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ABSTRACT 

Some experiments with a rotating differentially heated annulus are presented. It is de- 
monstrated that with suitable construction of the annulus the strength of the zonal 
baroclinic motion may be chosen independently of the basic density stratification. In 
the experiment reported it was found that baroclinic instability occurred in a state 
characterized by small isotherm slopes. Certain aspects of the observed flow and tem- 
perature fields-in particular the basic stratification and the slope of the isotherms 
-are compared with approximate theoretical predictions. Certain basic diffiaulties 
associated with the sensitivity of the baroclinic flow to small changes in the bound- 
ary conditions are discussed. 

1. Introduction 

Since the late 1950’s when Hide (1958) and 
Fultz (1959) performed experiments with a ro- 
tating, differentially-heated fluid annulus, great 
efforts, both experimental and theoretical, have 
been made to understand the observed fluid 
behaviour. I n  this connection, the ‘classical’ 
experimental annulus, which rotates about a 
vertical axis with angular velocity, R, is formed 
between two concentric cylinders made of per- 
fectly heat conducting material, across which 
a horizontal temperature difference A T  is im- 
pressed. (There is no differential rotation of 
one cylinder with respect to the other.) With 
this arrangement, it  is observed that several 
distinct flow regimes can occur, the boundaries 
between each regime being mainly determined 
by the values of fi and A T .  The particular 
transition between the stable axisymmetric re- 
gime and the regular baroclinic wave regime 
has stimulated keen theoretical interest in the 
problem in view of the important role played 
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by the baroclinic instability mechanism in 
much of the dynamics and energetics of the 
earth’s atmosphere. A rather well-defined sta- 
bility boundary between the various flow re- 
gimes has now been established as a result of 
a series of very careful experimental investiga- 
tions (Fowlis & Hide, 1965; Fultz et al., 1959; 
Kaiser, 1969, 1970) and much additional know- 
ledge of the detailed structure of the flows has 
been obtained (Hide & Mason, 1970; Douglas 
et al., 1972; Fultz & Kaiser, 1971; Pfeffer et  al., 
1970; Ketchum, 1972; Koschmeider, 1972). 

The experiments to be described are related 
to the above studies and can be regarded as 
extensions of them. Their prime purpose has 
been to try and determine how the various 
characteristics (e.g. temperature and velocity 
fields, stability) of the fluid behaviour are af- 
fected by changes in the boundary conditions 
of the system, and how some of these changes 
compare with theoretical prediction. Specifi- 
cally, the annulus walls are chosen to have a 
particular form and thickness and to be con- 
structed of a material having a thermal con- 
ductivity intermediate between that of a typical 
metal and a typical thermal insulator. The 
reasons for choosing such boundaries arise from 
a theoretical study of a closely-related non- 
rotatingproblem (Walin, 1971, hereafter calledI). 
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In the non-rotating case Walin considered 
the problem of determining the density field 
in a fluid region enclosed by a container of 
arbitrary shape and thermal properties, from 
the prescribed boundary conditions applied a t  
the wall of this container. Using a boundary- 
layer approach it was shown that the interior 
density field ~ ' ( z ,  t )  could be predicted within 
a certain (physically realistic) range of validity. 
Although Walin considered only non-rotating 
systems his analysis may be directly used to 
predict the basic stratification $(z ,  t )  in rotat- 
ing cases also, so long as the slopes of the iso- 
therms are small. In  particular it was shown 
that, under certain conditions, a given strati- 
fication could be obtained in the fluid interior 
merely by allowing the thickness of the bound- 
ary material to vary with height. In the present 
experiments the intention has been to use this 
result to set up a given stratification in an an- 
nulus having specially-constructed boundaries 
and then to investigate the fluid behaviour as 
this annulus is rotated. 

With the arrangement chosen we obtain a 
system which without rotation has essentially 
a stagnant stratified core. When this system is 
rotated it becomes unstable, while the strati- 
fication is still undestroyed, i.e. when ae'jarg 
aeI/az. In  this respect the system is essentially 
different from the classical arrangement in 
which the isotherm slope is always of order 
unity. It is hoped that these new features of 
the experiment will open new possibilities for 
relevant comparison with theoretical descrip- 
tions of the axisymmetric flow and its stability. 
It also seems that the case when the system 
is strongly stratified, i.e. when a p I / a r e  ae'laz, 
is of somewhat greater geophysical interest. 

In section 2 the theoretical background to 
the problem is described. The essential features 
of the results in I are stated and the applica- 
tion of these results to the annulus configura- 
tion of the present experiments is developed. 
Following over to the case where the annulus 
is rotating, expressions for the basic stratifica- 
tion and the buoyancy layer flux are explicitly 
derived in terms of the physical properties of 
wall material and fluid and the thermal bound- 
ary conditions. The interesting result that the 
basic stratification can be fixed and the bound- 
ary layer flux (and hence the forcing of the 
system as shown, for example, by the tilt of 
the isotherms) varied independently of this 
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stratification is revealed as a consequence of 
this derivation. 

After a description of the experimental ap- 
paratus in section 3 the main results of the 
work are described. As shown, the intention in 
these experiments has not been simply to repeat 
the already-extensive classical annulus in- 
vestigations of other workers but to follow a 
different approach based on certain specific 
theoretical predictions. However, the relevance 
of this previous work has naturally been borne 
in mind when studying, particularly, the sta- 
bility of the symmetric flow in section 4.3. In  
this section the basic question of whether re- 
gular baroclinic wave motions develop in the 
annulus, under the special boundary conditions 
of the experiment, is investigated and the con- 
nection with the above-mentioned work is 
briefly discussed. In section 4.4 the bulk of the 
investigation-the temperature measurements 
-is fully described and the results are compared 
with theoretical predictions. In the process of 
making this comparison a theoretical check is 
made on some earlier measurements (section 
4.2) on the horizontal velocities in the fluid in- 
terior. 

2. Theoretical background 
The experiments described in this paper 

mainly represent an effort to obtain a com- 
pletely controlled and predictable thermally 
forced baroclinic flow. Some rather modest 
success in this effort has been achieved: the 
observations made on the flow obtained ex- 
perimentally are not in conflict with theoretical 
expectations as will be described in later sec- 
tions. It has not however been possible to create 
a flow situation which may be quantitatively 
related to a theoretical description in an un- 
ambiguous way. The difficulties encountered 
are of course partly associated with analytical 
problems. It appears however that the more 
serious obstacle on the road towar& a quan- 
titative comparison with experiment is related 
to the extreme sensitivity of the baroclinic zonal 
flow to small changes in the boundary condi- 
tions. The theoretical background to this dis- 
turbing fact will be outlined in the following 
two sub-sections. In order to limit the length of 
this discussion (and hopefully to make it read- 
able) the treatment will rely to some extent on 
the reader's and our own physical intuition 
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rather than on a formal analysis, leaving a 
more rigorous development to be presented 
separately, at  a later date. 

Non-rotating 

Let us start with a description of the me- 
chanics of our system when it is not rotating. 
The formal background to the present discus- 
sion may be found in I. 

Our task in the non-rotating case is to de- 
scribe the basic density (i.e. temperature) field 
and the associated meridional circulation. 

Essentially the whole system may be de- 
scribed as an almost stagnant, stratified core 
surrounded by boundary layers on all sides, in 
which a certain transport, mB, is carried around 
the core region. 

Comparing with a similar system in which 
the fluid is enclosed by strongly conducting 
walls of constant thickness we note, in particu- 
lar, the following characteristics of the system 
under consideration here. 

