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ABSTRACT 

The linear steady-state response of a hemispheric two-level primitive equation model 
to forcing by heat sources and by topography is studied. Realistic forcing is considered 
for January where the zonal variation of the release of latent heat and of the sensible 
heating dominates the radiational heating. The response to each of these heat sources 
is discussed and an attempt is made to understand the computed patterns by aid of a 
simple quasigeostrophic theory. The combined topographical and thermal forcing 
induces standing waves which verify favourably against observations. At 400 mb, the 
ridge on the windward side of the Himalayas and the trough over north-eastern Asia 
appear to be induced by the orography whereas the heat sources play an almost domi- 
nant role over North America and determine the position of the ridge over the Atlantic. 
At 800 mb, the linear model fails to simulate the Aieutean low but is rather satisfactory 
elsewhere. The northward transport of heat and momentum by the standing waves is 
discussed. 

1. Introduction 

In a previous paper by the writer (1976), here- 
after referred to as I, the linear steady response 
of a hemispheric primitive equation model t o  
forcing by topography has been presented. The 
main purpose of the present paper is to give the 
results obtained by including heating functions. 

The heat sources in the model have been in- 
corporated by use of the observed time-averaged 
fluxes of sensible heat and long-wave radiation 
a t  the boundaries of the atmosphere and of the 
observed patterns of the release of latent heat. 
This approach allows us to compute separately 
the influence of the various forcing terms on the 
standing planetary waves. We shall restrict our 
analysis to the cam of January mean conditions. 

As in I, an attempt will be made to qualita- 
tively understand the gross features of the 
computed response by use of a simple quasi- 
geostrophic theory. 

2. The model 

The formulation of the basic equations of our 
two-level model is given in I. Fig. 1 shows the 
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layering and the grid points of the model. The 
equations of horizontal motion, the thermo- 
dynamic energy equation, the continuity equa- 
tion, all written for 400 mb and 800 mb, and 
the tendency equation of the height of the 1 000 
mb surface constitute the set of equations of the 
model. The equations are expressed in a steady- 
state linearized form where the prescribed basic 
state is assumed independent of longitude and 
time. All perturbation quantities are expanded 
in longitudinal Fourier series up to and in- 
cluding wavenumber eight. The expansion coef - 
ficients are the variables of the model. We ex- 
pand the horizontal wind and the temperature 
perturbation a t  400 mb and a t  800 mb, the 
o-perturbation a t  600 mb and 1 0 0 0  mb and 
the perturbation of the 1000-mb height. The 
model includes surface friction and the vertical 
transfer of momentum due to the vertical shear 
of the horizontal wind. The orography is in- 
corporated via the conventional formulation, 
i.e. we have a forced vertical motion at the 
1 000 mb surface. The various sources of heating 
are prescribed according to observations. 
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Pig. 1.  Schematic representation of the structure of 
the primitive equation model. The grid points of 
the model are marked by crosses. 

3. Response to forcing in a 
quasigeostrophic two-layer model 

In I, the writer made an attempt to explain 
the response of the primitive equation-model to 
forcing by topography by use of a conventional 
quasigeostrophic two-level model with 8-plane 
approximation. It turned out that several fea- 
tures of the computed results could be under- 
stood at least qualitatively by aid of this simple 
model. Here, we shall try to expand this analysis 
to the forcing by heat sources and orography. 

In  the quasigeostrophic theory, the basic 
equations of the primitive equation model are 
replaced by the linearized steady-state vorticity 
equation a t  400 mb (subscript 1) and a t  800 mb 
(subscript 3) on the /?-plane and by the thermo- 
dynamic energy equation a t  600 mb (subscript 
2). They are written 

a a4 ii, - V2& + p -' 
ax ax fi(w, - w,)/Dp (3)  

where the notation is conventional. u is the static 
stability, Dp -400 mb. Here, the zonal wind 
velocity ii of the basic flow does not depend on 
the latitude. Q represents the heating. To simpli- 
fy the discussion, we have excluded all friction 
terms. The vertical motion at 1000 mb (sub- 
script 4 )  is given by 

a 
ax w,= -g&Q,-H (4) 

Expanding the variables and the forcing 
terms in double Fourier series, e.g. 

dl=Re { 2 4 l m n  exp (2ni (m4L,+ny/LV)) )  ( 5 )  

where L,, Ly are the largest wave-lengths in x 
and y we obtain the solution 

m. n 

4 1 m n  = (%acMmn - i ( ~ 3 a - B 1 & m n ) / D  (6) 

