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ABSTRACT

A three-layer, semi-implicit model was developed to simulate moving and asymmetric
hurricanes on & f-plane, using Kuo’s method of cumulus parametrization. Sensible
and latent heat transfer from ocean to atmosphere was included implicitly in the
model. In order to predict hurricane movement over a large area and yet resolve
finer details near the eye, a multi-grid network was used with a movable finest grid
of 20 km mesh size, surrounded by two coarse grid nets with mesh spacings of 60 km
and 180 km, respectively. A comparison of the results with f-plane calculations shows
that the vortex on the -plane intensified at a slower rate before the storm stage, but
at the same rate thereafter. The f-plane hurricane was asymmetric throughout its
life cycle, and these asymmetrics looked similar to those observed in real hurricanes.
The vortex moved on the §-plane with a phase velocity of 4.8 km hour-! for the westerly
and 3.3 km hour-! for the northerly components. The model was also integrated for
two cases where the initial vortex was superimposed on a vertically varying basic
current. Results showed that the strength of the simulated hurricane depends very
much upon the magnitude of the vertical shear of the basic current; for a large shear
(>15 msec~1/12 km) the vortex failed to intensify into a hurricane. Computations
showed that the pressure weighted mean of the basic current between the surface
and 12 km level agreed very well with the magnitude of the steering current. As a
result of the interaction between the hurricane circulation and the basic current, the
hurricane moved in an oscillatory path with an amplitude of 30 km and a period of

about 20 hours.

I. Introduction

In the last decade or so, several workers have
successfully simulated numerically the growth
and development of hurricanes, using the crucial
technique of cumulus parameterization devel-
oped by Kuo (1965), Ogura (1964) and Ooyama
(1969). Axisymmetric models were developed
by Yamasaki (1968a and b), Rosenthal (1969)
and Sundquist (1970). Even though these mod-
els simulated some of the observed features
of real hurricanes, they could not simulate
asymmetries such as the confluence and dif-
fluence lines in the streamline fields, the cloud
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bands and the motion of the hurricanes. Also,
inhibiting mechanisms such as a vertical shear
in the basic current could not be included in
these models.

Anthes et al. (1971) simulated an asymmetric
hurricane on an f-plane by integrating a three
layer primitive equation numerical model over
a grid system of uniform grid length (30 km)
inside a circular region of radius 450 km. They
used as initial conditions a balanced symmetric
vortex of moderate strength (maximum wind
speed of 18 msec~?), with a cumulus para-
meterization similar to that of Yamasaki (19685,
1969) and Rosenthal (1969). The model success-
fully simulated some of the observed features
of real hurricanes, such as cloud bands and
the asymmetries in the outflow layer. Since
the model was integrated on an f-plane, and
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the vortex was not allowed to interact with
other systems in the atmosphere, it produced
only those asymmetries that resulted from the
dynamic instability. Due to the limited hori-
zontal extent of the model, it could not simulate
asymmetries generated by mechanisms other
than the dynamic instability and interaection of
the hurricane with the surroundings.

Madala (1973) and. Kurihara & Tuleya (1974)
have also performed simulations on an f-plane
employing variable meshes. Madala used three
nested meshes, each of uniform spacing, with
the inner two following the eye of the hurricane;
the set up will be detailed later in Section II.
Kurihara & Tuleya used a stationary, eylindrical
mesh centered on the (non-moving) eye and
stretched in the radial direction. Both obtained
improved results on energy transformations,
due to better resolution, which agreed well with
observational budget analyses. The resultant
hurricane structure exhibited many of the ob-
served features of hurricanes.

Mathur (1974) also simulated an asymmetric
hurricane on a plane with variable Coriolis
parameter using a four level primitive equation
numerical model. The domain of integration
(1 760 km x1 760 km) was about four times
larger than the domain of integration used by
Anthes et al. (1971). The model was integrated
over a multigrid network consisting of fine grid
spacing of 37 km near the center, surrounded
by a coarse grid network with a grid length of
74 km. The fine and coarse grid networks oc-
cupied square regions with sides of 880 km
and 1 760 km, respectively, and the latent heat
parameterization followed that of Kuo (1965).
The initial conditions for the model were ob-
tained from the real data for hurricane Isbel,
1964, when it was in a tropical depression stage.
The model simulated the asymmetries in the
wind, temperature and pressure fields, and also
the movement of the hurricane. It also simulated
the cloud bands and the eye of the hurricane.
The maximum surface wind reached a value of
about 80 m sec-! at the time (96 hours) the
integration was terminated.

