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ABSTRACT

The investigation is of a linear three-dimensional model of the tides in an ocean covering
a rotating spherical earth. It differs from the classical problem in that the oscillations
are governed essentially by a partial differential equation whose type depends on the
period of the oscillation, whereas the classical problem is resolved into the solution of
an ordinary differential equation. Results of the two theories are compared at points

where this is possible.

Introduction

The usual method used in investigating the
motion of a relatively thin layer of fluid of large
horizontal extent, is to assume that the vertical
equation of motion may be replaced by the
hydrostatic equation and the vertical velocity
determined by means of the continuity equa-
tion. It was demonstrated by Solberg (1936) that
this approximation is not essential to the solving
of the problem of the free symmetrical oscilla-
tions of a homogeneous fluid covering the sur-
face of the rotating earth. The results obtained
by Solberg differ, only slightly, from those ob-
tained by Hough (1897) who solved a similar
problem but made the hydrostatic approxima-
tion.

Formulation

Solberg worked with a nonorthogonal co-
ordinate system and made an allowance for the
spheroidal shape of the mean earth and ocean
surfaces. He considered it a contradiction to re-
tain the dynamical effect of the earth’s rotation
on the tides but to neglect its effect on the shape
of the mean surface of the ocean.

The present problem is investigated using an
orthogonal coordinate system, spherical polars,
thus avoiding the considerable complication
which is necessarily involved in setting up the
problem in a nonorthogonal system. The spheroi-

dal shape of the earth has not been considered
and, as shown by J. Proudman (1942), the
coriolis forces may be retained and the centri-
fugal forces neglected without any mathematical
inconsistency being introduced into the problem.
Using this coordinate system the problem is far
simpler in detail but eventually takes an exactly
similar form to that which arises from the
method of Solberg.

The spherical polar coordinates (R, 8, ) are
taken with the pole at the centre of the earth.
R measures the distance radially from the
centre, § measures the angular distance from
the North Pole, and ¢ is the longitude measured
positive to the east.

In this coordinate system the linearised equa-
tions of motion take the form

ou 120
— — 2wv cos 6 =——= — 1
a 0 R o0 @
Py 1 a®
j+2wucos€+2wws'm0= - : — (2)
R sin 0 oy
ob
aﬁ——2wvsi110 = - —= (3)
at oR

where u, v, and w represent respectively the
components of the perturbed velocity in the
directions of 0, v and R increasing, p is the
perturbation in the pressure, ¥ is the perturba-
tion in the gravitational potential which is due
to the tides themselves, ® =p/p +¥, w is the
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angular velocity of the earths rotation and g the
density of the water.
The equation of continuity has the form

—[R*w]=0 4)

In order that these equations should represent
oscillatory states, solutions are sought having
the following form

[u, v, w, ®] = exp (tmy —iot)[4, B, C, D] (5)

where A, B, C and D are now functions of § and
R only. With this substitution, egs. (1), (2), (3)
and (4) take the form

—4A0 - 2B cos 8 -y (6)

—tBo+ 2wA cos 0+2wC sin § = — — D (7)
Rsin 0

\Co — 2B sin 6 eD 8

—1Co —2wB sin oR (8)

(A sm0)+'l,mB+———— (R’O) ] (9)

R @R

Solving eqs. (6), (7) and (8) for A, B, and C in
terms of D and its partial derivatives gives

i _A'—sin' 6 2D
2wA(A - 1) R 20
) D
+ @w% - sin 6 cos ogﬁ] (10)
1 cos 6 8D AmD . &b
-1 | _cosbaD —sin 8?2
200°-1)| R 26 Rsin® " 3R
(11)
L I RPN
2w}.(l’—l)[ (A= cos"6) "
sinfcos oD IimD
_Snbcosbar Am> 12
R R] (12)

o
here A = —
where 2w

Substituting these values of A, B and C into
eq. (9), the equation of continuity, yields the
following partial differential equation for D.
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which is of the elliptie, parabolic, or hyperbolic
type according to whether A2 >1, Ai*=1 or A* <1
respectively.

Boundary conditions

The conditions to be satisfied at the bounda-
ries of the ocean are taken to be that:

(i) there is no motion perpendicular to the bed
of the ocean,

(ii) the surface of the ocean is a surface of
constant pressure.