( i )  The meridional circulation is much weaker. 
(ii) The boundary layers are laminar and 

governed by linear mechanics. 
(iii) The motions in the core are far too weak 

to produce any appreciable horizontal tempera- 
ture gradients; i.e. we are dealing with a truly 
stratified system. 

As described in I these features are associated 
with the choice of boundary conditions; i.e. the 
semi-conducting walls with height-dependent 
thickness. 

The two most important observables of our 
system are: 

(i)  The strength of the stratification, e'(z), in 
the core region (R' in Fig. 1). 

(ii) The magnitude of the transport, mB, car- 
ried by the boundary layer (see Fig. 1). 

An important consequence of the analysis in 
I is that e'(z) and mB are determined independ- 
ently. If, for example, the shape of the side 
walls is fixed, the stratification is essentially 
determined by the external temperature dif - 
ference (TI - T2), while the transport mB is de- 
termined by the conductivity of the walls fac- 
ing the hot and cold baths. 

Let us now discuss the characteristics of the 
various regions indicated in Fig. 1, limiting our- 
selves to the case 

T2 
c o l d  
b a t h  

Fig. 1. Cross section of the annulus showing the 
major regions to be expected in the fluid. 

l < s H < e - l  (2.1) 

Here, s is defined by the side wall boundary 
condition n . V p  = s ( p  -6) where n is the inward 
normal to the boundary, H is a typical length 
scale of the annulus. EH is a typical thickness 
of the side wall boundary layer, the so-called 
buoyancy layer (see I). 

As discussed in I this is the regime most 
easily obtained experimentally; (2.1) being also 
reasonably well satisfied in our experiment. 

In the main part R:, of the core region R' 
the dcnsity field e'(z) (i.e. the temperature field) 
is determined by the condition that the total 
transport carried by the boundary layers 
through a level surface at height, z ,  should 
vanish. Since this transport depends on e'(z) 
this means that the interior density field has 
to adjust to a state such that the net boundary 
layer transport vanishes at  each level. If, for 
example, the core temperature for some reason 
were lower than in steady state, the transport 
upwards on the warm side would exceed the 
downward transport on the cold side. As a con- 
sequence a downward flow would appear in the 
interior which, by lowering the isotherms ad- 
vectively, would adjust the interior temperature 
distribution to its equilibrium state. 

It should be emphasised that all the proper- 
ties of region R: and the boundary layers be- 
tween R: and the vertical walls are independent 
of the regions above and below (e.g. of the 
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boundary conditions on the horizontal bound- 
aries). 

Meridional motions in the main core region, 
R:, arise from two causes 

(i) Divergence of the boundary layer transport. 
If the transport mB varies vertically we expect 
an interior meridional transport of order mB. 
Since mB is constrained to vary in a similar 
way on the two sides of the region the resulting 
flow is strictly horizontal (to lowest order a t  
least); i.e. 

uI - mB/H ( 2 . 2 ~ ~ )  

w'g mB/H (2.2b) 

where u1 is the radial and w' the vertical ve- 
locity component in R'. The transport mB is 
given by (see I) 

(2.3) 

where x is the heat diffusivity. 
(ii) Interior diffusion. Although the interior 

heat balance in R:, has no zero order influence 
on the distribution el(z) ,  it  still has to be satis- 
fied. This balance will then serve to determine 
the vertical velocity in R: as a function of z. 
From elementary scaling considerations we ob- 
tain 

W1 - x / H  (2.4a) 

From continuity we find, in general, a cor- 
responding contribution to the horizontal ve- 
locity in R: 

u'-xIH (2.4b) 

I n  the regime defined by (2.1) the velocity scale 
given by (2.2) is always much larger than the 
scale given by (2.4). The contribution from dif- 
fusion may however still be of importance in 
cases when the geometry is chosen such that 
mB does not vary vertically (to lowest order). 

In  regions R: (shaded in Fig. 1) the interior 
density field is not independent of internal dif- 
fusion. The thickness of these regions, s-l, is 
precisely small enough for diffusion to be able 
to balance the advective effect of a vertical 
transport of order mB. From continuity we ob- 
tain in general 
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ul-mBs (2.5a) 

w' -mBIH (2.5b) 

(recalling that the width and height of the an- 
nulus - H).  

The boundary layer regions R..? facing the 
horizontal boundaries are quite complicated. 
However, the only information we need about 
them is the transport mB carried over from one 
corner to the other. In  steady state the boundary 
layer transport must be continuous at the corn- 
er. Thus we have: 

If R' is stratified throughout, i.e. if our linear 
description of the side wall boundary layer (as 
given in I) holds everywhere, the estimates 
given in (2.2)-(2.6) may be replaced by quan- 
titative expressions for the meridional flow. 
This of course requires that the boundary con- 
ditions are known with sufficient accuracy. For 
our experiment the last condition was probably 
not well enough fulfilled. 

Furthermore, in our experiment the hori- 
zontal boundaries were approximately insulated 
in which case the boundary layer theory breaks 
down at the top and bottom of the region. This 
means that even the estimates as given by 
(2.5) and (2.6) might be questionable. For the 
present qualitative discussion a detailed in- 
vestigation of these complications does not 
seem justified. It should be kept in mind, how- 
ever, for future experiments that the upper and 
lower boundary condition, though relatively 
unimportant for the control of ~ ' ( z )  has im- 
portant local effects on the meridional circula- 
tion and thereby on the zonal motion through- 
out the annulus. 

With rotation 

If we allow the system to rotate it is obvious 
that the meridional circulation will force a 
zonal motion in the core region. The situation 
may be described intuitively as follows. 

The buoyancy layers (essentially unaffected 
by rotation) force fluid up and down the Warm 
and cold boundaries respectively. Thus, fluid 
has to cross over the annulus somehow to close 
the circulation. This may occur in the core re- 
gion in which case a tangential Coriolis force 
appears. Or it may occur in the form of an Ek- 
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man layer transport which for its existence re- 
quires a zonal motion in the core region a t  least 
close to the upper and lower boundaries. The 
former type of forcing corresponds to an in- 
homogeneity in the zonal momentum equation, 
the latter type to an inhomogeneous boundary 
condition to the same equation. 

The zonal velocity field thus forced will be 
associated with some slope of the isotherms; i.e. 
a modification of the density field e'(z). This, 
in turn, changes the core density at the side 
walls which affects the buoyancy layer flux and 
thereby the whole meridional circulation. If 
this modification is small it may either be neg- 
lected or an iterative procedure may be adop- 
ted. 

The important fact to notice, making such 
an approach possible, is that the strength of 
the meridional circulation is basically independ- 
ent of the strength of the stratification for the 
type of system under consideration. The strati- 
fication is determined by the shape of the walls 
and by the difference in temperature between 
hot and cold baths. The strength of the meri- 
dional circulation depends essentially on s (i.e. 
the conductivity and thickness of the walls) as 
outlined in the previous sub-section. It is then 
conceptually possible to think of a procedure 
in which we start with a rotating and stratified 
system with very weak forcing (i.e. small s) and 
successively increase the forcing. 

In this respect our experimental set up dif- 
fers from the classical one. In the classical ap- 
proach, with strongly conducting boundaries, 
the forcing and the stratification of the system 
are not independent: it is impossible to decrease 
the forcing without simultaneously decreasing 
the stratification. 

In principle we are thus in a position where 
we could predict the baroclinic motion in the 
annulus with a linear theory, and in what fol- 
lows we will discuss some properties of this 
prediction problem. We will find that in prac- 
tice the experimental realization of a completely 
controlled system is associated with certain 
basic difficulties which might call for some 
further basic modifications of the approach. 

