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ABSTRACT 

Bang & Andrews (1974) have observed that the longshore component of wind stress 
has a significant maximum just offshore of the coast. In this barotropic model it is 
shown that this distribution of wind stress produces a broader coastal current and a 
broader region of upwelling than a uniform wind stress. However the net transport in 
the current depends only on the value of the wind stress at the seaward edge of the 
shelf boundary layer. 

1. Introduction 

In  a recent paper on current measurements 
in the southern Benguela system, Bang & 
Andrews (1974) remark that the observed dis- 
tribution of wind stress is usually rather dif- 
ferent from the simple distribution used in 
many theoretical models of upwelling. They 
observe that there is a "rapid decrease in 
meriodional wind stress west of a nearshore 
maximum". The effect of such a distribution of 
wind on the coastal upwelling and related coastal 
current is considered in this paper. Bang & 
Andrews also observe that the main coastal 
current is associated with a front in the iso- 
therms. The model considered here is only 
homogeneous and therefore cannot model such 
frontal dynamics. 

The shelf layer model is a modification of 
Hill t Johnson (1975), later referred to as HJ,  
which showed the need for a boundary layer 
over the shelf where the depth of the ocean 
becomes very small. The model consists of a 
steady homogeneous ocean on a p-plane with 
a continental shelf a t  the eastern side as indi- 
cated in Fig. 1. The dimensionless coordinate 
system has x eastward, y northward and z up- 
ward. The surface is a t  z = O  and over the shelf 
the bottom is at  z = a ( x  - 1)  where the eastern 
boundary of the ocean is a t  x = 1. 
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The bottom Ekman layer over the shelf is 
important and carries the upwelling up to the 
surface Ekman layer to produce the offshore 
Ekman transport. The flow in the bottom Ek- 
man layer comes from a longshore current in 
the shelf layer. 

The notation to be used will be a simplified 
form of HJ with numerical suffices omitted. 
The shelf layer has thickness O( El") where E is 
an Ekman number based on vertical eddy vis- 
cosity and the maximum depth of the ocean. 
In  the shelf layer let 

X = (x - l)/E1" and 5 - Z / ( E " ~ ~ X )  

so that the surface is (' = O  and the bottom is 
t = 1. The velocity components and pressure 
are scaled as follows 

u = E'"U, 2, = V ,  w = E'I'W, yo = E'/'pp. 

In  H J  it is shown that the equations for the 
shelf layer are 

Hence the flow is geostrophic and the horizon- 
tal components of velocity are independent of 
depth, a consequence of the assumed homo- 
geneous density. The following useful equations 
may be derived from (1)  and (2) 

WgI; = 0, f Wc = aPXV = - afX( U ,  + V,) (3) 
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Fig. 1. Notation and geometry. 

2. The effect of large offshore 
variations in wind stress 

The theory presented in HJ has to be modi- 
fied to allow for variations in the northward 
wind stress 9 across the shelf layer. This modi- 
fication occurs in the suction condition by 
which the shelf layer is matched to the surface 
Ekman layer. The Ekman suction into the sur- 
face layer is 

The E”*-term provides the difference as the 
matching condition on the shelf layer becomes 

1 W = -  (4) f & O n  c = o  

In  HJ 9 did not vary rapidly near the coast 
and T$ was zero. The matching condition with 
the bottom Ekman layer is unchanged and re- 
quires that  

W = a U + ) V x / P  at 5 = 1  ( 5 )  

where Fa = +f/( 1 + a’). 
Using (4) with an integral of (3) gives 

and the condition ( 5 )  then requires 
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Eliminating U by using (3) again gives 

1 OLBX Zap 1 
- Vxx  - -Vx-aVu - - V = - - t $ X  
2P f f f  (7) 

This equation for V may be simplified by let- 
ting 

X dy’ 
f 

t=-  and Y = I 0  F~ 

aa then (7) becomes 

as a a’ tl/  
at’ a Y  aE - ( f ’ V ) - - ( f S V ) = 2 F f ~ = A ( ~ , Y ) ,  srty 

t 9) 

In  HJ, A -0  and the solution has to be modi- 
fied to take account of the right hand side 
of (9). 

(i) V + O a a t - +  -00; (10) 

The boundary conditions on V are 

(ii) the transport condition given in HJ which 
balances the Ekman fluxes into the corner at 
z = 1  or E = O ,  

jsV I =ZFftV I - B ( Y ) ,  say; (11) 
€4 2=1 

and 

(iii) a starting condition as the equation (9) is 
parabolic. In  HJ this was taken as V+O as 
Y --+ - 00 which corresponds to the equator 
where f + O .  A more general condition which 
avoids the difficulties near the equator where 
the solution breaks down is to assume that 

where C is a specified velocity distribution at 
some predetermined latitude Yo. Provided Yo 
is sufficiently far from the region of interest 
the exact form of C(5) will be of little conse- 
quence as the solution of (9) evolves as Y in- 
creases. 

