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ABSTRACT 

It has been surmised that fog supersaturation lies well below a few tenths of one per- 
cent, but it cannot be directly measured at present. In this paper, theoretical and 
empirical equations are developed which render it possible to calculate fog super- 
saturation from simultaneous microphysical and meteorological measurements at 
regular time intervals. Such measurements became available on four occasions. With 
the aid of these equations, comparisons are carried out in terms of several supersatura- 
tion parameters, as well as in terms of the change in isobaric cooling. When the nature 
of the data is taken into consideration, the results of these comparisons appear to 
lend reasonable support to the use of these equations in the calculation of fog super- 
saturation. 

1. Introduction 

Supersaturation in clouds or fogs is an im- 
portant microphysical parameter in cloud 
physics; however, no instrument currently 
exists for its direct measurement. In  the case 
of a cloud, the ambient supersaturation may be 
estimated from a knowledge of the observed 
or calculated liquid water content together with 
the assumption of pseudo-adiabatic ascent 
(Howell, 1949). The maximum supersaturation 
has been computed to be in the range of 0.2% 
to 0.8% in real clouds a t  an assumed updraft 
speed of 1 m sec-1, the higher supersaturation 
being attained in clean maritime air (Twomey, 
1959). The ambient supersaturation in fogs is 
still a conjecture, surmised to lie well below s 
few tenths of one percent (Jiusto & Mack, 1966). 

In  a fog, there is usually negligible updraft. 
A supersaturation equation may be derived on 
the basis of temperature and droplet measure- 
ments alone to give an estimate of supersatura- 
tion during the early phase of fog evolution. 
On the other hand, such supersaturation may 
also be calculated from the droplet and cloud 
nucleus data by means of an empirical equation. 
In  this paper, both theoretical and empirical 
equations will be developed, and will then be 
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applied to the microphysical and meteorological 
data furnished by Bonner & White (1972).I 
These data were collected simultaneously on 
four occasions a t  a site some 35 kilometers from 
the Pacific Ocean in northwest California. 

Finally, comparisons are made among several 
related parameters in an attempt to determine 
whether these supersaturation equations may 
be used in the calculation of fog supersaturation. 

2. Supersaturation parameters 

Following Howell (1949), this paper employs 
three supersaturation parameters: total super- 

l (1) The droplet data averaged for a time period 
were collected by the Kumai-type impactors, as 
noted by the authors, but the droplet concentration 
per cc in each category was incorrect due to a com- 
putation error; all values, as given, should be re- 
duced by one-fourth. (2) A conditioning chamber 
was used to store a sample of nuclei before it waa 
injected into the thermal diffusion cloud chamber, 
which was set at 1 % supersaturation for all occa- 
sions, in order to minimize the intrusion of droplets 
and to achieve proper temperature equilibrium. A 
description of these chambers may be found in 
Bonner (1972). On p. 37 of their data report, the 
temperatures at different levels from 2330 (PDT) 
on have lost their negative signs due to misprint. 
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saturation (S'), liquid supersaturation (Sd),  and 
ambient supersaturation (SL). Algebraically, the 
last parameter is the first minus the second; i.e., 

sf, = S' -s, (1) 

In  their present context, the first two para- 
meters are defined as follows. (1) Total super- 
saturation is the supersaturation that would 
exist in isobaric cooling if all the liquid water 
in the parcel of air were vapor a t  the same tem- 
perature. In the real atmosphere, the total 
supersaturation will decompose into two com- 
ponents: ambient and liquid. (2) Liquid super- 
saturation is the supersaturation obtained upon 
division of the observed or calculated liquid 
water content of the droplet population by the 
product of the density of dry air and the satura- 
tion mixing ratio a t  the same temperature. 

As noted in the previous section, an empirical 
expression will be derived which may also be 
utilized to render an estimate of the ambient 
supersaturation in the fog. Let it be denoted 
by S,. Then, we find 

S=S,+S,  (2) 

where S is also the total supersaturation. While 
S' is derived directly on the basis of isobaric 
cooling, or temperature measurements, S comes 
from microphysical measurements. The former 
may be called the meteorological total super- 
saturation, and the latter the microphysical 
total supersaturation. 

We are thus afforded five supersaturation 
parameters for use in comparison: S, s', s,, s:, 
and 8,. Since these parameters are rather small 
quantities, comparisons will be made primarily 
in terms of total supersaturations and the 
changes in temperature. 