Finally, it should be noticed that the limita- 
tion to small isotherm slopes does not rule out 
the interesting flow situations. Baroclinic in- 
stability is, for example, a phenomenon which 
occurs within this framework as demonstrated 
by our experiment. 

The zonal momentum balance 

We will now discuss the forcing of the zonal 
motion under the assumption that the basic 
density field and thus the meridional circula- 
tion is only slightly modified by rotation. The 
purpose of this discussion is firstly to check if, 
or under what conditions, such an approach is 
valid and secondly to derive some preliminary 
results regarding the character of the zonal 
motion resulting from various types of forcing. 

Assuming steady state and cylindrical sym- 
metry the zonal momentum balance becomes 

where v' is the zonal velocity component, R 
the rate of rotation and v the kinematic vis- 
cosity. 

Assuming now that (u', w') are known from 
the analysis of the non-rotating system we find 
that equation ( 2 . 7 )  is a linear equation for the 
zonal motion v'. 

To determine the zonal velocity v' we should 
proceed in principle as follows: 

(i) Determine (u', w', e') as in I, i.e. assum- 
ing ae'lare ae'laz 

(ii) Insert the fields (u', w') thus obtained 
into equation ( 2 . 7 )  and solve the resulting linear 
equation for 2$ making use of appropriate 
boundary conditions (see below) 

(iii) Insert the zonal velocity field thus ob- 
tained into the thermal wind equation (or 
whatever form of the horizontal vorticity bal- 
ance is relevant) and determine a correction e: 
to the density field found under (i) 

(iv) Check that e:e  e' 
(v) If better accuracy is required we may de- 

termine a correction to (u', w') and continue 
with an iterative procedure. 

To find correct boundary conditions to (2.7) 
we note that the buoyancy layers on the ver- 
tical walls do not involve the zonal velocity, 
implying 

v' = 0 on the vertical boundaries ( 2 . 8 a )  

The horizontal boundary layers, on the other 
hand, are "converted" to Ekman layers in the 
rotating case. The transport mE of these layers 
is determined by the thermal properties of 
the system. The relation 
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(2.8 b) 

for the Ekman transport (Ekman 1905) thus 
provides an inhomogeneous boundary condition 
on v’. 

We will now use equations (2.7), (2.8) and 
the estimates given by (2.2)-(2.6) to derive 
some qualitative properties of the zonal flow. 

Let us first ignore the inhomogeneous terms 
in (2.7). This means that we assume the bound- 
ary layer flux to be non-divergent and the in- 
terior density field to be linear throughout R’. 
In  principle such a situation may be achieved 
by appropriate choice of the thermal boundary 
conditions. 

The amplitude of v’ is then determined by 
the boundary condition (2.8b). Making use also 
of (2.6) and (2.3) we find 

v ’ N ~ x E - ~ I S  (2.9) 

where 

E = v/2nHS 

The shape of the distribution v’ in this case 
will be smooth except close to the corners where 
the boundary condition is discontinuous, as 
follows from the properties of the elliptic opera- 
tor in (2.7).  

Consider next the response to an interior 
forcing as given by (2.2).  We first note that the 
only real forcing in (2.7) is given by the Corio- 
lis term 2Qu’, while the dissipation-i.e. the 
adjustment to the boundary conditions-is 
provided by the friction term on the right-hand 
side of (2.7). Each of these two terms thus have 
to be of primary importance a t  least somewhere 
in the region. The “inertial” term, on the other 
hand, essentially produces a more or less pro- 
nounced distortion of the velocity distribution. 

Assuming first that the Coriolis force and 
friction term are both of lowest order impor- 
tance in (2.7) we obtain 

2 n d  N vV’IH’ (2.10) 

The amplitude of v’ now depends on what 
estimate for u’ we adopt and which part of R’ 
we consider. The circumstances we want to 
elucidate are however demonstrated well enough 
by the case with a divergent buoyancy layer as 
given by (2.2), which we chose as being most 
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representative. We thus obtain from (2.2), (2.3) 
and (2.10) 

V’ - axE-’ (2.11) 

Let us now estimate the ratio R, of the first 
term in (2.7) and the Coriolis force assuming 
(2.11) to hold. We obtain 

V’ x 
R o w -  w8H- 

2 m  v 
(2.12) 

Recalling that we have assumed aH > 1 we find 
that we are not in general allowed to assume 
R, < 1 which was tacitly assumed when deriv- 
ing (2.11). In  particular, i f  we find R,>1 (as 
given by (2.12)) we must reject (2.11) (and the 
accompanying assumption). 

The only alternative is that the Coriolis force 
is primarily balanced by the inertial term, i.e. 
that 

V‘ N 2 n H  (2.13) 

The estimate given by (2.13) is independent of 
the forcing. It represents an upper bound on 
the zonal velocity corresponding to conserva- 
tion of angular momentum in the core. The 
correct estimate is thus given by the smaller 
of (2.11) and (2.13). 

Obviously (2.7) cannot satisfy the side wall 
boundary conditions if we ignore the friction 
term. We thus expect some kind of interior 
boundary layer to appear. Intuitively we may 
describe the situation by following a fluid par- 
ticle on its way from one side-wall to the other. 
On leaving the boundary layer the particle has 
essentially no zonal velocity. As the particle 
moves radially it is successively accelerated in 
accordance with the inviscid form of (2.7). The 
zonal velocity relative to the annulus will thus 
increase approximately linearly with radial dis- 
tance from the wall. This continues until the 
particle is close enough to the opposite bound- 
ary for friction to be of importance. On the 
“downstream” side we thus obtain a “bound- 
ary layer” precisely thin enough for the fric- 
tion term in (2.7) to be locally important. In 
this layer v’ will drop to zero as imposed by 
the boundary condition. 

Let us now compare the strength of the zonal 
motion forced by the Ekman layer (2.9) and 
by the interior meridional circulation as given 
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by (2.11) or (2.13). We then find that the zonal 
motion forced by the Ekman layer is consider- 
ably weaker, in fact by as much as a factor 

when (2.11) is valid. This result has some 
disturbing consequences for the performance 
and control of an experiment. 

Knowing all the complications with inhomo- 
geneous rotating flow experiments it is most 
natural to try to create the simplest possible 
system to exhibit certain desired features (in 
this case a baroclinic zonal motion). It appeared 
to the authors that this goal would be best 
achieved with a system as close as possible to 
the case in which all the forcing is provided by 
the Ekmen layer. 

This case appears to be most easy to analyse 
theoretically, to set up experimentally, and to 
understand intuitively. The experimental sys- 
tem was thus chosen with such an ideal system 
in mind. 

The consequence of the analysis just outlined 
is however that this seemingly simple system 
is not simple a t  all. In fact from the estimates 
(2.10) and (2.1) we conclude that even a second 
order (say O(E1la))  divergence of the buoyancy 
layers will force a zonal flow of the same strength 
aa the one forced by the Ekman layer. In practice 
this means that we will always have an error 
0(1) with any real apparatus as long as we 
try to suppress the internal forcing relative to 
the Ekman layer forcing. 

This difficulty may be avoided by accepting 
the interior meridional circulation as the pri- 
mary forcing agent and design the apparatus ac- 
cordingly. 

Although such an approach appears logically 
correct it also has certain drawbacks. As dis- 
cussed above, the momentum balance becomes 
degenerate producing a rather special velocity 
structure. This might be interesting as such but 
probably less suitable if we want to study the 
stability of the resulting zonal motion. 