As a spherical earth is being considered, the
first condition is equivalent to the vanishing of
the vertical velocity of the water at the bed of
the ocean which is taken to be at R =a-h,
where k is the depth of the ocean

ie. w=0 at R=a-h
or,on using eq. (5), C =0 at R=a-h (14)

The surface of the ocean is taken to be at R =a,
hence the second condition, when expressed
mathematically is

D,
—p=0 at R=a.
Dt

By applying a perturbation analysis and neglect-
ing second order products of small quantities,
consistent with earlier assumptions, this be-
comes

ap

— - w 0 at R=
o g0 = a
or

o0

oY
wg——=0 at R=qa
ot ot
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Expanding @, and w, in a series of surface
harmonics in the form

o0 n
(Ws, @) = D 2 (@, py G, ) €™V P (COS 0),

n=0m=0

where the suffix s denotes the surface value of
a variable, it can be shown, subject to the same
linearization approximations, that

().

where y is the gravitational constant.

Then using the fact that, to a good degree of
approximation, g =(4n/3)yag,, where ¢, is the
mean density of the earth’s solid core, the
boundary condition at E =a becomes

i 4nyoa
n-om-o2n+1

1
ay, €7 VP (cos 6)

w n BG
2 Z( ’"'"—g,.am.n) ¢™ P (cos ) =0,

When considering only the type of oscillation
associated with any particular value of m, this
may be written as

2 [eGm, n m
> %at' ~9nm | Ph(cos 0)=0 for all m,
n=m

or on using the orthogonality of the Legendre
functions

9Gm,n
at

(13)

~9n0p =0 at R=a

for all m and n >m.

The analytical solution

The solution of the problem follows very
closely the method used by Solberg (1936) in
the case when only the symmetrical (m =0) os-
cillations were investigated. As in Solberg’s in-
vestigation only the case of 1%2>1 is considered
so that the equation to be solved is of the
elliptic type.

Since this equation is homogeneous in R it
will have solutions of the form D =(R/a)"D,(8).

Making this substitution in equation (13) yields
an ordinary differential equation for D,(6),
namely

2

2 2 an . 2
(A"~ sin® 6) a5 + [2(n—1) sin 6 cos § + A" cot 6]

xd‘Dn+ 12 2 2
ry n(n+1)—n—n(n-2) cos” 9

which on making the transformation v =4 cos 6§/

/22 — sin® 0 of the independent variable may be
written in the form

(1-v" iz [(A*—v")"D,] - 2v 2 [(2*-v")""D,]
dv dv

+ [n(n+1) - lm 2] (A —o)"2D_~0

from which it is apparent that the function
(A* —v?)"2 D, may be written

(A2 =v")"2D, —dT Pl (v) + KTQT (v)

where P} and 7 are linearly independent solu-
tions of the associated Legendre differential
equation and where d} and K} are constants.

P} (v) has a singularity at v =oco, and Q(v)
has singularities at ¥ = —1, +1 and co. Now at
the North Pole (6 =0) and the South Pole
(0 ==n), v=+1 and -1 respectively, thus if
K} 40 then D, has singularities which do not
exist in the physical problem, hence it is neces-
sary that K}’ is chosen to be zero.

In view of the assumption (v, v, w, @)=
exp (imy —iot)[4, B, C, D] it is clear that m
must be chosen to be an integer in order that
u, v, w and ® are continuous round a latitude
circle. Further it may be demonstrated, by
expressing P '(v) in terms of the hypergeometric
function, that P7(v) has a singularity at v = —1
if » is not an integer, and is zero at v = — 1 if n
is an integer. Thus it is clear that n can only
take integer values.

A solution of eq. (13), pertinent to the prob-
lem under consideration is therefore

D,= 2 d;"(g) (&~ o) TP (w).

f=—-00
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Using the fact that P, _,(v) =P7(v) and that
P7(v) =0 if m <n this may be written in the
form

o ol

-n-1
+ dy: (g) (Aa _ '02)("“)/2] P™(v)

where d7 =d™,_,

This solution, when expressed in this form, is
totally unsuited to the satisfying of the bound-
ary conditions which require the solution to
be expressed in a series of surface harmonics at
the top and bottom of the ocean. It is therefore
necessary to express the solution in a series of
Legendre functions of argument cos 8.
Substituting for v gives

(- o")"""PR(v)

[,1’- sin® § "”P,,,[ A cos 0 ]
r@t-1) "LV sin’ e
and
(1’ _ v’)("“)ﬂP’,','(v)
_ [ A= [, Acost
A~ sin’ 6 " Va* - sin® @ )

