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ABSTRACT 

In this paper we study the development of instability waves in a stratified shear flow 
which occurs, for instance, in frontal zones and on large scale internal waves where 
the Richardson number is sufficiently low. The model is baaed on splitting the flow 
into the mean flow and instability wave components. The basis for the interaction 
between the mean flow and the wave is their respective vertically integrated energy 
flux equations. The wave description is obtained through a shape assumption: the time 
dependent wave amplitude is determined by its energy equation solved jointly with 
the mean flow and the vertical shape function is given by the local linear theory. The 
instability wave kinetic energy development is determined by the balance between 
energy production from the mesn flow and the conversion of fluctuation kinetic to 
potential energy. From the energy integral considerations, the numerical results show 
moderately good agreement with observations in our estimate of the lifetime of the 
wave and the doubling of the thickness of the mean shear layer during this time. The 
modification of the mean flow velocity and temperature profiles is explained via the 
effects of the wave generated vertical momentum and heat (or buoyancy) fluxes, 
respectively. 

1. Introduction 

Since the 1961 Farnborough conference on 
atmospheric turbulence and its relation to air- 
craft operations, a t  least five international 
conferences have been held dealing with vari- 
ous meteorological aspects of the subject. Sev- 
eral reviews have also appeared (Dutton, 1971; 
Lilly, 1971). It is now recognized and generally 
established that Kelvin-Helmholtz instability, 
in its nonlinear rather than linear stages, is one 
of the important sources of “clear-air turbu- 
lence”. It is most likely to occur in regions of 
concentrated baroclinicity where vertical wind 
shear and static stability are strong and the 
appropriate Richardson number small. Ob- 
servations in the atmosphere have brought 
about this conclusion. These include cloud ob- 
servations (Ludlam, 1967; Scorer, 1972), pulsed 
radar observations using small inhomogeneities 
of the refractive index in the instability as a 
tracer (Browning, 1971; Browning & Watkins, 
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1970; Hardy et al., 1966; Hardy et  al., 1969; 
Hicks & Angell, 1968), FM-CW radar observa- 
tions a t  vertical incidence (Atlas et al., 1970); 
aircraft observations (Axford, 1970; 1973; 
Mather, 1971), and joint radar, radiosonde and 
aircraft observations (Browning et al., 1973; 
Hardy et al., 1973; Metcalf & Atlas, 1973). 
Instabilities of the Kelvin-Helmholtz type have 
also been found in the ocean (Woods, 1968; 
Woods & Wiley, 1972) in regions where current 
shear and static stability are present. In  such 
regions, the ocean microstructure (Cox et  al., 
1969) is thought to be the result of Kelvin- 
Helmholtz instabilities (Woods & Wiley, 1972; 
Munk & Garrett, 1973), and is now thought to 
be of great importance to the vertical mixing 
processes in the ocean (Woods, 1972), at least 
in regions where such instabilities play the 
dominant role. Finally, more detailed observa- 
tions of the nonlinear development of the Kel- 
vin-Helmholtz instability have been made un- 
der laboratory conditions (Thorpe, 1971; 1973a, 
1973b). 

Our interest is in obtaining some theoretical 
understanding of the events in the life cycle of 
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the observed Kelvin-Helmholtz billows, now 
thought to be important to the mixing pro- 
cesses in the atmosphere and the ocean. In or- 
der to fix our ideas we first review some of the 
details of one of the clearest observations of 
Kelvin-Helmholtz wave development in the 
atmosphere (Browning & Watkins, 1970). In  
this case, simultaneous observations by steer- 
able highpower radar and radiosonde estab- 
lished the life cycle of the instability which oc- 
curred within a frontal zone. At the beginning 
a clear-air echo layer less than 150 m in vertical 
thickness was embedded in a stable layer of 
about 800 m in vertical extent. Radiosonde 
measurements over a 200 m depth were used 
to deduce the layer Richardson number, which 
was nearly 1/4 for 600 m depth. The echo layer 
acted aa a tracer for the large-scale instability. 
Instabilities developed, as observed by radar, 
with crest-to-trough amplitude growing to 300 
to 400 m with wave lengths of 3 to 5 km. The 
local wave number, made dimensionless by the 
half-layer thickness, was thus about 0.5-0.8, 
not far removed from 0.5 predicted by the 
linear theory for the most amplified disturb- 
ances for Richardson number below 1/4 (see, 
for instance, Maslowe & Kelly, 1971). In sub- 
sequent developments the radiosonde observa- 
tions showed that the potential temperature 
gradient decreased at  and increased away from 
the center. Thus, in effect, the splitting of the 
original strong static stability layer appeared 
simultaneously with the active development of 
the Kelvin-Helmholtz instability. Radar ob- 
servations indicated that the subsequent double 
echo layer corresponded to the vertical location 
of the split stability layer. However, the wind 
shear profiles did not show a splitting, but de- 
creased slightly throughout the layer. Total 
development time of the active large-scale in- 
stability was about 15-20 minutes a t  which 
time the shear layer doubled its original thick- 
ness. The radiosonde measurements of layer 
Richardson number (an elusive parameter) over 
vertical depths of 200 m could conceivably be 
sufficiently coarse to obscure the more relevant 
Richardson numbers a t  smaller scales. For in- 
stance, it would be difficult to obtain the layer 
Richardson number of the original echo layer 
of less than 150 m. However, from the evidence 
which already exists here and in other observa- 
tions, it is not difficult to conclude that the 
instability wave developed out of the Kelvin- 

Helmholtz instability of the linear theory for 
the appropriate Richardson number less than 
1/4 and a wave number which correspond to 
the most amplified mode. 

In order to study the development or life 
cycle of the Kelvin-Helmholtz billows, we ex- 
tend the technique for homogeneous shear 
flows (KO et al., 1970; Liu & Lees, 1970; Liu & 
Gururaj, 1974) to a stratified shear flow. From 
detailed observations in homogeneous shear 
flows, the appearance of instability waves in 
such flows coincided with large distortions of 
the mean flow as the instability develops into 
finite amplitude. The mean flow and the de- 
veloping instability interacts strongly and a 
formulation hsed  on integrated energy equa- 
tions of both components provide an overall 
description of the interaction. The details of 
the formulation and results for homogeneous 
shear flows are discussed in KO et al., (1970), 
Liu & Lees (1970) and Liu & Gururaj (1974). 
The extension of the energy integral considera- 
tion to the stratified shear layer problem, with 
application to observations in geophysical 
problems, is discussed in this paper. 

