C(K,, K,) of (2.25). Table
3 shows that the Coriolis effect which is de-
noted by C(K,;, K,;) Al explains most of C(Kj,
K,). The contributions from C(K,, K,)B, the
second term and C(K,, K,)A42, the relative
vorticity effect in the first term are apparently
an order less than C(K,;, K;)Al. C(K,, K,)C,
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the third term, is two orders less than C(K,,
K,;)A1l. It has been shown that C(K,, K,)A1 is
the only term by which conversion between
K, and K. can occur in a quasi-geostrophic
model. The computational results show that
the quasi-geostrophic model is a good ap-
proximation for the calculation of C(K;, K,).
Furthermore, the small value of C(K,, K,)C
also indicates that the difference between
C(K,; K,) of the unbalanced model and of
balanced model is not significant.

To elucidate the catalytic role played by K,
one has to compare the residence time of K,
and K, This can be achieved by calculating
K,/C(K,, K,;) and K,/C(K;, K,). From our re-
sults, the residence of K; and K, are 3 hours
and 9.6 days respectively. K, is the only bridge
between total potential energy and K,. The
short residence time of K, shows that the con-
version from total potential energy to K, oc-
curs without significant delay. In other words,
K, appears to aid the conversion from total
potential energy to K, without appreciably
changing K,, or, in other words, K; is quasi-
catalytic.

4. Results of calculation of energies
and energy conversion from
observational data

The observational data used in this section
consists of the 0000 GMT and 1200 GMT height
and wind fields for the period of August 1 to
15, 1970, over the Northern Hemisphere. The
height field is available through the U.S. Navy
Fleet Numerical Weather Center (FNWC) and
the wind data come from the National Meteoro-
logical Center (NMC). The data are for the
levels: surface, 850 mb, 700 mb, 500 mb, 300
mb, 250 mb, 200 mb, and 100 mb. It should be
noted that the wind data at the surface of the
Northern Hemisphere, and 850 mb and 100
mb over the tropical region are supplemented
by climatological statistics.

Table 3. Comparison between C(K,, K,) and
various terms in it

C(K,, K,) A1]C(K,, Ky) 98.7 9,
- C(K,, K,) A2]C(K,, K,) 16.7 9
C(K;, K,) B/C(K;, K,) 15.5 %
C(K,, K,)ClO(K,, Ky) 2.5 9,

Tellus XX VIII (1976), 6
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Table 4. Mean value of the kinetic energy quanti-
ties K, K,, and K; over the period of August 1
to 15, 1970

Unit: 10% joule m—2

K K, K, Ko/(K, + Kj) Kyf(Ky+ Ky)

7.39 6.39 0.71 90 % 109%

The process of dividing the horizontal wind
vector into divergent and nondivergent com-
ponents is accomplished in the following way.
The vorticity is caleulated from the horizontal
wind field at each grid point, and the Poisson
equation solved to obtain the stream function
by the spectral method. The nondivergent com-
ponent of the horizontal wind field is calcu-
lated through (2.3). The divergent wind is ob-
tained by substraction of the nondivergent
wind from the total wind. For the details of
this, the reader is refered to Chen (1975).

A. Kinetic energies of divergent and
nondivergent flows

Values of K, K,, and K, averaged over the
period of August 1 to 15, 1970 are shown in
Table 4. Wiin-Nielsen (1967) obtained values of
K =9.11 x10° joule m-? for August of 1963.
Recently Peixoto & Qort (1974) obtained a 5-
year mean value of K =7.37 x 10® joule m—2 to
which our value of K is very close. This com-
parison shows that the particular period we
studied is meteorologically typical for the
month of August. Table 4 shows the existence

PRESSURE (mb)
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Fig. 5. Vertical profile of zonally averaged K, and
K, as a function of pressure. Unit: 10% joules m—2
cb-1,
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Fig. 6. Contributions to K, and K, from different
latitude bands. Unit: 105 joules m~2,
Units for K, K,, and K,: 105 joule m—2

of a discrepancy between K and K, + K,. This
discrepancy may be caused by the nonvanish-
ing of the integral of V,-V, over the Northern
Hemisphere. K, and K; are 909 and 109% of
K, + K; respectively. K, is an order smaller
than K,.

The contributions to K, and K, from dif-
ferent pressure levels and latitudes are dis-
played in Figs. 5 and 6. The height distribu-
tions of K, and K; have maxima between 300
mb and 200 mb in the vicinity of the jet stream.
The tropical easterlies give a relatively small
peak of K, in the latitudinal distribution in ad-
dition to the peak of this quantity due to the
strong westerlies in the middle latitudes. K,
shows relatively high values in the middle lati-
tudes and equator.

B. Energy conversions

Using the wind data at our disposal, the first
and second terms of C(K;, K,) in (2.25) can be
evaluated. As is well known, it is difficult to
give a proper estimate of the horizontal diver-
gence and vertical velocity in the atmosphere
by the direct method from the observed wind.
This difficulty might make the evaluation of
the second and third terms in (2.25) inaccurate.
However, a computation of the second term in
(2.25) is done by employing the direct calcula-
tion of divergence from the available wind field
to give an estimate of its magnitude.