With the insight gained from these models, we
proceeded to build the current model to gain
further insight into some additional features
associated with moving hurricanes. By halving
the radial mesh intervals at the center, we ob-
tained a better resolution of the important pro-
cesses surrounding the eye of the hurricane.
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By using a coarse mesh roughly four times the
size of previous meshes, we allowed a much
greater degree of freedom for the movement of
hurricanes. By successively including the ef-
fects of an f-plane, f-plane and uniform zonal
current with vertical shear, we obtained a
better understanding of the contribution of
each of these effects to the asymmetries and
movements of three-dimensional, realistic hurri-
canes. Finally, the use of a semi-implicit method
of time integration has reduced the overall
computational time requirements by a factor
of four, over previously used explicit methods,
enabling one to study more cases for the same
computational effort. The model was integrated
on a multi-grid system. The grid system con-
tained a finest grid network with a grid length
of 20 km near the center of the simulated hurri-
cane. The finest grid was surrounded by two
coarse grid networks called fine and coarse with
grid lengths of 60 km and 180 km. The finest
and fine grid networks occupied a square region
of side 520 km and 1560 km, respectively;
whereas the coarse grid network occupied a
rectangular region of 9 350 km and 2 520 km.
A semi-implicit time integration was used to
save the computing time. The latent heat re-
leased in the cumulus clouds was parameterized
in & manner similar to that deseribed by Rosen-
thal (1969) and Yamasaki (1968a, 1969).

Gray (1967) hypothesized that a large ver-
tical shear of the basic wind can inhibit the
intensification of a tropical disturbance em-
bedded in it. To test this hypothesis, the model
was integrated in two cases from initial condi-
tions that included & vertically varying basic
current of differing magnitudes. The results are
given in Section IV.

I1. The basic equations and
the numerical model

2.1. Basic equations

The basic equations (see Appendix A for list
of symbols) governing the model in a Cartesian
coordinate system are
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Egs. (1) and (2) are the equations of motion in
momentum form for the horizontal components
of velocity. Sinee the horizontal dimension of
a hurricane is at least two orders of magnitude
larger than the vertical dimension, the equation
of motion for the vertical component of mo-
mentum can be simplified into the hydrostatic
equation given by (3). Eq. (4) is a simplified
form of the continuity equation. Use of this
form of the continuity equation to simulate the
life cycle of a hurricane can be justified by a
scale analysis. Eq. (5) is the thermodynamic
equation.

The horizontal and vertical momentum flux
terms in eqs. (1) and (2) are assumed to be of
the following form:
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and at the surface
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where Ky, K, are, respectively, the horizontal
and the vertical eddy coefficients of viscosity,
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Table 1. Values of the various parameters used in
the model

Parameter Value

K, 108 em? gec—!

Cp 3.0x10-2

ky 10% cm? sec-! at level 3

5.0 x 104 cm? sec-! at level 5

Cp, the drag coefficient, gy(1) the density of air
at the surface in the mean tropical atmosphere
and w,, v, are the horizontal components of
the velocity at the 0.5 km level in the numerical
model.

Hawking & Rubsam (1968) estimated the
values of the drag coefficient, Cp, from the
data of the hurricane Hilda, 1964. The estimated
values range from 1.2 x10-2 to 3.6 x 10-3 with
a curvilinear dependence on the wind speed.
In the present model, the value of C, was kept
constant with a value of 3 x10-3, which is
approximately the mean value of the drag
coefficients obtained by Hawkins & Rubsam
(1968) for the wind speeds between 30 m sec-!
and 60 m sec—!. The horizontal eddy coefficient,
K}, was held constant for all time during the
integration with a value of 10® cm sec~! and
was the same for momentum and heat. This is
slightly higher than the estimates of Riehl &
Malkus (1961) from the hurricane Daisy, 1958.
The vertical eddy coefficient of viscosity, K,,
assumed to vary linearly with height with a
value of 10° cm?sec—! at the surface and zero
at the top. Vertical diffusion of heat was not
included in the model because of relatively in-
sufficient knowledge about the behaviour of
the vertical flux of heat in a hurricane.

