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ABSTRACT

Size spectra of water droplets in haze, fogs and clouds of various type measured by
several authors have been analyzed by a computational method in terms of the modi-
fied gamma distribution function. The preliminary results are shown on the wide
ranges that result of the function parameters. These results are synthesized using a
graphical method to obtain average and representative size distribution models suit-
able for reproducing size spectra of water droplets typical for fog and clouds in dif-
ferent evolutionary stages. The examination of the results in terms of skewness and
kurtosis suggests typical behaviours of these two shape-parameters which can be taken
into account in obtaining multimodal size distributions by the use of the properly
weighted models found. The analytical expressions of skewness and kurtosis in the
modified gamma distribution function are given in the Appendix.

1. Introduction

Fog layers and clouds play a fundamental
role in the thermal balance of the earth at-
tenuating both the incoming solar radiation and
the fraction of radiant energy emitted by the
earth to space. The application of electromag-
netic theory in evaluating the radiation scat-
tering and absorption by the atmospheric water
droplets requires the knowledge of their size
distribution or the assumption of substitutive
analytical models which represent the average
characteristics of such distributions.

The size spectra of haze and fog droplets
measured in real atmospheres generally show
largely variable shapes. Moreover measurements
of droplet size spectra within the same cloud
in general show large fluctuations of shape and
concentration both in time and space. This
variability is due to the complexity of the pro-
cesses which affect the formation and evolution
of the fog and cloud droplets. They depend on
a great number of parameters (concentration
of nuclei and their nature and properties, air
temperature, cooling rates in the medium, scale
of turbulence and its intensity, ete.}.

Therefore in order to be significant represen-
tations the analytical models have to be derived
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from wide sets of experimental date obtained
for the various types of fog and cloud. Several
analytical expressions have been proposed in
the literature as approximations derived from
ample collections of experimental data. Some
of the most commonly used distributions are
Best’s (1951) formula, Khrgian & Mazin’s (1952)
formula, Kolmogorov’s log-normal distribution
as proposed by Levin (1954), Levin’s (1958)
gamma distribution and Deirmendjian’s (1964)
modified gamma distribution funetion. The lat-
ter has one more parameter than the other
above-cited expressions. As a result this func-
tion is more flexible and covers the whole
range of the wing slopes of the distribution
curves substituting the empirical size spectra
and presents the property of being applicable
both to narrow and wide droplet size spectra.

The modified gamma distribution function
gives the volume concentration of droplets per
unit radius as a function of the radius r in the
general form:
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where a, a, y, r, are positive constants. The lat-
ter three parameters completely determine the
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shape of the distribution curve while the con-
stant « is only related to the total number N
of droplets per unit volume. It should be no-
ticed moreover that 7, is the radius of maxi-
mum frequency and that « ean assume only
integer values. Some of the above-mentioned
expressions are particular cases of Deirmend-
jlan’s distribution funection and correspond to
certain values of the shape-parameters: Levin’s
gamma distribution can be obtained from eq.
(1) for y =1, Khrgian & Mazin’s formula for
o« =2 and y =1. Other properties of the func-
tion are reported by Deirmendjian (1969).

The purpose of the present work is to ob-
tain realistic models of the typical size spectra
of the water droplets in hazes, fogs and clouds
formed through different processes and at vari-
ous evolutionary stages in terms of the modi-
fied gamma distribution function.

First the experimental size spectra given by
several authors have been analyzed by a com-
putational method which gives the three para-
meters «, y, r, which correspond to the best-fit
solution and by themselves are suitable for re-
producing the shape of the experimental size
distribution. In order to find the most realistic
and representative size distribution models, the
preliminary results obtained by the computer
have been synthesized on the basis of a graphical
method. This procedure allows us to determine
the parameter sets which give shapes of the
modified gamma distribution function similar
to the size spectra most frequently measured in
the atmosphere.

2. Computational procedure

Each run of experimental data has been re-
duced to a set of k pairs (r;, n;) where »; is the
droplet concentration per unit radius (expressed
in em~3® pm-1) corresponding to the radius r;
(expressed in um). As the modified gamma dis-
tribution funection is characterized by four para-
meters, k is required to be greater or equal to
4. The use of the empirical ratios n;/n; (for
=2, ..., k) directly eliminates the constant a.
Moreover the use of natural logarithms of the
ratios m,/n; results in a wider operational range
for the computer.

The three values «, y, 7, which present the
best agreement with the experimental run have
been derived by finding a minimum of the fune-
tion:
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in the range of the integer parameter « from
1 to 10. However, Deirmendjian’s function
limited on this range of « appears suitable for
adequately fitting all the real droplet size
spectra of hazes, fogs and clouds. In fact Zuev
(1970) suggests the same range of o« for repre-
sentative models based on Levin’s gamma dis-
tribution which employ only two shape-para-
meters.

The function F given by eq. (2) represents
the average value of the sum of the square of
the differences between 1 and the logarithm of
the ratio n{r;)/n(r,) expressed in terms of the
modified gamma distribution function and nor-
malized to the logarithm of the corresponding
empirical ratio. In such a way F gives an evalu-
ation of the average deviation of the examined
distribution from the empirical data on loga-
rithmie scale.