3. Meteorological total  supersaturation 

According to ( l ) ,  

S' = s:, i- Sd 

Then, by definition 

, x'-xs 
S,=- 

2, 
(3) 

and 

W 
= -  

d 
"S 

(4)  

where x' and xs are the ambient and saturation 
vapor mixing ratios, respectively, and w is the 
liquid-water mixing ratio, all at the same tem- 
perature. Hence, from (1 a), 

x' + w -xs S'=- 
XS 

The total water substance in a parcel is as- 
sumed to be constant; i.e., x' i- w = constant. 
Differentiation of (5) gives 

in which (x' + w)/xs = 1 + S'. Upon substitution, 
eq. (6) becomes 

d[ln(l+S')]= -- dXS 
XS 

( 7 )  

In our present problem, S' a 1; then, the 
above equation may be approximated by 

Making use of xs z ces/P, where e, is the satura- 
tion vapor pressure, P the pressure of the air, 
and E the ratio of the molecular weight of water 
vapor to that of dry air, and noting that the 
cooling in a fog is primarily isobaric, we may 
now express the change in total supersatura- 
tion as a function of the change in saturation 
vapor pressure alone; thus, 

(9) 

By means of the Clapeyron-Clausius equation, 
we find 

where L is the latent 
the gas constant per 

heat of vaporization, Rd 
gram of dry air, and T 
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the saturation temperature. For small tempera- 
ture changes, the thermodynamic quantities in 
(10) are substantially constant. 

Given a rate of cooling in a fog parcel, we 
may integrate the above equation to obtain 
an estimate of the total supersaturation at-  
tained. The rate of cooling can be derived from 
temperature measurements throughout the 
parcel at regular time intervals without having 
to consider microphysical observations; thus, 
s' is named the meteorological total supersatura- 
tion. It may be of some interest to take note 
that the change in ambient supersaturation is 
given by 

Since X ' N X ~ ,  which is not unreasonable, we 
simply have 

If vertical motion exists, the term, -dxs/xs,  
can be readily expressed as a function of the 
change in height. 

4. Microphysical total supersaturation 

Twomey (1959) observed that as a function 
of supersaturation, the number concentrations 
of cloud nuclei closely follow a logarithmic 
distribution, which is given below in slightly 
different notations: 

NI. = mSf (13) 

where NI. is the number concentration of cloud 
nuclei, S, is the percentage supersaturation at 
which a thermal diffusion cloud chamber is 
set and maintained, and m and k are distri- 
bution constants. 

There is evidence that k is associated with 
the type of air whence the nuclei originate. 
While the values of m may vary appreciably 
from one parcel to the next (or one time to the 
next), those of k will remain within reasonably 
narrow bounds. In  the same paper, Twomey 
noted the different k values between the mari- 
time and continental air, which he found to be 
0.33 and 0.40, respectively. Fitting his cloud 

Tellus XXVII (1975), 5 

nucleus data to the above equation, Jiusto 
(1967) found k = 0.46 for ocean side, 0.63 for 
two miles inland, and 0.90 for continental in- 
dustrial areas. 

According to Twomey & Squires (1959), when 
the maximum supersaturation attained in a 
cloud is known (as from measurements of 
in-cloud updraft) along with the constants m 
and k (as from measurements of cloud nuclei 
a t  different supersaturations), the droplet con- 
centration in the cloud is simply the number of 
nuclei active a t  that supersaturation. It thus 
appears that eq. (13) may also render an es- 
timate of the number concentration of cloud 
droplets; then, 

Nd = mS: 

where Nd is the number concentration of drop- 
lets and S, the maximum ambient supersatura- 
tion in percent attained in clouds. 

Unlike (13), this equation may be subject to 
two interpretations corresponding to two dif- 
ferent circumstances. In a fog environment 
where all the droplets have been freshly formed, 
as in the cloud chamber, assuming one nucleus 
to each droplet, and where the mechanisms of 
coalescence and sedimentation have yet to 
come into full play, the ambient supersatura- 
tion S, may be viewed as the supersaturation 
attained and maintained in the fog a t  the time 
of observation; then, eqs. (13) and (14) would 
share the same interpretation. 

On the other hand, in a mature fog where 
the microphysical mechanisms have been active 
and where the droplet population consists 
mostly of older droplets, S, becomes the max- 
imum ambient supersaturation that the fog 
had once reached prior to the time of observa- 
tion. 

In  either case, when eqs. (13) and (14) are 
taken together, it may be seen that at  any 
given supersaturation there is a fixed number 
of cloud nuclei in a parcel of air whose critical 
supersaturation is less than or equal to that 
supersaturation. However, it should be obvious 
that different parcels of nuclei captured at dif- 
ferent times will have different concentrations. 
With this in mind, it is possible to establish a 
relationship between (13) and (14) for simul- 
taneous observations of droplets and nuclei in 
the same parcel. 