The factors [A*(A* - 1)]"™?, and [A*(A*~1)"*D72
may be absorbed into d7 and d7 respectively
and it can then be shown that

(-1 +u*y"2P7 [—

Au
Vat-1 +u’]

= Z C(n,r,m) Py (u) Py (A)

and
Au
1:_ 1 2 ~(n+1)/2Pzt[ - _]
( ) VA -1+
Q
= 2. C(n,r,m) P{(u) Q' (A)

where u = cos 0,
(n+m)! (2r+ 1) (r—m)!
x(2n+1)(2n-1)...(n+7r+3)

T (@n+1)(2n-1)..5x3x1
x{r+m)!(n—-7r)..4x2

Cin,r,m)

if n—ris even
=0 if n—ris odd
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and
(_ 1)(r—n)/‘2+m(r __m) ! (2T+ 1)
x(2n—-1)...5x3x1
x(2n+1)(2n+3)...(r+n-1)
C(n,r,m)

(m-m)!(r+m)!2x4x6...(r—n)

if r—n is even
1=0 if r—n is odd:

The constants C(n, r, m) all contain the factor
(m+mn)!
2n+1)(2n -1)...6 x3x1
this factor may therefore be taken outside the
summation and absorbed into the constant d .
Similarly the constants G(n, r, m) all contain the

(2n —1)(2n —3)..5x3x1
(n—m)!
absorbed into d™. Using these results in the
solution for D, D may be written in the form

for any given n and m,

factor which may be

<) R\"® X
D= > [dﬁ(—(—l—) C(n,n-2r, m) Py_s(cos 6)
=0

n=m r=

x P:'_gr(z)+d':(§)_ )
a

)
x Z 0(”; n+ 2r,m) P$+2r(003 0) Q'r?+2r(l):|

r=0

n-m

if n—m is even
where X
if n—m is odd

n-m-1
2
This expression for D still does not present it
in a series of surface harmonics at the top and
bottom of the ocean although this may now be

obtained merely by rearranging the series to the
following form

0 o0
D= 3 P7(cos ) [P',’,‘(l) > C(n+2r,n—2r,m)

n=m r=0

.R n+2r
x diyer (;) +Qn(4)

X R —n+2r-1
x > 0(n—2r,n+2r,m)dﬂ_2,(;) ]

r=0
(16)
! These results do not appear to be in the litera-

ture, hence an ad hoc derivation of the constants is
given in the appendix.
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The upper boundary condition involves C
which is expressed in terms of D in eq. (12).
Hence substituting the above solution for D in
this expression, by using the recurrence rela-
tions

(n—m+1) P, 1(cos 0)— (2n + 1) cos 6 P (cos 0)

+(n+m)Py_1{cos 6)=0

N J m
sin O%Pn(cos 0)=(Mn-m+1) Py, (cos 8)

—(n+1)cos 8§ P}(cos 6),

and the equivalent relations for Py(A) and for
@7(2), C may be expressed in the following way
@. o0
C=——g— P7{cos 6
2w(A'~1)a ,Z,,, n(cos 6)
0

2 d m m
x {[(1—1 )EZP,,(AHmPn(A)] >a

r=0

2 d u
+ [(1—;. )EQ’{}(AHmQ'ﬁ(M] 2 H}

r=0

R n+2r—1
where G@=C(n+2r,n—2r,m)dy o (—)
a

R - n+2r—2
H=Cm-2r,n+2r,m)dm_y (—)
a

C and D have thus been obtained in a form
which presents them as a series of surface
harmonics at the boundaries of the ocean.

The first boundary condition (14) that is C =
O on R =a—h gives

n

[+ o]
> PMcos 6) [I(n,m, A

[oo]
X 2 O(n+2r,n—2r,m)dy 2"
r=0
x
+ J(n,m, A) Z Cn-2r,n+2r,m)
r=0

x d;rll_zrm—-n+2r~2] - 0’
3 d m m
where I(n,m,A)=(1-24 )d_}.P"(l)+mP" (A)

J(n,m,2)=(1 —z’)%c);"(mm@m
and =1-hfa.