2. Formulation of the nonlinear problem 

Concentrated shear and stability layers are 
observed to occur over large horizontal dis- 
tances and are nearly two-dimensional. For 
simplicity, we assume that the shear vector 
maintains a constant orientation with height 
and take the basic mean flow to be identically 
two-dimensional and (quasi-)steady. The basic 
mean flow and its nomenclature are shown in 
Fig. 1: the total velocity difference AU is 2U,, 
the initial half-layer thickness is SU1, and verti- 
cal coordinate z is measured from the center of 
the shear layer. For such a mean flow, as in the 
experimental arrangement of Thorpe (1971) in 
the laboratory and Browning & Watkins (1970) 
in the atmosphere, an individual billow, after 
its natural initiation, can be followed and its 
life cycle studied. However, the vertical extent 
of the billow here is not bounded by walls as 
would be in the laboratory case. The clear echo 
layer observed by radar during the billow de- 
velopment is due to oscillations of small-scale 
inhomogeneities, perhaps orderly rather than 
random, which do not fill the entire shear layer 
(Browning et al., 1973). Thus, the basic shear 
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r 
Fig. 1. Schematic of the velocity shear and poten- 
tial temperature layers. 

layer growth is more likely to be due to the 
direct effect of the large amplitude Kelvin- 
Helmholtz instability than to the small ampli- 
tude, small-scale oscillations. On the other hand, 
had the small-scale oscillations been found to 
fill the entire shear layer, the situation would 
be different, in which case the energetic ex- 
changes between the mean motion, wave and 
small scale oscillations would be of importance, 
and the problem would then be that of a large 
eddy developing in a turbulent shear flow. We 
here regard the small-scale oscillations as 
tracers and neglect the energetic exchange pro- 
cesses of the small-scale structure with both 
the mean flow and the instability wave. This 
necessarily limits our consideration up to the 
breakdown of the billow. Also, the scale of the 
wave motion is sufficiently large that we con- 
sider the problem to be inviscid and nonconduct- 
ing. The physical problem is one of nonlinear 
development of dynurnically unstable waves in 
a stably-stratified shear flow. Other assump- 
tions which lead to our starting point are that 
for the scales of motion of interest the Coriolis 
force can be neglected, the reference state is 
hydrostatic and adiabatic, and the Boussinesq 
approximation is used. The basic equations 
may be found, for instance, in Lumley & Pa- 
nofsky (1964). 

The dimensionless form of the basic equa- 
tions for quantities that are departures from 
the hydrostatic state are 

aU, acJl U, aP 
at ax, ax, 

momentum: - + = - - + Ri 0 SS1 (2) 

0 
a 0  + au,o - -= energy: 
at ax, (3) 

where the dimensionless velocities U ,  are re- 
ferred to U ,  == A U / 2  (see Fig. l), potential tem- 
perature 0 to 0, = A 0 / 2 ,  pressure P to po G, 
po being the hydrostatic density a t  the ap- 
propriate height concerned, the dimensionless 
coordinates are referred to the initial velocity 
half-layer thickness S,,, time t to S,,/U,, and 
the layer Richardson number is Ri =gO1d,l/ 
OOU;,  where 0, is the potential temperature 
of the hydrostatic state and g the gravitational 
acceleration. Both po and 0, are taken as con- 
stants appropriate to the height concerned in 
the Boussinesq approximation, 6,* is the Kro- 
necker delta, i = 1 and 3 are the horizontal and 
vertical directions, respectively, and xi is de- 
noted by x, z. 

In  order to analyze the instability wave de- 
velopment, we split any total flow quantity 
&(x, z,  t )  into a basic mean quantity a ( z ,  t ) ,  
which is horizontally homogeneous and a 
fluctuation quantity q(z, z ,  t )  which is hori- 
zontally periodic with zero mean, 

u =d +u, 

w = o + w ,  
P =i; i p ,  

o=O+e (4) 

where U and W are the horizontal and vertical 
velocities, respectively. The horizontal average 
referred to above is taken over one billow wave 
length. Substitution of eq. (4) into eqs. (1)-(3) 
and subsequent horizontal averaging, denoted 
by an overbar, produces the following mean flow 
equations: 

( 5 )  

(7) 

auj 0 continuity: - = 
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contributions to momentum and heat fluxes 
as the wave motion amplifies into large ampli- 
tudes. Such interactions will be “permanent” 
impressions left on the mean motion by the 
finite amplitude instability wave long after the 
wave has decayed, unless other subsequent 
stirring motions (which are not considered here) 
alter this. We note that there is no net momen- 
tum and heat flux according to eqs. ( 5 )  and 

The instantaneous, nonlinear conservation 
equations for the disturbance quantities are 
obtained by subtracting the mean flow equa- 
tions (5)-(7)  from the total equations (1)-(3) .  
The equations for the averaged disturbance 
correlations appearing in (5)-(7)  are obtained by 
forming such products from the instantaneous 
quantities and then averaging. However, this 
will lead to triple correlation quantities as in 
the turbulence problem, and one faces similar 
closure questions. The disturbance quantities 
under the average signs here, however, are 
developed from the Kelvin-Helmholtz instabili- 
ty; thus ad hoc relationships between the cor- 
relations and the mean flow are neither desir- 
able nor warranted for the purpose of our 
analysis. Rather than attempting to solve the 
problem “exactly” on a point-to-point basis, 
we shall make use of the integral forms of the 
conservation equations, in this case averaged 
vertically. We then seek the time evolution of 
vertically-averaged energetic quantities. In  or- 
der to do this we also need to make the shape 
assumptions for the vertical distribution of 
physical quantities with certain time-dependent 
parameters which are then determined by the 
vertically-averaged conservation equations. The 
problem is thus reduced from partial to ordi- 
nary differential equations in time only. The 
technique is essentially similar to one intro- 
duced in boundary-layer theory by von Khr- 
mhn (1921). Such a technique for finite-ampli- 
tude instability problems w a  discussed by 
Stuart (1958) for parallel shear flows, and more 
recently it has been extended to problems in a 
homogeneous fluid for developing shear layers 
where good agreement has been found with 
some of the details of laboratory experiments 
(KO et al., 1970; Liu & Lees, 1970; Liu & Gu- 
ruraj, 1974). It is thus of advantage to consider 
our present problem in this light, particularly 
because we are interested in the time evolution 
of the billow and mean flow interactions. 

(7).  