4 3 m n  = ( ( ~ a + ~ a a c  - 8 ) M m n  - i ( B  -cia)Qm,,)/D 

( 7 )  
where 

Qmn = acDpL,Qmn12n 

a - 4n2(mz/L2, + nS/Li) 

ac = fW@? 
Mmn = a,G,gfiHmn/DP 

+/?(/? - (a1 +G) 4 
D = Q,i i3a2 + ( ( f l y  +ii:) ac -/?(al + i i 3 ) )  a 

(8) 

The first terms on the right hand sides represent 
the response to topographic forcing which has 
been discussed in I. Here, we shall turn to the 
second terms which give the perturbations ex - 
cited by the heat sources. Obviously, the pcr- 
turbation geopotential is out of phase by in12 
with the heat source. In most cases, we have to 
expect a node between 400 mb and 800 mb, i.0. 
$,,, and #,,, have different signs. The only 
exceptions are for j-l/iil > a > @/ii, and B / i i ,  > a 5- 

PIC,. This is in agreement with the computations 
of Saltzman (1965) who found a node a t  about 
700-500 mb in most of his solutions. 

It is more difficult to assess the signs of +,,,, 
4,,,,,, since we have to know the sign of D .  This 
problem has been discussed in I. Here, we shall 
concentrate on the January flow in middle lati- 
tudes and use the results obtained in I. Most 
of the topographical forcing as well as most of 
the zonal variation of the heating functions 
occur at wave number two. The meridional 
wavelength of the forcing functions can be 
assumed 90". It has been shown that D < 0 under 
these conditions (so-called ultralong waves; see 
Table 2 of I). Furthermore, we have 8/C1 > a ,  
@/El > a at middle latitudes. Hence, we have to 
expect a trough downstream of the heating 
sources at 800 mb and a ridge at 400 mb. The 
displacement should amount to about one 
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Fig. 2. Heating of the lower layer (1 000-600 mb) of the primitive equation model due to  the flux of sensible 
heat at the earth's surface for January (K day-'). The thin lines represent the orography with isolines 
every 600 m and the 0 m contour dashed. 

quarter of the wavelenght. However, we have 
/?/til < a for m 2 3. Therefore, the response in the 
lower layer will show a ridge downstream for 
m 2 3 or for smaller meridional wavelengths. 

It is known from observations that the 
transports by the standing planetary waves play 
a significant role in the heat and momentum 
budget of the general circulation of the atmos- 
phere. Let us look at the zonally averaged 
transport of sensible heat at 600 mb in the quasi- 
geostrophic model. By (6), (7) we have 

inm 
((til + ti,) ac +al a - 8) M ,  

(9) 

The hydrostatic relation yields 

Tz = 3 ( A  - W ( 2 R )  (10) 

Hence, 

3 T, = 2 ~ [(a,(a, - a )  - a, ac + /?) Mm ,,, 2RD 

- iom((al - 6,) a - 28)1 e2nimziLz ( 1 1 )  

where the factor e2n'nyiL~ has been omitted in 
(9) and ( 1 1 )  since the computation of the north- 
ward transport of sensible heat does not in- 
volve derivatives in y. After simple algebraic 
manipulations, the zonally averaged transport of 
sensible heat is found to be 

loLz (vT), dx 
L, 

where the star denotes the complex conjugate. 
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This is a result of remarkable simplicity. 
Standing waves which are excited in frictionless 
flow by orography or heating alone do not 
transport sensible heat. Both forcing functions 
must be combined. There are no transports of 
heat when the orography and the heating are 
out of phase by +n/2 and we have to expect 
maximum transport when both are in phase or 
out of phase by n. The direction of the transports 
is dictated by the relative position of the topo- 
graphy and the heat sources and by the sign of 
D. If applicable to the general circulation ( 1 2 )  
would greatly increase our understanding of the 
observed transports by standing waves in the 
atmosphere. However, the incorporation of the 
surface friction influences strongly the position 
of the forced waves and, therefore, the transport 
properties. It has been shown in I ,  that the 
standing waves shifted towards the east by 
about 50-90' longitude when surface friction 
was included. One can try to include the surface 
friction into the quasigeostrophic theory. It can 
be shown, then, that the standing waves which 
are induced by heating can transport heat by 
themselves once surface friction is taken into 
account. The resulting formulae for the compos- 
ite transport are rather complicated and are 
not presented here. ( 1 2 )  predicts southward 
transport of sensible heat a t  wave-number two 
in the middle latitudes when observed values of 
Q ,  and M ,  are inserted whereas the linear model 
gives southwards transport north of 46' N and 
northward transport south of 45' N (see Fig. 13). 