Using the orthogonality of the P (cos ) this
becomes an infinite set of linear equations
namely

[+ o]
S C(n+2r,n—2r,m)d T g™t
r=0

x
+ Y(n,m, ) > C(n-2r,n+2r,m)

r=0

—ntor—2 Jm  _
Xz n—2r=0

17

for all m, A satisfying 12 >1, and n >m,
where Y (n, m, ) =J(n, m, 1)/ I(n, m, 1)
In a similar way the second boundary condi-

tion (15) yields the following set of linear equa-
tions

o o]
S Cin+2r,n—2r,m)dy o
r=0
X
+ Zn,m,3) D Cn—-2r,n+2r,m)dn_4 =0
r=0

(18)

for all m,.A and n >m, where
daw’A(A* - 1) Q7(A)

+0r [(1 —A”)%Q;"(A) +me)]
4aw’A(A* - 1) PR(A)

+9n [(1 -2 d%Pﬂ(l) +mPZ'(1)]

Zn,m,A) =

For any given values of m and A, the infinite
sets of homogeneous linear egs. (17) and (18) in
the dI and d7 are consistent with each other
only when the determinant of the coefficients is
zero. As the coefficients are functions of A the
determinant will be zero for only certain dis-
crete values of k, the eigen depths. In general the
determinant will be of infinite order and have
an infinity of eigen depths, but only the funda-
mental and second modes of oscillation are in-
vestigated.

Having selected a particular value for m it
becomes apparent that there are two possible
types of oscillation which can take place. One
type is associated with ‘even’ coefficients and
the other type with ‘odd’ coefficients. It is clear
from equations (17) and (18) that if » is chosen
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to be even the only coefficients to occur are of
the type dj; and d* where s is an integer and
if n is odd the only coefficients will be of the
type diy.1 and dgp.y.

Solberg, in solving the symmetrical problem,
considered only the oscillations associated with
the even coefficients, but in the present work
both types of oscillations will be considered. In
order to illustrate the procedure, the case m =0
with n even is considered in detail.

Putting n =0, the first and second boundary
conditions give respectively

5 9x7 13x11x9
130 + Zpd® + 37 + 8,70
T 2x, 4><2x * Bx4x2 T
17xl5xl3xllw7dg+
8xB6x4x2
+ Y{0,0,) 2z d3=0 (19)
and
5 9x7 18x11x9
dy+—dy+ ——d} + —————dg
0t 3BT oM ez B
17x15x13x 11
X X X dg+
8xBx4x2
+ Z(0,0,2)dg=0. (20)

d
Now in eq. (19) since T P)(2)=0,d5=0. Hence

from eq. (20)

5 9x7 13x11x9
a0y =0
2 4x2 Bx4dx2

which may be considered as merely an expres-
sion for dj in terms of dy, di, etc. When n=
2,4,6 and 8 the first boundary condition gives
respectively

17x16x13

9 13x11
dy + —a’d + Sdl q0
Bt g T g T T axg Tt
+Y(2,0,)) [z *d3]=0 (21)
13 17x 15
x”df+—2—x°dg+mx7dg+
5 —4 70 —6 J0
+ Y(4,0,2) =5 42+ 27| = (22)
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17
2°d5 + E:c"dg + ..+ Y(6,0,4)

<[ m- Sl o] -0
23)

IxTxb

e
6x4 dz

z'dg + ...+ Y(8,0,4) [

11x9
4x2

z°d} - ‘”d“ + x'“d"] -0 (24)

and the second boundary condition gives re-
spectively

9, 13x1l1 17x15%13

S+ —di+ + ds +
b 2! 4x2dg 4x6x2 °
+ Z(2,0,2) [d3]=0 (25)
13 17x15
di+ o dy+ X S
5 0 0
+Z(4,0,2) —éd,+d4 =0 (26)
17
d3+;d§+
Tx5 9
+ 0 _ < 90 o| .
26,00 |2l 38 & -0 @
9x7x5
d3+ ...+ Z(8,0, -
® ( l)[ 6x4x2‘13
L 11x9
a d°——d°+d°]=0 (28)

As a first approximation it is assumed that df,
d3, ete. are all negligibly small compared with
d3. With this assumption egs. (21) and (25) be-
come a pair of homogeneous equations in dy and
ds. The condition that these two equations are
consistent is

z Y(2,0,)2"!
1 2Z(2,0,4)

ie. % =1Y(2,0,41)/Z(2,0,4).