This computational procedure permits identi-
fying for each integer value of « from 1 to 10
the y and r, which minimize the function F and
simultaneously calculates the corresponding
value of the minimum indicated by f,. Only
for about half of the examined runs did the set
of f, present a minimum we called f,,;,. Cor-
respondingly the three parameters «, p, r, re-
present the best-fit solution.

In the other cases the set of f, did not show
a minimum but the values decreased as « in-
creased in the adopted range. Moreover the
differences between two successive values of f,
gradually decreased as « increased step by step,
so that some values of f, were associated with
parameters which gave almost equal size dis-
tribution shapes. Consequently the good-fit so-
lution has been assumed to be the set («, y, 7,)
characterized by the lower value of « for which
the condition

(fy = fyer) <tan 1° = 0.0175 (3)

is satisfied.
This methodology does not require the ex-
perimental data relative to the range includ-
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ing the mode radius and does not involve ob-
viously the prespecification of the parameter «.

The computational method used for mini-
mizing the nonlinear function F is the classical
Rosenbrock’s (1960) algorithm,

3. Analysis of the experimental
data and preliminary results

Examining the whole set of the experimental
data, one can say that part of the size spectra
are undoubtedly consistent with two or three
modes centred at quite distinct values of the
radius. In such cases it is possible to divide the
original data set into separate runs which can
be independently analyzed by the computa-
tional method. In other cases the size spectra
showed indistinct and secondary modes with a
number of data insufficient for the calculation;
thus the size spectra have been smoothed by
averaging the original concentrations on larger
radius intervals. However, most of the size
spectra gave only one mode and the original
data have been taken directly.

In order to present an organized and homo-
geneous review of all the examined empirical
data a classification has been followed taking
into account the predominant type of haze and
fog formation process as suggested by each
author and separately considering the various
types of cloud. As regards the fog, however, it
would appear realistic to assume that in some
cases different mechanisms (for example radia-
tion and advection) could contribute to the
formation of the same fog.

Based on this classification the empirical data
and the corresponding preliminary results con-
cerning the three significant parameters of the
modified gamma distribution are listed as fol-
lows:

(a) Water haze

In this class of empirical data we have taken:

1 run relative to haze particles measured with
the ‘‘spider web’ technique by Arnulf et al.
(1957) and presented by Eldridge (1966). This
author points out that the smaller droplets are
not measurable with this technique and that
the concentrations have been underestimated.
Then the original scattered data have been
smoothed on unit radius intervals from 1.5 to
15.5 pm.
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Fig. 1. Sets of the modified gamma distribution
parameters obtained from the experimental runs
giving size spectra of haze droplets. The mode ra-
dius 7, is given in abscissa, the parameter y in
ordinate, while the parameter a is indicated by
means of different symbols. The labels refer to
authors: E =Eldridge (1966), g=Garland (1971),
G =Garland et al. (1973).

3 runs obtained from the original data pre-
sented by Garland (1971) and measured with a
two-stage impactor. The haze and fog droplets
were spread over a celluloid film. These were
examined microscopically and classified into
logarithmically equal intervals of the diameter.
The author suggests that droplets smaller than
2.5 ym were not captured at all. Generally the
gize spectra were characterized by at least two
marked modes, the first located in the range
r <1 um, the others ceatred at radii more than
5 uym. We have considered as typical haze dis-
tribution the part of the size spectra relative to
the first mode while the other modes have been
attributed to the fog classes.

6 runs obtained from the original data meas-
ured by Garland et al. (1973) with the preced-
ing technique. The previous remarks are valid
for this group of data.

The parameter sets obtained for this group
of 10 runs relative to small water droplets are
shown in Fig. 1. A large part of these results
(about 809,) appears consistent with Levin’s
gamma distribution taking into account the
sets of parameters in which y is between 0.75
and 1.25.
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Fig. 2. Comparison between the original size spec-
trum measured by Vittori & Pesaresi (1962) at
Baricella (Po Valley) and the corresponding good-
fit modified gamma distribution given by the set
=5, y=1.49 and r,=8.81 ym and found on the
basis of the adopted computational method with
fra=5)=38.74 x 10-2,

(b) Radiation fog

The following empirical runs have been at-
tributed to this group:

3 runs of data carried out by Webb (1956)
with a slide-collection method. The data graphi-

cally presented have been numerically reduced
in intervals of 2 or 4 ym in the range r >4 pm.

1 run measured by Arnulf et al. (1957) with
the “spider web’ technique and reported by
Eldridge (1966). The remarks and the proce-
dure are identical to those mentioned for the
haze data of the same authors.

8 runs measured by Vittori & Pesaresi (1962)
with a sampling technique based on the use of
glass rods precoated with gelatin films. The
collection efficiency has been estimated by
these authors to be greater than 409, for drop-
let radii of more than 2 ym. The original data
presented for 4.04 um radius intervals have
been analyzed directly. A comparison between
an original size spectrum and the resulting good-
fit solution is shown in Fig. 2.

2 runs relative to typical size spectra of ra-
diation fog droplets presented by Tverskoi
(1965). The original data have been taken in
the 1 to 6 um radius range.