Furthermore, we have a free choice of the 
vertical distribution of the interior forcing and 
it is hard to decide which particular distribu- 
tion is the more fundamental. For the moment 
we have not found it possible to decide upon 
what path to follow in a future experiment. 
Hopefully the difficulties outlined above may 
be avoided on following some basically different 
line of development. 

Let us now discuss under what conditions 
our basic assumption 

a d < &  
ar az 

is valid. 
In the flow regime under consideration the 

radial and vertical momentum balance will be 
close to geostrophic and hydrostatic, respec- 
tively. This implies at least the approximate 
validity of the thermal wind equation; i.e. 

a d  ae' eo2fl-= - 9 -  
az ar 

(2.14) 

or 

where A @  is the externally imposed density dif- 
ference which determines the strength of the 
basic stratification $(z) .  

Taking now the estimate for v' given by 
(2.11) we obtain 

@/$ 
ar v N  

(2.15) 

where N is the stability frequency defined by 

If instead we take the estimate for v' as given 
by (2.9) we obtain 

(2.16) 

From (2.15) and (2.16) we find naturally that 
the slope of the isotherms depend on the strength 
of the forcing as given by SH and on the type 
of forcing as shown by the difference between 
(2.15) and (2.16). We can also see that the iso- 
therm slope can always be made small by 
choosing a sufficiently large stability frequency. 

Some special calculations 

ing to the analyses in I 
In the region R: (see Fig. 1) we have accord- 

(2.17) 

where dl represents a line integral around all 
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sides of the surface obtained when cutting 
through the container a t  a level surface z. In  
our experiment the region is an annulus with 
inner and outer radii r ,  and r,, 0 takes on the 
value e ,  on the inner wall of thickness d,, and 
el on the outer wall of thickness d,. 

Recalling (see I) that 

a = k / k d  

where h and k are the heat conductivity of the 
wall and the fluid respectively and d is the 
thickness of the wall. Applying (2.17) to our 
system we thus find 

(2.18) 

We note here that el and e, are both in- 
dependent of z. I f  consideration is given to the 
simplest case where (rl  -r,)< 1/2(r, +v,) and 
thus, effects of curvature are negligible, equa- 
tion (2.18) becomes 

and thus 

(2.19a) 

(2 .19b) 

where we have used the following expression 
for d, and d, 

d, = d - az H 
2 

(2.20) 

Making use of (2.19) and the expression for 
mB aa given by (2.3) we obtain 

We thus find that within the narrow gap 
approximation the interior density field is linear 
and the boundary layer non-divergent in the 
region R:. 

It is also clear from (2.19) and (2.21) that 
the stratification and the boundary layer flux 
may be chosen independently, as pointed out 
in the previous sub-sections. 

Since mB is essentially a measure of the de- 
gree of forcing of the system (such quantities 
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Fig. 2. Measured and computed depthldensity plots 
for nominally correct values of d and a (3.8 mm 
and 0.04 respectively) for case of g1-39.6"C, 
16.2"C. 

as zonal flow, slope of isotherms etc., are 
roughly proportional to mB), this means that 
we may at least in principle start with a strati- 
fied, rotating, stagnant system and succes- 
sively increase the forcing until the system be- 
comes unstable. In  practice this of course re- 
quires change of the boundary conditions with 
considerable practical complications. 

In  the present laboratory experiment, it is 
not justifiable to ignore entirely the effects of 
curvature. From (2.18) and (2.20) we find 

Taking data for a given non-rotating experi- 
ment, and substituting into (2.22) all the values 
appropriate to that experiment, it is possible 
to obtain a comparison of theoretical and 
measured profiles. Computed density/depth 
curves are shown in Fig. 2, together with the 
measured curve, for the case el =TI =39.6'C, 
e ,  = 15.2"C. In  the case where nominally correct 
values of d and a are used there is a noticeable 
quantitative discrepancy between the curves, 
though the form of the curves are similar. 



582 P. A. DAVIES AND G .  WALIN 

2 5- 

0.5' ' 0 I I I I I -015 0 - 0.5 0.5 I I ' I I I I ' I ' 
Fig. 3. Comparison of measured depth/density profile with profiles computed for varying d and a. 

Consideration of the effect of small uncer- 
tainties in d and a (and to a lesser extent in 
(el - ez)) reveals that such a discrepancy is 
more than likely to occur. Graphs showing the 
effects of changes in d and/or a are shown in 
Fig. 3. It is clear from these graphs that the 
basic stratification is sensitive to small changes 
in the values of d and a. 

There are obvious uncertainties in both these 
quantities, due to machining difficulties for 
example (d and a are typically 3 mm and 2 1/20 
respectively) and the tendency of plexiglass to 
distort when exposed to heat. Furthermore, un- 
certainties are produced by the presence of thin 
thermal boundary layers on the outside of the 
walls facing the constant temperature reservoirs, 
which have the effect of artificially adjusting 
the real d and a. Inspection of the sets of curves 
shows that the measured profile is in satisfac- 
tory agreement with theoretical prediction 
when reasonable variations in d and a are taken 
into account. Variations in el and ez also have 
some influence. Indeed the disparity between 
the measured and computed values of e"(z = 0 )  
indicates an error in (el -ez) of about 1°C 
which is of the same order as errors expected 
due to temperature fluctuations and other ran- 
dom errors. 

One of our main experimental observables 
was the slope of the isotherms. It is thus of in- 
terest to compare such observations with theo- 
retical expectations as given by (2.15) or (2.16). 
Since our apparatus was constructed such that 
the forcing through the Ekman layers should 
dominate we will base our comparison on this 
case, remembering all the difficulties outlined 
in the previous sub-section. 

Rather than using (2.15) (which describes 
this case) we will however derive a correspond- 
ing expression making use of some of the ex- 
plicit results valid for our specific geometry. 

From the thermal wind equation (2.14) we 
obtain 

2R v i . 2  eEe, - . ~- 

gH (ae'laz) 

where 8 is the isotherm slope and V', the zonal 
velocity required by the Ekman layer transport. 
(av'/az has been estimated aa 2V&/H since vI 
varies between + V &  over the height H.) We 
now take v', from (2.8b), (2.6) and (2.21) and 
@/az from (2.19b). We thus obtain 

e =  (:$+ (.23) 
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I U 

Fig. 4. Schematic view of experimental apparatus. 

where 

D =  
~ 3 / 2 ~ - 1 / 2  

ka(AT)  

Note that the parameter D contains all the 
quantities that can be varied using one and the 
same apparatus. One of the main goals of the 
experiment has been to obtain measurements to 
compare with this relationship. 

3. Apparatus 

A schematic diagram of the experimental ap- 
paratus is shown in Fig. 4. The working fluid 
is contained in a chamber, A ,  constructed of 
plexiglass. As shown in Fig. 4 the thickness of 
the chamber wall facing the hot temperature 
bath, H ,  decreases with height and that of the 
wall facing the cold water bath, C,  increases 
with height. The mean thickness of the wall 
and the rate of change in thickness with height 
are the same for both walls, having the values 
of 3.8 mm and 0.04 respectively. The radii of 
the inner and outer cylinders forming the an- 
nulus are 15.0 cm and 22.5 cm respectively 
and the height of the fluid region is 10.0 cm. 
A closed heating bath, H ,  also constructed of 
plexiglass, surrounds the annulus and is filled 
with water. A 500 watt shielded electrical heat- 
ing coil connected to a thermostat control is 
immersed in this water which is vigorously cir- 
culated round the heating bath by several 
pumps. 
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The inner wall of the annulus is cooled by 
bath C ,  which is filled with a water/alcohol 
mixture and covered by a metal plate, P ,  on 
which is mounted an array of Peltier elements. 
An electrically insulated heating strip con- 
nected to a sensitive thermistor switch is also 
submerged in C,  and a pump vigorously cir- 
culates the cooling liquid. The upper surface of 
the working fluid chamber is closed by a 
transparent rigid lid constructed of plexiglass 
in 3 sections with gaps of 3-4 mm left between 
the sections. This allows probes to be lowered 
into the fluid and to be moved radially across 
the annulus. A thin layer of oil covers the lid 
to inhibit the troublesome problem of evapora- 
tion of the working fluid. 

