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ABSTRACT 

A one-dimensional periodic domain is chosen over which four physical variables are 
presumed to be known exactly at 72 equally spaced points. Nineteen experiments are 
then designed with differing numbers of observing points thus yielding variable gaps 
in the data. Utilizing trigonometric functions as a basis, Gram-Schmidt functions 8r6 
generated with orthogonal properties over the non-equally spaced point domain. The 
quality of the Fourier coefficients for each allowed scale is assessed for the different 
experiments in terms of the true Fourier coefficients. Results indicate that accuracy 
in scale coefficients deteriorates rapidly for scales less than twice the maximum gap in 
the domain, regardless of point density elsewhere in the domain. Furthermore, for the 
addition of observations in a gappy region, the most spectral fidelity will be achieved 
by minimizing the largest resulting gaps. 

1. Introduction 

Traditionally atmospheric parameters have 
been sampled regularly in time but rather er- 
ratically in space. Such spatial irregularity in 
data has always been burdensome to analysts 
and no less so to current computer analysts. 
Indeed since demand for initial conditions has 
increased substantially with numerical fore- 
casting based on models requiring regular grid 
spacing, devices such as smoothing operators 
have been applied to data sets. These operators 
convert data from their station locations to a 
regular net of coordinate locations convenient 
to prediction models. Smoothing is however not 
independent of prejudice and consequently im- 
poses scale dependent biams which may or may 
not exkt in the observed data set. Such biases 
may mask the true scale dependence of data or 
delude the observer into accepting scale in- 
formation which is not representative of the 
original obser;vations. Spatial irregularity of 
data and its significance has not eluded the 
critical eye of the meteorological community 
as may be observed from the studies of Jones 
(1972), Julian et al. (1970), Yang & Shapiro 
(1973) end Leory & Thompson (1973). If data 
are converted to scale dependence by some 
suitable transformation-an example would be 
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Fourier transforms on alatitude circle-an analy- 
sis may determine the quality to be expected 
in each scale. The results of such an endeavor 
based on large atmospheric scales was presented 
by Julian et al. (1970) without recourse to 
smoothing. 

Continual improvement of numerical predic- 
tion models also extends the demands on data 
for verification purposes as well as initial con- 
ditions. Additionally the need for closure ap- 
proximations based on scale considerations re- 
quires statistical information from observations 
which may substantiate theoretical conclusions. 
Despite the need for accurate short scale ob- 
servational information in both of the above, 
these are the scales which are least reliably 
described by irregularly spaced observing sta- 
tions. 

To understand the distribution of atmospheric 
variables with scale, a frequently used device 
is to convert the data from space dependence 
to wave amplitude by a spectral transformation. 
Formally one may make this transformation 
such that the number of scales described is half 
the number of data points and the scales me 
commonly taken sequentially in size beginning 
with the largest, with the hope of minimizing 
aliasing errors. Results of such spectral analyses, 
principally of smoothed data, by Horn & Bry- 
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son (1963), Wiin-Nielsen (1967), Julian et al. 
(1970), Beer (1972) and Chiu (1973) have lead 
to comparisons between observed shorter scale 
energy distributions and theoretical expecta- 
tions (Kraichnan, 1967; Leith, 1971; Charney, 
1971). Because of the non-regular data observa- 
tions, and the consequent degradation of quality 
in the shorter scales, some question remains 
concerning the significance which can be placed 
on the observed spectra. We thus require further 
information on the influence of erratically 
spaced data (gappy data) on spectral quality. 

