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ABSTRACT 

The Kattegat, the Belt Sea and the Baltic are treated as a branch system of one-dimen- 
sional canals with homogeneous water. Sea levels and water transports are computed 
from the hydrodynamical equations including terms of acceleration, wind stress, air 
pressure, tidal acceleration and friction. Some non-linearities are also included. The 
computations are made numerically by means of an explicit model, the timestep being 
15 minutes. The computations are concentrated to a case, August 1-5, 1964, when 
there was an international cooperation in exploring the Baltic. 

1. Introduction 
In  Svansson (1972) are summarized a series of 
papers dealing with computations of Baltic sea 
levels. In Svansson (1959) the same sea area as 
covered below, with the exception that the 
boundary has been moved from Mandal to Gote- 
borg-Fredrikshavn, was treated as one single 
canal in contrast to the 20 canals of the present 
paper. 

To improve the numerical model, particularly 
with respect to the uncertainties of the coeffi- 
cients of wind stress and friction, a smaller 
part of the sea concerned, the Gulf of Bothnia, 
was chosen as a well defined canal (Svansson, 
1966), and a case of meteorological sea level 
effects from October 1958 was treated. In  a 
third paper (Svansson, 1968) the coefficients of 
wind stress and friction were determined in the 
following manner: for the first  five days of the 
period in October 1958 the mean square devia- 
tion (MSD) between measured and computed 
sea levels was determined for various combina- 
tions of the friction coefficient and the wind 
stress coefficient, the latter one in a square 
relation. A minimum value of MSD was assumed 
to indicate the wanted wind stress coefficient. 
In the present paper these results are partly 
applied. 

2. The computations 
2.1. Notations 
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T: tW means the wind stress, 
while tg stands for the 
bottom stress 

t =time 
At =timestep 
U =transport of water in the 

longitudinal direction 
u =velocity of water in the 

longitudinal direction 
v =transport of water in the 

lateral direction 
v =velocity of water in the 

lateral direction 
w =velocity of water in the 

vertical direction 
W =surface wind velocity 
wo =geostrophic wind velocity 
x =coordinate in the longi- 

tudinal direction 
X =external forces in the 

longitudinal direction 
Ax, =distance between the sec- 

tions i and j + 1 
y =coordinate in the lateral 

direction 
Y =external forces in the 

lateral direction 
z =coordinate in the vertical 

direction 
2 =external forces in the 

vertical direction 

water to be incompressible, @/at = 0 )  

au av a w  
ax ay az 

m8/s2 
8 

S Here x and y are horizontal Cartesian coordinates 
with y directed to the left of x. z is the vertical 
coordinate and positive upwards (right-hand 
system). The predominant external forces are: 
1) in the horizontal plane 

m3/s 

- 
ah 

ax' a Y  
X = g Y == g - (tidal acceleration) 

m3/s 

2) in the vertical direction 

2 = -g (gravity) 

In  the ocean the movements of water occur very 
largely in a horizontal plane, which means that 
we can assume the vertical velocity component 
w to be small compared with the horizontal 
velocity components u and w and hence neglect 
it. In  the equation of motion in the z-direction 
(eq. l c )  the terms of gravity and pressure 
gradient dominate, so that all the remaining 
terms can be assumed negligible. Equation l c  
then reduces to 

m 

m/s' 

m 

m 

m/sa 

m 

m/sa which corresponds to the basic hydrostatic 
equation. If we integrate this equation over the 
depth and assume the water to be homogeneous 
and that p at the free surface is equal to the 
atmospheric pressure pa at the surface, we get 

hydro- 
2.2. The equations 

dynamical equations 

au au au au 1 - + u - + v -  + w - = f . v - f . w - - .  
at ax ay az e 

The sea level model is based on the 

2 

1 a'u 
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+ - v - +  K . A u + X  This gives us 
(1 a) 

P =Pa -2) 

!E =ga ah. 9 =spa ah + es- + es - 
( l b )  ax ax ax' ay ay ay 

and 

We now put e = 1. The equations will then be: 

av av av av 1 ap - + + -  + v - + w - =  - f . u - - -  
at ax ay az e a y  

1 a'v 
Q a 2  + - v -  + K - A v +  Y 

am aw aw aw - 1 aP - + u - + v - + w - =  - f . u - - -  
at ax ay az e 8% 

- 
a u + u - + v - = f v - g - - - + g -  au au ah apa ah 
at ax ay ax ax ax 

a' u 
az' 