In the same fog environment that has at- 
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tained a certain amount of supersaturation, in 
which all the nuclei whose critical supersatura- 
tion lies a t  or below that supersaturation have 
been used up in droplet formation, none would 
then be available for activation by a cloud 
chamber operated at that same supersaturation. 
However, if the chamber is set to a higher super- 
saturation value, a number of nuclei N ,  whose 
critical supersaturation is higher will be ac- 
tivated in the chamber. Had there been no fog 
formation in this environment, there would be 
Nf( = N ,  + N d )  nuclei in the chamber, instead 
of merely N,. Therefore, when applied to a fog 
environment, eq. (13) becomes 

N ,  + N ,  = mS: (15) 

It would appear that once the droplet con- 
centration is known together with m and k, 
eq. (14) may suffice to determine either the 
ambient supersaturation in a freshly formed fog 
or the maximum ambient supersaturation in a 
mature fog. But this would require a knowledge 
of the changing m values from time to time, 
as noted earlier. In an environment where a fog 
persists, it is reasonable to expect that the 
air involved, and hence its k values, would 
remain more or less the same for most parts of 
a fog’s life. 

To eliminate m, the ratio is taken between 
(14) and (15).  The resulting expression is then 
solved for S, to yield 

where S, and S, can now be expressed in frac- 
tions. Given the simultaneous measurements of 
cloud droplets and nuclei, eq. (16) can be em- 
ployed to give an estimate of the ambient super- 
saturation during the incipient stage of fog 
evolution, or the maximum ambient super- 
saturation attained in a mature fog. 

If the liquid water content is also given, either 
from drop-size spectra or from liquid water 
measurements, an expression for microphysical 
total supersaturation S may be formed by in- 
cluding the liquid water component s,, which 
is given by 

Table 1. Temperature (C) at 7.5 m, droplet and 
nucleus concentrations and liquid water 
content (gm-3)  corresponding to the time and 
date in each cme 

Case Time Date T N ,  N ,  LWC 

I 0030 21 Oct. 71  4.0 44.45 198 0.17 
I1 2330 24 Oct. 71 4.0 43.75 76 0.50 

IV 2030 31 Oct. 71  4.5 38.85 121 0.65 
I11 0030 29 Oct. 71 -1.0 33.83 613 0.31 

Then, 

which will be used to estimate the total super- 
saturation from microphysical observations. 

5. Microphysical and temperature data 

For the purpose of comparison, the following 
microphysical and temperature information has 
been derived from the data of Bonner & White 
(1972). 

( a )  Microphysical measurement8 
Microphysical measurements consist of the 

number concentrations of droplets (N,)  and of 
cloud nuclei (N,)  and liquid water contents 
(LWC) derived from the observed drop-size 
spectra. On all four reported occasions, the 
maximum liquid water content occurred early 
in a fog’s life history, and may, hence, be as- 
sumed to have come from newly formed drop- 
lets. Table 1 provides the value of the maximum 
liquid water content in each case. 

Table 2. Temperature profile of the saturated 
layer in Case I ,  21 October 1971 

Level (m) 

Time 7.5 15.0 30.5 61.0 91.5 122.0 152.5 

0000 5.0 5.0 4.5 4.5 4.0 4.0 4.5 
0030 4.0 4.0 4.0 4.0 4.0 4.0 4.0 
AT -1.0 -1.0 -0.5 -0.5 0.0 0.0 -0.5 

W s, = ; ( 17) Average temperature decrease ( Too,o-Too,o) through- 
out the layer = - 0.5”C. 
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Table 3. Temperature profile of the saturated 
layer in Case 11, 24 October 1971 

Table 4.  Temperature profile of the saturated 
layer i n  Case 111, 28-29 October 1971 

Level (m) Level (m) 

Time 7.5 15.0 30.5 61.0 91.5 Time 7.5 15.0 30.5 61.0 91.5 

2100 5.0 5.0 5.0 5.5 5.5 
2130 4.5 4.5 4.5 4.5 5.0 
2200 4.0 4.0 4.0 4.0 4.0 
2230 Data missing 
AT -1.0 -1.0 -1.0 -1.5 -1.5 

Average temperature decrease ( T,,30-T,,,,) through- 
out the layer = - 1.2"C. 