To determine the spectral quality which one 
might anticipate from erratically spaced data 
utilized without smoothing, we have performed 
the following experiment. Let us presume a set 
of data known a t  equally spaced points along 
a latitude circle which we shall convert to 
spectral form by a Fourier transformation, de- 
scribing exactly the first  allowed N waves. The 
choice of a one-dimensional experiment was 
made for convenience and ease of description 
with the extension to two-dimensions being ap- 
parent, and the assumption of exactly known 
data was made to bypass the difficult question 
of aliasing. We now define a number of subsets 
of this given data set with the subsets having 
observations a t  some but not all of the points 
defined by the original set. In  this way we 
create unequal gaps in the observation set which 
may reflect true gaps in atmospheric observa- 
tions such as ocean areas. The data utilized at 
the specified points of the subsets are identical 
to the data on the original set. Since the subset 
points are no longer equally spaced, the Fourier 
transform becomes less straightforward. We 
have chosen to generate Gram-Schmidt func- 
tions based on the Fourier series to simplify 
this transformation, a process used successfully 
by Fougere (1963) and Lee k MacDonald (1963), 
and applied to atmospheric data analyses by 
Dixon et al. (1972). Given the transforms of 
the subsets, we may compare the Fourier coef- 
ficients of the original complete set (considered 
accurate) to those of the subsets and determine 
the effective quality of the various scales in 
terms of the gappiness in the data. To avoid a 
data bias, we have applied the experiment to 
the fields of wind, temperature and height. The 
procedure outlined above is but one method of 
arriving a t  spectral quality of gappy data, and 
it is clearly not the only nor necessarily the 
best one. It does, however, elucidate the prob- 
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lem and is furthermore consistent with the gen- 
eral practice of generating spectra from grid 
data. Since grid data is smoothed from unequal- 
ly distributed reporting stations, the quality 
of the spectra taken from grid data cannot be 
assessed, and our experiments will attempt to 
give an indication of the possible errors derived 
from smoothing, using a direct expansion ap- 
proach. We do not suggest how improved spectra 
might be generated although our results will 
clearly indicate the need for such a develop- 
ment. One could, for example, incorporate sta- 
tistical information and thus effectively expand 
the original data set. Alternately one could 
utilize spectra generated from a covariance 
function (see for example Yang, 1974). Since 
the theory for covariance spectra is based on 
stationarity of time series, the utilization of 
this assumption in the space domain must be 
justified. This should be done and the results 
of such an analysis compared to our results. 
Were the covariance spectra to yield superior 
short scale fidelity, additional and worthwhile 
information would thus be made available. The 
experiments we have outlined, however, should 
expose the spectral fidelity problem in a self- 
consistent fashion. 

2. Methodology 

Let us consider a one-dimensional periodic 
domain such as a latitude circle on which data 
observations are available. These observations 
are discrete and may be taken uniformly or 
non-uniformly. We will assume that N observa- 
tions are available and when N = N,,, we will 
require the observations to be exact and equally 
spaced. Any N observations will be a subset of 
N,,, and the values assigned to the chosen ( N )  
locations will be identical to those from the cor- 
responding complete (N,,.,&,) set. Since we wish 
to discuss the scale characteristics of the data, 
and since our domain is periodic, a convenient 
procedure is to expand the data in a Fourier 
series; the wave number will then be uniquely 
related to scale and we can discuss the Fourier 
amplitudes with regard to scale. We have se- 
lected our basis functions aa follows: 
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where the bracket notation denotes integral 
value, 0 <Am < 2n with ii the coordinate along 
our domain and 1 < rn 6 N ,  so that A,,, represents 
a point in the subset of N points. Expanding 
any data sample in terms of these basis func- 
tions would yield at most N / 2  scales. 

Unfortunately, unless N = N ,  (equal spac- 
ing), the functions B, are not simply orthogonal 
over the domain. Conventional procedure would 
suggest smoothing the data to a set of equally 
spaced points. In  order to avoid arbitrary 
smoothing, we utilize the Gram-Schmidt tech- 
nique (see Fougere, 1963) to generate ortho- 
gonal functions over the non-regular domain of 
N points. These functions will be orthogonal 
and normal when defined in terms of the basis 
functions as 

5-1 

H ,=b , {Gj -  k -1  2 B k f H k }  2 < j < M  ( 2 )  

subject to the constraint that 

2 iYAU H A A r n )  = ai, 
m 

(3) 

Utilization of (3) in ( 2 )  will show the coeffici- 
ents B,, and b, to be given in terms of known 
functions aa 

B,,= 2 H&) H,(Arn) 1 < i< j 
rn 

b, = [p; rn - k = l  j i  (Bkj)a]l’a (4) 

which may be evaluated recursively. 
The scaling characteristics of the H’s and 

a’s are similar, although not identical, and the 
Gram-Schmidt functions may be written in 
terms of the basis functions by the series 

(5) 

so that the H’s have a t  most as many zeros as 
the corresponding a’s. If we define B,,=l/b,, 
the A’s may be developed from the B’s by the 
formula 

It is evident from (6 )  that the characteristic 
amplitudes of the H functions need not be 
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unity aa they are for our basis functions. In- 
deed a characteristic amplitude of any H may 
indicate the quality of the Fourier coefficient, 
since for equal spacing the H’s and B’s coin- 
cide and both amplitudes are unity. We define 
the characteristic amplitude of any H function 
(P , )  from the integral of its variance over the 
domain; thus, 

(7) 

These amplitudes will differ for each subset of 
N points and we shall discuss their scale dis- 
tributions subsequently. 