( a )  Vertically integrated conservation equations 
To proceed, the basis of the wave descrip- 

tion, in particular its amplitude development, 
is here taken to be given by the averaged kinet- 
ic energy equation for the wave 

a4e12 -aO a -  ~- - - u w -  - R i ( - w O ) - - ( w q 2 / 2 + @ )  ( 8 )  
at az az 

where qe = ua + wa. The wave kinetic energy in- 
creases, on the average, because of the energy 
transfer from the mean motion represented by 
the first term in eq. ( 8 ) ;  the second term rep- 
resents conversion from kinetic to potential 
energy, and the last term is the “diffusion” of 
wave energy by the vertical motions of the 
wave itself. The kinetic energy equation for 
the mean flow is obtained from (5): 

a02/2 - a 0  a O G  
- E  - ( - u w ) -  -__ 

at az az 
( 9 )  

Similarly, the equation for @ is obtained from 
(7):  

- aG as& 
- ( - w e ) -  - - 

a 3 1 2  -= 

at az az 

The vertically integrated forms of eqs. (8)-(10)  
are obtained, following von KBrm&n (1921) by 
integrating over a finite region occupied by 
the shear layer, 

- a 0  m 

2 d t  p d z =  j - _ ( u w ) - d z - R i  az 

m 

x ( ( - a ) d z  
J -03 

- aO m 

= - J’m ( - u w )  d z  

Because of entrainment, the shear layer re- 
gion develops in time. The interchange of the 
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time derivative and the integration for eqs. (12) 
and (1 3) introduces the dimensionless velocities 
6&,m and temperature 8*, at the upper and 
lower edges of the shear and temperature layers. 
Because the integrand of eqs. (12) and (13) 
vanishes at the outer edges of the shear and 
temperature layers, the limits of integration 
are then taken to f 00. Both u*m and G * m  are 
taken as uniform and equal to 2 and 0 at the 
upper and lower edges, respectively. Implicit 
in the above is that in obtaining (11)-(13) we 
assume that the disturbances vanish far away 
from the shear layer. 

( b )  Shape assumptions for the integral problem 
The mean motion, through its interaction 

with the Kelvin-Helmholtz wave, determines 
the growth of the velocity shear and potential 
temperature layers and the amplitude of the 
instability wave. Such nonlinear interactions 
follow from eqs. (11)-(13), which must be sup- 
plemented by the shape assumptions for the 
mean and disturbance quantities. The overall 
quantities, such as the dimensionless half -shear 
layer thickness 6,(t) (referred to its initial value 
a,,), half-potential temperature layer thickness 
6e(t) (also referred to S,,), and the disturbance 
amplitude function IA(t) I * are not sensitive to 
the details of the shape distributions. We can 
write the mean flow quantities as 

where Q ,  is the basic mean flow quantity and 
5 =%/a,. Here Qm = O( IA I *), which is in some 
sense small, so that Q , ( 5 )  is a good first ap- 
proximation for the mean profiles in eqs. (11)- 
(13). The permanent distortion of the details of 
the mean flow is given by Q ,  and is obtained 
via momentum and buoyancy flux considera- 
tions, ( 5 )  and (7) respectively, after the overall 
mean motion and disturbance problems are 
solved through (11)-(13), this will be discussed 
in conjunction with the numerical results. To 
be specific, we take the first approximation to 
the basic mean flow to be given by 

U,(C) = tanh 5 + 1 
a,(&) = tanh CT + 1 

(14) 

(15) 

where r =S,/S,. The mean motion is thus char- 
acterized by 6, and T or equivalently 60. The 
usual way of defining 6, and 60 is that for a 
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fixed value of 5 =z/& U ,  and 0, becomes a 
certain fixed fraction of their respective values 
a t  the outer edges for all times. For instance, 
if 5 =  k1 and ( r =  k1 in (14) and (15), then 
U,(l) and O,(l) equal 1.76 (U+a and 0+ ,=2 ) .  

We do not consider here how such a basic 
mean flow is generated but assume that it 
existed initially on the mesoscale (Browning & 
Watkins, 1970), in frontal systems, for example; 
in the laboratory it is set up via molecular dif- 
fusion (Thorpe, 1971). It is only the subsequent 
dynamics, or energetics, that we deal with. The 
disturbance distribution, following earlier works 
(for instance, Liu & Lees, 1970), is taken to be 
described by a local linear theory but suitably 
modified by an unknown amplitude function, 
A@).  As Thorpe (1971) has shown in the labora- 
tory, "natural" disturbances originate and de- 
velop at below-critical Richardson numbers and 
take on a wave number, made dimensionless 
by half the initial layer thickness, correspond- 
ing to the most amplified case. For spatially 
periodic and time-amplifying disturbances, the 
physical wave number remains fixed. We thus 
consider a single fundamental component a t  a 
fixed physical wave length; and let 

xexp (iaE)+c.c.+O(A') (16) 

where C.C. denotes complex conjugate. The vec- 
tor on the left hand side of eq. (10) is thus twice 
the real part of the vector on the right hand 
side. The instability quantities occurring in the 
subsequent integrals are in terms of energy 
and the integrands are all real. 

Prime refers to differentiation with respect 
to 5. In  the local linear theory, [ =x& and the 
dimensionless real wave number a is a,6,, 
where al is fixed and measured in units of 
The eigenfunctions of the fundamental com- 
ponents 4 and t correspond to the disturbance 
streamfunction and temperature, respectively, 
and are presumed known (but must be solved 
locally). The linear theory (see, for instance, 
Maslowe & Kelly, 1971) gives 

4" - [ a ' - U ~ / ( U 1 - c ) - R i 6 , r 0 ; / ( U l - c ) * ] ~  = 0 ,  

t = 0;4/(u, -c), 
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where c is the complex wave speed. The eigen- 
functions are obtained for given U ,  and 0, 
and for each value of the parameters Ri6,r 
and u. Since 4 is determined only to a multi- 
plicative (local) constant, we attribute physical 
meaning to I A I by normalizing 4 so that 

r m  

Thus 1 A I a may be interpreted as the integrated 
kinetic energy of the wave, averaged over one 
wave length, across the shear layer per unit 
8,. The quantity that characterizes the wave 
development is I A(t) I 2, and this must be deter- 
mined jointly with s,, and 88 in the overall non- 
linear interaction problem. 

( c )  The nonlinear interaction problem 

(13), we obtain three corresponding equations 
Upon substitution of eqs. (14)-(16) into (11)- 

9 = IA121Ts(t) 
dt 

with initial values t = 0: 6, = 1, 68 = r l ,  IA 12  = 

The terms on the right-hand sides of eqs. 
(19)-(21) correspond to those of (11)-(13) re- 
spectively. The integrals defined are 

!A!:. 

Irs(t) = /mmia(4$' - 44') sech"d5 (22) 

ia(4; - $7)  sech' r5 d(' (23) 

where the tilde denotes the complex conjugate. 
The integrals (22)-(24) are all positive quanti- 
ties in this problem since we are dealing with 
a growing unstable wave performing work 
against gravity. The signs of these integrals 
are also borne out from subsequent numerical 
results. They are of order unity, but approach 

zero as the local linear problem approaches the 
neutral curve when energy is no longer being 
drawn from the mean flow. Equations (19)- 
(21) are three coupled nonlinear first-order 
equations describing the time evolution of 6,, 
6, and IAIa. It is instructive to recast eq. (19) 
into the form 

with the use of eq. (20). In the initial stages 
when J A  l a  is relatively small, eqs. (20) and 
(21) tell us that S, and 6, are very nearly con- 
stant and eq. (25) tells us that IA 1 s  grows ex- 
ponentially with time with a growth factor 
[I,,(O) -Ri I w t ( 0 ) ]  2:2uCi, which is determined 
by the linear theory. When the disturbance 
amplifies to sufficiently large magnitude, the 
growth rate is governed by eq. (25) (and not 
by the local linear theory). The integrals I , ,  
and I,, decrease rapidly with increasing 6, un- 
til they approach zero as the local linear theory 
approaches the neutral curve. In  that situa- 
tion, both this time dependency of the integrals 
and the IA 1 4  term in eq. (25) limit the growth 
of IAI2. 