4. Results 

In  the sequel, we shall present the response 
of the two-level model to prescribed heat sources 
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Fig. 3. Perturbation of the 400 mb height (dm) by sensible heat forcing for January. 

and topography for January conditions. The 
January basic state has been taken from Oort & 
Rasmusson (1971) and is identical to that used 
in I. If not stated otherwise, surface friction, the 
vertical shear stress and the mean meridional 
motion of January have been included in the 
computations. 

The following heat sources have been in- 
corporated: 

(i) Heating due to the flux of sensible heat 
a t  the carth’s surface. The January fluxes havc 
been takcn from Gates (1972) after Budyko 
(1963). 

(ii) Heating due to the release of latent heat. 
The data have been taken from the precipita- 
tion charts for December-February as given by 
Gates (1972) after Moller (1951). 

(iii) Heating due to long-wave radiation. The 
fluxes of long-wave radiation a t  the lower 
boundary of the atmosphere have been taken 
from Gates (1972) and the outgoing long-wave 
radiation emitted to space from Raschke et al. 
(1973). The data of Raschke et al. cover the 
period January 21 to February 3, 1970. 

( a )  Response to the heating by the flux of 
sensible heat at the earth’s surface 

Fig. 2 shows the deviation of the heating 
from the zonal average in the lower layer of the 
model due to the flux of sensible heat from the 
earth’s surface. The variations in the heating 
are primarily due to the ocean currents. Major 
heat sources are found off thc cast coast of 
North America and Asia. The contincnts act as 
sinks in January. It has been assumed that the 
sensible heat flux is absorbed by the lower layer 
only (see also, Newel1 et al., 1969, Fig. 7) .  

Fig. 3 shows the perturbation of the height 
of the 400 mb-surface as enforced by this heat- 
ing distribution in the model. Wavenumbers 1-2 
dominate the response. There is an area of high 
prcssure over the eastern Atlantic and Europe 
downstream of the Gulf Stream heating. Low 
pressure is found beneath a t  800 mb but some- 
what displaced towards the north-east (Fig. 4). 
This is in agreement with the quasigcostrophic 
theory which predicts high pressure downstream 
of the heat source at the upper level for ultra- 
long waves. However, it has been shown in I, 

wieo 150 120 90 60 30 o 30 60 90 120 150 lea E 

Fig. 4. Perturbation of the 800 mb height (dm) by sensible heat forcing for January. 
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Fig. 5. Heating of the troposphere (1 000-200 mb) due to the fluxes of longwave radiation st the boundaries 
of the atmosphere for January (K day-1). 

that the incorporation of friction may cause an 
eastward shift of the standing waves by almost 
half a wavelength a t  wavenumber two. Indeed, 
a further experiment without friction predicted 
a low with its center at 10" W, 40' N at 400 mb 
at wavenumber two but a high farther north. 
Hence, the response is too complicated to be 
guessed from (6), (7) .  Further experiments with 
simply distributed heat sources revealed that 
the response a t  midlatitudes is in fair agreement 
with the quasigeostrophic theory outlined 
above. However, the heating pattern of Fig. 2 in- 
volves so many meridional wavenumbers that a 
verification of the quasigeostrophic theory could 
be achieved at best by a superposition of many 
Fourier modes. This has not been attempted. 
Over the Pacific, we observe a long band of 
low pressure downstream of the warming a t  800 
mb, but the corresponding ridge a t  400 mb is 
extremely weak. A closer analysis reveals that 
a ridge is induced at 400 mb downstream of 
the Pacific warming a t  wavenumber two which 
is, however, almost completly owerpowered in 
Fig. 3 by the reverse response a t  wavenumber 
one. The transports of sensible heat and west- 
erly momentum by the waves shown in Figs. 
3, 4 are rather weak. 

( b )  Response to the release of latent heat 
The heating pattern created by the release of 

latent heat is similar to that due to the flux of 
late sensible heat from the earth's surface. Two 
experiments have been made. In  the first experi- 
ment, it  has been assumed that all the latent 
heat is released in the lower layer of the model. 
In  the second one, the heating in the lower 
layer is given by &(l - C O S ~  'p) and by & c0s4 'p 

in the upper layer where 'p is the latitude and 
Q the observed heating. The latter experiment 
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has been carried out in order to approximate 
the observed variation of the height of maximum 
heat release with latitude (see Fig. 7 of Newel1 
et al., 1969). Except minor details, the result 
was the same in both experiments and the more 
realistic formulation has been used in all follow- 
ing experiments. 