Having now established the orthogonal set of 
functions, we may expand the given data at 
any point in the series 

F(A,) = 2 C,H,(i(,) lGrn<N 
N 

j -1  

(9) 

Note that the best fit for any subset of N points 
is given by ( 8 )  for the first M ( M  G N )  coeffi- 
cients C,. This is clearly not the case for the 
Fourier series since if we truncate ( 8 )  a t  M < N ,  
the coefficients A, ,  will be seen to  differ from 
those for AiN.  

Since we assume the exact data to be given 
for N = N,,, we may assess the quality of any 
Fourier coefficient by measuring its value rela- 
tive to the coefficient AiNmax. However, since 
the Fourier coefficients may also change for 
different truncations within any N subset if 
we choose the truncation M < N ,  we shall meas- 
ure the quality in any Fourier coefficient by 
the ratio, 

We shall see subsequently that choosing M = N 
does not always provide the “best” coefficient 
unless N = Nmm. 
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Fig. 1. Nineteen experiments utilized in this study. Asterisks denote observation points and minimum 
distance between points is 5’ longitude. A maximum of 72 points comprise the periodic domain. 

Having established the series expansion (8) 
from the given data set, it  is possible to re- 
evaluate the functional value P a t  any point in 
the domain for a truncated series terminating 
at k < N  i N m a x .  This value may be compared 
to the true value given when k =N,,,. We will 
determine errors from the “true” values in the 
RMS sense as a function of wave truncation as 
follows. We first define Ft(A,) to be the “true” 
value a t  each point 1,. We next define Fk(A,) 
to be the value at each point of the set N,,, 
calculated from the subset N and truncating 
the series a t  k i N .  The root mean square error 
which we find over the domain due to gappy 
data ( N  < N,,,) and truncating a t  wave k i N 
will be given by the error relation 

iia 

~ t ( k ,  N ) =  [ __ Nlax rT 2 ( ~ t ( ~ r n ) - p , c ( ~ ) ) ~ ]  (11) 

It may be expected that the errors in ap- 
proximation would be different if tested over 
those points in the subset of N points which 
are in the total set as compared to those which 
are not in the subset. These RMS errors are 
defined as E, and Eb respectively and may be 
calculated from the following formulae: 

These error measures should give us some in- 
sight into the effect of gappy data on different 
scales and the quality which might be expected 
from these scales, as represented by our ex- 
periments. 

3. Experiments 

The experiments we have chosen are designed 
to have some relevance to the atmospheric 
observation network. We begin with the as- 
sumption that data is available on an equally 
spaced mesh with N,,, = 7 2 points and that the 
domain is periodic. If the domain represents a 
latitude circle, we would find that A,,, - 1, = 5’ 
longitude for the complete set of N,,, points. 
Subsequently for subsets with gaps in the ob- 
servations, AA, may be some multiple of 5 O ;  
i.e., A,,, -A, =5S where S > 1 and is an in- 
teger. We have generated 19 experiments or 
subsets, each with N < N,,, and for 10 unique- 
ly different values of N .  Some of the ex- 
periments thus have the same number of ob- 
servation points ( N )  but their distribution is 
different. The reason we have chosen these 
latter experiments is to determine how sensitive 
the quality of scale elements is to the data 
distribution given a fixed number of observa- 
tion points. 

The experiments are depicted graphically on 
Fig. 1 wherein each asterisk denotes an ob- 
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serving point along the domain 0 Q 1 d 2n. The 
first experiment might correspond to the mid- 
latitude situation of a latitude circle with re- 
porting stations dense over two continents and 
no information over two oceanic regions. In  
the experiment this is described by 31 con- 
tiguous reporting stations with 8 = 1, a gap of 
18 missing stations, followed by 10 contiguous 
reporting stations and finally another gap with 
13 missing stations. Subsequent experiments as 
described by Fig. 1 are developed by the gradual 
addition of reporting stations in the gapped 
domains of the next less dense experiment. 
Note that experiments 1-7 have a common 
value of N but different distributions of points, 
as do experiments 8-10, and 11-12. Analysis 
over these subsets should indicate the effect of 
data distribution for an equal number of re- 
porting stations. 