As indicated in Fig. 4 the whole experimental 
apparatus is mounted on a rotating turntable, 
the angular velocity of which is monitored by 
an electronic timer activated by a magnetic 
switch. The rotating table is equipped with 
low-noise electrical slip rings and, in addition, 
coolant water for the Peltier elements can be 
circulated from the laboratory supply via fluid 
slip rings in the table axle. 

The temperature field in the annulus is de- 
termined with a thermistor bead mounted at 
the tip of a hyperdermic which can be moved 
vertically and radially by means of a motor and 
rack and pinion arrangement. The thermistor 
forms one arm of a Wheatstone bridge circuit 
and the off-balance voltage is displayed on a 
digital voltmeter (DVM). A potentiometer is 
also attached to the rack and pinion assembly 
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Fig. 5. Temperature/time output from fixed thermistor situated in the annulus (non-rotating), having 
horizontal temperature difference of 20'C. 

to indicate the vertical position of the thermistor 
b e d .  This enables temperature and depth 
measurements to be obtained simultaneously. 

The pH technique developed by Baker (1966) 
is used to measure flow velocities in the fluid, 
the dye being released from a taut horizontal 
wire stretched between two rigid vertical sup- 
ports. The chemical indicator used is thymol 
blue and the dye-releasing D.C. voltage is ap- 
plied between the wire and one of the supports. 
Another rack and pinion arrangement allows 
the dye wire to be raised or lowered, enabling 
horizontal velocity profiles to be obtained a t  
any depth in the fluid. A 35 mm 'Robot' camera 
mounted above the annulus, on a frame bolted 
to the turntable, records the dye patterns pro- 
duced. 

4. Experimental results 

4.1. Adjustment time 
Before conducting experiments with the an- 

nulus in motion, several investigations were made 
into the non-rotating case in order to develop 

certain measuring techniques and to make 
some checks with theoretical prediction. 

It was shown in I that for the non-rotating 
case, under the conditions of the present ex- 
periment, the adjustment time of the fluid to 
steady state is much less than the diffusion 
time. Specifically, the adjustment time, 7, is 
estimated to be 

t N min ( L e / x ,  Lz/xsL) 

if 

H / L  N O( 1) 

and thus, if sL > 1, z is much less than the dif- 
fusion time, L z / x .  

An experiment was performed in which a 
stable stratification was set up in the annulus, 
using the method described in I and the ap- 
paratus was then left overnight to ensure that 
a steady state had been attained. The thermistor 
sensor was situated at a fixed position in the 
interior of the fluid region. The stable strati- 
fication was then disturbed by impulsively 
starting and stopping the rotating table, caus- 
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ing strong mixing to occur throughout the fluid 
interior. The time taken for the fluid to re- 
establish the original state (the adjustment 
time) was then determined by recording the 
thermistor signal as a function of time. The 
results of this experiment are shown in Fig. 5. 
It is seen how, after cessation of the imposed 
agitation a t  t =0, the temperature a t  a fixed 
point in the fluid interior approaches an asymp- 
totic value almost exponentially. The adjust- 
ment time, taken as the e-folding time calcu- 
lated from Fig. 5 is estimated to be approxi- 
mately 100 min. Inserting the values ap- 
propriate for the experiment, L = 7.25 cm, x = 

1.4 x cm2 sec-l, k =2.1 x watt cm-2 
("C/cm)-l, k - 5.9 x 10-3 watt cm-e (OC/cm)-', 
d =0.45, into the expression above it is seen 
that the calculated adjustment time agrees 
very satisfactorily with the experimental deter- 
mination. Less comprehensive measurements of 
the adjustment time were taken with the sys- 
tem rotating. In  these cases the output of the 
temperature sensor situated a t  a fixed depth 
in the fluid was monitored on a chart recorder 
as the rotation rate of the apparatus was 
changed. The effect of the change in rotation 
rate was clearly seen on the trace and the time 
taken for the temperature at  the reference level 
to re-establish its previous value could be esti- 
mated. Such preliminary measurements indi- 
cated a much shorter adjustment time than in 
the non-rotating case (by a factor of about 50 
for the case of a horizontal temperature dif- 
ference of 25"C, for example). 

4.2. Velocity measurements in the 
rotating annulus 

Using the pH technique described earlier, 
horizontal velocity profiles were recorded 
photographically at various depths in the fluid 
interior. In  this way it was possible to estimate 
not only the order of magnitude of the interior 
flows but also the vertical shear of the hori- 
zontal velocity. Successive lines of dye-usu- 
ally 4 or 5-were produced a t  a given level by 
pulsing the wire at  known time intervals, and 
the subsequent development of these dye lines 
was studied. By measuring the angular dis- 
placements of the lines in the known time inter- 
vals an average azimuthal velocity could be 
estimated for that particular level: further- 
more, by studying the patterns at  different 
levels the vertical shear could be estimated. 
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Measurements from the above figures indi- 
cate an average azimuthal velocity of about 0.5 
mm/sec a t  a level just above the Ekman bound- 
ary layer on the rigid bottom surface of the an- 
nulus, and a vertical shear of -10-2 sec-'. 
(The azimuthal velocity at a given depth is 
clearly dependent also upon radius and it is 
noted that the values obtained above are from 
measurements of maximum velocity points on 
the profiles.) 

These estimates are in satisfactory agreement 
with other indirect experimental evidence from 
measurements in the wave regime (see next 
section) and with theoretical expectations. The 
latter can be demonstrated by substituting the 
appropriate values for x ,  a, k /k  and Y (1.4 x 
cm2 sec-l, 0.04, 0.36, and cme sec-l, re- 
spectively) into the order of magnitude expres- 
sion (2.11), together with the relevant value of 
the rotation rate. 

4.3. Wave regime 
One of the basic aims of the investigation 

was to determine whether, and under what 
conditions, the basic flow in the rotating an- 
nulus became unstable. In this section the vari- 
ous techniques used to detect any transitions 
from the so-called symmetric regime to the reg- 
ular wave regime are explained and the main 
results obtained through use of such techniques 
are described. 

The most sensitive means of detecting any 
transition was to record continuously the signal 
from the thermistor sensor as the various ex- 
ternal parameters were changed. In  these ex- 
periments the imposed horizontal temperature 
gradient was kept fixed throughout by pre- 
setting the hot and cold bath thermostats, and 
changes in the interior flow were caused only 
by increasing the rotation rate of the annulus. 
The procedure followed after pre-setting the 
thermostats was to lower the thermistor to a 
given position in the fluid interior and to set 
the table rotating at a given rate, leaving it for 
several hours to establish a steady state. The 
thermistor bead was fixed in the middle of the 
annulus a t  a depth position of about -0 .3H 
( H  being the total depth of the fluid) and the 
thermistor remained fixed at this position 
throughout the experiment. When the fluid was 
judged to have reached a steady state the signal 
from the thermistor was recorded on a pen re- 
corder for a period of 1-2 hours. The rotation 
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0.5 1 .o R 
Fig. 6 .  Plot of non-dimensional wave amplitude, 
C/AT against R for A T  = 19.O0C, at Z / H  = - 0.3. 

rate was then slightly increased ( - 5 % )  and 
the signal recorded again for 1-2 hours. This 
procedure was repeated several times until the 
temperature trace showed a steady system of 
waves. A series of traces were then taken, as 
above, with the rotation rats being changed up 
or down to scan the transition region and also, 
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to a lesser extent, to study the development of 
the waves as the rotation rate was further in- 
creased. 