This leads to a first approximation, k,, to the
depth h in which free oscillations of this type
and period can exist.
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Table 1. Tabulation of the first, second, and third
order approximations to the depth associated with
the fundamental mode of oscillation when n s
even and m =0

Table 3. T'abulation of the third order approxima-
tions to the depth in km associated with the funda-
mental mode of oscillation for various values of n
and m

A hy km hy km hy km
1.1 11.46 13.27 13.28
1.3 19.99 21.03 21.04
1.5 29.47 30.14 30.15
1.7 40.14 40.65 40.66
2.0 58.52 58.87 58.88

The second approximation is found by re-
taining d; and d{ and neglecting dg, dj ete., the
corresponding consistency condition being;

9 3 —4
x —2-96 Y(2,0,1)x 0
5
0 7 —EY(4,0,1)x“ Y(4,0,1) "¢
-0
9
1 2 Z(2,0,1) 0
5
0 1 —Ez(4,0,z) Z(4,0,4)

which gives a second approximation, A,, to h,
the depth associated with the fundamental mode
of oscillation, and a first approximation to the
second mode. The next approximation, re-
taining an extra term in the infinite series, leads
to a sixth order determinant. Solving this equa-
tion gives a third approximation to the funda-
mental mode, a second approximation to the
second mode, and a first approximation to the
third mode of oscillation. Significant differences
are apparent between the first and second order
approximations to the fundamental mode, but
the differences between the second and third

Table 2. Tabulation of the first and second order
approximations to the depth associated with the
second mode of oscillation when n is even and
m =0

neven neven nodd neven n odd

A m= m=2 m=2 m=3 m=3
-2.0 53.38 52.11 26.77 1597 .26.76
-1.7 35.89 35.70 18.60 11.01 18.60
~1.4 21.21 22.19 11.91 6.88 11.88
-1.1 9.38 11.64 6.55 3.62 6.57
1.1 18.39 24.34 9.15 5.46 11.16
1.3 26.69 33.37 13.16 7.82 15.38
1.5 36.25 43.76 17.85 10.56 20.25
1.7 47.43 55.51 23.19 13.69 25.77
2.0 66.55 75.70 32.42 19.11 35.28

order approximations are of order 0.19. Hence
in all cases the third order approximation, &, is
assumed to be a good approximation to the
depth associated with the fundamental mode of
oscillation. The various approximations ob-
tained for the fundamental and second modes of
oscillation are listed in Tables 1 and 2 respec-
tively.

The above procedure is repeated for m =1, 2
and 3 and also for the cases in which »n takes odd
values. In all cases except two, the approxima-
tion to the fundamental mode is taken to the
third order and the values obtained for A, are
given in Table 3. The exceptions are the cases
in which n takes odd values and m =0 and 1,
when the associated depths are unrealistically
large, even for application to the atmosphere,
so it was considered unnecessary labour to
compute the higher approximations. Further,
some of the second modes of oscillation are cal-
culated for positive values of 4 only and these
results are shown in Table 4.

Table 4. T'abulation of the second order approxima-
tions to the depth in km associated with the second
mode of oscillation for vartous values of n and m

n even n even n odd
A hy km hy km y m = m=2 m=2
1.1 2.56 3.29 1.1 3.90 4.64 2.78
1.3 5.15 5.58 1.3 6.18 6.93 4.27
1.5 7.93 8.22 1.5 8.83 9.63 6.03
1.7 11.02 11.23 1.7 11.86 12.70 8.03
2.0 16.27 16.43 2.0 17.14 18.02 11.50
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Table 5. Comparison of the fundamental mode of
oscillation, as given by the hydrostatic and the
present theories, for various values of m and A
when n takes even values

Table 7. Tabulation of the percentage difference
between the hydrostatic and the present results for
the fundamental mode when the depth is approxi-
mately 17.6 km

hja x 108 hla x 108
m 22 (Hough) (Present)
0 +2.4318 2.7682 2.77005
1 +2.1611 2.7682 2.77846
1 —2.6288 2.7682 2.76026
2 —2.5535 2.7682 2.75327

Throughout the foregoing work the physical
constants are given the values @ =6 371 km, g =
9.81 m s~2, g/p, =0.181, and w =7.292 x 10-5 rad
s~L In order to facilitate a close comparison be-
tween the results obtained by Hough (1897,
1898) (who solved the problem using the as-
sumption that the vertical accelerations may be
neglected) and the present work, a further set
of results is calculated using exactly the in-
formation used by him, namely g/(4aw?) =72.25,
and p/p, =0.18093.