3 runs reported by Garland (1971) and 6
runs by Garland et al. (1973) which are all
relative to different modes than that corre-
sponding to haze. The numerical reduction is
identical to that adopted in the previous class
for the haze data of the same authors.

All the resulting parameter sets are presented
in Fig. 3, from which it appears that about 30 %
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Fig. 3. Sets of the modified gamma distribution parameters obtained from the experimental runs relative
to size spectra of radiation fog droplets. The mode radius 7, is given in abscissa, the parameter y in ordinate,
while the parameter « is indicated using different symbols. The labels refer to the authors: W =Webb
(1956), V = Vittori & Pesaresi (1962), T = Tverskoi (1965), E =Eldridge (1966), g = Garland (1971), G =

Garland et al. (1973).
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Fig. 4. Sets of the modified gamma distribution parameters found for the experimental size spectra of ad-
vection and arctic marine fog droplets. The mode radius 7, and the parameter y are given respectively in
abscissa and in ordinate, while « is indicated by different symbols.

of the data are consistent with Levin’s gamma
distribution (with the parameter y in the same
tolerance range between 0.75 and 1.25).

(c) Advection fog

Here a considerable number of empirical data
has been examined:

21 runs measured by Kocmond et al. (1971)
with the gelatin-coated slide technique. The
collection efficiency has to be assumed as being
satisfactory for r>3 um. In this range the
original data have been smoothed in intervals
of 2 ym.

5 runs relative to measurements carried out
by Garland (1971) which concern the second
and third mode.

11 runs measured by Kunkel (1971) using a
laser hologram camera in the radius range from
2.5 to about 30 gm. The original data have been
used.

20 runs carried out by Kumai (1973) at Point
Barrow (Alaska) during two periods of arctic
marine fog occurrence. The measurements were
made with a two-stage impactor containing
slides precoated with silicone oil or gelatin. The
collection efficiency was about 0.6% for the
smallest droplets (with radius of about 3.3 um)
collected at the lowest wind speed. The speci-
mens gave size spectra in the radius range
greater than 3.5 um and for constant intervals
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of 1.3 um. The original data have been averaged
on intervals of 2.6 um.

All the paramseter sets relative to this class
are shown in Fig. 4. About 369 of the results
appear to be consistent with Levin’s gamma
distribution for the y tolerance range of +0.25.

(d) Valley fog

An ample collection of size spectra relative
to valley fogs has been reported by Pilie et al,
(1972) on the basis of measurements obtained
using a modified Bausch and Lomb slide pro-
jector to expose gelatin-coated slides to a
stream of foggy air. The impacts of droplets on
the slides left ‘‘replicas” that were accurately
measured under a microscope. The authors
point out that errors in these measurements are
particularly important for small droplet sizes
(radius less than 3 wm) where the number of
replicated droplets was limited by small col-
lection efficiencies. The size spectra are given
on unit radius intervals and generally cover a
wide radius range. In order to obtain more con-
tinuous shapes the original data have been
averaged in intervals of 2 um in the radius
range greater than 5 um. In certain cases rela-
tive to the initial stage of fog formation (ground
fog) the experimental data cover very narrow
ranges of radius so that the original data have
been taken for r>2 um. Moreover the size
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Fig. 5. Sets of the modified gamma distribution parameters obtained from droplet size spectra carried out
by Pilie et al. (1972) and concerning four different stages of valley fog. The mode radius r, is given in ab-
scissa, the parameter y in ordinate and « is indicated by different symbols.

spectra sometimes show two rather marked
modes, which have been separately considered
for the computation.

These experimental data have been classi-
fied on the basis of their evolutionary stage, as
proposed by the authors: 8 runs for ground fog,
38 runs for the formation stage, 45 runs for
mature fog and 5 runs for the dissipation stage.
On the basis of this classification all the re-
sulting sets of three parameters are reported
in Fig. 5. With reference to the previously as-
sumed tolerance range, a large part of the re-
sults shown in Fig. 5 are consistent with Le-
vin’s gamma distribution: 759, of those rela-
tive to the ground fog, 29% for the formation
stage, 519, for the mature fog and 409% for
the dissipation stage.

(e) Evaporation fog

Only one run has been examined in regard
to a size spectrum presented by Tverskoi (1965)
for intervals of unit radius. The resulting para-
meter set is given by ax =4, y=0.56 and », =
1.86 pm.

() Stratocumulus cloud

With regard to this type of cloud we have
analyzed:

3 runs inferred by Eldridge (1957) from in-
frared transmittance measurements through
clouds probably in a growing stage.

2 runs proposed by Tverskoi (1965) as typical
size spectra of cloud droplets relative to the
base and top layers of the stratocumulus.

2 runs carried out by Jiusto (1967) using an
instrumented aircraft for exposing gelatin pre-
coated slides to the airstream in mountain
stratocumulus.

4 runs obtained by Fitzgerald & Spyers-
Duran (1973) during flights made in several
clouds {(upwind and downwind).

The resulting sets of the three parameters are
given in Table 1 for each examined run to-
gether with the corresponding minimum as-
sumed by the function F and indicated by f .
The corresponding value of a (which gives the
unit total concentration N of droplets) is also
reported.