Most of the stability experiments were per- 
formed with water as the working fluid. How- 
ever, additional measurements using glycerine 
and glycerine/water mixtures were also mads, 
as shouin later. 

The appearance of waves was clearly indi- 
cated on the traces, though, as expected with 
a non-continuous increase or decrease in rota- 
tion rate, it was not possible to identify directly 
if a critical value of R above which the waves 
occur existed, and if so what was its value. An 
interesting feature of the traces, however, was 
that, having reached the wave regime, the 
amplitudes of the temperature fluctuations 
showed a steady increase with increasing R. 
This effect, which was found to be common to 
all such experiments, gave rise to a useful 
method of estimating a critical value of R 
(acrit, say). A typical plot of wave amplitude, 
c, against rotation rate, R, is shown on Fig. 0. 
The values of 5,  which are average values (ob- 
tained from measurements of several cycles on 
a particular temperature/time trace) have been 
normalised by A T-the horizontal temperature 
difference imposed between the outer walls of 

0 

0 

0 
0 

0 0  

~ O O 0 O  
0 

+..* *. . 0- . . 

Fig. 7. Plot of 0 against Ta showing comparison of data points obtained ( 0 =waves present, 0 =no waves 
detectable, + =presence of waves uncertain) with stability curve --- of Kaiser (1970). 
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Fig. 8 .  Temperature/time output from a thermistor fixed in the fluid at a level Z / H  = - 0.3 for (i) rigid 
lid and (ii) free surface cases. AT = 15.OoC in both cases. Rotation periods (i) are (a) 4.9 sec, ( b )  8.4 sec, (c) 
9.8 sec, (d )  10.6 sec, (e) 12.0 sec. Rotation periods (ii) are (a) 8.0 sec, ( 6 )  9.8 sec, (c) 10.8 sec, (d )  11.6 sec, 
(e) 13.1 sec. 

the annulus. Uncertainty limits on 5 are also 
obtained by measuring the variation in wave 
amplitude from cycle to cycle on a given trace 
-for a recording time interval of a few hours 
a typical trace would contain between 5 and 10 
complete cycles. Estimates of ncrit can be ob- 
tained from figures such as Fig. 6 though, 
clearly, these estimates are subject to errors of 
the order of 15 %. 

The total data from the experiments are 
shown in slightly different form on Fig. 7 to- 
gether with the relevant portion of the stability 
curve obtained by Kaiser (1970) and others. 
The two non-dimensional parameters 0 and 
Ta (thermal Rossby number and Taylor num- 
ber respectively) are defined as 

where a and v,  both of which are temperature 
dependent quantities, are average values over 
the temperature range of the experiment and 
A T is the horizontal temperature difference 
applied to the outer walls of the annulus. To 
avoid confusion, data points for estimated val- 
ues of Qcrit, obtained from figures such as Fig. 
6 are not plotted. 

The restricted range of the present experi- 
ments is seen from Fig. 7. In  order to construct 
a comprehensive stability curve for this type 
of annulus and then to make detailed com- 
parison with earlier investigations (Kaiser, 1970; 
Fowlis t Hide, 1965) it is clear that much more 
data would be required. (Indeed, as we state 
earlier and stress again here, such a comparison 
has not been the aim of these experiments.) 
However, an obvious feature of the graph is 
that, for a given value of Ta, the values of 
critical 0 are significantly higher than the 
“classical” annulus case, as exemplified by 
Kaiser’s results. This may be a real effect partly 
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Pig.  9 .  Plan photographs showing wave motions at mid-depth in the annulus for (i) free surface and (ii) 
rigid lid cases for AT = 20°C. Data for ( i )  R = 0.86 rads/sec, exposure time 3 sec (ii) R = 1.13 radslsec ex- 
posure time 25 sec. Note that the patterns are not surface patterns and that the lengths of the streaks in 
both photographs are about the same, though the exposure times differ greatly. 

due (Fein, 1973) to the different upper bound- 
ary conditions in the 2 investigations, though 
much of this discrepancy can be explained by 
the value of A T  used in the definition of 0. 
I n  contrmt to the case of the copper or brass 
annulus, such as the one used by Kaiser, there 
is clearly a substantial temperature drop 
through the plexiglass walls and thus the in- 
ner wall temperature difference (the tempera- 
ture difference the fluid actually ‘feels’) will be 
less than A T .  Basing the thermal Rossby num- 
ber on an  inner wall temperature difference, 
therefore, is consistent with a shift of the data 
towards the stability curve shown. 

Experiments were also run with the rigid lid 
removed to determine the free surface stability 
of the flow. Temperature trace data from such 
experiments served to demonstrate the in- 
crease in frequency of the waves in going from 
a rigid lid to a free surface upper boundary, for 
otherwise identical conditions, as shown on 
Fig. 8. I n  addition, it was observed that, for a 
given A T, the wave instability appeared earlier 
(i.e. a t  a lower a,,,,) than in the rigid lid case. 
This difference in behaviour between the two 
cases is shown in Fig. 8. 

I n  order to ehck that the temperature oscil- 
lations observed on the pen recorder traces 
were actually due to the presence of baroclinic 
waves in the annulus, the flow was visualised 

using a technique developed by Douglas et  al. 
(1972). Small (-0.5 mm diameter) polystyrene 
beach were mixed with the fluid and a narrow, 
horizontal collimated beam of light illuminated 
a thin region at a given depth in the annulus. 
The density of the working liquid was first of 
all increased slightly (by addition of a small 
quantity of glycerine) in order that the poly- 
styrene particles (density 1.05 gm/cc) should 
be neutrally buoyant and thus remain in per- 
manent suspension. The motions occurring at 
the illuminated level were then recorded by 
taking time exposures with the camera mounted 
above the apparatus. An advantage of this 
technique is that the flow can be observed at 
any chosen depth in the fluid msrely by rais- 
ing or lowering the collimated beam: this avoids 
the restriction of having to consider surface 
flow patterns which are not necessarily typical 
of the flows occuring in the interior regions. 

The thermistor sensor, connected to the pen 
recorder, was also lowered to the same depth 
in the fluid as the illuminated region and flow 
patterns were recorded with both free surface 
and rigid lid upper boundaries. Following the 
same procedure as before, the rotation rate was 
incrementally increased, for a pre-set A T ,  and 
simultaneous flow patterns and temperature 
traces were recorded. I n  both cases it was con- 
firmed that, indeed, the onset of the tempera- 
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Fig. 10. Plan photographs showing the transition to the wave regime for the rigid lid case. All photographs 
are taken at the same depth in the fluid with an exposure time of 30 sec. The value of AT = 20°C and = 

(i) 0.49 radslsec, (ii) 0.58 radslsec, (iii) 0.79 radslsec, and (iv) 1.91 rads/sec. 

ture oscillations corresponded to the occur- 
rence of wave motions in the annulus. Partic- 
ularly with a free surface the correlation could 
be seen directly by eye, the wave motions and 
associated vortices being so vigorous and well- 
defined. However, with a rigid lid in position 
the average velocities in the fluid were much 
reduced due to the formation and frictional 
effect of an Ekman boundary layer at the top. 
I n  this case it was necessary to record the pat- 
terns with time exposures of about 20-30 sec 
in order to see the baroclinic waves, and no eye- 
check was possible. 