Unfortunately as a result of the restriction
A% >1, the number of points at which a compari-
son can be made is limited,! nevertheless Tables

Table 6. Comparison of the second mode of as-
ctllation, as given by the hydrostatic and the
present theories, for various values of m and A
when n takes even values

hla x 10 hla x 10
m 22 (Hough) (Present)
0 2.3972 6.9204 6.92086
1 2.2907 6.9204 6.92776
2 2,1547 6.9204 6.93301
0 3.0794 13.8408 13.8401
1 2.9961 13.8408 13.8592
2 2.8856 13.8408 13.8736
0 4.1208 27.682 27.6894
1 4.0506 27.682 27.7271
2 3.9592 27.682 27.7700

1 A more complete comparison of the two theories
could probably be accomplished by comparing the
comprehensive work of Longuet-Higgins (1968) with
the present work. Even so, as no allowance is made
by Longuet-Higgins for the change in the gravita-
tional potential produced by the tides themselves
and as the comparison with Hough’s results gives a
reasonable indication of the differences in the theo-
ries, the above exercise has not been attempted.
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A m=0 m=1 m=2
Positive 0.07 0.37
Negative 0.07 -0.29 —0.64

5 and 6 are of some interest. In this section of
the work greater care is taken to ensure that the
final numbers obtained are a true representation
of the theory and are not marred by the ap-
proximation to the infinite set of linear equa-
tions which are obtained at the end of the
theory. To this end the 6 x 6, 8 x8 and 10 x 10
determinental approximations are evaluated to
eight significant figures. It is noted that for the
fundamental mode the 6 x 6 and 8 x 8 determi-
nants give results which agree to at least six
significant figures and the 8 x8 and 10 x10
determinants agree to at least eight significant
figures. In the case of the second mode of os-
cillation, when values of 1 close to unity are
excluded (say 4 >1.2), the approximations ob-
tained from the 6 x6, 8 x8 and 10 x 10 deter-
minants agree to at least three and five figures
respectively. The agreement falls to at least two
and four figures respectively when 1=1.1.
Further calculations are made for 4 =1.01 to
investigate the behaviour of the solutions as the
differential equation tends towards the ‘change
over’ point of A2 = 1. Nothing striking appears to
happen as far as the numerical values are con-
cerned, the points obtained continue to lie on
a smooth extension of the previously smooth
curves, although the convergence obtained is
slower. The agreement between the results from
the 6 x6 and 8 x8 and the 8 x8 and 10 x10
determinants is to at least five and eight signifi-

Table 8. Tabulation of the percentage difference
between the hydrostatic and the present results for
the second mode, A taking only positive values

h km

(approximately) m=0 m=1 m=2
4.4 -0.01 0.11 0.18
8.8 0.01 0.13 0.24

17.6 0.02 0.16 0.32
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cant figures respectively for the fundamental
mode and to at least one and three figures
respectively for the second mode of oscillation.
In all of the results in which A2 is close to unity,
the convergence of the approximations improves
as m increases.

Conclusion

In studying the results of the calculations per-
formed for comparison with the work of Hough
(1897, 1898), Tables 7 and 8, which list the per-
centage difference between the theories, give a
clearer indication of the trends which appear
to exist. Firstly there is a confirmation of the
‘prediction’ by Hough (1897) that the agree-
ment between the two theories would be less
good as the ratio of the depth to the horizontal
extent of the ocean measured by h/a, becomes
larger. Secondly, on the evidence of the rather
limited figures available, it would appear that
the hydrostatic approximation deteriorates as
m increases. This could be another manifesta-
tion of the first observation in that as m in-
creases the horizontal extent of the oscillation
is in effect diminished.

Appendix

(1) Assume that the function

Y
d ] can be

Vi -1+4"

expanded as a series of the associated Legendre
functions in the following way

(-1 +u’)"’2pz[

(a”-1+u2)"’2pz[

Au
Wf—l+u2]

= 2, C(n,r,m) P["u) P{'(3)

r=m

(29)

Throughout the work the definition of P7(z) is
assumed to be

PRz =(z"-1) ”’2%Pn(z> (30)
dz

"t

[(/1 1) (- 1)] mz gm [ u ]
- Pn -
A-l+d’ dgm Va2 =144

Au

where &= ———=
Vl 1 +u

Substituting into the identity (29) gives

am Au
@ =1+u")f "M —p, [7]
dé& VZ 1+
,_Z C(n,r, m) — Prlw) T Peld)

As this is an identity and true for all A and u,
let -1, then

. [dE":" n[l/l }ﬂ:+u]]

u=1
=20 [dm )] & b
2 (n,r,m) Pylu T A
i.e.
g n! (n+m)!
2"mt (n—m)! n!
ar (r+m)! 1
r=zm Gt r,m) dAMPr( )( -m)! 2"m!