The sensible heat transfer between the hurri-
cane and the ocean surface was included im-
plicitly in the model by assuming that the
temperature at the levels 1 and 2 of the model
(Fig. 1) were constant for all time. In other
words, the in-spiralling air was assumed to
undergo an isothermal expansion. Hawkins &
Rubsam (1968) verified the isothermal expan-
sion by estimating the surface temperatures of
the hurricane Hilda, 1964.

Riehl & Malkus (1961) estimated from the
data of hurricane Daisy, 1958 that the equiva-
lent potential temperature of the in-spiralling
air increased by about 10°C from 350°K to
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Fig. 1. The three layer numerical model.

360°K when the minimum surface pressure
reached a value of 950 mb. The present model
includes the latent heat transfer by assuming
that a parcel rises dry-adiabatically from the
surface till it reached a temperature of 23.6°C
and saturated adiabatically thereafter. Since
the temperatures at the levels 1 and 2 of the
model (Fig. 1) were held constant during the
integration, the above assumption gives a con-
stant value of about 400 meters for the height
of the lifting condensation level (or the cloud
base). Therefore, the equivalent potential tem-
perature of the air rising in the cumulus clouds
depends only upon the pressure at the cloud
base. It increases from the initial value of
349°K to about 359°K when the minimum sur-
face pressure reaches 953 mb. These wvalues
compare favorably with the observations of

Riehl & Malkus (1961). This assumption elimi-
nated the need of having a water transport
equation,

The first term on the right side of the thermo-
dynamic equation represents diabatic heating.
In the present model, this term included only
the latent heat released due to condensation
of water vapor in “tall”’ cumulus clouds.

2.2. The three layer model and the grid system

As shown in Fig. 1, the numerical model con-
tained three layers in the vertical. The lowest
layer is the surface boundary layer and the
top layer contained most of the upper tropo-
sphere. Since a major part of the inflow in a
hurricane occurs in the lower boundary layer
and the outflow in the upper troposphere, these
two layers of the model can be called the inflow

Tellus XXVII (1975), 5
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Table 2. Approximate values of pressure, density, 'Y:) ‘e ¢ )
and potential temperature in the mean tropical > A
atmosphere (Jordan, 1959) at various levels of U U
the model Vv bV bV
$e |90 $,0
Density [ N
Pres-  Potential (0o) Y U
Height sure temperature (10-%g A y |tV sV *V
o -3
Level (km) (mb) (6o) (°K) em~?) é, e- ¢'e- 9,0
1 0.0 1015 298.3 1.167 v > u
2 0.5 959 300.3 1.116 Ax
3 1.0 906 3023 1.068 ) . _
4 4.0 634 316.3 0.795 Fig. 2. Grid network in x —y plane.
5 7.0 433 329.3 0.581
6 12.0 214 3443 0.337 ) ) ) .
7 17.0 93 397.3 0.161 itly only the terms in the equations of motion

and the outflow layers. The middle layer is
characterized by strong tangential velocities
with no pronounced radial mass flux. The
variables were staggered both in the horizontal
and the vertical directions. The horizontal
velocity components u and v were specified at
levels 2, 4, and 6 (Fig. 1). The thermodynamic
variables 6§ and ¢ were specified at levels 1, 2,
4, and 6, the vertical velocity, w, was specified
at levels 1, 3, 5, and 7. Corresponding values
of pressure, density and potential temperature
in the mean tropical atmosphere (Jordan, 1958)
are given in Table 2.

The horizontal and vertical grid arrangement
for the dependent variables are given in Figs.
2 and 1, respectively; the grid system is similar
to the one used by Williams (1969). The rapid
variation of the dependent variables near the
center of a hurricane necessitated the use of a
grid telescoping technique, with a fine mesh of
20 km near the center, surrounded by two
coarse grid networks with mesh sizes of 60 km
and 180 km, respectively (see Fig. 3). Hereafter
we will refer to these three as the finest, fine,
and coarse grid networks, respectively.