3. Numerical application and com- 
parison with observations 

Prior to discussing the numerical application, 
some discussion of the ranges of parameters 
chosen and the relation to observations are first 
warranted. The initial-layer Richardson num- 
ber defined in Sec. 2, Ri = g O , 6 , , / O 0 U ~ ,  can 
also be written as Ri =gA0(2S,l)/0,(AU)8 in 
terms of the total differences of velocity and 
potential temperature and the total layer 
thickness. In order to proceed with the nu- 
merical application of the problem, we need to 
obtain a value of Ri which approximates those 
observed. From Woods & Wiley's (1972) ob- 
servations in the Mediterranean thermocline, 
the typical sheet thickness is 26,, N 10-l m, the 
velocity difference A U  -2.2 x m/s and the 
fractional density difference about 2 x 
This gives the appropriate Ri-0.04. In  the 
laboratory (Thorpe, 1971, 1973a, 1973b), Ri II 
0.05. From atmospheric observations, for in- 
stance (Browning & Watkins, 1970), the onset 
of Kelvin-Helmholtz instability is also defi- 
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nitely associated with low Richardson num- 
bers although the initial shear layer thickness 
in our context is difficult to estimate. In  our 
calculations, we take Ri = 0.08. Furthermore, 
laboratory observations also reveal that the 
instability wave initiated has a wave number 
which corresponds to the maximum amplifica- 
tion rate according to stability theory. For the 
value of the Richardson number taken, we 
therefore take the initial disturbance with a 
wave number a1 =0.5. We have also investiga- 
ated the effect of (small) Ri by performing cal- 
culations for Ri = O .  It was found that the 
estimate of billow lifetime, to be discussed sub- 
sequently, is not affected by variations in Ri 
provided that Ri is “small”. The explicit effect 
of Ri on the final equilibrium amplitude can 
be qualitatively seen from the analysis given in 
the Appendix. 

The question naturally arises as to the value 
of the initial disturbance level one should spec- 
ify in starting the numerical calculations. 
However, it is not possible to obtain such ini- 
tial disturbance values in any exact or unique 
sense. In  a stratified fluid, in contrast to a 
homogeneous fluid, the region external to the 
strong velocity shear and potential tempera- 
ture stability layer in question makes possible 
the radiation of initiating disturbance signals 
from other remote regions of the fluid-that 
is, the triggering disturbance need not be 
physically present within the shear layer in 
question. Thus, it is difficult to discuss any 
such remote triggering sources uniquely. These 
could include the collapse of well-mixed regions 
(Wu, 1969), the provocation of inversion layers 
by thermals (Townsend, 1964, 1965), as well as  
the development and collapse of other regions 
of active finite amplitude Kelvin-Helmholtz in- 
stability, to mention a few possibilities. In the 
tilting tube experiments of Thorpe (1971, 
1973a, b ) ,  however, the ambient fluid was not 
stratified. Fortunately, the initial disturbance 
level in our formulation IA 1; is an integral 
quantity and therefore not particularly sensi- 
tive to the detailed vertical distribution of the 
initial disturbance level. It essentially expresses 
the ratio of the initiating disturbance kinetic 
energy to the kinetic energy of the driving 
mean velocity difference across the shear layer 
A U .  If the initid root-mean-square velocity 
fluctuation, made dimensionless by A U ,  is ap- 
proximately 10-8, then I A I 10-6 - 10-4 and 
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Fig. 2. Development of the dimensionless kinetic 
energy 6, I A I * and energy density I A 1 * of the Kel- 
vin-Helmholtz wave. Ri = 0.08, tcl = 0.5 and I A I = 

10-4, S J O )  =6,(0) = 1.  

this is of the same order as the initial noise 
levels in Thorpe’s (1971) experiments which 
conceivably triggered the naturally-occurring 
Kelvin-Helmholtz instabilities. Of course, the 
amplifying system selects the wave number for 
which the growth rate is maximum. In  the 
numerical application, IA I ; is taken to be 

The initial 6, and 6, are taken as equal 
in solving the nonlinear interaction problem 
(eqs. (19)-(21)) involving the development of 
the wave energy 6, I A I and the growth of the 
velocity shear layer 6,  and potential tempera- 
ture layer 60. All the detailed considerations 
and comparison with observations, where pos- 
sible, are made for this case. Subsequently, 
two special cases are considered in which (i) 
6, =6, and eq. (21) is suppressed and (ii) 6, = 

6, =constant, the parallel case. The conclusions 
regarding the mean flow modification and wave 
lifetime scale are not altered by these simpli- 
fying assumptions. 

(a )  Development of instability wave energy, 
velocity shear and potential temperature layers 

The integrals I,,,  Ill,, Iwt defined in eqs. 
(22)-(24) are functions of the dependent vari- 
ables 6, and 6, through the dependence of the 
local eigenvalue problem (17) on the local 
parameters a = a,& Ri 6,r. To simplify the 
numerical scheme for the integration of eqs. 
(19)-(21), the integrals are taken to be deter- 
mined by their value at each preceding time 
step. Equations (19)-(21), subjected to the hi- 
tial conditions already discussed, are then in- 
tegrated numerically using a fourth-order 
Runge-Kutta method with step size At = 0.5. 
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Fig. 3. Development of the mean velocity shear 
layer thickness 6, and potential temperature layer 
thickness 6,. Ri = 0.08, a, = 0.5 and 1 A 1: = 
S , ( O )  =6,(0) = 1. 

The accuracy is checked by halving this step 
size. Recalling that the dimensionless time here 
is referred to S,,/U, or (26,,)/AU. Methods for 
solving the eigenvalue problem are described, 
for instance, by Maslowe & Kelly (1971) and 
by Hazel (1972). 