Values and standard deviations of various
energy conversions are shown in Table 3.
C(K,, K,;)A is 0.558 watts m~* sec~! by sum-
ming up C(K,, K,)A1 and C(K,, K,)A2. The
comparison of C(K,, K,)A2 and C(K,, K,)A
gives a ratio between them of §%. In other
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Table 5. Mean values and standard deviation of C(K,;, K,)A1, C(K,, K,)A2, C{K,, K,)B and

C(P, K,) for the period of August 1 to 15, 1970

Unit: watts m~?

C(K, Ky) A1 C(K,, K,)A2 C(K,, K,)B C(P, K;)
Mean values 0.588 -0.030 —0.032 0.620
Standard
deviation 0.945 0.1091 0.0116 1.018

words, the major contribution to C(K;, K.)A
comes from C{K,, K,)Al, the Coriolis effect.

As far as scale analysis is concerned, C(K,,
K,)B and C(K,, K,)C are an order less than
C(K,, K.)A. Even though no numerical evalua-
tion of C(K,, K,)C can be done here, the small-
ness of C(K,, K,)B is confirmed by the nu-
merical result shown in Table 5 where C(K,,
K,)B|C(K,, K.)A =69%,. If the magnitude of
C(K,; K,)C 1s assumed to be as small as
C(K,;, K,)B, C(K,, K,) should possess a magni-
tude in the range of 0.5 to 0.6 watt m-2 for
the period we investigated in this study.

C'(K,, K;), the sum of C(K,, K,)4 and
C(K,, K,) B, is 0.528 watt m~—2 which is slightly
smaller than C(P, K,) =0.62 watt m-2. Since
no numerical evaluation of D(K;), D(K,), and
C(K,, K,)C are available, we cannot make a
definite conclusion for the energy cycle as
shown in Fig. 1. But from our numerical re-
sults, it is quite obvious that the direction of
the energy conversion is as we expected from
the theoretical consideration in section 2, i.e.
energy goes from the potential energy to the
kinetic energy of the divergent component, and
then from the latter to the kinetic energy of the
nondivergent component.

Oort & Peixoto’s (1974) extensive calculation
of 5-year mean of energy conversion from po-
tential energy to kinetic energy in July is 1.0
watt m~2. In fact our calculations of C(P, K3)
and C'(K,;, K,) for the first half of August of
1970 are very close to Oort & Peixoto’s value.

In order to examine the extent to which K,
is catalytic we may compare the residence time
of K, and K,. Since D(K,) and C(K,, K,)C are
supposedly small, it may be reasonable to as-
sume that C(K,, K,) is about 0.6 watt m-?
over the period concerned in this study. There-
fore, the residence time of K; and K, are K,/
C(K,, K,) =14 days and K,/C(K,, K,)=12.3
days, respectively. The residence time of K, is

an order less than that of K, In conclusion,
the short residence time of K; indicates that K,
transforms to K,, almost immediately.

5. Summary

It is shown that energy converts from total
potential energy to kinetic energy of the diver-
gent flow and then to kinetic energy of the non-
divergent flow. The energy conversions between
total potential energy and K, C(P, K;), and
between K, and K,, C(K,, K,) have been de-
rived from the primitive equations. Further
analysis of the energy conversions has been
made to compare the difference between bal-
anced and unbalanced models. It is found that
C(P, K,) and C(K,, K,) are equal in energetic-
ally consistent, balanced models of the atmo-
sphere, but may be different in models based
upon the primitive equations. This suggests
that a study of the energy budget of K, using
a primitive equations model, will show the ex-
tent to which K is catalytic.

The history data generated by the NCAR
GCM of a January simulation have been used
to evaluate all energy parameters. The NCAR
GCM is formulated in the z-coordinate system,
but the small slopes of isobaric surfaces make
the energy parameters in the z-coordinate sys-
tem approximately equal to the corresponding
quantities in the p-coordinate system.

The global mean values of K; and K, are
1.29% and 98.89, of K, + K; which is 14.7 x 105
joule m-2 The global mean of C(P, K,),
C(K,, K,), D(K,), and D(K,), are 2.85 watt
m~2, 1.7 watt m~2, 2.52 watt m~2, and 0.22
watt m~2, respectively. In view of the discrep-
ancies between C(P, K,) and C(K,, K,) + D(K,),
and between (C(K,, K,) and D(K,), which are
due to an energy inconsistency in the GCM, we
cannot expect a balance between C(P, K,;) and
C(K;, K,) + D(K,) and between C(K,, K,) and

Tellus XXVIII (1976), 6



KINETIC ENERGY

D(K,). However, the positive values of C(P, K;)
and C(K,;, K,) clearly show that energy con-
verts from total potential energy to K; and
then from K, to K,.