The behavior of the Gram-Schmidt functions 
generated from each of these experiments may 
be seen from several represented on Fig. 2. We 
have chosen to describe the Gram-Schmidt 
functions for index numbers 2, 7, 12, 17 and 
22 (see (2) for indexing) over the domain 
0 Q 1 < 2n. The Gram-Schmidt functions de- 
scribe periodic behavior similar to the basis 
functions but their amplitude structure varies 
significantly. For the lowest scale graphed, in- 
dex no. 2, the deviation from simple sinusoidal 
form varies with experiment number, showing 
large amplitude fluctuations for those experi- 
ments with fewer reporting stations; note that 
only those experiments with different N values 
have been plotted. Furthermore the largest 
deviation occurs in the regions of maximum 
gap. These observations are consistent for all 
five scales described with the amplitude fluctua- 
tions becoming more severe for smaller scales. 
Indeed the departures from the simple basis 
functions become overwhelming, as may be 
seen from the ordinate scaling, and the experi- 
ments with smallest N clearly show the largest 
amplitude oscillations, again in the region of 
missing data (maximum gap). 

One might anticipate representational diffi- 
culties with functions containing large amplitude 
fluctuations. Such fluctuations may be char- 
acterized by the characteristic amplitudes de- 
fined in (7). If the characteristic amplitudes ex- 
ceed unity signifioantly, a satisfactory expan- 
sion would require correspondingly small mag- 
nitudes in the expansion variables derived from 
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Fig. 2. Gram-Schmidt functions for five different 
indices plotted on the periodic domain, 0 d 1 < 2n. 
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Pig. 3. Characteristic amplitudes of the Gram- 
Schmidt functions (defined in text) in terms of the 
function index and for all experiments with dif- 
ferent total number of observing points. 

the data according to (8) or (9); these expansion 
coefficients C,  or A , ,  will be discussed in the 
sequel. We have described on Fig. 3 the char- 
acteristic amplitudes (see eq. 7)  for each 
Gram-Schmidt function and for those experi- 
ments which have different N values. It should 
be noted that the Gram-Schmidt function num- 
bers increase by two for each additional scale 
element represented in order to account for 
phase. Fig. 3 shows that to index 12, all char- 
acteristic amplitudes are of order unity or less. 
For larger indices (smaller scales) the amplitudes 
increase dramatically, an observation already 
anticipated from Fig. 2. This amplitude growth 
is strongly dependent on experiment number, 
with those experiments having most observ- 
ing stations representing more scales with 
reasonable characteristic amplitude. 

Fig. 3 gives us advanced indication that 
serious scale errors are to be expected in the 
shorter scales for data sets with large gaps. If 
we wish to have adequate representation from 
our Gram-Schmidt functions, we might wish 
to truncate our series a t  those scales for which 
the characteristic amplitudes do not substan- 
tially exceed unity. Thus the shortest scales 
would be omitted as nonrepresentative al- 
though they could be theoretically included. We 
shall see the implications of this observation sub- 
sequently when we evaluate real data samples. 
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4. Data 

To test the spectral quality of expansions 
based on (8) for the different experiments 
shown on Fig. 1, we have selected the four ob- 
served fields which include temperature, height, 
u and v wind components. This data, made 
available from NCAR, is taken from the 45" N 
latitude circle a t  500 mb every 24 hours in- 
cluding January and February of 1971. The 
observed or analysed values, originating from 
NMC, are given at each of the N,,, points, 
thus providing information for each variable 
a t  every five degrees of longitude. Although the 
original data may have been smoothed to these 
points, we assume that they are accurate for 
our study and proceed on this assumption. 
Thus for any experiment with NcN, , , ,  we 
choose the values from the original set m given 
above, neglecting of course those points which 
are not included in the subset N .  Calculations 
are made with this data for each time period 
and the resulting quantities, such as f l N ( M )  and 
E,(k,  N ) ,  are averaged over all time periods. 

5. Analysis 

We have already indicated our expectations 
of spectral quality based on the characteristic 
amplitudes described by Fig. 3. Application of 
our expansions given by (8) or (9) to the data 
sets discussed in the previous section will show 
how scale dependent errors develop. 