{g) Stratus cloud

The following empirical runs have been exam-
ined:

2 runs obtained from experimental data car-
ried out by Webb (1956) with a slide collection
method.
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in terms of the modified gamma size distribution parameters for stratocumulus cloud

droplets

Authors Type r(pum) a Y a fmin
Tverskoi {(1965) Base 5.33 5 1.19 2.8230 103 0.040
Top 10.19 2 2.46 1.9779 102 0.150
Eldridge (1957) (al) 3.59 2 4.98 4.1872 10~ 0.001
(e2) 4.68 7 2.64 1.0708 104 0.135
(a3) 7.60 8 6.88 1.1054 107 0.152
Jiusto (1967) (b1) 5.49 2 3.46 1.1854 10-2 0.035
b2) 6.13 8 2.97 2.3790 10— 0.110
Fitzgerald & Downwind (cl) 2.84 5 1.78 3.8158 102 0.131
Spyers-Duran (1973) (c2) 2.94 8 1.00 2.0284 10— 0.017
Upwind  (d1) 4.21 1 3.71 6.2669 102 0.324
(d2) 3.40 1 2.98 9.2020 10-2 0.053

4 runs by Keily & Millen (1960) using an
electric-charge drop-counting and sizing probe.

2 runs suggested by Tverskoi (1965) as re-
presentative droplet size spectra of the base and
top layer.

The resulting sets of the three parameters
are given in Table 2 together with the cor-
responding values of @ and f,.

(k) Nimbostratus cloud

Only two runs have been examined cor-
responding to the typical droplet size spectra
proposed by Tverskoi (1965) for the base and
top layers. The results are reported in Table 2.

(2) Orographic cloud
We have analyzed a bimodal size spectrum
given by Squires (1958) on the basis of twelve

samples taken in Hawaiin orographic clouds.
The droplets were collected by exposing glass
rods coated with soot to the airstream. The
parameter sets describing the two modes in-
dependently examined are given in Table 2.

(7) Cumulus cloud

A considerable number of empirical data has
been taken:

4 runs obtained by Squires (1958) with the
above-mentioned collection technique at four
levels of a tradewind cumulus.

18 runs measured by Durbin (1959) with an
impaction method at different heights between
1000 and 2 000 m. The data in the range r >
2.65 um have been taken.

1 bimodal run carried out by Keily and Mil-

Table 2. Results in terms of the modified gamma size distribution parameters for stratus, nimbostratus

and orographic cloud droplets

Authors Type ro{pum) a v a fenin
Stratus
Tverskoi (1965) Base 4.70 5 1.05 9.7923 102 0.046
Top 6.75 3 1.30 3.8180 103 0.101
Webb (1956) (1 3.41 1 6.59 1.0820 10! 0.015
(f2) 7.07 9 1.20 7.5818 10— 0.107
Keily & g1 0.21 1 0.65 2.6304 101 1.210-4
Millen (1960) (92) 0.90 2 1.18 4.5182 10° 0.301
(93) 0.90 1 0.80 1.2979 10° 0.003
(g4) 7.85 5 2.85 4.4257 10~ 0.153
Nimbostratus
Tverskoi (1965) Base 6.41 5 1.24 8.0606 10—+ 0.114
Top 9.67 1 2.41 1.0969 10-2 0.197
Orographic cloud
Squires (1958) (1st mode) 12.35 4 1.22 8.1124 10-5 0.026
(2nd mode) 21.87 3 2.01 1.9576 10-% 0.344
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Fig. 6. Sets of the modified gamma size distribution parameters obtained from the experimental runs rela-
tive to size spectra of cumulus cloud droplets. The mode radius r, is given in abscissa, the parameter y in
ordinate, while the parameter « is indicated by means of different symbols.

len (1960) with the previously mentioned instru-
mental apparatus within a small cumulus eloud.

5 runs proposed by Borovikov et al. (1963)
as typical size spectra of cumulus droplets at
various heights above the cloud base.

47 runs measured by Warner (1969a, 19695,
1973) using an impaction method on sooted
glass slides. The author points out that the
theoretical collection efficiency of the sampling
device is of about 509 for 1.25 um radius and
well over 909, for droplets with 5 um radius at
a true air speed of 65 m s

The resulting sets of the three parameters are
shown in Fig. 6 from which it appears that 34 9
of the results are consistent with Levin’s gamma
distribution if the tolerance range of the para-
meter y is taken to be between 0.75 and 1.25.
The parameter set « =6, y=1, r,=4 um pro-
posed by Deirmendjian (1964, 1969) as model
of droplet size distribution for cumulus clouds
results in a satisfactory agreement with some
of the found solutions.

An example of best-fit solution found for a
multimodal size spectrum relative to cumulus
cloud is shown in Fig. 7.