The evolution of the dimensionless, aver- 
aged kinetic energy of the instability wave, 
6, I A I z, is shown in Fig. 2 by the solid line. 
Also shown by a solid line is I A 12, the energy 
density. Initially, I A I grows exponentially ac- 
cording to the linear theory, as indicated, but 
eventually becomes of sufficient finite ampli- 
tude that the growth is limited by the mech- 
anisms already anticipated and discussed in con- 
nection with eq. (25). In  the early stages, 
6, IA I follows IA 12  when 6, is still very near 
its initial value of unity. The time develop- 
ment of 6, and 6, is shown in Fig. 3. Note that 
the temperature layer spreads faster than the 
shear layer. The reason for the limit in the 
growth of IA1z and the growth of 6, and 6, 
can be more readily seen in the Fig. 4, in which 
the time development of the right-hand sides 
of eq. (19)-(21) is shown. The term IA 
provides for the production of wave kinetic 
energy a t  the expense of the mean flow and is 
also responsible for the spread of the mean 
velocity shear layer according to eq. (20). The 
term IA 12Ri 6, I,, provides the wave kinetic 
energy loss due to work against gravity, while 

[ A  I %-Ihf is responsible for the spread of the 
mean potential temperature layer according to 
eq. (21).  The development of 6,1Ale according 
to eq. (19) is determined by the net value of 
I A 1 z( I,, - Ri6, I,,). Now Fig. 4 indicates that 
all these source and sink terms grow expo- 
nentially during the early and intermediate 
stages of development, since IA I itself grows 
exponentially, and the various integrals are 
nearly constant because there 6, and 6, are 
very nearly constant. As S,, 6, grow to values 
significantly larger than the initial values of 
unity, the integrals I,,, I,, and I ,  decrease 
rapidly. This behavior is attributed to the 
dependence of the local eigenvalue problem on 
6, and 6,: as they increase, the local amplifica- 
tion rate decreases rapidly and the integrals 
also decrease rapidly. The physical reason is 
that as the local wave behavior evolves from 
one of large growth rates to one of small growth 
rates, the wave energy production mechanism, 
among other transfer mechanisms, significantly 
weakens. The evolution of the local eigen- 
values is shown in Fig. 5, where J,,, = Ri a,, 

I I I I I I I 
0 5 10 15 20 25 30 3 

t 

Fig. 4. Development of energy balancing mechan- 
isms. Ri = 0.08, tc, = 0.5 and I A I = 6,(0) = 

6,(0) = 1. 
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a 

Pig. 5. The stability plane according to the linear 
theory for 6, =a,. Superimposed are lines showing 
evolution of the local eigenvalue problems on this 
plane. 

a = a1aU, and aC, is the amplification rate. The 
disturbance is initiated at t = 0 and the evolu- 
tion in time is appropriately shown. 

Thorpe (1971, 1973a, b )  observed that billow 
breakdown takes place a t  about the time when 
the amplitude of the wave has reached a “satu- 
rated’’ value. The lifetime of the wave can 
be indicated by the saturation of the amplitude 
I A 1 2 in the present calculations. This is physi- 
cally reasonable because a t  this stage the energy 
supply from the mean motion is significantly 
weakened. Our result shows that this takes 
place a t  about 35 to 50 units of 26,JAU = 

6,,/U,, where a,, and U ,  are the initial half 
width and half velocity difference. Estimating 
the development time between wave slopes of 
about 0.2 to about 1.25 when breaking occurs, 
Thorpe (1971, 1974) gives 21(26,,)/AU, which 
would also be close to our estimation if Thorp’s 
growth time from smaller slopes (if known) 
were added. The observations of Browning & 
Watkins (1970) of the event over Pershore, 1243 
GMT, 6 February 1970 show that the shear 
ao/az  was 4 x s8c-l over a layer of 400 m 
and 318 x sec-l over a layer of 800 m, so 
that the “lifetime” of the wave development 
should be 35 to 40 times 102/4 or about 15-17 
minutes. Their observations indicate that the 
time scale is about 15 minutes. The instabilities 
observed by Woods (1968) and Woods & Wiley 
(1972) are attributed to the intensification of 
the local velocity shear by an internal wave 
superimposed on the geostrophic shear, as anti- 
cipated by Phillips (1966). For Woods & Wiley’s 
(1972) observations in the Mediterranean ther- 
mocline, AU 2: 2.2 x m/s and 26,, N 10-’m to 
2 x 10-1 m so that our estimation gives about 
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3 to 6 minutes compared to their observed life- 
time of 5 minutes for individual mixing events. 
At the end of this development time, our cal- 
culations indicate that both 6, and 6, have 
doubled their initial values. Again, this is in 
accordance with observations (Browning BE 
Watkins, 1970; Woods & Wiley, 1972). 

( b )  Vertical momentum and heat fluxes 
The vertical flux of horizontal momentum 

and the vertical heat flux (averaged over one 
horizontal wave length) is obtained from eq. 
(16), where all quantities are now known: 

Here 1.4 1 8  is time-dependent only and the re- 
maining factors, obtained from the local eigen- 
value problem, depend on time and have a 
vertical distribution. It is the vertical distribu- 
tion that is of particular interest. Thus, in 
Fig. 6 we show -&/IA12 and -&/IAIa for 
a = 0.5 which corresponds to our t = 0 shape 
distribution. Subsequent distributions are qual- 
itatively the same. Both of the functions are 
symmetric about z = O  (because of the mean 
flow distribution). The heat flux function is 
considerably larger than the momentum flux 
function. This is primarily because, from the 
energy equation, the potential temperature 
shape function t behaves as 0; +/ (U -c) ac- 
cording to the local linear theory. Near z - 0, 
the mean velocity and the complex phase 

L 

Pig. 6. Shape function distribution for the Reyn- 
olds stress - u W / I A ~ ~  end vertical heat flux 
- d / I A l *  for Ri=0.08, a=0.5. 6,=68. 
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speed differs by a factor iC,, where C , t l  
even for the most amplified initial disturb- 
ance (see Fig. 5 ) .  Since these vertical fluxes 
are responsible for redistributing the mean 
flow momentum and potential temperature 
(see eqs. (5) and (7), respectively), then ac- 
cording to these results it is not surpris- 
ing that the mean potential temperature is 
more significantly affected by the passage of 
the wave than the mean velocity, as we shall 
see in the next section. Indeed, this was noted 
by Browning & Watkins (1970) in their Per- 
shore observations. What is more interesting is 
that < O ,  that is, the wave effects a down- 
ward heat flux, from regions of high to regions 
of low mean potential temperature. Such a 
downward heat transfer associated with a domi- 
nant wavelength of major and secondary bil- 
lows was observed by Browning et al. (1973) 
shortly after 1900 GMT on 10 May 1972 above 
Defford in connection with a strongly sheared 
frontal region just below a jet axis. 

( c )  Modifications of the mean velocity and 
potential temperature dwtributions by the wave 

Once the overall evolution problem is solved, 
it is then possible to “correct” the mean flow, 
as discussed earlier, by assessing the permanent 
“impressions” left upon it by the passage of 
the wave as it grows into finite amplitude. The 
correction to the mean velocity distribution has 
been taken to be U,, where 

and it is U ,  which we seek here. According to 
eq. ( 5 ) ,  after the substitution of (27),  we ob- 
tain 

aU,-  1 a - r w  d In 6, + 5 sech‘ 5 ~ 

at 6, a5 dt 

which gives, upon substituting the shape func- 
tions (16) into eq. (28),  

U ,  = ~ o f ~ ~ ~ a ~ ( ~ ~ ’ - ~ ~ ’ ) ’ d f + ~ s e ~ h a ~ l n 6 u  6, (29) 

Similarly, the corrected mean potential tem- 
perature distribution has been taken to be 

and accordingly, from eq. ( 7 ) ,  (16) and (30), 

Z 

Fig. 7. Shape function distribution for the vertical 
gradient of the Reynolds stress - f, = (a  - rw/az)/ 
lAl2 and of the vertical heat flux - 9 ,  = ( a  -a/ 
&)/I A I for Ri = 0.08, a = 0.5, 6, =6,. 