+v-+ K - A u  
and the equation of continuity (we assume the 
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av  av av ah apa ax 
+ 9 -  - + u - + v - =  - j u - g -  -- 

at ax ay a~ ay ay 

azv 
azz 

+ v - + K * A v  

au av aw 
ax ay az  
- + -  + - - 0  

The equations above are equations for any 
waterparticle. We now integrate from the sea 
surface to the bottom: 

d z = H + h ;  /hH udz=M;  vdz = N 

We then get: 

ahl M aM N aM 
at ( H + h )  ax ( H + h )  ay 

f - . - + ___.. ._  - 

aN M aN N aN 
at ( H + h )  ax ( H - t h )  ay 
-+-.- + --.- 

ah aM aN 
at ax a~ 
- -  

where 

... av M a N +  U -  dz = __ - / rH ax H + h  ax 

aV N aN v - d z = - -  -+  ... (seeHansen(1956)) 
ay H + h  ay 

and 

tUz and twy are the horizontal wind stress 
components, and tB, and tBy the bottom stress 
components. The terms of horizontal diffusion, 
K .  Au and K .  Av, have been left out in this 
paper. Further we leave out &/ay since it is 
small. 

It could be considered as a good first approxi- 
mation to  treat the seas surrounding Sweden as 
a system of canals (the Baltic has a proportion 
of about 7 :  1 between its length and its width) 
where the water only moves in the longitudinal 
(2-)direction, that means we assume N = 0. 
We also wish to consider the total transport 
through every cross-section j .  The integration 
j,” (- - -) dy is therefore carried out everywhere: 

The equations will then be: 

F+--= U aU ah aPa - g ( A  + bh)-- ( A  + bh)- 
at ( A + b h )  ax ax ax 

- + g(A + bh) ah - + btw, - btBZ 
ax 

f * U =  -g(A-!-bh)- ah - ( A + b h ) -  aPa + b t  (4b) 
WU ay aY 

ah 1 aU 
at b ax 

- _ -  __. -  

where 

tBll = 0 

In the Baltic the contribution of the tidal 
acceleration is small and may be omitted. 

We assume the movements to be longitudinal. 
The equation of motion in the y-direction (eq. 
4 b) is used (1 ) when the computed sea levels are 
compared with measured levels on one side of 
the canal, ( 2 )  at branching points to supply 
boundary conditions of sea levels in the “left” 
and “right” canal respectively (see Ch. 2.10). 

2.3. The atmospheric pressure gradient term 
In the open ocean the adjustment to atmos- 

pheric pressure is usually very fast, the long 
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Pig. 1. Map of the investigated area, the numbers refer to the different canals. 

wave velocity being much higher than the veloc- 
ity of low and high pressure areas. There it is 
possible to adjust all sea levels to normal not be neglected. 
atmospheric pressure, assuming that, statically, 
a change of the atmospheric pressure of 1 mb 
means a change of the sea level of 1 cm. In the 
vicinity of coasts and in bays with large char- 
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acteristic periods this is no longer true. The 
dynamic effect will be of importance and can 

For the computations presented in this article 
an additional program has been used for the 
evaluation of atmospheric pressures, which are 
then used for the computation of geostrophic 
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weather maps in 45 grid points of NW Europe 
(every 3rd hour), the program computes for 
each timestep N -  and E-components, called 

X 

The wind stress is a function of the wind 
velocity. The quality and the geographical 
distribution of observed surface winds are such 
that a computation from surface atmospheric 
pressures is usually preferred. So, from the addi- 
tional program mentioned in ch. 2.3 we compute 
the geostrophic wind, wu. The absolute value of 
wu will then be wu = 0.1 ROT/(q;f) where qu is 
the density of air ( =0.00125 tons/m3). In  
accordance with theory (Haurwitz, 1941) and 
observations (Palm& and Laurila, 1938) the 
surface wind, in comparison with the geostrophic 
wind, is both weakened and deflected towards 
the low pressure side. In this paper the reduc- 
tion factor was chosen to be 0.7 and the angle 
between the geostrophic wind and the surface 
wind 15'. 

It is generally assumed that the wind stress 
tw is proportional to the square of the wind 
speed W ,  that is 

Fig. 2. Angle symbols relating the directions of the 
longitudinal component zj (perpendicular to the 
sections j), the geostrophic wind wu, the surface 
wind, and the wind stress. 

Finally we have 

tWr = tN* cos p -tE sin p 

twy = -tN sin p -tE cos p 

2.5. The bottom stress term 
In the equations we have 

tW = K, W a  or tW = K , ( 0 . 7 ~ , ) ~  

Several authors have investigated the wind 
stress coefficient K ,  and many values have been 
presented. In this paper we have used K , =  
1.75*10-6 (see ch. 3). 