It is shown in the appendix that the solution 
of (9) subject to (10) to (12) is 



256 J. A. JOHNSON 

f z  v(E, y )  = J c B ’ ( s )  erfc{ - 2( Y - ‘ S)l/’ I d a  

Thus the longshore flow is made up of three 
contributions. (i) The B-terms which repre- 
sent the current produced by the coastal up- 
welling from the lower Ekman layer to the 
surface layer via the corner region (as in HJ). 
This contribution to the northwards flow is 
produced by suction into the lower Ekman 
layer from the shelf layer and depends on the 
wind stress at the coast. (ii) The A-term which 
corresponds to the direct forcing produced by 
the offshore variations in the wind stress tY 
causing Ekman suction into the surface Ek- 
man layer. (iii) The C-term which is the re- 
sidual contribution from the imposed north- 
ward velocity distribution a t  Y = Yo.  This term 
at any particular E decreases rapidly as Y - Y o  
becomes large and hence the initial choice of 
C(5)  a t  latitude Y o  is not important further along 
the coast. The solution (13)  will be illustrated 
below for a particular wind stress distribution. 

3. Northward transport in the 
coastal current 

The total northward transport in the shelf 
layer is 

T N ( y )  =El’* Jom s’ V d z d z  
a(r-1) 

= -El/’ uV‘dl 
J -m 

It is easiest to discuss the contribution from 
each term in (13)  to T ,  separately. The contri- 

bution from the B-terms is shown in HJ to be 
r y  

as dy =2uf2FdY from ( 8 ) .  This is the net 
transport between latitudes yo  and y out of the 
shelf layer into the bottom Ekman layer and 
thence into the surface Ekman layer via the 
corner region at the coast. 

The contribution from the A-term is shown 
in the appendix to be 

TNA( y ) = E”’ a 

from (9). Integrating by parts the 7-integral 
and reverting to X ,  y coordinates gives 

This is the net fIow between latitudes yo and 
y out of the shelf layer directly into the upper 
Ekman layer by Ekman suction. {tY( -00, t )  - 
tY(O, t ) } / j  is the difference between the Ekman 
transport in the surface layer a t  the coast 
( X  -0) and a t  the edge of the shelf layer 
( X =  -0O). 

The C-term contribution may be obtained in 
a similar way to the A-term and is 

TNC‘(y)= - E 1 ’ z u / ~ m @ ( ~ ) d 7  

= -Ell2 / ; I . u v ( : .  Yo)4w.  

This is just the initially imposed northward 
transport across latitude yo. Although the ini- 
tial distribution of velocity at  y = y o  is not im- 
portant, the actual transport imposed is car- 
ried along unchanged in the coastal current. In 
a closed ocean basin it would not be necessary 
to specify this part of the transport arbitrarily. 

Summing the three contributions to T, gives 
the total northward transport in the shelf layer 
a t  latitude y as 
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Fig. 2. The northward velocity V and northward 
transport TN produced by the wind stress 9, at 
latitude y = 0. A is the contribution to  V from the 
variation of with x and €3 is the contribution to 
V from the southward component of wind stress at 
the coast. 

It is interesting to note that the tramport in 
the coastal cuwent depends only on the wind stress 
at the seaward edge of the ahelf layer and not on 
the distribution of ty over the shelf. A pole- 
ward wind stress well offshore ( X -  - w) pro- 
duces an eastward transport in the surface Ek- 
man layer which enters the shelf region. I n  the 
shelf region it either passes directly into the 
shelf layer or passes through the corner region 
into the lower Ekman layer as coastal down- 
welling and then enters the shelf layer. It even- 
tually leaves the shelf layer at latitudes where 
there is offshore Ekman transport as X - - co. 
4. Illustration using a particular 
wind stress 

Let the wind stress be the equatonvard!dis- 
tribution in the northern hemisphere, 
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(15) 

From (4) the vertical suction into the surface 
Ekman layer is 

W I =zf = ( E +  1) exp{ - + ( E +  1)') 

and there is suction forced upwelling into the 
surface layer for - 1 < E < 0 and downwelling 
for E < - 1. Hence the region of upwelling near 
the coast is broadened to include part of the 
shelf layer as well as the E+ x E* corner region. 
For a value of E =6.25 x 10-6 and a scale 
width of the ocean of L = 2  x lo6 m, then 
E"'L = 5 km and E'"L = 100 km. It will be seen 
below that the effective width of the shelf layer 
is - 5 ,  giving an upwelling region when 
E =  - 1  of about 20 km width. This is more 
physically reasonable than the narrow corner 
region of thickness EtL which carried all the 
upwelling in HJ. 