Let us first consider the root mean square 
error from the true data given at all points of 
the domain by the data determined from some 
experiment with N observations, utilizing only 
the first k < N components of the series ex- 
pansion. This measure (E , )  is defined by eq. (11) 
and its development for the two experiments 
0 and 18 (see Fig. 1 for experiment configura- 
tions) as a function of the truncation index k 
is described on Fig. 4 by the solid curves. The 
physical variable under consideration here is 
temperature; however, we shall note subse- 
quently that the behavior characteristics for 
all physical variables considered ( H ,  T, U ,  V )  
are remarkably similar. Our first observation 
from this figure is the well defined minimum 
in the error corresponding to a given wave in- 
dex, the minimum index differing substantially 
between the two experiments. After this mini- 
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TEMPERATURE mum, which also occurs at  a different magnitude 
for the two experiments, the error rises rapidly 
suggesting that the best representation for a 
given experiment should occur when the series 
is truncated a t  the scale index (k) of minimum 
error. For those experiments described by Fig. 
4, substantially more waves would be included 
for experiment 18 than for experiment 0. We 
also note that the rise in error with scale index 
is similar to the rise in characteristic amplitude 
as seen from Fig. 3. 

The error currently under discussion is de- 
rived from an evaluation over all points in the 
domain (Nmm). However, for any experiment 
with N points, there are N -Nmx points on 
which no information is available but for which 
values are derived from the series expansion; 
the expansion procedure does not require these 
points to be fit well so long as the N points on 
which data are available are properly fit. How 
well all points included in the Nth experiment 
are fit is described by the root-mean-square 
error E, while the f i t  to the poinb not included 
in the experiment are described by E,; both 
measures are defined by eq. (12). These errors 
are included in Fig. 4 as the dashed curves and 
are appropriately identified with the number 
in brackets denoting experiment number. We 

TEMPERATURE 

:/ 

1 0 - 1 1  
0 10 20 30 40 50 

TRUNCATION WAVE INDEX 

Fig. 4. RMS error of temperature data for experi- 
ments 0 and 18 as a function of truncation wave 
index. Included are errors over the total domain, 
over the domain of observing points and over the 
domain of points with no observations. 
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Fig. 5. Variance from the time mean of RMS er- 
rors in temperature for experiments 0 and 11 in 
terms of the truncation wave index. 

see immediately, as expected from theory, that 
E, approaches zero as k + N .  We see also that 
following a minimum in E,, this error grows 
rapidly with increasing k and dominates the 
error in the total region (E , ) .  Therefore both 
E, and E, follow one another closely. Although 
no information is available at  the points uti- 
lized in calculating E,, out to the scale of mi- 
nimum error the representation a t  these points 
is satisfactory. The significance of this result 
will become apparent when we discuss the er- 
rors in the Fourier coefficients. 

As indicated previously, the calculations pre- 
sented have been performed at  each time pe- 
riod of the data set but the results have been 
averaged in time. To assure ourselves that the 
time mean values are representative of the in- 
dividual values we have prepared Fig. 5 which 
includes the distribution of E ,  with truncation 
index k for the two experiments 0 and 11 
utilizing temperature data. Since comparable 
results were found for all experiments and 
physical variables, only these examples are de- 
picted. Together with the solid curves of E,  
describing time averages we have drawn the 
corresponding curves (dashed) which include 
the time variance. Although the figure shows 
significant variance, the basic behavior of E,  
is unaltered from one time period to another 
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Fig. 6. RMS errors in terms of truncation wave index for experiments 0, 1, 8, 11, 14, 16, 17, 18. Data de- 
scribed includes temperature, height and u, w wind components. 

and our conclusions may be discussed legiti- 
mately from the time-mean values. 

The examples of E,  seen in Figs. 4 and 5 
suggest a systematic tendency of the error curves 
to have a minimum and that this minimum 
moves to higher truncation index with increas- 
ing experiment number, the higher experiment 
number indicating more data resolution. Fig. 6 
shows the error curves of E ,  for all experiments 
with different N values-i.e., with differing 
numbers of observation points-omitting only 
experiment 15 because of its similarity to experi- 
ment 14. For completeness we include the curves 