2.3. The sems-implicit time integration method
In explicit time integration of the primitive
equations the fast moving internal gravity
waves allow only a very small time step in the
CFL (Courant-Friedrichs-Lewy) condition so
that a resource to implicit (Kurihara, 1965) or
semi-implicit (Kwizak & Robert, 1971) schemes
must be taken. The semi-implicit method devel-
oped by Kwizak & Robert (1971) treats implic-
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which govern the gravity waves and calculates
all other terms explicitly, thereby shifting the
dependence of the time step from the speed of
the gravity waves to the speed of the meteoro-
logical waves. The increase in the time step
through the use of the semi-implicit method will
not affect the accuracy of the results since the
time truncation errors will be still smaller than
the space truncation errors. This method was
successfully used by Kwizak & Robert (1971)
and McPherson (1971) for barotropic models
and Robert et al. (1972) for a baroclinic model.
The semi-implicit method used in the present
model (which is described in Appendix B) was
similar to the one described by Robert et al.
(1972).

In the present model, an initial step of 900
seconds was used (about 20 times the step al-
lowed for an explicit scheme). The time step
was gradually reduced to 60 seconds as the
hurricane intensified and reached a mature
stage.

2.4. Diabatic heating

The quantity H in the thermodynamic eq. (5)
represents diabatic heating per unit mass. In

T T
GRID LENGTH:
COARSE: 180 k m <

FINE: 60km
FINEST:20km

Fig. 3. The multi-grid network in z —y plane.
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the present model, this term only includes the
latent heat released due to condensation of
water vapor in ‘‘tall”’ cumulus clouds. When-
ever there was a convergence of mass in the
boundary layer and the air was conditionally
unstable in the lower troposphere, we assumed
that the water vapor converging in the bound-
ary layer rose in tall cumulus clouds, condensed,
and fell as precipitation. We also assumed that
all the latent heat released in the cumulus
clouds was available for increasing the tem-
perature of the hurricane scale circulation.

The temperature distribution in the cumulus
clouds (cloud temperature) was assumed to be
equal to the temperature of a parcel of air
rising from the surface along a dry adiabat till
the temperature reached a value of 23.6°C, and
along a saturated adiabat thereafter. From
these three assumptions we obtained the fol-
lowing expression for the total amount of la-
tent heat, H, released due to condensation of
water vapor in cumulus clouds:

H = 04(3)w,Lq (T = 23.6°C, ¢;,) If w,>0and
T.>T
=0 otherwise

where g,(T = 23.6°C, ¢,) is the saturation mixing
ratio of a parcel of air at the lifting condensa-
tion level, L is the latent of condensation and
T, is the cloud temperature. Since the model
predicted the temperature only in layers 2 and
3, we assumed that the total latent heat, H,
released in the cumulus clouds was distributed
between these two layers in such a way that
the amount of heat available to each layer is
proportional to the difference of cloud tempera-
ture and the temperature of the hurricane scale
circulation. Hereafter, we refer to the differ-
ence between the cloud temperature and the
temperature of the hurricane scale circulation
as the temperature anomaly. The amount of
latent heat released per unit mass in layer 2 is

H, = Iﬂ%l'—m If T,(4)>T,

=0 otherwise,

and the amount of latent heat released per unit
mass in layer 3 is

R. V. MADALA AND S. A. PIACSEK

_ H(Tc(6) - Ta)
: A
=0 otherwise,

H If T,(6)>T,

where T,(4) and T(6) were the cloud tempera-
tures at levels 4 and 6, respectively, and A =
00(4) Azy(T,(4) — T1) +o(6) Azy( T(6) ~ T). This
formulation is similar to the one used by Rosen-
thal (1969) and Yamasaki (1968a, 1968b, 1969).

I11. Initial conditions

Time integration of the numerical model de-
scribed in the last section was carried out on a
B-plane centered at 20° N with a weak, axi-
symmetric and barotropic vortex in a gradient
wind balance as the initial conditions. The
tangential velocity of this vortex was taken
to be a function of radius only, and was given

by

w0 () "
TO rO

where v was the tangential velocity, vpy,, and rg
were the magnitude and the radius of the
maximum tangential velocity respectively. In
the present model, the values of vy,, and r,
were taken to be 4 m sec~! and 360 km, re-
spectively. The functional form of the initial
conditions is the same as the one taken by
Sundqvist (1970) for his ten level symmetric
model.