4. Synthesis of the preliminary results

The solutions obtained from the computation
procedure in terms of the parameters «, y, 7,

and presented in Figs. 1, 3, 4, 5 and 6 for haze,
fogs of various type and cumulus clouds are
characterized by a wide dispersion and indicate
that the shapes of the water droplet size spectra
in the real atmosphere can be subject to large
variations so that their analytical representa-
tion in terms of Deirmendjian’s distribution
requires extensive ranges for the fundamental
parameters. In the three dimensional space of
coordinates «, y, 7, the points corresponding to
the solutions found appear located on a family
of parallel planes (of equation « =positive and
integer constant) and sometimes gathered in
well defined domains. Therefore it appears use-
ful to operate on these groups in order to re-
duce the parameter sets of each domain to only
one set giving a representative and summariz-
ing distribution model.

On the other hand the procedure to be fol-
lowed for synthesizing the preliminary results
for a limited number of significant models
should be such as to not change essentially the
primary shapes of the distribution curves of
each domain. Consequently sets of solution
points have been considered to be closely con-
tained in narrow domains of the parameter
space, especially with regard to the parameters
« and 7,. This approach includes the possibility
that points characterized by different values
of « result as belonging to the same domain and
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Fig. 7. Example of best-fit solution found on the
basis of the modified gamma distribution function
for a multimodal size spectrum of cumulus cloud
droplets carried out by Warner (1969a). The para-
meter set relative to the first mode is given by
=3, y=2.23 and r,=5.93 um with f,,, =0.17.
The parameter set corresponding to the second
mode is given by a=9, y=9.21 and r,=15.94 um
with fy;, =0.13. The third mode centred at about
23 um has not been examined because of the in-
sufficient number of data for the computation. The
dashed curves represent the overlapping wings of
the two distributions independently found.

therefore it appears to be necessary sometimes
to force all the parameter sets at issue to take
the same value of « and preferably that of
maximum frequency. But the two parameters
« and y are closely interdependent in shaping
the distribution curve centred at a certain value
of r.. Then variations of the parameter « can
be correctly imposed only by preserving the
original shape of each distribution curve by
using balanced variations of the parameter .
Assuming the halfwidth 4 (expressed in um)
a8 a significant shape parameter we have com-
puted the ratio A/r, as a function of y for in-
teger values of a from 1 to 10. The resulting
isopleths corresponding to some values of « are
drawn in Fig. 8. This diagram immediately al-
lows one to find a new value of y for which 4
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Fig. 8. Ratio A/r, (between the halfwidth 4 and
the mode radius r;) plotted as a function of the
parameter ¥ and for different integer values of the
parameter & as resulting from computations on the
modified gamma distribution function For each
isopleth the corresponding value of « is beside re-
ported.

remains constant (for r, constant) in spite of
the imposed variation of «. However this has
to be limited (| Ae| <2} in order to avoid that
the new size distribution could be subjected to
too marked variations of the shape with respect
to the original size distributions.

For each group of parameter sets relative to
a single domain, the following procedure has
been adopted:

(i) from the values of « and y applied to the
diagram of Fig. 8 the ratio A/r, has been evalu-
ated for each solution point of the domain;

(ii) the maximum frequency value of « has
been forced on the whole set to be synthesized;

(iii) the new values of y are defined on the
basis of the isopleth relative to the selected
value of « and corresponding to the values of
Alr., as evaluated in (i);

(iv) the average values of y (as defined in
(iii)) and of r, are calculated for each group of
parameter sets belonging to the same domain.

From such a procedure applied to the pre-
liminary results some reliable models have been
obtained as analytical interpretations of em-
pirical size spectra in terms of the modified
gamma distribution function. The resulting
models concerning haze, radiation fog and evapo-
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Table 3. Resulting models in terms of the modified gamma size distribution parameters for haze and

radiation fog droplets

Number of
parameter
Model r(pm) a v a 7mm sets
Haze
1 0.04 1 0.54 8.1545 102 0.001 1
2 0.32 2 1.05 1.1474 102 0.140 6
3 0.65 5 1.29 6.4822 102 0.121 2
4 2.48 6 0.76 3.8216 10° 0.285 1
Radiation fog
1 2.13 4 0.70 4.3237 10° 0.131 5
2 4.98 4 1.23 7.4438 102 0.112 7
3 8.06 4 1.77 3.0410 104 0.070 5
4 12.22 5 1.62 7.5475 10-¢ 0.073 6
Evaporation fog 1.86 4 0.56 3.0558 10 1 0.232 1

ration fog are given in Table 3, those con-
cerning advection fogs in Table 4, those rela-
tive to the different stages of valley fogin
Table 5, those concerning cumuliform clouds in
Table 6.

For each model the following data are re-
ported in the Tables:

(i) the parameters e, ¥, r, which describe the
model;

(i) the value of the parameter a giving a unit
total concentration N of droplets;

(iii) the average value f . caleulated for each
domain with respect to the values of f.,,, found
for the cases of best-fit solution and the values
of f, selected in the cases of good-fit solution;

(iv) the number of the parameter sets syn-
thesized by the present graphical procedure for
each domain.

This procedure has been applied to the do-
mains immediately recognizable in the three
dimensional space «, y, r.. Moreover the use of
narrow ranges of 7, permits to obtain resulting
models with well spaced mode radii. The values
of fpin reported in the Tables 3, 4, 5 and 6 in
general are less than 159%. This fact indicates
that such resulting models appear to be rea-
listic interpretations of the experimental data.