for all four physical variables. Although the 
amplitudes of the errors as reflected by the or- 
dinate scales differ for each physical variable, 
the shape of the curves are remarkably simi- 
lar, leading to the conclusion that the quality 
of any expansion in terms of wave number 
does not depend on the physical variable to 
be represented, but on the number and distri- 
bution of the observing points. The close simi- 
larity between the curves on Fig. 6 and those 
on Fig. 3 (characteristic amplitudes) corrobo- 
rates this conclusion. For any one data set we 
see how the wavelength of minimum error does 
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indeed increase systematically with increasing 
resolution together with a corresponding de- 
crease in the error magnitude. Since the dif- 
ferent experiments are gap dependent, and since 
the errors they generate are clearly scale de- 
pendent (as evidenced from Fig. 6), we must 
conclude that the gap characteristics of the dif- 
ferent experiments are distinctly scale depen- 
dent. 

To establish the correspondence between data 
gaps and spectral (scale) resolution as implied 
by Fig. 6, we have prepared Table 1. Noting 
from Fig. 1 that each experiment has a maxi- 
mum interval of length S,,AL with no ob- 
servations-the integer notation S was as- 
signed to intervals in Section 3-we have listed 
this interval in the table following its cor- 
responding experiment number. We next cal- 
culate the number of observing points required 
for each experiment if the points were equally 
spaced with interval SmmAL, and also list this 
result in the table. Noting the orthogonality of 
finite Fourier series over an equally spaced 
domain of points, the number of derivable wave 
components (twice the number of waves) is 
equal to the number of points. Finally we have 
determined the wave index of minimum error 
for each experiment and each physical variable, 

Table 1. Root-mean-sqwzre ewor statistics of 
height, temperature and wind components 

Min. no. Wave index of 
Max. points min. error 
increment equally 

Exp. no. (SmaX) spaced H T U V 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 

19 
10 
13 
11 
16 
14 
16 
14 

7 
10 
10 
5 

10 
4 
4 
3 
4 
3 
2 

3 
7 
5 
6 
4 
5 
4 
5 

10 
7 
7 

14 
7 

18 
18 
24 
18 
24 
36 

3 3 3 1  
7 7 7 7  
7 7 7 5  
7 7 7 7  

3-4 4 3 5 
3-4 4 3 5 
3 - 4 4  3 5 
3-4 4 3 5 
13 13 13 12 
11 11 9 11 
11 11 9 11 
17 17 17 15 
13 12 7 10 
22  20 21 19 
23 23 23 25 
26 27 27 27 
35 34 35 33 
35 35 36 35 
37 37 39 38 

I o4 

I 03 

I 0 2  

10' 

I OOo 2 10 20 30 

TRUNCATION WAVE INDEX 

Fig. 7. RMS errora in experiments 1-7 for both 
temperature and height. These experiments have 
the same number of points with different distribu- 
tions. 

some of which are apparent on Fig. 6, and listed 
them in Table 1. Perhaps not too surprisingly, 
the wave indices of minimum error correspond 
closely and with few exceptions to the mini- 
mum number of equally spaced points based 
on maximum gaps. The implications of this 
result are apparent. Little spectral quality is 
derived from data-rich regions (small gaps) if 
there are large gaps in the domain. Thus we 
see that experiment 0, which has a gap of 19 
basic intervals, gives adequate results only for 
the first wave, and the addition of information 
from shorter waves generates large errors. I n  
contrast, experiment 18 shows high quality 
results with the inclusion of the first 20 waves, 
but the addition of further wave information 
causes rapid error growth. Several experiments 
are not consistent with this observation (12, 
16 and 17 as examples) and suggest that more 
than the minimum number of scales, based on 
the largest gap, may be represented with some 
fidelity for unequally spaced data sets. Never- 
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Pig. 8. Fourier coefficients as a fraction of their true value for experiments 0, 1, 8, 11 ,  14, 16, 17, 18 in 
terms of the truncation wave index for the 500 mb height field. Five different waves are described. 

theless we would not be far from accurate to 
state that the spectral fidelity of a one-dimen- 
sional data set is determined to a large extent 
by the largest gap in the domain; i.e., waves 
with wave length substantially less than twice 
the largest gap will more than likely have un- 
satisfactory amplitude representation. We must 
note that this conclusion is based on the direct 
inversion of our data sets via an orthogonal 
transformation to spectral coefficients and may 
not be consequent for other spectra generating 
techniques. 