We now seek the longitudinal and lateral 
components, twr and twy, of the wind stress. 
The angle between the geostrophic wind and the 
N-direction is designated y (see Fig. 2). We have 

DPEJ DPNJ 
cos y = ~ and s h y =  - __ 

ROT ROT 

The N -  and E-component of the wind stress 
may then be written 

t N  = tw .  cos ( y  - 15) 

tE =tw.s in(y-15)  

The exact law for the bottom stress is not 
known and so through the years various bottom 
stress terms and different coefficients have been 
presented. Svansson (1968) made a comparison 
between some of the assumptions and found 
that none of them are really preferable. In  this 
paper we have used the expression suggested by 
Hansen (1956): 

Since the bottom stress is a function of the 
water transport and since we assumed N = 0, We 
have 

tBy = 0 

R' was given different values in different parts 
of the system: 0.003 (Hansen, 1956) for Kattegat 
and the Belt Sea and 0.015 (Svansson, 1968) for 
the remaining parts of the investigated area. 
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2.6. The tidal acceleration term 
The expressions for were taken from Bartels 

(1957), see further Svansson (1972). 
As already pointed out, the contribution of 

the tidal acceleration in the Baltic is of minor 
importance. 

2 .I, Non-linearities 
In  these computations non-linearities like 

u(au/az), terms including A + b . h ,  where A 
is the mean cross sectional area, and a non- 
linear bottom friction term (see Ch. 2.5) have 
been included. 

It is somewhat doubtful if a time variable 
cross section has any real influence on the 
computations. Svansson (1968) and Maliriski 
(1970) showed that including such a non-linear 
effect gave very small changes. Svansson treated 
the Gulf of Bothnia and Maliriski “A steady 
water flow through a shallow sea strait”. 

The importance of the advection term u(&/ 
ax) is even more elusive. (Note that we use an 
approximation of the advection term, see Ch. 
2.2.) This term is usually considered as small 
and therefore neglected. This is probably true 
for a deep basin, but what about shallow sea 
straits like the Belt Sea? Kreiss (1957) had to 
include this non-linear term to gain asymmetry 
between ebb and flood currents when he treated 
non-linear oscillations in tidal channels. Ma- 
liriski showed, in the paper mentioned above, 
that u(au/az) plays a minor role for the rate of 
the flow through a shallow sea strait, but that 
it effects the shape of the free surface. 

2.8. Boundary conditions 
As boundary conditions a t  section 1: 0 we used 
the mean values of measured sea levels a t  
Gothenburg and Frederikshavn (see Fig. 3 a ) .  
At sections 13: 10, 16: 16 and 20: 25, the closed 
ends of the Gulf of Riga, Finland and Bothnia 
respectively, the transports U are assumed to 
be equal zero. At the branching sections, the 
boundary conditions are: (1) transport continu- 
ity and (2) sea level equality except for a 
correction by means of eq. (4b) as described 
above in Ch. 2.2. 

2.9. Initial conditions 
It was tried to introduce as good initial 

values of levels h as possible. At only approxi- 
mately 10% of the sections, however, we have 
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information of measured levels. The remaining 
90 % are roughly interpolated. As, furthermore, 
the initial transports U are supposed to be 
zero, the total initial conditions may cause less 
acceptable results during the first timesteps. 

2.10. The numerical scheme and the 
stability problems 

We transform our hydrodynamical equations 
into forward differences according to t and 
centered differences according to x, by using the 
well known scheme by Fischer (1959). 

(5  c) 

When we solve the eqs. ( 5 )  numerically in an 
explicit way we have to fulfill the Courant- 
Friedrichs-Lewy’s criterion to gain numerical 
stability, that is 

2Ax 

’ A t  

In  the present computation At = 15 minutes. 
The criterion limits the usefulness of the explicit 
model of purely economic reasons. 

The criterion is necessary, but not always 
sufficient, to achieve numerical stability. It may 
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not be sufficient when we include nonlinear 
terms in the hydrodynamical equations. In 
these computations we have introduced the 
smoothing procedure so that instead of 

U;" = 77; + A t ( .  ..) 

we write 

where a is the smoothing coefficient. 
The solution of this system must follow a 

certain pattern. 
1) At timestep n = O  we put in our initial 

values for Uy and h;. 
2) From eq. (5a) we can now solve Ut for all 

internal sections in every canal, that is for i = 

1, 2, ... N - 1 if j = 0, ... N. 
3) In canals 2, 4, 5, 6, 8, 9, 11 ,  12, 18, 19 we 

use backward differences to solve U k ,  that is 

,1/2 p 
A%, 

N -  N 1 
x -- + A t * b N . t z N  

In the same way we use forward differences to 
solve Ui in canals 1 ,  2, 3, 4, 5, 8, 9, 1 1 ,  12, 13, 
15, 16, 17,  18, 19. 

4)  In  the remaining sections (except 13: 10, 
16: 16 and 20: 25 which are boundary condi- 
tions) we use the transport continuity to get the 
Ul's in the branching points. 