With regard to the stratocumulus, stratus,
nimbostratus and orographic cloud droplets the
small number of the examined runs does not

Table 4. Resulting models in terms of the modified gamma size distribution parameters for advection

fog droplets

Number of
parameter
Model 7r(um) o Y a T min sets
Advection fog
1 2.75 4 0.85 4.9763 101 0.120 5
2 5.04 5 1.17 4.2028 103 0.061 17
3 6.20 3 1.05 8.1656 10-3 0.107 2
4 8.10 6 1.47 3.0861 103 0.028 7
5 21.16 5 3.09 8.9728 10-8 0.038 4
Arctic marine fog
1 3.07 1 0.98 1.0645 10 0.075 3
2 5.40 2 1.09 2.2833 10-2 0.079 5
3 7.85 3 1.15 2.6209 103 0071 8
4 10.37 2 2.97 1.7966 103 0.075 4
5 12.88 5 1.93 3.6783 10-¢ 0.101 2
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Table 5. Resulting models in terms of the modified gamma size distribution parameters for valley fog

droplets
Number of
parameter

Model ro(pum) 3 ¥ a 7 min sets
Ground fog

1 0.86 1 0.89 1.3822 10° 0.003 3

2 2.22 1 2.04 2.0338 101 0.008 5
Formation stage

1 3.49 3 1.26 5.6434 102 0.067 6

2 7.50 5 1.40 2.1192 10 0.095 4

3 9.07 5 1.69 4.0633 105 0.108 20

4 10.82 4 2.17 5.1199 10-5 0.170 11
Mature fog

1 4.99 1 1.93 4.0001 102 0.178 6

2 7.12 4 1.14 1.5416 103 0.145 14

3 9.00 5 1.47 6.1487 105 0.124 14

4 9.10 1 4.39 1.3900 102 0.191 8

5 11.18 2 3.41 1.4058 10-3 0.141 5
Dissipation stage

1 6.92 4 0.94 3.3437 108 0.080 3

2 10.10 4 2.00 8.0977 108 0.148 2

allow us to follow the synthesizing procedure
to derive average size distribution models.
Nevertheless, as can be seen in Tables 1 and 2,
the values of f,,, relative to each single para-
meter set are in general less than 159, so that
our findings appear to be reliable representa-
tions.

5. Discussion of the results

The parameter set «, y, r, completely deter-
mines the shape of the modified gamma size
distribution curve. However its profiles cannot
be immediately deduced from the three para-
meters. Thus it appears appropriate to use other

Table 6. Resuliting models in terms of the modified gamma size distribution parameters for cumulus

cloud droplets

Number of
Model ro(pm) .3 b4 a f min parameter sets
1 0.64 1 0.48 1.2486 10° 0.040 3
2 3.19 3 1.04 1.1805 10— 0.043 8
3 3.53 8 2.15 8.1189 10—* 0.062 4
4 4.80 5 2.16 1.1046 10-2 0.051 8
5 5.28 3 1.07 1.4890 10— 0.165 6
6 5.39 8 1.51 7.2574 10-5 0.129 4
7 6.92 5 6.60 4.3996 10-5 0.058 6
8 7.068 8 4.80 3.0107 107 0.248 2
9 7.72 2 2.39 4.5880 103 0.129 11
10 10.26 8 7.41 7.0591 10-* 0.164 9
11 10.40 4 2.34 5.6744 10-° 0.229 7
12 15.60 9 11.75 9.8706 1012 0.154 4
13 15.98 2 3.97 4.7580 104 0.038 3
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Fig. 9. Moment coefficients of skewness a; and kur-
tosis a, plotted as a function of the parameter y
for different integer values of the parameter a« on
the basis of the analytical expressions proposed in
Appendix. For each isopleth the correspodinng
value of « is given.

parameters related to the former ones which
point out the main graphical features of the
curve. A useful shape-parameter is the above
mentioned halfwidth 4. Other parameters ap-
pear to be particularly significant in relating
the profiles of the size distribution to the mech-
anisms which econtrol the formation and
growth of the fog and cloud droplets: the mo-
ment coefficient of skewness a; giving a meas-
ure of the degree of asymmetry of the curve and
the moment coefficient of kurtosis a, which is
a measure of the peakedness. Both these para-
meters can be expressed in terms of the gamma
function if they are related to Deirmendjian’s
distribution function. The definition of the mo-
ment coefficlients a, and a, and their analytical
expressions in terms of « and y are given in the
Appendix.

Fig. 9 presents the corresponding diagrams
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Fig. 10. Histograms of the moment coefficients of
skewness and kurtosis relative to the found size
distributions of droplets in cumulus clouds and
fogs of various type. The class marks of skewness
and kurtosis are given in abscissa with class inter-
val size of 0.2. The relative frequency is given in
ordinate.

which show a; and ¢, as a function of y for dif-
ferent integer values of a. Skewness decreases
as a and y increase while the isopleths giving
the kurtosis for some integer values of « all
exhibit a minimum (less than 3) localized at
different values of y.