0, = jot (4; -;)’ df+ r{ sech’ r5 In 60 (31) 

recalling that r ( t )  = 6,/6,. 
The modification of the mean flow by the 

wave is achieved by the processes described 
in eqs. (29) and (31). The last terms in eqs. 

2 

I 

2 0  

-I 

- 2  I I 1 I 
0.5 1.0 1.5 2.0 

6 
Fig. 8 .  Development of modified mean potential 
temperature distribution due to wave occurrence. 
Ri = 0.08, a, = 0.5 and 1 Al:  = 6,(0) =6,(0) = 1. 

Tellus XXVIII (1976), 3 



KELVIN-HELMHOLTZ BILLOWS 207 

2.0 
0 0.5 1.0 1.5 2.0 

z 

4 1  

I I I I 

0 0.5 1.0 1.5 2.0 2.5 -10 ' 
2 

Fig. 9. Development of modified mean potential temperature gradient due to wave occurrence. Ri = 0.08, 
a1 =0.5 and IAIi = dJ0) =d,(O) = 1. (a) Early stages. (b) Later stages. 

(29) and (31), of the form [ sech* [ In d,, are 
opposite in sign to the respective first terms 
which are the momentum and heat fluxes. 
However, the latter essentially provide the 
main character and dominate the correction. 
It is therefore of interest to look first at the 
vertical gradient of such fluxes. Fig. 7 shows the 
shape function distribution of - f l  = (a  -uw/ 
a%)/ I A I * and - g1 - (a - w8/az)/  I A I * for the 
same conditions as the momentum and heat 
fluxes in Fig. 6. Both - f l  and -gl are anti- 
symmetric about z = O .  Again, Fig. 7 tells us 
that the modifications to the mean potential 
temperature are more noticeable than those to 
the mean velocity profile, in accordance with 
observations (Browning & Watkins, 1970). The 
mean potential temperature, modified by the 
wave induced heat flux according to eq. (31),  
is shown in Fig. 8. At dimensionless time t = 20 
and 25, we see that 6 has suffered major modi- 
fications (but only slightly for 0 aa indicated 
by results not presented in this paper). Re- 
cently, laboratory measurements by Wang 
(1975) provide a velocity profile that is very 
similar to our modified mean velocity profile 
which is qualitalively the same aa 0 in Fig. 8. 
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The early and later stages of the develop- 
ment of the modified mean potential tempera- 
ture gradient profile aG/az are shown in Figs. 
9a and b. At t = O  we start with a profile that 
haa a single maximum which eventually splits 
into two maxima while the central region waa 
less stable, aa Browning & Watkins (1970) ob- 
served. However, at later stages the central 
region develops into a gravitationally unstable 
one. In  addition to the observation of multiple 
positive temperature gradient layers discussed 
by Woods & Wiley (1972), they also reported 
observations of regions of large ( S 2 5 0  mK 
dm-') negative temperature gradients. At t = 

20 from our Fig. 9a,  for instance, the dimension- 
less negative gradient in the central region is 
approximately 2. I f  we take the original 2du, 
to be 1 dm and Ah0 to be 100 mK, then gradi- 
ents of that same order of magnitude are ob- 
tained from our estimation. It is difficult to 
tell whether local regions of static instability 
existed or not in the absence of simultaneous 
salinity data. However, the present considera- 
tions indicate that such regions could exist, aa 
a result of Kelvin-Helmholtz instability, but in 
the presence of a mean shear as well. 
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Pig. 10. Instantaneous vertical distributions of the 
total potential temperature gradient for various 
horizontal locations within the billow wavelength 
1. Ri =0.08, a, =0.5 and IAl: = 10-4, 6,(0) = 

2 

60(0) = 1.  (a) t = 15. (6) t = 20. 

( d )  The  total potential temperature 
gradient distributions 

So far we have discussed modified mean 
profiles. However, we shall see that the total 
instantaneous signal is also of interest. In field 
measurements the probe is sent to sample the 
vertical distribution as the wave is possibly 
advected by the meso-scale system. In this case, 
it  is not possible to obtain a true vertical cross- 
section, in contrast with observations in which 
the probe is identically following the wave. 
Even if this difficulty is overcome, the averag- 
ing procedure in obtaining the mean flow is 
difficult because of the large number of data 
points needed. It would thus be helpful towards 
interpreting field and laboratory observations 
if we showed the total instantaneous profiles of, 
say, the potential temperature gradient. In  

Figs. 10a and b are shown the t = 15 and 20 
instantaneous vertical distributions of the total 
potential temperature gradient profiles for vari- 
ous locations within the horizontal billow wave- 
length 1. This is obtained by summing vertical 
derivatives of the distribution (eq. (30)) and 
0 (eq. ( 1 6 ) ) .  At t = 15, for the mean profile cor- 
responding to the one in Fig. 9 a ,  the total com- 
ponent at  different horizontal locations to- 
gether could be drastically different from the 
mean profile. While at  this instant the mean 
profile is statically stable throughout, the total 
profile gives instantaneous gravitationally un- 
stable regions, mainly in the central region 
about z = 0. Fig. 10b shows the total profiles at  
t = 20 corresponding to the mean profile given 
in Fig. 9b .  Again, both the maxima and mini- 
ma are accentuated. In  both cases, the x = O  
location qualitatively resembles the original 
mean profile. We note that over the vertical 
scale relevant to our analysis O0,  the hydro- 
static component, can be taken as constant. 

The potential temperature distribution in the 
formulation here is essentially similar to the 
density distribution in the laboratory observa- 
tions of Thorpe (1973a ,  b )  who used a conduc- 
tivity probe to obtain the vertical density dis- 
tributions. The mean (horizontally averaged) 
profile is not obtainable from such a single 
vertical traverse, however, the profile so ob- 
tained would be the total (mean plus wave) 
instantaneous density profile according to the 
present interpretations. Just prior to the break- 
down of the ordered motions, a large scale zig- 
zag occurred in the total density profile (Thorpe, 
1973a, Fig. Sa) whose vertical gradient strik- 
ingly resembles the total potential temperature 
gradient shown in our Fig. 10 for advanced 
stages of billow development, with the central 
region being gravitationally unstable. The mul- 
tiple sheets observed by Woods & Wiley (1972)  
could also correspond to the total instantaneous 
profiles, if the wave still exists. The tendency 
of multiple-sheet formation is amply suggested 
by our Fig. 10. However, sheet formation of a 
“permanent” form is reflected by the mean 
profiles, Fig. 9 ,  which persist long after the col- 
lapse of the instantaneous wave profiles. 