Photographs taken in the wave regime are 
shown on Fig. 9. It was established from such 
figures that throughout the depth of the fluid 
a steady system of waves occurs in a particular 
parameter regime and that this system of waves 
drifts slowly around the annulus. 

The baroclinic waves observed with a free 
upper boundary are essentially identical to 
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those observed in other related annulus studies. 
The presence of the steady wave system with a 
well developed jet stream transporting heat 
from the hot to the cold walls and an alternat- 
ing system of vortices are well demonstrated in 
Fig. 9. In  the rigid lid case the flow pattern is 
clearly not so well defined, though the occur- 
rence of waves is observed. The jet-stream, 
though apparent, is not so well developed and 
in some areas the pattern resembles more a 
system of closed cellular vortices. It is possible 
that this absence of regularity was due to the 
wave pattern being locally distorted by the 
heating or cooling not being azimuthally sym- 
metrical. Photographs are shown in Fig. 10, for 
the rigid lid case, in which the various stages 
in going from symmetric to wave regime are 
demonstrated. 

A slightly more easy and versatile (though 
less comprehensive) method of detecting the 
presence of waves in the annulus was to em- 
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Big. 11. Motion of horizontal dye lines produced at times (i) t =to, (ii) t =to  + 2  min, (iii) t =to  + 4  min and 
(iv) t =to  + 7 min, showing presence of waves in the annulus at a level z / H  = - 0.04. Sense of is anti- 
clockwise. 

ploy the pH-technique described earlier. With 
this method a line of dye was produced a t  a 
given depth in the fluid and the distortion to 
the dye profile caused by the passage of the 
wave was recorded. The time development of a 
dye line profile illustrating the complete cycle 
is shown for a particulsr level on Fig. 11. 

4.4. Temperature measurements: nonrotating 
In  an extensive series of experiments the 

temperature field in the interior of the fluid 
has been determined over a wide range of con- 
ditions. Temperatures have been measured with 
the movable thermistor arrangement and, from 
these measurements, isotherm fields have been 
plotted. 

Experiments were first of all conducted us- 
ing water as the working fluid and with the an- 
nulus non-rotating. (Note that all temperature 
measurements to be described were obtained 
with a rigid lid upper boundary condition.) 
Using the DVM, temperature/depth readings 
were taken a t  10-12 radial stations in the an- 

nulus interior, together with 3-4 soundings in 
both side-wall boundary layers. At a particular 
radial station the temperature versus depth 
plot was obtained by lowering the thermistor 
vertically in a series of small steps (usually 
15-20) and recording the measurement at each 
level. By repeating this procedure for each 
station the whole fluid cross section could be 
scanned and interior temperatures could be 
obtained a t  2 0 6 2 5 0  “grid points”. On lower- 
ing the thermistor from one level to the next it 
was necessary to wait 1-2 minutes before the 
DVM reading became steady-the time delay 
being caused by the response time of the 
thermistor and possibly by the disturbing ef- 
fect of the probe on the ambient fluid (Fultz & 
Kaiser, 1972). On completion of a scan across 
the annulus, less comprehensive repeat sound- 
ings were taken a t  alternate radial stations (in 
quasi-random order) to check the reproducibility 
of the data. 

From such temperature/depth soundings the 
isotherm field in the annulus interior could be 
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constructed, as shown on Fig. 14 (i). Several 
such constructions were made for varying val- 
ues of A T ,  and, to a lesser extent, for different 
fluids (water, glycerine and water/glycerine 
mixtures). The errors in each grid point in Fig. 
14 are not indicated but it was clear that they 
were sufficiently large to make any marked 
kinks in the isotherms insignificant. The main 
feature of Fig. 14 (i) is the good agreement with 
the theoretically predicted very small slope of 
the isotherms. Inspection of the data showed 
the agreement to be better in cases where the 
working fluid was less viscous and where A T  
was large-as expected from a theory in which 
the momentum balance in the main part of 
the region is dominated by the buoyancy force. 
Fig. 12 shows a compound plot of all data from 
all radial stations in order to illustrate the flat- 
ness of the isotherms: it is observed that there 
is no systematic increase or decrease in tem- 
perature along a given depth contour. 

4.5. Temperature measurements i n  the 
rotating annulus 

In  obtaining temperature fields with the ro- 
tating annulus the same procedure as above 
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Fig. 14. Temperature field in (i) the non-rotating and (ii) the rotating annulus showing 0.5OC isotherms for 
the cases, (i) T, = 38.9"C T, = 15.2"C, R = 0, (ii) T, = 33.S°C, T, = 15.6'C, R = 0.52 rad/sec. 

was followed, usually using water as the work- 
ing fluid and making use of various combina- 
tions of R and AT. Most of the data was col- 
lected in the symmetric flow regime though 
some later measurements wcre obtained with 
fully developed wave motions present in the 
annulus. In the former circumstance a tem- 
peratureltime trace was takcn a t  a fixed depth, 
as before, to ensurc no oscillations were present 
before starting the measurement programme. 
Where possible, instead of using the pen re- 
corder for the purpose the D.V.M. output from 
the thcrmiJtor was sampled every 10 sec for a 
period of 20-30 minutes. This method, though 
tedious, proved very sensitive, as shown by 
Fig. 13. 

Isotherm fields were obtained for about 25 
different R, AT settings in the symmetric re- 
gime, one of which is shown in Fig. 14, together 
with a non-rotating case for comparison. As 
with the non-rotating case, most attention was 
focussed on the interior region of the fluid, but 
in some instances additional information was 
obtained in the side-wall boundary layers, the 
lateral extent of which was of the order of 0.1H 
(see Fig. 14). The effect of rotating the annulus 

is clearly seen; the isotherms begin to slope even 
at slow rotation speeds and as R is increased, 
keeping AT fixed (i.e. as 0 is decreased and Ta 
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2 2 . 0 '  I , I I I I I I I i 
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Pig. 15. Temperature/depth plots comparing (a) 
rotating and ( b )  non-rotating cases for T, = 32.4"C, 
T, = 15.2"C. In (a ) ,  R = 0.45 rad/sec. 
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Fig. 16. Plot of experimental data in the form of isotherm slope 8 against parameter D together with the 
theoretical estimate from 2.23. Data points shown are for o =water, Symmetric regime, =water, wave 
IWgime, A = 38 % glycerine/water solution, wave regime, 0 = 70 % glycerine/water solution, symmetric 
regime, =glycerine, symmetric regime. 

similarly increased) the slope of the isotherms 
increases also. Characteristic boundary layer 
behaviour is observed adjacent to both hot and 
cold walls but in the few cases investigated no 
noticeable difference in such behaviour is seen 
in the non-rotating and rotating situations. 

Similarly, it is confirmed that the bmic 
stratification in the interior of the fluid remains 
unaltered by the presence of the rotation. This 
is demonstrated by Fig. 15 which shows tem- 
peratureldepth plots for c a w  with and with- 
out rotation but in which all other imposed 
conditions remain the same. From Fig. 16 it 
can be seen how the introduction of rotation 
CBUS0S the isotherm to tilt, producing a different 
temperature at a given depth, whilst the basic 
stratification, as indicated by the slope of the 
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curves, remains essentially unchanged, as ex- 
pected. 