The pressure distribution that balances the
wind distribution given by the eq. (7) was ob-
tained by solving the gradient wind equation,
given by

2
 t o022 (8)
r or

with the help of the equation of state 6¢ = C, T,
eq. (8) was written in the following form,

1
Yt pomc, 728
"

or

(9)

This equation was solved for the distribution
of ¢ by assuming that the temperature was con-
stant on any horizontal level and equal to the
temperature of the mean tropical atmosphere
at that level.

Tellus XXVII (1975), 5
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Fig. 4. Time variation of minimum surface pressure (bottom) and maximum surface wind (top) on f- and

f-planes.

To test the effect of a vertically sheared
mean current, we included a basic E-W current
in geostrophic balance upon which the vortex
was superimposed.

IV. Results of the numerical integration

The model described in Section II has been
used in a study by Madala (1973) to obtain
results with an f-plane integration. The relevant
results from this study, i.e., results which will
be needed to exhibit the effects of the f-plane
and the presence of a uniform, vertically
sheared current, will be included for comparison
in the respective figures and tables displaying
results from the current f-plane and shear
calculations. Time variation of the minimum
surface pressure obtained from both the f- and
B-plane integrations is given in Fig. 4. The
figure clearly shows that the vortex intensified
at a slower rate on the g-plane than on the
f-plane before it reached a storm stage, and at
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the same rate thereafter. A plausible explana-
tion for this phenomenon is given below.

During the first 170 hours, the vortex moved
a total distance of 1 016 km (Curve II of Fig. 5)
giving an average phase speed of 6.0 km hour-1.
This long movement due to the §-effect resulted
in the advection of part of the released latent
heat out of the region of low level convergence,
and hence in the generation of weaker tempera-
ture gradients in the middle and upper tropo-
spheres than its f-plane counterpart. Since the
vortex is in hydrostatic balance, these gradients
produced smaller surface pressure gradients on
the f-plane, thereby intensifying the vortex at
a slower rate. After the vortex reached the
storm stage, its phase speed was reduced to
less than 3 km hour—?, and the storm intensified
at the same rate on both planes.

The pB-plane hurricane was asymmetric
throughout its life cycle. These asymmetries
resemble closely those observed in real hurri-
canes, and are stronger than those formed by
the release of the hydrodynamic instability
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Fig. 5. Path of the simulated hurricane in cases II, III, and IV. The simulated hurricane was nearly sta-
tionary in case I. The numbers along the curve are the time of integration (in hours).

during the mature stage of the f-plane hurricane.
In order to understand their three dimensional
structure, the results at 175 hour (mature
stage) were analyzed and are given below.

The streamline and isotach analysis of the
flow at 175 hour for the 0.5 km and 12.0 km
levels are given in Figs. 6 to 9. The confluence

1 P A /SN V A S S U AR S A

lines at the 0.5 km level and the diffluence lines
at the 12,0 km level in the streamline fields can
be clearly seen in these figures. The wind speeds
were higher in the NE sector and lower in the
SW sector. The maximum wind speed at the
0.5 km level was about 58 km sec-! and at the
12 km level was about 30 m sec-1. The vertical

Fig. 6. Streamline analysis of 0.5 km level at 175
hour (f-plane model).

Fig. 7. Isotach analysis of 0.5 km level at 175 hour
(B-plane model). Units: m sec—.

Tellus XXVII (1975), 5
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velocities (not shown here) were higher in the
NE sector. The sinking motion at the center
penetrated the upper and (most of) the lower
troposphere. The upward motion was concen-
trated in two major and two minor (spiral)
bands separated by areas of descending motion.