From the preliminary parameter sets entered
in these diagrams a; and a, have been evaluated
for the various types of fog and cloud. Fig. 10
presents the histograms of skewness and kur-
tosis relative to the examined size distributions
concerning various types of fog and the cumulus
cloud. From the comparison it appears that the
fog histograms are characterized by a more lim-
ited dispersion, which can be attributed to a
more marked stability of the environmental
parameters driving the growth mechanisms of
the fog droplets. Related to the various types
of fog the skewness presents mostly positive
values and the tendency to decrease as the mode
radius increases. Correspondingly values of the
kurtosis greater than 3 characterize the larger
part of the fog data indicating a predominance
of the leptokurtic shape of the fog droplet size
distributions.

Similar trends of skewness and kurtosis are
shown also by the stratocumulus and stratus
cloud solutions in the mode radius range below
8 pum.
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With regard to the cumulus cloud data the
values of a; and a, appear scattered to a larger
extent. The values of skewness cover the range
from about —1 to 2 with the highest frequen-
cies around 0 and 1. Correspondingly the kur-
tosis ranges from 2.6 to about 4.4.

In spite of the large scatter of data the be-
haviour of skewness and kurtosis with respect
to the mode radius allows separating roughly
the size distributions of cumulus cloud droplets
into three classes:

(i) size distributions with high relative con-
centrations of small droplets and mode radius
less than about 6 um. They are positively
skewed and leptokurtic with values of a, and
a, presenting the tendency to decrease rather
regularly as the mode radius increases.

(ii) size distributions with a high relative con-
centration of large droplets and mode radius
more than about 10 um. The corresponding
shapes appear negatively skewed and lepto-
kurtic. Skewness a, shows the tendency to con-
stantly decrease for increasing mode radius
while kurtosis appears increasing.

(iii) intermediate size distributions with mode
radius between 6 and 10 um. In this class the
skewness is around zero and the values of kur-
tosis are close to 3 so that symmetrical and
nearly mesokurtic curves appear to be very
representative.

With reference to the suggestion of Bartlett
& Jonas (1972) the essential differences of trend
of the two shape-parameters pointed out by
this classification suggest that the size distri-
bution of class (i) can be mainly related to the
initial condensation processes which, may be,
explain the predominance of the left with re-
spect to the right wing. Conversely the size
distributions of class (ii) appear related to a
concurrence of condensation with coalescence
processes affecting the wing of larger droplets
and evaporation responsible for reductions on
the left part of the droplet population. The class
(ii1) can be considered as corresponding to the
intermediate developed stage of condensation.

6. Conclusions

The experimental data have been mostly in-
terpreted on the basis of a unique modified
gamma distribution for each radius range char-
acterized by a marked mode of the size spec-
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trum. In these cases it appears easy to separate
several modes centred at well distinct values of
the radius. On the other hand different mechan-
isms can sometimes contribute to the forma-
tion of water droplet size distributions present-
ing various shapes all closely located within a
certain narrow range of the radius. In this case
the resulting envelope masks the size distribu-
tion features of each single original mode. The
interpretation of the composite size spectra on
the basis of a linear combination of modified
gamma distributions presents remarkable opera-
tional difficulties and does not assure reliability
in the derived multimodal solution.

Based on the analysis of the experimental
data the present paper suggests realistic size
distribution models of water droplets in haze,
fogs and clouds. Such models can be used both
separately and in proper linear combinations
for simulating a large part of the size distribu-
tions derived from the different formation pro-
cesses occurring in the real atmosphere.

Although the fog droplet size spectra present,
mostly a unique marked mode some fog layers
can consist of water droplets passing through
different evolutionary stages so that their drop-
let population can be properly represented by
means of at least bimodal size distributions
derived from our models of Tables 3, 4 and 5.
Such models are generally characterized by
positive values of the skewness and by a typical
dependence of this shape-parameter on the
mode radius which appear well consistent with
the predominance of growth processes by con-
densation.

A considerable number of the size spectra
measured in cumulus clouds shows the presence
of more than one mode. Multimodal structure
of the size distribution of cumulus cloud drop-
lets has been associated by Warner (1969a)
with the potential temperature gradient in the
clear air environment and interpreted as the
probable result of mixing between the cloud
and its environment. In the light of these sug-
gestions realistic representations of size distri-
bution of cumulus cloud droplets can be given
by a bimodal model performed through the
linear combination of two modified gamma size
distributions. In such a model the first size
distribution is selected with features proper to
the class (i) and associated with the predomi-
nance of condensation processes whereas the
second one presents the composite features
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characterizing the class (ii). By varying in a
proper way the numerical coefficients of the
linear combination of two modes among those
of Table 6, bimodal size distributions can be
obtained which are suitable for describing the
typical evolutionary stages of the cumulus
cloud.

The procedure based on different weights of
the two modes permits utilizing this model for
representing the droplet size distribution at
different heights above the cloud base. In con-
formity with the model proposed by Zaitsev
(1950) for the cumulus cloud structure, the first
mode has to be provided with greater weight
especially if related to the first layers above the
cloud base, where the continuous introduction
of fresh condensation nuclei appears to be par-
ticularly relevant. The second mode has to as-
sume increasing weight through the median
and upper layers where Zaitsev’s {(1950) model
suggests the presence of higher relative con-
centrations of larger droplets.