Using a least squares fit procedure the slopes 
of the isotherms in the interior region of the 
fluid were calculated. As expected, for a par- 
ticular Jz, AT combination the isotherm slope 
varied considerably with depth, even outside 
the boundary layer regions. For purposes of 
comparison between different sets of data and, 
particularly, with theoretical prediction, an 
average value over the full depth of the interior 
(defined arbitrarily a being between + 0.35H 
and -0.45H) is taken and the standard devia- 
tion calculated. In  the construction of the iso- 
therm fields the errors for each data point were 
calculated: however, it was found that the re- 
sulting error in a given isotherm slope was less 
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than that represented by the spread of the data 
over the fluid depth. The uncertainty in the 
average isotherm slope was thus taken as the 
standard deviation quantity just described. 

In situations where the regular baroclinic 
waves were present in the annulus, less-detailed 
measurements of isotherm slope were taken. 
To obtain an order of magnitude estimate in 
such cases, time-averaged temperature meas- 
urements were made a t  4 reference points in 
the fluid interior. Using the values of aT/az and 
aT/ar calculated from the above data, the iso- 
therm slope could then be computed. A plot of 
0 against D is shown on Fig. 16. As stated 
earlier, the data has been collected with water, 
glycerine and water/glycerine mixtures as 
working fluids: this is indicated in the above 
figure as is the distinction between data points 
obtained in the symmetric and wave flow re- 
gimes, 

All the data points plotted are shown with 
relatively large associated uncertainty limits. 
For points in the symmetric regime these 
limits simply represent the large variation in 
isotherm slope with depth, remarked upon 
earlier. Similarly, in the wave regime, since the 
values of 0 are obtained from time averages of 
oscillatory temperature signals, the uncertainty 
limits shown are indicative of the amplitudes 
of these oscillations. In particular, in the latter 
circumstance, a large uncertainty is produced 
when calculating a horizontal temperature dif - 
ference since this involves subtracting two 
quantities which when averaged are almost 
equal but which both necessarily exhibit large 
amplitude oscillation with time. 

Using appropriate values of the constant 
quantities d ,  g, H and a, and using an average 
value for the thermal conductivity of plexi- 
glass, the theoretical estimate of the gradient 
of the 0, D plot, obtained from (2.23) is also 
drawn in Fig. 16. 

In the symmetric flow regime there is an 
obvious discrepancy between the data and the 
theoretical estimate though, particularly with 
water as the working fluid, there is good agree- 
ment with the predicted linear behaviour. The 
discrepancy is not serious, however, remember- 
ing that the theoretical line is only an order of 
magnitude estimate. In addition, and perhaps 
more significant, D is made up of several quan- 
tities ( x ,  k, a, Y) which are strongly temperature 
dependent, and in computing the data points 

for D only average values (i.e. for a reference 
temperature of 15°C) were used. When the 
variation with temperature is taken into ac- 
count (for example, for water, the Prandtl 
number, v / x ,  varies from 8.8 a t  15°C to 5.5 a t  
3OOC) the data shows satisfactory agreement 
with the theoretical estimate. It is of course 
noticeable that the increase of slope with in- 
creasing D takes place only in the symmetric 
regime. When waves appear in the annulus- 
apparently when 0 is of the order of 0.18- 
the graph has a different behaviour. More data 
is obviously required in the wave regime but it 
seems to be clear that the slopes of the isotherms 
cease to increase a t  the same rate with increas- 
ing D and indeed there is evidence that the 
slope drops on crossing the stability boundary. 
This is consistent with the readjustment of the 
temperature field expected after such a signif- 
icant change in the nature of the flow, and the 
effect is in agreement with that observed by 
experimentalists working with the “classical” 
annulus. 

5. Summary and conclusions 

The results of the experimental investigation 
have shown encouraging agreement with theo- 
retical prediction in several important respects. 
Quantitative measurements of the adjustment 
time of the fluid and the interior temperature 
structure in the non-rotating case have con- 
firmed earlier theoretical and qualitative re- 
sults (I) and have shown the applicability of 
these results to the annulus configuration. 

With the annulus rotating it has been shown 
that regular baroclinic waves occur in the fluid 
in a certain parameter range though these wave 
motions have a more well-defined character then 
the upper surface of the fluid is free. With a 
rigid lid in position, interior horizontal veloci- 
ties are significantly reduced and there is a 
suggestion that the parameter range for the oc- 
currence of waves in the two cases (i.e. free 
surface, rigid lid) is different. 

Good agreement with theory is shown with 
the isotherm data-the bulk of the investiga- 
tion. The application of the results in I to a 
physically realistic rotating problem, using an 
annulus specially constructed with regard to 
the boundary conditions, has been successful 
in predicting the basic stratification in the an- 
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nulus and the dependence of the isotherm slope 
upon the physical properties of the boundaries 
and the fluid. The graph of isotherm slope 
against the parameter D shows an essentially 
linear relationship in the symmetric regime, 
while a somewhat different behaviour was in- 
dicated in the wave regime. As stated in the 
previous section, this is a most natural result 
of the significant change in the character of 
the flow (and the consequent introduction of a 
different heat transfer mechanism) causing the 
observed readjustment in the temperature field. 
The value of the isotherm slope at the sym- 
metriclwave regime boundary was shown to 
be of the order of 0.18, indicating that at least 
one important condition of the Eady theory 

(Eady, 1949)  that the order of the isotherm 
slope should be much less than unity-is ful- 
filled in these experiments. 
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HEHOTOPME PiCCJIEAOBATEJIbCKPiE 3KCIIEPPiMEHTbI C HOBbIM TPinOM 
BPAUJAIOUEI'OCH HOJIbqEBOrO COCYAA C HEOAHOPOAHO 

HArPETOm XCLIflIEOCTbIO 

npeHCTaBJIeHbI pe3yJIbTaTbI 3KCIIepHMeHTOB C 
BpauamYHMCfl HeOAHOPOAHO HaPpeTbIM K O J I b -  
VeBbIM COCYAOM. nOKa3aH0, 'IT0 IIpH IIOAXOAR- 
ueff KOHCTPYKqHII COCyHa HHTeHCIIBHOCTb 30- 
HaJ IbHOrO 6apOKJIHHHOrO ABIImeHHR MO?KeT 

CTPaTHl$lHKaqHH IIJIOTHOCTII. B OIIHCbIBaeMbIX 
3KCIIepHMeHTaX 613~10 HafigeHO, 'XTO 6 a p o ~ n ~ ~ -  
H a R  HeyCTOfi'IHBOCTb IIpOIICXOAHT B COCTORHIIH, 

6b1~b nonyseHa He a a s ~ c ~ ~ q e f i  OT O C H O B H O ~ ~  
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XapaKTepII3yC!MOM MaJIbIMH HaKJIOHaMII 1130- 
TepM. HeKOTOpbIe OCO6eHHOCTH Ha6~110AaeMb1x 
IIOJIefi Te'IeHEzff H TeMIIepaTypbI, B 'IQCTHOCTH, 
OCHOBHaK CTpaTIIl$lIIKaqIIK II HaKJIOH Ei3OTepM 
CpaBHHBaIOTCR C npH6JIHHEeHHbIMH IIpegCKa3a- 

l$lyHAaMeHTaJIbHbIe TPYAHOCTII, CBR3aHHhIe C 
'IYBCTBHTeJIbHOCTbH) 6apOKJIHHHOrO Te'IeHHR K 
MaJIbIM H3MeHeHHRM B PPaHH'IHbIX yCJIOBHRX. 

HHHMII Teopwn. O 6 c y ? ~ ~ a 1 0 ~ c a  onpeAeneHHbIe 