The path of the hurricane is given in Curve II
of Fig. 5 with the time of integration (in hours)
given to the right of the path. Both the E-W
and N-S components of the phase velocity in-
creased with time before the storm stage, and
decreased thereafter. The vortex changed its
direction from the initial WN'W to NW during
the first 120 hours and NNW after 160 hours.
As expected from the Bjerknes—Holmboe theory,
the hurricane moved from East to West due
to the B-effect. Rossby (1948) gives the north-
ward force, F, acting on a symmetric isolated
vortex as:

2

F=Mﬁ@% (1)

where R is the radius of the outer boundary,
M is the total mass and @ is the relative angular
velocity averaged over the vortex. This force
results from a lack of local balance between
the pressure gradient, Coriolis and centrifugal
forces. Since the vortex is assumed to be isolated,
there are no outside pressure forces in the en-
vironment to enter into this balance, and the

L

1 P P SN A S T SR /S

Fig. 8. Streamline analysis of 12.0 km level at 175
hour (f-plane model).
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Fig. 9. Isotach analysis of 12.0 km level at 175 hour
(f-plane model). Unit: m sec—1.

vortex would experience a northward accelera-
tion when its overall circulation was cyclonic
(® > 0, and southward if it was anti-cyclonic
(® < 0). Howover, real hurricanes are asym-
metric and interact with the environment so
that they adjust their shapes to achieve a near
local gradient wind balance. Thus, eq. (1) over-
estimates the force F and resulting speed for
a hurricane. However, this equation can be used
to explain qualitatively the northward move-
ment of the hurricane on the f-plane.

In a hurricane, the magnitude of & depends
upon the relative strengths of the low level
cyclonic circulation and the upper level anti-
cyclonic circulation. Since the anti-cyclonic cir-
culation was either weak or absent during the first
170 hours, is positive and the vortex experienced
a northward acceleration. This can be seen in
curve II of Fig. 5 as an increase in the north-
ward component of the phase velocity with
time. After 170 hours, due to the increased
strength of the upper tropospheric anti-cyclonic
circulation, the vortex experienced a north-
ward deceleration. During the first 190 hours
of integration, the vortex moved a distance of
825 km towards West and 625 km towards
North, giving an average speed of 4.3 km hour-!
for the westerly components and 3.3 km hour-?
for the northerly components, respectively.

The model was also integrated for two cases
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Table 3. Magnitude of the basic current at the
three levels of the model and the maximum mean
tangential wind speed obtained from the integra-
tion of the model in all the four cases

Maximum
mean
tangential
Basic current velocity
cm sec™! obtained
Level (km) from the
integration
Case 0.5 4.0 12.0 (m sec™1)
I (f-plane) 0 0 0 53
II (B-plane) 0 0 0 46
III (-plane) 0 —-500 -1500 20
IV (f-plane) 0 —-330 —-1000 33

where the initial vortex was superimposed on
a vertically varying basic current. The magni-
tude of the basic current at the three levels of
the model, and the maximum azimuthally
averaged tangential wind speed vy obtained
from the integration, are given in Table 3.
The time variation of v is given in Fig. 10.
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Fig. 10. Time variation of the maximum mean
tangantial velocity in all four cases.

It can be seen from the table that the strength
of the simulated hurricane depends very much
upon the magnitude of the initial vertical wind
shear of the basic current. For large wind shear
(=15 msec™!) the vortex failed to intensify
into a hurricane.

The mean potential temperature (§) anoma.-
lies at the 12 km level are given in Fig. 11
as a function of radius. The figure shows that
6 varied very rapidly between the 30 km and

(°K) AT 12 KM LEVEL

- T (175hr)

MEAN POTENTIAL TEMPERATURES ANOMALY

V(1O hr)

180 270

RADIUS (km)

Fig. 11. Mean potential temperature anomaly (°C) in all four cases. Level:

360 450

12 km.
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Table 4. Easterly component of the phase speeds
and the deviation of the phase speeds from the
basic current (units: km hour—?)

Basic Easterly
current component
(U) at of the
12.0 km phase speed
Case level (C) | U —¢|
I 0 0 0
II 0 -4 4
III —54 -18 36
v —36 -12 24

90 km radii in the cases in which the vortex
intensified into a hurricane, and less rapidly
in the other case. It must also be noted that
the potential temperature averaged over a
circular area of radius 450 km was nearly the
same in all cases. The weak temperature gra-
dients obtained in the cases of large vertical
shears resulted from a strong advection of the
released latent heat from the area of low level
convergence to the surroundings. The case in
which the shear was 15 m sec~!, the surface
pressure gradients were weaker than those
necessary to balance hurricane force winds, and
thereafter the vortex failed to intensify into a
hurricane.