( e )  The  billow vertical velocity 
The analysis is intended to provide simulta- 

neous development of I A I *, 6, and 60 from the 
vertically integrated conservation equations. 
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t A  i A  3 A  A 

Fig. 11. Horizontal distribution of the billow ver- 
tical velocity at different vertical positions. Ri = 
0.08, a1 = 0.5, I A I = 10-4, &(O) = So(0) = 1 at t = 35. 

X 

Such an approach is insensitive to the assumed 
shape functions which are here taken to be 
given by the local linear theory. However, just 
as in the modified mean flow development, 
some estimates of the vertical velocity can be 
obtained through the shape function, eq. (16).  
The integral theory gives only IAl*, but the 
phase of A can be obtained through the re- 
cognition that following the billow, the billow 
wave speed is zero, and thus A would be real. 
We show in Fig. 11 the vertical billow velocity 
a t  a mature stage corresponding to t = 35. The 
vertical distribution is very nearly even-that 
is, w decays rather slowly away from the mean 
shear region. To obtain the dimensional verti- 
cal velocity, we recall that w is made dimen- 
sionless by U1 = AU/2. If we consider Brown- 
ing & Watkins’ (1970) observations as an ex- 
ample, Fig. 11 tells us that at the outer edges 
of the layer the vertical velocity is about 1/2 
ms-l, while a t  the center of the billow this 
velocity is about 1 ms-1 corresponding to a case 
of “moderate” clear-air turbulence based on a 
A U  - 4 m/s. In  order to compare with the ob- 
servations of Browning et al. (1973), an esti- 
mate of the initial data S,, and AU/2 need to 
be made. The billows which they observed are 
in a mature stage and the wind shear is about 
16 ms-l over 400 m. It is not unreasonable to 
estimate that the initial echo layer from which 
the billows developed might be about 100 m 
and that AU -4 ms-l (using Browning t Wat- 
kins (1970) as a guide). In  this case, the verti- 
cal location of their aircraft observations of w 
from the center of the billow would be about 
z * 1 according to our Fig. 11 from which the 
dimensional wmax R+ 0.35( AU/2) R+ 0.7 ms-1, which 
is consistant with the wmax associated with the 
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observed ordered motions of Browning et  al. 
(1973, Fig. 4). The main result of Fig. 11 is 
to show that the violent billow vertical veloci- 
t y  decays rather slowly in the vertical direc- 
tion from its center. 

4. Discussion 

The total signals (shown in Fig. 10) are not 
as significant for future events as the mean 
distribution (Fig. 9) in that the wave compo- 
nent ultimately decays and its instantaneous 
influence ceases, whereas the modified mean 
flow remains. Thus, it is more significant to 
discuss a gradient Richardson number distribu- 
tion J(z ,  t )  in terms of the modified mean pro- 
files for the purpose of searching for new sites 
of dynamical instability resembling the original 
shear layer. The time development of J is 
shown in Fig. 12. The original gradient Richard- 
son number is J ( z ,  t =0) and the minimum is 
given by Ri =O.OS.  The site of the original 
gravitationally-stable minimum is shifted away 
from the central region at z = 0, and at t - 26 
the new location of this minimum is at a dis- 
tance of about one half S,, where inflexional 
points in the mean velocity profile develop. The 
value of the stable minimum Richardson num- 
ber is still considerably lower than the critical 
value of 1/4, so that it is reasonable to expect 
that these outer regions are new sites for dy- 
namical instability similar to the original insta- 
bility. Thus, such dynamical instabilities and 

0.3 - 

J 

0 I 

0 r l  0.5 1.0 
z 

5 

Fig. 12. Development of the wave-modified memn 
gradient Richardson number. Ri = 0.08, a1 = 0.6 
and lAl:=10-4, 6,(0)=6,(0)=1. 
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splitting are self-generating in the sense that 
the instabilities “permanently” modify the 
original mean flow so that future instabilities 
and splitting may occur. This process is entirely 
different from and unrelated to harmonic gen- 
erations from the original fundamental com- 
ponent. New, smaller-scale instabilities away 
from the central region of the original billows 
were observed by Gossard et al. (1970) in the 
19 July 1969, 0100 PST event above the San 
Diego Bay and also by Browning & Watkins 
(1970). This self-generating mechanism has also 
been conjectured by Woods & Wiley (1972) 
and Woods (1972), and our analysis lends ratio- 
nal support to that conjecture. 

In  Fig. 12, the central region eventually 
develops into a gravitationally unstable one. 
One can conjecture that this may be the site 
from which turbulence originates which leads 
to the engulfing and breakdown of the billow. 
However, the problem of a simultaneously oc- 
curring strong shear and gravitationally un- 
stable region remains to be studied. From our 
results, it  appears that the large-scale splitting 
of the original statically stable layer is to be 
entirely attributed to the large-scale organized 
wave effects. This would be physically more ap- 
pealing than to attribute splitting to the smal- 
ler-scale motions. The latter would be more 
likely to be responsible for smoothing the large- 
scale inhomogeneities, rather than their cause. 
It is conceivable that such gravitationally un- 
stable regions could have existed in the Per- 
shore observations of Browning & Watkins 
(1970). However, the gravitational instability 
could easily be missed between their successive 
hourly radio ascents because presumably it is 
of short duration. On the other hand, accord- 
ing to our results, a vertical resolution of about 
50 m would be required for its detection. 

Splitting might not occur if the instability 
wave cannot achieve sufficient amplitudes to 
effect the mean motion. This would be the case 
if the wave were initiated at  significantly lower 
energies, if dissipative mechanisms were suffi- 
ciently strong so as to prevent its growth to 
large amplitudes, and if the time scale of the 
large scale mean motion were insufficient for 
the wave to develop. 

If the initial mean velocity and potential 
temperature profiles were displaced relative to 
one another, one would expect an appropriate 
asymmetry in the eigenfunction profiles and a 

corresponding asymmetrical modification of the 
mean profiles. If the mean profiles were asym- 
metrical, then the major effect is a propagat- 
ing phase speed (rather than zero in the co- 
ordinate system here) as found by Hazel’s 
(1972) calculations using the linear theory, 
however, the growth rates remain the same. 
Hazel (1972) also found that when d81t6,,, the 
flow would be unstable for some tc no matter 
how large Ri may be and these are propagating 
modes. However, their growth rates for large 
Ri are small, and for a fixed Ri < 1/4 are smaller 
than the “conventional” non-propagating mod- 
es. One thus expects that as far as observa- 
tions of natural events are concerned, the over- 
all behavior is still given by the non-propagat- 
ing modes. 