At 400 mb, the response is somewhat stronger 
than in the sensible heating experiment. In 
particular, there is now a strong ridge ( 5  gpdm) 
over Alaska where only a small area of high 
pressure could be seen in Fig. 3 and the low 
pressure system over eastern Canada is con- 
nected with that over the northern Pacific. The 
pattern over the Atlantic is much the same as 
in Fig. 3. At 800 mb, the response pattern is also 
very similar to that shown in Fig. 4 but has 
double the amplitude. Again, the transports are 
almost vanishing. 

We can state that the flux of sensible heat 
and the release of latent heat tend to create the 
same type of response in January. The latter, 
however, has a stronger amplitude. 

( c )  Response to longwave radiation 
Fig. 5 shows the zonal variation of the heating 

of an atmospheric column due to longwave radia- 
tion as compiled from the charts of Gates (1972) 
and Raschke et al. (1973). In general, we have 
relative heating over the cold continents and 
relative heat losses over the oceans. Hence, the 
longwave heating pattern is fairly opposite to 
that due to the flux of sensible heat and the 
release of latent heat. Of course, it is the same 
with the response of the model (Fig. S), where 
the same amount of longwave heating has been 
allotted to each of the two layers of the model. 

We have low pressure over the Atlantic at 
400 mb downstream of the warming over Asia. 
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Pig. 6 .  Perturbation of the 400 mb height (dm) due to  the longwave heating for January. 
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Fig. 7. Perturbation of the 400 mb height (dm) due to the combined sensible heat, latent heat and longwave 
radiation forcing for January. 

The northward transport of westerly momen- 
tum a t  400 mb shows a maximum of 4 ms-' a t  
20°N but is weak elsewhere as are the other 
transports. 

( d )  Shortwave radiation 
At present, no reliable charts of the mean 

absorption of shortwave radiation are available. 
In principle, we could have tried to compute 
the heating due to absorption of shortwave 
radiation from charts of the planetary albedo 
and from charts of the shortwave radiation 
received a t  the earth's surface. However, ab- 

sorption in the stratosphere must be treated 
separately and it has been felt that such a pre- 
paration of a chart of the shortwave absorption 
in the atmosphere was beyond the scope of this 
study. Hence, shortwave radiation is neglected. 

(e )  Composite solution due to the forcing by 
all heat sources 

The composite solution for all heat sources is 
the superposition of the perturbations caused by 
the flux of sensible heat, the release of latent 
heat and by longwave radiation. Fig. 7 shows 
the composite geopotential perturbation a t  400 

W180 150 120 90 60 30 0 30 60 90 120 150 180E 

Pig. 8. Perturbation of the 800 mb height (dm) due to  the combined sensible heat, latent heat and longwave 
radiation forcing for January. 
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Fig. 9.  Perturbation of the 400 mb height (dm) due to the combined forcing by the orography and all heat 
sources for January. 
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Fig. 10. The observed height of the 400 mb surface for January, with isolines every 100 m and the 700-m 
contour dashed. From Gates (1972). 

mb. The pattern bears strong resemblance to 
the response to the release of latent heat. The 
longwave radiation reduces the amplitude of the 
composite response but the overall pattern is 
that due to the release of latent heat and the 
flux of sensible heat from the earth's surface. 

Fig. 8 shows the composite perturbation geo- 
potential a t  800 mb. Both the low over the 
western Atlantic and the high north of the 
Himalayas are found at 800 mb as well as a t  
400 mb. On the other hand, the response at 800 
mb over the eastern Atlantic, near 150' E, 30" 
N and near 110' W, 30" N is opposite to that a t  
400 mb. 

The transports of momentum and sensible 
heat are strong and northward between 10' N 
and 35' N. North of 40' N, we observe a south- 
ward transport of westerly momentum ( z -3 
ms-') a t  400 mb. All other transports are rather 
weak. 