Paths of the vortex in cases II, III, and IV
are given in Fig. 5. The vortex was nearly sta-
tionary in case I, and moved in case IT mainly
under the influence of the fS-effect. On the
other hand, the vortex moved in cases IIT and
IV under both the influence of the g-effect and
the basic current. If we assume that the phase
velocity of the vortex due to the f-effect is the
same in all cases, then we can obtain the phase
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velocity of the vortex due to the basic current
(also called the steering velocity) by subtracting
the velocity of the vortex on the f-plane from
the velocity of the vortex in cases III and IV.
Observations (Jordan, 1952) showed that the
magnitude of the steering current can be ap-
proximated by the pressure weighted mean of
the basic current. To test this, the phase veloc-
ity, the magnitude of the steering current and
the pressure weighted mean of the basic current
between the surface and the 12 km level were
computed for the cases III and IV, and are
given in Tables 4 and 5. These tables show that
the pressure weighted mean of the basic current
agrees very well with the magnitude of the
steering current.

We have seen so far the influence of the
B-effect (an internal force) and the basic current
(an external force) in determining the path of
a hurricane. Yeh (1950) describes another in-
ternal force that can influence the path of a
hurricane by producing oscillations of ampli-
tude 30 km to 60 km and periods of 12 hours
to 3 days. This force arises from the non-linear
interaction of a vortex with the basic current.
He obtained an analytical expression for the
path of a Rankin vortex superimposed on a
basic current, and showed that it follows an
oscillatory (a trochoid) path. Due to the small
amplitudes of these oscillations, it is difficult
to observe them (if they occur) in real hurri-
canes. Yeh (1950) gives two examples of the
oscillatory path of hurricanes (these are given
in Fig. 12). Also, Cressman (1951) observed
that the hurricane Doris (1950) followed an
oscillatory path similar to the trochoid described
by Yeh (1950). Oscillations of amplitude about
30 km and period of about 20 hours in the path
of the vortex in cases III and IV can be clearly
seen in Fig. 5.

Table 5. Magnitude of the steering current and the pressure weighted mean of the basic current in the

vertical
Deviation of C from
Easterly the easterly compo-
component nent of the phase Basic current 1 Pr
of the phase  velocity of the vortex U (km hour—?) UdpP
speed C on the B-plane® Pp—~Pr Jrp
Case (km hour—1) (km hr-1) 0.5 4.0 12.0 (km hour—?)
III —~18 -14 0 —18 —54 -13
Iv -12 -8 0 -12 —36 -9

¢ The easterly component of the phase velocity of the vortex on the B-plane is about ~ 4 km hour-1.
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Fig. 12. Two examples of the oscillatory path of tropical storms (Yeh, 1950).

V. Conclusions

A three dimensional numerical model of the
hurricane was integrated on a f-plane with a
balanced weak vortex as the initial conditions.
It was also integrated in two more cases with
a vertically varying basic current superimposed
on the vortex as the initial conditions. The im-
portant results obtained from these integrations
are given below:

1. Asymmetries generated by the f-effect
look similar to those observed in real hurricanes;

2. The B-effect moved the hurricane north-
ward at an average speed of 3 km hour-!. This
speed was higher during the storm stage than
during the mature stage;

3. CISK process alone can intensify a vortex
into a hurricane only if the vertical shear of the
basic current is less than 15 m sec—1;

4. The pressure weighted mean of the basic
current between the surface and 12 km level
can be used to estimate the magnitude of the
basie eurrent; and

5. The hurricane superimposed onto a basic
current moves in an oscillatory path with de-
viatory amplitudes of 30 km and a period of
about 20 hours.
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Appendix A. List of symbols
used in the model

Cp Drag coefficient (assumed constant)

Cp Specific heat capacity at constant pres-
sure for dry air ( =1 004.64 x 10t ergg—!
deg™?)

f Coriolis parameter

H Heat added or removed per unit mass

of air per unit time (diabatic heating)

Ky Kinematic coefficient of eddy viscosity
for horizontal mixing

K, Kinematic coefficient of eddy viscosity
for vertical mixing

P Pressure

P, 1 000 mb

Tellus XXVII (1975), 5
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q Specific humidity

R Specific gas constant for air (2.8704 x
10% erg g~ deg™?)