On the basis of such approximate considera- 
tions, we have attempted to explain certain 
features in the development of Kelvin-Helm- 
holtz billows observed in the atmosphere, ocean 
and laboratory. These include the overall fea- 
tures: the billow “lifetime” and the doubling 
of the shear layer thickness, both of which are 
not sensitive to the details of the shape as- 
sumption. As far as the details are concerned, 
a t  least during the initial stages the linear 
shape functions of the wave made for the inte- 
gral problem are not far removed from the actual 
situation and this shows that there certainly 
exists the tendency for the splitting of the 
temperature gradient layer attributed to the 
downward heat flux generated by the wave. 
At large amplitudes this direction of heat flux 
still persists according to observations (Brown- 
ing et al., 1973). The estimate of the vertical 
billow velocity at maturity is more dependent 
on the “equilibrium” amplitude obtained from 
the integral problem rather than the details. 
Clearly, not all the observed features are ex- 
plained (nor is their explanation intended with- 
in such a greatly simplified framework). The 
possible role of the small-scale oscillations in 
arresting the development of the large-scale 
wave is yet to be understood. Certain observed 
detailed features of such small-scale motions 
appear to be mini-Kelvin-Helmholtz instabili- 
ties, while others seem to be random motions. 
The study of the interactions of the disparate 
large- and small-scale motions is certainly of 
great interest to the understanding of this 
problem. Such studies will be reported else- 
where (Liu & Merkine, 1976). 
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Appendix 
The results discussed in the main text of the 

paper are obtained from the simultaneous solu- 
tion of eqs. (19)-(21) for IA l a ,  6, and 6,. Here 
we consider some special cases by suppressing 
one and then two of the three dependent vari- 
ables and their respective equations. 

(i) The 6, =6, m e  (r  = 1) 
In  this special case, eq. (21) is suppressed and 

replaced by forcing 6, =S,. Only eqs. (19) and 
(20) are jointly solved. In  this case, the linear 
stability characteristics are well known (see for 
instance, Maslowe & Kelly, 1971). The evolu- 
tion of the problem in the J,,, vs. u plane for 
this case is shown as a solid line in Fig. 5. The 
"final" thickness of the layer can be obtained 
without carrying the integrations through. Since 
J,,, =Ri 6, and a = u16, at each instant, at 
equilibrium on the neutral curve Ria,,- 
ulS,,( 1 - U~I~,,) from the known stability bound- 
ary. Thus, Sue = (1 - Ri/ul)/ul. For uI = 0.5 and 
Ri =0.08, Sue = 1.68. The results at t - 36 indi- 
cate that already 6 ~ 1 . 5 5 .  Except for minor 
details the mean profile modifications resemble 
those of the a, $6, case. 
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(ii) The parallel shear layer 
Here both eqs. (20) and (21) are suppressed 

and 6, =do = 1; only eq. (19) is solved for IA I*. 
For a homogeneous shear flow, the idea dates 
back to  Stuart (1958). In  this case, the shape 
functions remain frozen a t  their initial values. 
Because of their simplicity, the modifications 
of the mean flow through the production term 
can be easily accounted for in the vertically 
integrated equation, eq. (19). 

Keeping in mind that S, = 6, = 1, upon sub- 
stitution of the corrected mean velocity, eq. 
(27), into the production term in eq. (19), we 
obtain 

(32) 

where Imod = ~ U C ,  s?m f;ddz, and I , , ,  I,, and f l  
take the forms described previously. All the 
coefficients of eq. (32) are now time-independent. 
I f  we set a = Irs - Ri I,, and b = 2uC, Imod, eq. 
(32) can be written as 

which should be supplemented by the initial 
condition that 

(34) at t = 0, I A ~ '  = I A I ~  
Eq. (33) can be converhd to the second-order 
differential equation 

with the additional initial condition that 

(35) 

Eq. (35) can again be converted with the aid of 
eqs. (36) and (34) into the following first-order 
equation; 

(37) 

Eq. (37) shows that there exists a maximum 
amplitude given by 
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The maximum amplitude depends on the ini- 
tial amplitude except when IAI:+O. Eq. (37) 
also indicates that when IA I 2 +  IA I:, the am- 
plitude grows exponentially according to the 
linear theory, but independently of the value 
of IAI:. Eq. (37) has the property that it fol- 
lows a closed loop in the (d I A I 4/dt, 1 A I 2)  phase 
plane. This fact is physically unrealistic. Our 
previous discussion predicts a wave which de- 
velops into a neutral finite-amplitude stage. In 
this neutral stage there is no energy exchange 
between the wave and the mean flow, and in 
an inviscid flow the amplitude of the wave re- 
mains fixed. Eq. (37) has some resemblance to 
an equation derived by Drazin (1970) which 
also predicts that the wave traverses a closed 
path in the phase plane. On the other hand, 
the weakly nonLinear theory according to Stuart 
(1960) when applied to our case (given in detail 
in Appendix to Part I1 of Merkine, 1974) pre- 
dicts an approach to equilibrium given by a 
first order differential equation for IA]’, as 
does the energy integral consideration of the 
previous sections. In  view of this discussion 
we shall attempt to simplify eq. (33). From 
Sec. 2 we know that 

Then, if we replace I A 1 a under the integral sign 
in eq. (33) by IA I from above, keep terms up 
to order 1 A I and assume that IA 1: -0, the 
following equation is obtained: 

The first two terms on the right-hand side of 
eq. (38) state that as the amplitude of the wave 
increases and the mean flow becomes more and 
more distorted, less energy via shear becomes 
available to the wave. The last term indicates 
the work done against gravity. 

The form of the Landau equation, (38), first 
derived by Stuart (1958, 1960) under different 
circumstances, admits the closed-form solution 

exp (Irs  - Ri Iwt) t __-___ 

which has the following properties: 

lAla exp (I,,  - Ri Iwt) t 

- I A I ’  I,, - Ri Iw, 

( b )  as t + O ,  - N I* 1: ‘mod 

indicating the exponential behavior required 
by the linear theory; 

In  other words, an asymptotic equilibrium 
amplitude is obtained, and this amplitude is 
independent of the initial value of IA 1;. 

Under the same approximation, the modifica- 
tions of the mean flow are 

0 = U, + ~ U C ~ ~ ~ ( A ( ~ ,  

B = 0, -t 2ac*g1 IA 1 2  

where g1 has the form described previously. 
In order to obtain numerical results, we use 

the same initial data as in Sec. 2: a, = 0.5, Ri = 

0.08, I , , - R i I w t = 2 a C , = 0 . 2 7 4 4 ,  IAli-10-4 
and Imod = 1.120. Fig. 2 compares the develop- 
ment of the amplitude given by eq. (39) (called 
“parallel”) to that given by the non-parallel 
case of Sec. 2. The approach to equilibrium of 
the “parallel” model is less rapid than that ob- 
tained from the previous cases of the growing 
shear layers. Nevertheless, the time scale and 
the final value of I A I a are both quite close. 
The development of the mean potential tem- 
perature stability profile again greatly re- 
sembles those for the 6,$d, and the d, =So 
cases. 
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