The boundary conditions (11) and (12) are 
only mutually consistent if B( Y,) = C(0).  From 
(11) and (15), 

B( Y )  = 2Ff { -I6 - exp (a)}. 

p= - m 1 -exp { - U€ + 1)% E =x/r 

C=O 

The C-distribution is applied at Y o  = -20 
which corresponds to By,, = - 0.97 and f = 0.03 
and is close to the equator. The chosen distri- 
bution is 

C(E)= -2(fP) I {-~-exPo)}exP{a(E+l)}.  
Y--ao 

The longshore velocity of the coastal current 
is plotted in Fig. 2 a t  latitude y =O. The B- 
graph represents the contribution from the B- 
term in (13) and is the current that would be 
produced if there were not rapid change in tY 

across the shelf and with ty  = - (1/10) -exp (4) 
for all E .  For such a constant wind stress there 
is upwelling at the coast for all y and no counter- 
current in the coastal current. The effect of the 
$6 term on the right-hand-side of (13) produces 
the contribution shown on the A-graph, which 
may be closely correlated with the changes in 
slope of the prescribed wind stress, also il- 
lustrated in Fig. 2. The contribution from the 
C-term is never more than 10% of the total. 
The sum of A to C is shown as the graph for 
V in the figure. 

Notice that the effect of the changes in wind 
stress (the A-term) causes a broader current 
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Fig. 3. The vertical velocity in the shelfllayer at  
different values of 5 = ax. 

along the shore to the south and produces a 
counter-current offshore. (However it should 
be recalled from HJ that a counter-current can 
also be produced by longshore variations of 
wind stress.) V is brought to zero at the coast 
by the lower Ekman layer. Due to the sloping 
shelf the flow near the coast is overemphasized 
by a graph of V .  To remove this emphasis the 
northward transport at y = 0  is shown at the 
bottom of Fig. 2. The most significant south- 
ward transport occurs around X = - 1.5 and 
the greatest transport in the counter-current 
occurs near X = -4 .  

In Fig. 3 three sections of vertical velocity 
are shown. As W is linear in 5 it  is possible to 
find its value at any other depths by linear 
interpolation. The region of upward flow ( W > 0) 
broadens slightly with depth. This information 
is incorporated in Fig. 4 which shows a cross- 
section through the shelf. The dashed line indi- 
cates the curve on which W = O .  To the right 
(east) of this line there is upwelling and to the 
left (west) there is downflow. Upwelling also 
occurs in the lower Ekman layer. The actual 
region of surface upwelling is considerably 
widened by this distribution of wind stress to 
include a significant part of the Ell4 layer. A 
definite upwelling cell is situated near the cor- 
ner. The change from onshore to offshore flow 
is associated with the change of coastal current 
from southward to northward. It may be seen 

-3 x -2 -1 n 

Fig. 4. The cross-stream velocity vectors for slope 
a = 1. The dashed line represents the curve on which 
W = 0. Upwelling occurs on the shoreward side of 
the dashed line and in the bottom Ekman layer. 

from ( 5 )  that  U will be negative for large 1x1 
i f  W is negative and V ,  is positive as is the case 
here. 

Appendix 
The longshore velocity 

may be obtained as follows. Let 
The solution of (9) subject to (10) to (12) 

and the Fourier sine transform of (9) is 

V’, + la v* = (:)I/* { - 1B( Y )  

using the condition (1 1 )  at 6 = 0. This equation 
has to be solved subject to the transform of 
(12) which is 
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for Y 2 Yo. A rearrangement of these inte- 
(A 3, pals gives (13). 

The solution of (A 2) and (A 3) is 
The longshore transport 

V*(A, Y )  

The inverse transform gives 

f' V(6,  Y )  = J V*(A, Y )  sin AtdA. 
n -w Now 

as erfc(z)+erfc(-z)=2. Hence 
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MOAki@kiKAL(HH TIPBBPEXHbIX TEsEHElm kl TIOAHHTkiH BOA 
BAPkiAqkiHMki HAIIPHXEHBH TPEHHH BETPA B YAAJIEHHkI OT BEPErA 

B a H r  H ~ H A P I O C  (1974) H ~ ~ ~ I O A ~ J I H ,  YTO KOM- 6 p e m ~ o e  T e q e m e  H 6onee ~ H P O K Y I O  06nacrb 
IIOHeHTa H a n p R m e H E i R  T P e H H R  B e T p a  BAOJIb IIOAHRTHR, YeM B C n y Y a e  OHHOpOAHOrO P a C I I p e -  
Gepera HMeeT 3HaYHTeJlbHbIf i  MaKCHMYM H a A  AeJIeHHR. O A H a K O  IlOJIHbIfi I I epeHOC B Te9eHMM 
MOpeM B6nH3ki  6epera. B p a M K a X  6apOTpOnHOi4  BBBHCHT TOJIbKO OT BeJIAWiHbI H a n p R m e H H r r  
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