(b)  Temperature profiles 
In all four cases, the fogs thinned out near 

the ground, and their depths were estimated to 
be between 50 and 70 m. Thus, the depth of 
the layer which reached saturation state dif- 
fered from one case to another. The temperature 
profiles in Tables 2-5 are given for the period 
from the time when the layer in question had 
attained and then maintained uniform satura- 
tion (i.e., 99% relative humidity or higher) up 
to the time when the droplet data correspond- 
ing to the maximum liquid water content were 
collected. Then, from each of these profiles, an 
average temperature decrease over both time 
and space is calculated, from which the meteoro- 
logical total supersaturation is obtained from 
(10). 

6. Comparison and discussion 

With the microphysical and meteorological 
data given above, it is now possible to compare 
the total supersaturations as derived from these 
two types of measurement, which may provide 
some indication of the validity of (16). 

Since the thermodynamic factor is substan- 
tially constant for a change of 1°C or so, as al- 
ready noted, eq. (10) may be integrated directly 
from some initial values of S' and T to their 
final values; thus, 

2230 0.0 0.0 0.0 0.0 0.0 
2300 Data missing 
2330 -0.5 -0.5 - 1.0 -0.5 -0.5 
0000 -1.0 -1.0 -1.0 -1.0 -1.0 
0030 -1.0 -1.0 -1.0 -1.0 -1.0 
AT -1.0 -1.0 -1.0 -1.0 -1.0 

Average temperature decrease ( T0036T2230) through- 
out the layer = - 1.O"C. 

temperature decrease throughout the layer has 
been given below Tables 2-5. Then, eq. (19) is 
used to estimate the meteorological total super- 
saturation that would have been reached dur- 
ing the time period, with liquid water assumed 
to be in vapor state. 

To apply (18) to the microphysical data, a 
value of k must be established. In  order to deter- 
mine k, several cloud chambers or one chamber 
with rapid sampling rates is needed. The chamber 
used in our present study was a hand-operated 
version and could not readily give a k value 
without interfering with scheduled experiments. 
The sampling site lies about 35 km from the 
ocean, yet away from any urban centers. Since 
the air mass involved, according to Bonner & 
White's synoptic analyses (1972), did not appear 
to have changed appreciably during the occur- 
rences of the fogs, a value of 0.7 was assumed 
for k in the light of Twomey's (1959) and 

Table 5 .  Temperature profile of the saturated 
layer in Case I V ,  31 October 1971 

Level (m) 

Time 7.5 15.0 30.5 61.0 

1900 5.5 5.5 5.5 6.0 
1930 5.0 5.0 5.5 5.5 
2000 5.0 5.0 5.0 5.0 
2030 4.5 4.0 4.0 4.5 
AT -1.0 -1.5 -1.5 -1.5 

At the time when a layer becomes barely 
saturated, S,=O;  the value for the average 
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Average temperature decrease ( T,,,,-T,,,,) through- 
out the layer = - 1.4"C. 
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Jiusto's (1967) observations. Eq. (18) now be- 
comes 

(NcTN)1.42g + W - 
S=S, ___ 

XI 

where S, = 0.01; that is, the cloud chamber waa 
operated a t  1 % supersaturation. 

The computed values of S,, S,, S, and S' 
from (16), (17), (20), and (19), respectively, to- 
gether with the relative deviations of S from S', 
are given in the following table. 

Except, perhaps, for case 1, the agreement 
between the meteorological total supersatura- 
tion S' and the microphysical total supersatura- 
tion S is remarkable. The meteorological and 
microphysical observations may be considered 
independent of each other. While the former is 
the result of prolonged layer cooling, the latter 
that of almost instant droplet and nucleus meas- 
urements. Moreover, the techniques for sampling 
droplets and nuclei are not noted for their 
precision, nor are the techniques for data re- 
duction, often by means of a microscope, as in 
our case. The droplet concentration was the 
average of three samples obtained simultaneous- 
ly, and the nucleus concentration that of five 
samples taken sequentially in about one sec- 
ond. The possibility thus existed that both were 
under-estimated. Although it is difficult to 
assess the amount of under-estimation, yet this 
would not cause an appreciable error in the 
use of the empirical expression (16), particularly 
in our present case where both droplet and nu- 
cleus concentrations were under-estimated. 

In Table 6 it is seen that the liquid super- 
saturation is the dominant component in total 

Table 6. Different supersaturation parameters 
and the relative deviations of S from S' in percent 
at the time indicated 

De- 
via- 
tion 

Case Time S, Sh. S, S S' ( % )  

I 0030 0.0009 0.0088 0.0264 0.0273 0.0352 - 22 
I1 2330 0.0024 0.0067 0.0777 0.0801 0.0844 - 5 

I11 0030 0.0002 0.0075 0.0655 0.0657 0.0730 - 10 
IV 2030 0.0013 0.0005 0.0976 0.0989 0.0981 1 

Average deviation = - 9 % 

Table 7. Comparison of the observed and the 
calculated temperature decreases, A T o  and AT,,  
respectively, and their differences, D i f f  . 