(31)
(Magnus & Oberhettinger, 1943)

Now considering 2"= XA P,(z).

Multiplying both sides by P,(z)dz, integrating
from z = —~1 to +1, and assuming uniform con-
vergence it is seen that

2r+1
A,- 72 f P (2) dz,

(=0 ifr>n
or if r is such that n—r is
+1 dd
f 2P, (2) dz °
-1 n!(2n+1)(@n-1)...(n+7+3)
(2n+1)(2n-1)..5x3x1
x(n-r)(n-r—2)...6 x4x2
if r is such that n—r is
even.
Hence "= 2 A, P},
T=p

Tellus XXVITI (1976), 1
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differentiate m times with respect to 2

n! d an
AV M= z Ar‘ﬁlpr(l)r

(n—m}! rem

comparing this with (31) it is seen that

(n+m)! (2r+1)- (r—m)!
x(2n+1):(2n-1)...(n+7r+3)

2n+1)(2n-1)...5x3x1
x(r+m)l(n—1r)..4x2

O(n,r,m) =

if r is such that n —» =2s, s an integer,
Cn,r,m)=0 if n—-r=28+1 orif

(ii) Assume

u
(P -1+u")" "‘“"T"‘[ .—:]
"WrEo1ie

=> C(n,r,m, 2) PT(u).
Using the definition (30) from part (i)
(Z’ -1 +uz)—(n+ m+1)l2(lz _ l)m/2

dm

y5) dm
x —_
dgm

Pn [ﬁ_——l—_l_;z sz C(n,r,m, A)P,(u)

this is an identity true for all values of u, let
u -1, then

(A -1)™%(n + m)!

AT MEI9M 1 (n —m)!

(r+m)!
2" (r—m)!

=> C(n,r,m, 1) (32)

Now it may be shown that (Whittaker & Wat-
son, 1927)

1 o0
P Eo (2r+1) P,(2) @(4),

Tellus XXVIII (1976), 1

differentiating m times with respect to A, n
times with respect to z and multiplying by
(A2 —1)™2 it is seen that

2 m/g(—l)m(m+n)!
()* "1) (A_x)n+m+1

a0 dn m
=2 (27’+1)ﬁpr(x) Q' (A).
r=n X

Let -0
—-1m !
@ -1)™ (————l)nfﬁ )
[0 0] dn
=2 (2r+1) [—,—,P,w)] er”‘(l) (33)

=0 when r—n is odd or
negative
(2r)1 (-1 =™
212 x4 (r—m)(2r—1)
x(2r-3)...(r+n+1)

But [% P,(x)]

T=0

when r—n is even

(Magnus & Oberhettinger, 1943)

Thus comparing (32) and (33) it can be seen that

=0 if r—n is odd or negative
(- 1)(r— ni2+ M —m)!
x(2r+1){(2n+1)...6x8x1
x (2n+ 3) (2n + 5)...
| ren=1)
n—m)! (r+m)12x4x86...
(r—-m)

C(n,r,m,A)
=@/ (4

if r—n is even

Put C(n, r, m, A) =C(n, r, m)Q"(A).
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TPEXMEPHAS 3ATAYA ITPNJINBOB

Hccaenyerca JuHeNHAs TpexXMepHas MOJelb
IPUJIMBOB B OKeaHe, NMOKPHIBAIOIIEM Bpalla-
myloca cepuuecKkyo BseMio. 3agzada OTIH-
YaeTcA OT KIACCHYECKON TeMm, 4YTO KomeGaHusn
OMUCHBATCA AuPpdepeHIUANILHEIM ypaBHEOHNEM
B YaCTHBIX NPOUBBORHHIX, THII KOTOPOTO 3aBUCUT

OT Hmepuoaa KoxeOaHus, B TO BpeMsa KaK KIaccH-
YecKasg 347a4a CBOJMTCHA K PelIeHHI0 OGBIKHO-
BeHHOro puddepeHIUaILHOTO ypaBHeHuA. Pe-
8yJbBTATHL 9THX JABYX TeOpHii CPABHHUBAIOTCA
TaM, Ii¢ 3TO BOSMOMKHO.
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