Appendix

Skewness and kurtosis in the modified
gamma distribution function

Skewness is the degree of asymmetry and
gives a measure of the departure from sym-
metry of a distribution curve. Thus the curve
has positive skewness when a longer *tail” is
presented to the right of the mode than to the
left. Otherwise it is said to have negative skew-
ness. Null skewness corresponds to perfectly
symmetrical curves. The moment coefficient of
skewness a, is in general given by the ratio of
the third moment about the mean to the 3/2
power of the second moment of the distribu-
tion curve.

Kurtosis gives the degree of peakedness of
the distribution curve with reference to normal
distribution. Curves which have a relatively
high peak are called leptokurtic and are char-
acterized by values of kurtosis more than 3.
Distributions which are flat-topped are called
platykurtic and present kurtosis less than 3.
Normal distribution corresponds to kurtosis
equal to 3 and is called mesokurtic. The mo-
ment coefficient of kurtosis @, is defined in
general by the ratio of the fourth moment about
the mean to the square of the second moment.
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The modified gamma distribution funection
presents the property that the integral of its
product with the power r* over the entire range
of radii can be expressed in terms of the gamma,
function. In general:

o0 ¥
Ik:af 7T F exp [_f(ﬁ) ]dr
0 Y\,

_atk+l P 1
af o« +k+
Y\YTe v

The second, third and fourth moment about
the mean are given respectively by the follow-
ing equations:

(A1)

my = (I, ~2 I,7 + I,7)/1, (A2)
my = (Iy —3 1,7 + 3 1,7 — I,7)/I, (A3)
my = (I, ~4 I,7+6 I,7 —4 I,

+I,7)/1, (A4)

where 7 is defined by I,/I,.
From eqs. (A1), (A2) and (A 3) the moment
coefficient of skewness is given by

o = T(@)I'T(e,) ~ 3T(e,) Llgs) T(oy) + 2T ()T’

? {I(0,) T(g,) — [T(g,)1*}*"
(A 5)
where
k
o= % (A8)

From eqgs. (Al), (A2) and (A4) the moment
coefficient of kurtosis is given by
[T(e)T' T(es) - 4[T(e1)1* T'(g,) I'(e,)

+6T(,)[T(0,)1" T'(0y) — 3[T(g,)1"
{T(e,) T(gs) ~ [T(e )1’}

a, =

(AT)

with g, defined by eq. (A 6).

On the basis of eqs. (A5), (A6) and (A7) the
moment coefficients of skewness and kurtosis
can be evaluated from the parameters « and y
of the modified gamma distribution function.
In Fig. 9 these moment coefficients are drawn
as a function of y for different integer values
of .
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MOJEJIN PACIIPEJEJEHWA 110 PASMEPAM TYMAHHBIX 11 OBJIAYHBIX KAIIEJDb
B TEPMUHAX MOIUOUIIUPOBAHHON ®YHKIUU 'AMM

CHeKTpH pasMepoB BOAAHBIX Kalejdb, TyMaHa M
001aKOB pPa3iAUYHBIX THIIOB, M3MEPEHHBIX MHO-
TUMHM aBTOpaMH, OBLIM aHAIN3UPOBAHLL BHI-
YNCIAUTEIBHEIM METOJOM B TepMUHAX MOAU(H-
LUPOBAHHONl QYHKIMM TaMM paclnpejejeHus.
IIpenBapuresnbHble pe3yabTaTHL NOKA3aHB B
MV POKON 06JIaCTH MapaMeTpoB QyHKIUH.

CHHTe3 BTUX pe3ynbTATOB JaH HA OCHOBE I'pa-
¢udeckoro Mmerojga AJNA TOJYyYeHUA CPelHUX I
TO0KAa3aTelbHBEIX MOJeNell paclpejeleHuda II0
pasmepaM. 9TH MOJedu HPUTOLHH IJA BOCHPO-
M3BeIeHUA pasMEpHHIX CIIEKTPOB BOAAHBIX Ka-
Meab THOMYHBIX MJIA TyMaHa ¥ 00JNAKOB Pa3HBIX
CTaguif pasBUTHA.
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UccaegoBanna pesyiabTaToB B TepMUHAX
ACHMMETPUM U OTHOCHTEJNBbHON BHICOTH pacmpe-
JedeHUsA TOKA3HBAIT THINYHHE IOBEJeHNA
3TNX ABYX mapaMeTpoB GOpPMEI, KOTOpHIe MOTYT
OBITH B3ATH BO BHUMAaHUe JJIf TOCTIKEHUA pas-
MEPHOT0 MHOTOMOAOBOTO pachpejejleHHd, HC-
MOJb3yHd, AJNA DTOTO, HalJEeHHBIE MOJEJH CIe-
HUAaJbHO B3BelIeHHEHIE.

AHaJuTHYeCKIe BHPAaMKeHUA JIIA aCHMMeTPUHI
W OTHOCHTENBbHON BEICOTH B TePMMHAX MOZMPU-
NUIPOBAHHON (YHKIMM TIaMMa-pacnpefesleHus,
nalorcs B [IpuiomxeHnu.