That the spectral resolution possible from a 
given subset of data depends not so much on 
the number of observing points ( N )  as on their 
distribution, an observation already elucidated 
above, is emphasized in Fig. 7 where we show 
the E ,  curves for experiments 1-7, all of which 
have the same number of data observations ( N )  
but different distributions (see Fig. 1). Experi- 
ment 1 has the minimum error and largest mini- 
mum wave index for both temperature and 
height (and indeed for U and V wind compo- 
nents) whereas experiments 4 and 6 have the 
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largest errors. A glance at Table 1 will show that 
of the experiments graphed, experiment 1 has 
the smallest maximum gap whereas experiments 
4 and 6 have the largest. Thus, should we in 
our experiments desire maximum spectral re- 
solution from the addition of one observation 
in a gap, that observation should be made to 
minimize the gap; i.e. it should be centered in 
the open region. 

As noted in Section 2, eq. (9) ,  the Fourier co- 
efficients (AiN)  developed for each experiment 
depend not only on the N value of the experi- 
ment, but also on the truncation of the Gram- 
Schmidt functions if we choose to determine 
those coefficients from less than all the allowed 
Gram-Schmidt coefficients (C,). Nevertheless 
the exact value of each Fourier coefficient is 
given for N = Nmm. Thus we develop a measure 
of the quality of the Fourier coefficient for a 
given experiment and given truncation to its 
exact value in the parameter f lN(M)  defined by 
eq. (10). Fig. 8 describes this parameter for se- 
lected wave numbers for all experiments with 
different N values (again excluding experiment 
15) in terms of the truncation wave index; the 
applicable data set, representative of all the 
data sets is the 500 mb height field. So long as 
the parameter, j ,  remains near unity, the 
Fourier coefficient is satisfactorily represented. 
We have chosen to represent wave numbers in 
this figure to avoid phase considerations. Let 
us consider the curves for wave number one. 
Here we see that for experiment 0, utilizing in- 
formation from Gram-Schmidt coefficients with 
indices in excess of 7 or 8 leads to substantial 
errors in the Fourier coefficients (there are two 
coefficients per wave). In  contrast, utilizing all 
Gram-Schmidt coefficients for experiment 18 
leads to effectively no errors in the Fourier coef- 
ficients. The other experiments all show some 
truncation limit beyond which the Fourier 
coefficients are in serious error. The curves for 
waves 6, 9, 15 and 20 show similar results. 
However, in these waves we already see that 
some experiments cannot yield adequate re- 
presentation for the Fourier coefficients. As an 
example, experiments 0, 1, and 8 cannot give 
an adequate representation for the Fourier coef - 
ficients of waves greater than or equal to nine, 
and only the first few Gram-Schmidt coeffi- 
cients will yield satisfactory Fourier coefficients 
for wave nine with other experiments. 

These results are consistent with and might 
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well have been anticipated from Fig. 6, since 
large amplitude errors in Fourier coefficients 
would lead to correspondingly large root mean 
square errors over the domain. The errors in 
Fourier coefficients with Gram-Schmidt index 
truncation is considerably more sensitive than 
might be anticipated from the characteristic 
amplitudes described in Fig. 3, although we 
may utilize the characteristic amplitudes as a 
lower bound on the errors in the Fourier coef- 
ficients. A close scrutiny of Figs. 3 and 8 will 
show substantial errors in Fourier coefficients 
(by factors of 3 or more) for characteristic 
amplitudes of order unity. We are again, how- 
ever, confronted with the striking observation 
that the quality of any Fourier coefficient is 
strongly related to the largest gap in the ob- 
servation set. 

6.  Conclusion 

Scale characteristics of atmospheric data are 
frequently derived from data smoothed to an 
equally spaced grid and the spectral coefficients 
are determined by a direct inversion of this data. 
The smoothing masks the irregularity of the 
observing stations and the quality of the spec- 
tral coefficients as a function of scale is difficult 
to assess. To affect this assessment, we have 
expanded some atmospheric parameters on a 
one-dimensional domain for a number of dif- 
ferent station distributions. Beginning with the 
assumption of exact information on a uniform 
grid we generated the “exact” Fourier coeffi- 
cients with which to compare the coefficients 
derived from the truncated data sets. While 
interpreting the results of our experiments 
noted below, the reader should bear in mind 
that they stem from the determination of 
spectra by direct inversion, the process com- 
monly used by meteorologists to draw conclu- 
sions concerning the scale dependence of at-  
mospheric parameters. That alternate methods 
exist for establishing spectra is not disputed 
nor do we lay claim to utilizing the “best” 
method. Because of its frequent usage, we feel 
justified in the procedure we have adopted and 
our results are self-consistent. 