The residence times of K, and K, are 3
hours and 9.6 days, respectively. Furthermore,
C(K,, K,) is mainly determined by C(K,, K;)A41
which is due to the Coriolis effect and is the
only term of the energy conversion between K,
and K, in a quasi-geostrophic model. Also, the
difference between C(K,, K,;) in a primitive
equation model and in balanced models is very
small.

The NMC wind data and FNWC height field
of August 1 to 15 of 1970 were also used to
evaluate the energies and energy conversions.
K, and K, are 10% and 909% of K, + K; which
is 7.39 x10% joule m—2. C(K,, K;) consists of
three parts in (2.25), but the term involving
vertical velocity cannot be evaluated due to the
missing vertical velocity. Usually, this term is
small as shown by scale analysis. However, we
are able to obtain an acceptable approximation
to C(K,, K,) from the computation of the first
two terms in (2.25). C(P, K;) and C(K,, K,)

497

are 0.62 watt m—2 and 0.53 watt m-2, respec-
tively. C(Kj;, K,) is also mainly determined by
C(K,, K,)A1l. The residence times of K, and
K, are 1.4 days and 12.3 days. Results of the
data study support the conclusion drawn from
the calculations of the GCM data.
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O KMHETUYECKON SHEPI'MU JUBEPTEHTHOTO U BE3JIUBEPTEHTHOTrO
TEYEHHIA B ATMOCOEPE

Hunetnuecrkana sHeprusg ropmsaoHTAIBHOTO Te-
4eHUsI B THAPOCTATHYeCKol armocdepe mon-
pasfeiseTcd HA KUHETHUYECKY0 SHEPTMI0 AU-
BepreHTHON M O0e3gMBEpPreHTHON KOMIIOHEHTHI.
C nomombio OalaHcHOl M He0AJaHCHOH Mome-
Jelf NUPKYJIALUM BHIBOEMTCA M 00CyKpaercsa
BaKOH KOHBEPCHM MEAY 9TUMHM IBYMA THIAMH
SHEPTHM KPYMHOMACHITAOHHX MOTOKOB B aTMO-
cpepe. IlokaszaHo, 4YTO NMOJHAA NMOTEHNHMAJbHAA
sHeprusa npeo0pasyercA B KUHETUYECKYI0 dHep-
M0 JUBEPreHTHOTO0 TeYeHUsd, KOTOpAadA B CBOIO
odepenb npeofpasyercd B KMHETHYECKYIO SHEp-
ruw 0e3IuBEepreHTHOrO MOTOKA. ITH Npeobpaso-
BaHMA DHEPrUM DABHH B TAaK Ha3bBaeMon Ga-
JIQHCHOW MOJlesM, HO MOTYT OTJIMYATHCA B MO-
Teau, OCHOBAaHHON HA HNPHMUTHBHBIX ypaBHe-
HHAX. AHAIM3 TNOKasblBaeT, YTO KUHETHYecKas
SHEeprMA [HMBEPreHTHOM 4YAacTH IIOTOKA MOKeT
UrpaTh KBA3HKATAJIUTHYECKYI DpOJb B IMpe-
00pasoBaHMM IIOJTHOH NOTEHIMAILHON DHeprum
B KHHeTHYeCKylo bBHepruio 06e3InBepreHTHOro
TedeHUA. [[nA oleHKM SHepruu u ee npeobpaso-

BaHUit GHIIM MCIOJB30BAHH ABAa HA0Opa JaHHBIX
Mo BeTpy M BhicoTe abcoiioTHOH Tomorpadum 3a
1-15 aBrycra 1970 r. BoiuucieHnsd rmoaTBepLuiIu
HanpaBleHMe npeo0pasoBaHuil SHepTrHM, BhHIBeE-
DeHHOe TeOpeTuYecKH, U KBA3HKATAIUTHYECKUN
XapaKTep KMHETHYECKOl DHepIruu AUBePreHTHOM
YaCTH MOTOKA. JHepreTHUeCcKUe Mpeofpa3oBaHUA
MEHAY MOJHOM MOTEeHIMANLHON 3Heprueil u Ku-
HeTH4eCcKoii 3Heprueil JUBEpPreHTHOI'0 MOTOKA
MMET MeCTO TJaBHHM 006pasoM B HIKHHX
ciioAx atmocepsl cpeHUX MWHUPOT, r're Gapo-
KIMHHAA 4KTUBHOCTE BUXpell ABNAETCA mpe-
obnapgaiouieit. IlpeoGpasoBaHue MemAy KuHe-
THYECKOM BHeprueit TUBepreHTHOro u 6e3qHBep-
TE€HTHOT'O Te4eHUI OCYIECTBIAETCA B OCHOBHOM
3a cyeT Kopuoamcopa s¢dexra. Hpyrumu cio-
BaMH, KBasureocrpoduyeckad Mojeab oObAC-
HseT OOAbILYW YacTh BTOr0 NpeoOpPA30BAHUSA
sHepruu. Yro KacaeTcA BeINUMHH BHEPTHH, TO
BBeleHMe GoJiee CIOHOM Momenu gaeT HeGONb-
moe yaydlleHUe.
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