Case Time AT,, ATc Diff. 

I 0030 - 0.5 -0.39 0.11 
I1 2330 - 1.2 -1.14 0.06 

I11 0030 - 1.0 -0.90 0.10 
IV 2030 - 1.4 - 1.41 0.01 

supersaturation. The ambient supersaturation 
S, calculated from (16) represents only about 
2% of S on the average, whereas SL derived 
from (1) is almost 11% of S' or 6% of S', ex- 
cluding case 1. This may be explained by the 
possible fact that the meteorological total super- 
saturation resulting from prolonged cooling waa 
over-estimated. Then, it is conceivable that 
the actual total supersaturation lies between S 
and S', and hence the actual ambient super- 
saturation between S, and s:. 

Balloon-borne temperature and humidity 
measurements of the type described in Bonner 
&, White's data report (1972) were estimated to 
embrace an error of & 0.2"C. Since the total super- 
saturation value is known from microphysical 
observations, it would be of interest to compute 
by means of (19) the amount of isobaric cooling 
required to generate this supersaturation. The 
above table presents a comparison between 
the observed temperature decrease A T o ,  as 
given below Tables 2-5, and the calculated 
temperature decrease AT,,  along with their 
differences. 

On the surface, the differences between the 
observed and the calculated cooling appear to 
be remarkably small and well within the error 
of tethered balloon measurements. But a simple 
calculation will demonstrate that even a meas- 
urement error of 0.1"C may not be tolerable. 
An error of 0.1"C represents a difference in 
liquid water content of 0.033 gm-3, not a 
negligible amount insofar as the liquid water 
of fog or even of cloud is concerned. While there 
is no question that microphysical measurements 
need further improvement, it would appear 
that an error no greater than 0.05"C in the 
measurement of temperature profiles may great- 
ly improve the estimate of meteorological total 
supersaturation. 
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7. Conclusion 

Considering the state of the art in micro- 
physical and layer temperature measurements, 
the comparisons given in Tables 6 and 7 may 
be viewed as being reasonably satisfactory, par- 
ticularly in regard to total supersaturations. 
The ambient supersaturation derived from 
meteorological measurements appears too high 
for the fogs, which seemed to have reached 
their peak growth and whose temperaturea 
either began to stabilize or no longer fell BB 

rapidly. On the other hand, the ambient super- 
saturation derived empirically may appear too 
low, though not necessarily unrealistic under 
the circumstances just mentioned. 

Two separate methods, one being meteoro- 
logical and the other microphysical, have been 
proposed to calculate the total supersaturations 
during the early phase of fog evolution. In  the 
former, the ambient supersaturation is a derived 

quantity; in the latter, it is obtained directly 
from an empirical equation. Being independent 
of each other in the source of data, the total 
supersaturations so obtained may serve to verify 
end cross-check each other. Moreover, if the 
temperature profiles are known with confidence, 
the meteorological total supersaturation can be 
used to check the quality of droplet sampling 
techniques, since the ambient supersaturation 
is no more than a few percent of the total super- 
saturation. 
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MI?KPOOI?3I?9ECHI?E I? MBKPOMETEOPOJIOrI?qECKBE H3MEPEHMtl  
I IEPEHACbIuEHBFI  TYMAHA 

A a B H O  CYUeCTBYIOT IlOAO3peHHR, ' I T 0  nepe- 
H a C b I q e H H e  T Y M a H a  H M e e T  MeCTO n p H  OTHOCU- 
TeJIbHbIX BJIaH(HOCTRX, MHOrO MeHbIllHX H e -  

B p e M R  O H 0  H e  M O m e T  6 b I T b  n p R M 0  H a M e p e H O .  
B A a H H O n  C T a T b e  CTPORTCR T e O p e T H q e C K H e  H 
3 M I I H p A q e C K H e  Y p a B H e H H R ,  HOTOPbIe HaIOT B 0 3 -  
MOH(H0CTb BbIqUCJIRTb I I e p e H a C b I q e H H R  T y M a H a  
H 3  AaHHbIX OAHOBpeMeHHbIX MHKPOI#H3HqeCKMX 

H b I e  HHTepBaJIbI B p e M e H H .  Tame H 3 M e p e H A R  

M H o r a x  Aecmwx npoqewa, HO B H a c T o R q e e  

H M e T e o p o n o r m e c w i x  ~ 3 ~ e p e ~ ~ t i  B perynnp- 
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