The quality of the Fourier coefficient derived 
for a given distribution of observing stations 
depends strongly on the largest gap in the 
domain. Wave components with wave lengths 



226 F. BAER AND J. J.  TRIBBIA 

greater than or equal to twice this maximum 
gap are well represented. Shorter waves show 
significant errors from their ‘‘true’’ values. 

One must take care in interpreting amplitudes 
representing scales smaller than the largest gap 
interval. Moreover, this result is not significant- 
ly modified by high data density in subregions 
of the total domain, provided the maximum 
gap is not reduced. 

The availability of high data density in local 
regions may lead to serious misinterpretations 
in tho spectral amplitudes of shorter scales. 
Should one be led to interpolate data into re- 
gions of sparse data density, scale information 
can be determined for wavelengths for smaller 
than the maximum gap. Such information could 
well be incorrect. I ts  fidelity would be directly 
related to the procedures used for data inter- 
polation. If the interpolation is based on 
physical premises (see for example Thompson, 
1961) meaningful results could be achieved. 
However, most physical interpolation is based 
on scale characteristics of the system larger 
than those for which the interpolation is desired. 

A detailed analysis of spectral information 
in data-rich regions, now readily available from 
satellites, may yield insight into the spectral 
structure of scales smaller than the largest gap 
over the hemisphere. Should local regions de- 
scribe spectral structures on shorter scales 
which are quasi-invariant in both space and 
time, such information could legitimately be 
interpolated into regions with large gaps. The 
subsequent scale analysis (Fourier transform 
in one dimension) would lead to acceptable 
spectra which could ultimately be used for 
model closure conditions or other possible ap- 
plications. 

Concurrent with finding suitable methods for 
data interpolation, alternate procedures for 
establishing spectra should also be tested. These 
include, aa indicated earlier, the determination 
of spectra from covariance functions if the con- 
cept of stationarity in time series can be trans- 
lated into spatial terms. Barring dramatic 
changes in spectral quality as a function of 
scale by alternate methodologies, if one has the 
option of setting up a station network and one 
is concerned to obtain the most fidelity in the 
corresponding scale spectra, our results indicate 
that observations should be taken at equally 
separated points along the domain. Alternately, 
if one wishes to fill a large gap with one or 
more observations, the best spectral resolution 
will be obtained if these observations are 
equally spaced in the gappy region. 

Finally we should note that the results dis- 
cussed above relating to the quality of scale 
coefficients depend primarily on the observing 
station distribution and very weakly on the 
nature of the data itself. Thus one should be 
able to establish the spectral fidelity of gappy 
data simply from the locations of observations 
in the domain. 
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TOYHOCTb CnEKTPAJIbHOI'O nPEACTABJIEHMH AAHHbIX C IIPOIIYCKAMH 

Bb16pa~a O A H O M e p H a R  0 6 n a C T b ,  O n p e A e n H I O I q a f i  
n e p H o A  a p r y M e H T a  s e T b r p e x  (PHBHV~CKHX ne- 
P e M e H H b I X ,  H3BeCTHbIX TO'iHO B 72 P a B H O M e p H O  
p a c n p e A e n e H H H x  T o w a x .  n p o s e A e H o  19 a ~ c n e -  
PHMeHTOB C p a 3 n l l ' i H b I M  9HCJIOM TO'ieK ~a6n10- 
AeHHH,  9 T O  COOTBeTCTBJ'eT P a a J I H q H b I M  np0- 
n y C K a M  B ~ a 6 n m ~ e ~ u ~ x .  ~ C I I O J I b 3 J ' R  TPElI'OHO- 

(PYHKqAH r p a M a - m M H A T a  CO CBOfiCTBaMH OPTO- 
I 'OHaJIbHOCTH, O T B e 9 a I O q P i M H  COBOKYIIHOCTH H e -  
P a B H O M e p H O  p a C n p e A e J l e H H L J X  T 0 9 e K .  AJIR H a m -  
nor0 AOnJ'CTHMOrO M a C W T a 6 a  CBOfiCTBa K O a @ -  

M e T p w s e c K H e  @ Y H K ~ H H ,  K a K  Baauc, n o c T p o e H b I  
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