5)  Eq. (5b) now gives us hf for j = 1, 2, ..., 

6)  In canals 1 ,  3, 7 ,  10, 13, 14, 15, 16, 17  and 
20 we use backward differences to solve h;, that 
is 

N-1 .  

and likewise we use forward differences to 
solve hi in canals 6, 7, 10, 14 and 20. 

7 )  In Ch. 2.2 we pointed out that the equa- 
tion of motion in the y-direction is used to 
compute sea levels in certain branching points. 
We need to solve eq. (5c)  in sections 1: N, 3: N, 
6: 0, 7: 0, 7: N, 10: 0, 10: N, 14: 0, 14: N, 15: N, 
17: N, 20: 0. By multiplying these Ah1 with 
subjectively chosen constants and adding to or 
subtracting them from hi. N ,  hi, N ... h&o we get 
the remaining sea levels. For example: 

ht.0 = hi, N -t 0.658 * Ah:, N 

h:,o=h:,N-0.187 * A ~ : , N  

This completes the numerical computations 
for timestep n = l .  The values for U and h 
thus obtained are used as initial conditions for 
timestep n = 2 etc. 

3. Results 

Figs. 3 b-k compare measured and computed 
sea levels. (For the reference levels used see 
Svansson (1972.)) With "measured sea level" is 
meant the mean value of measured sea levels on 
both sides of a section. This means that we 
assume the slope of the sea level along a section 
to bs linear. This is probably not quite correct. 
It is more likely that it adopts a somewhat con- 
vex form. Nevertheless the results must be con- 
sidered as good, except for the Gulf of Finland 
with an unnatural amplification of probably the 
characteristic period (24 hours of the Gulf of 
Finland. 

As mentioned in ch. 1 Svansson (1968) made 
comparison between different bottom stress 
equations. If Hansen's equation, tBt = R'U 1 U I / 
( A  + bh),  was used, it was shown that, for the 
Gulf of Bothnia, R' =0.015 and K ,  = 1.8 x 
had to be chosen for the best coincidence be- 
tween computation and measurement. In this 
computation, however, a smoothing coefficient 
a =0.75 wag used, while we here use u =0.99. 
However, R = 0.015 gave too low levels in the 
Belt Sea. As there were no economic possibili- 
ties to carry out computations of the type in 
Svansson (1968) the following compromise was 
chosen after a few tests: R' was changed to 
0.003, for the Kattegat and the Belt Sea accord- 
ing to Hansen (1956), whereas R'=0.015 was 
retained for the rest of the system, furthermore 
K ,  = 1.75 x 10-O. 
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Fig. 3a-k.  A comparison between measured and computed sea levels. As a boundary condition was taken 
the mean value of the sea levels at Gothenburg and Frederikshavn. R =right, L =left hand side of the 
section. 
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Fig. 4 compares measured and computed 
current velocities east of Gotland. The "meas- 
ured mean current velocity" is the weighted 
mean value, corrected to the 2-direction, of 
observations at 5, 14, 40, 100 and 165 meters 
carried out by the staff on board the research 
vessel Okeanograf (Anon, 1968). 

Moreover the program displays a clockwise 
circulation around Gotland. Current measure- 
ments which were carried out during the inter- 
national cooperation also seem to indicate such 
a circulation. 

4. Conclusions 

It seems possible to describe many features 
of the barotropic movements of the Baltic by 
means of a branched system of canals. I n  many 
respects the seas surrounding Sweden behave 
like a long canal or, more correct, a system of 
canals. This fact is very advantageous as it e.g. 
usually means less effort to solve one-dimensio- 
nal equations than two-dimensional ones. The 
sea level problem has been further simplified 
by assuming the water to be homogeneous. The 
model could be used: 

1) for prediction. The problem is if the mete- 
orologists can forecast the atmospheric pressure 
with sufficient accuracy. The boundary condi- 

Mean Current Velocity In The X-Direction 
u cmls 

1 2 ' 5  East o f  Gotland lo t 
D 

Measured ('Okeanagrof " I  I - Computed 

Fig. 4 .  A comparison between measured current 
velocity (weighted mean value, corrected to the x- 
direction), and computed mean current velocity at  
section 12: 05, east of Gotland. 

tion at the open end of at the system could then 
be derived directly from the atmospheric pres- 
sure by assuming a rise of 1 mb of the pressure to  
correspond to a fall of 1 cm of the sea level and 
vice versa (the values must of course be cor- 
rected for the tide). See also Ch. 2.3. 

2) to study the water transport in the seas 
surrounding Sweden, whereof the Belt Sea is of 
special interest. 

3) for simulation. (a) The effects of different 
weather conditions could be examined. (b) By 
adding an  advection-diffusion model it would 
be possible to study short time effects of pollut- 
ing outlets. 
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