( f )  Orographically forced response 
The response to the forcing by the orography 

has been discussed in I. At 400 mb, ridges are 
seen above the western part of the Himalayas, 
over the Atlantic (centre at 30" W, 50' N) and 
a fairly strong high extends from Asia to Alaska 
(center a t  170°E, 65"N). Low pressure is 

90 90 N 

75 7s 

60 60 

45 45 

30 30 

15 15 

W180 60 120 90 60 30 0 30 60 90 120 150 180 E 
Fig. 11. Perturbation of the 800 mb height (dm) due to  the combined forcing by orography and all heat 
sources for January. 
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WlBO 150 120 90 60 30 0 30 60 90 120 150 180E 
Pig. 12. The observed height of the 800 mb surface for January, with isolines every 50 m and the 2 000-m 
contour dashed. From Gates (1972). 

found over Canada and to the northeast of the 
Himalayas. The response is almost the same at 
800 mb, however with half the strength. 

': 1 
- 1 5  
-lo 1 

c) 400 m b  
r o i  A 

-5  

, . . . . . , , 

- 5  

Fig. 13. The northward transport of westerly mo- 
mentum (a ,  b )  and of sensible heat (c, d )  by the 
standing waves as given by the primitive equation 
model (solid) and as observed (dots) for January 
(Oort & Rasmusson, 1971). 

( 9 )  Response to topographical and thermal 
forcing 

Fig. 9 shows the perturbation gcopotential at 
400 mb when orography and all available heat 
sources are included. The observed height of the 
400 mb surface for January is shown in Fig. 10. 
The verification of Fig. 9 against Fig. 10 is 
good. All major observed ridges and troughs are 
also found in Fig. 9. I n  both figures, we have R 

ridge off the west coast of North America with 
a SE-NW tilt of the crest, a trough over the 
northeastern part of North America, a ridge 
over the eastern Atlantic, a weak ridge on the 
windward side of the Himalayas and a strong 
trough over Northeast Asia. Even the ampli- 
tudes of the standing waves compare favour- 
ably. 

Discrepancies are seen near 30" E where the 
weak trough in Fig. I0 is badly represented in 
Fig. 9 and also near 180"E, 60'N where the 
American ridge is placed west of the observed 
position by the linear model. 

Comparing Fig. 8 to Fig. 9 we may conclude 
that the ridge on the windward side of the 
Himalayas and the strong trough over eastern 
Asia are orographically induced. On the other 
hand, the response due to the heat sources plays 
an almost dominant role over North America 
and leads to a good verification of the ridge over 
the Atlantic. Also, the small cell of high pres- 
sure east of the Himalayas is due to the heat 
sources. The heat sources create an Aleutean 
low which is, however, overpowered by the oro- 
graphically induced ridge in this area. Manabe 8: 
Terpstra (1975) have performed a set of numeri- 
cal experiments by use of a general circulation 
model with and without mountains in order to 
identify the effects of mountains upon the 
general circulation in January. They found that 
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the mountain model reproduced fairly realisti- 
cally the troughs in the lee of the Rocky 
Mountains and of the Himalayas and created a 
reasonable ridge over the Atlantic whereas the 
model without mountains failed to show these 
features. Our results corroborate the findings of 
Manabe and Terpstra with respect to the effects 
of the Tibetan plateau but the ridge over the 
Atlantic is partly induced by the heat sources 
according to linear theory. Indeed, the Atlantic 
ridge is placed too far to the west in the moun- 
tain experiment of Manabe & Terpstra (Figs. 
4 . l a - c  of their paper) just as predicted by the 
linear theory for orographically induced per- 
turbations. Manabe and Terpstra point out that 
the maximum heating off the east coast of 
North America is much weaker in their experi- 
ments than in the charts of Budyko (1963) .  This 
shortcoming may be responsible for the ab- 
sence of a ridge over the Atlantic in their experi- 
ment without mountains. At 800 mb (Fig. l l ) ,  
the Aleutean high is too strong but the overall 
verification against Fig. 12 is satisfactory. 

Fig. 13 shows the northward transport of 
heat and momentum by the standing waves as 
given by our model (solid) and as observed 
(dots). At 400 mb, the computed heat transport 

shows the main features of the observed trans- 
port, i.e. northward transport south of -40° N 
and southward transport north of 40°N. At 
800 mb, the computed and the observed trans- 
port is extremely weak. 

The momentum transport at 400 mb is 
simulated rather badly since the maximum of 
northward transport is placed considerably too 
far to the south as is the maximum of the south- 
ward transport. The simulation is better at 800 
mb . 

I n  all, we can state that the primitive equa- 
tion model gives at least the basic features of 
the observed transports, i.e. northward transport 
in the southern part of the hemisphere and 
southward transports in the northern part. 
Furthermore, the order of magnitude of the 
computed transports is correct. General circula- 
tion models do hardly better (see Fig. 6.1 of 
Manabe & Terpstra, 1974) .  
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