T Temperature

t Time

u Component of velocity in x direction
(zonal velocity)

v Component of velocity in y direction
(meridional velocity)

w Vertical velocity

z,y,2 Coordinate distances in the East—West,
North-South, and in the vertical direc-
tions respectively

] Potential temperature [ = T(P,/p)* °p]

¢ =C,(P/po)*'°p

0. Equivalent potential temperature

e Density

0o = 0o{z) Density of the mean tropical atmos-
phere

Appendix B. The semi-implicit time
integration method used in the model

For convenience we define the following finite
difference operators:

= _ FU-(AY2)) + Fl+(Al2)

F!
2
5 F - F(l+ (Al2)) - F( - (Al/2))
o F(l-Al)+ F(l+Al)
2
and

OF = 8,(8,F)

where F represents one of the dependent vari-
ables u, v, w, 0, or ¢ and I =z, y, 2, or t) repre-
sents one of the independent variables and Al
the grid interval in 1.

In terms of a new thermodynamic variable
a(=1/8), eqs. (1) to (6) take the following form

u 4
aL+@$=_A+eofv+L+aLW‘+@
#  aodw ox oy oz

(B-1)
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o0 Q0% p o T O O

o ady ow oy oz
(B-2)

17

% g (B-3)

oz

(B-4)
ox oy oz
dgox By Wt _ o o’H to+ «’Kyo, C, VLo
ot oz ¢
(B-5)
and
¢=aC,T (B-6)
where

2
4= 00y % + agouv+ 00, UW

2

ox oy a2
2
B = a_elu_v + M + QM
oxr oy oz
and
o 0% %0
ox oY

The variable « can be separated into a basic
part a, (=1/6,) which is a function of only the
vertical coordinate and a perturbation part
(¢ — ap). The values of 6, at various levels of
the model are given in Table 2. In terms of
the basic part «, and the perturbation part
(o« — ap). Egs. (B-1), (B-2), and (B-5) take the
following form

0o % 0y 09 1 1) o
LR L5 SRR ) p B-7
A agox Q°(a af o Tt efv (B-7)
80V 0o 99 1 1) o
——t+=—==—p|-—=)—=+B,+ B-8
ot o, 3 90(“ %) 2y e fu )
and
%0 00wy _ S0 wla—a) @ ®H ,
ot oz oz é
(B-9)
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where

A1=. _A+aﬁ?+%+gg
ox ey oz

B1= _B+&”+%+%‘
ox oy oz

and

K, C
ol=o+°‘——’;”—"°vi,e

Since weak gravity waves are governed by the
pressure gradient force, vertical advection of
potential temperature and divergence, the basic
part of these terms are treated implicitly by
applying central average in time and calculat-
ing all other terms in terms of the variables at
time ¢. The finite-difference form of the Egs.
(B-7), (B-8), (B-9), (B-3), and (B-4) can be
written in the following form.

Sanut+ 25, 34, (B-10)
%y

dioytt + 28,3 =B, (B-11)
%y

6t@0_°‘t_6z(90 wwo‘o) =C, (B-12)
p— 2

8,8" = —ga (B-13)

and

8,00 U +8,0,0" + 000w =0 (B-14)

where

1 lI v
-1
A,= —go(*— --—) O+ A, +0, 17
o o

@

1 1 ;—Iy
By,=—go|\~— ) 0,4+ B+, fu
o o

and

2
H
02 =8, (wa — o) + Qi:— +0,

The finite-difference form of the non-linear
terms 4, B, and C in egs. (B-1), (B-2), and (B-5)

R. V. MADALA AND S. A. PIACSEK

will be discussed in the next section. Egs.
(B-10), (B-11), and (B-12) can also be written
in the following form.

ot + A, 3 - A, (B-15)
%y

2ot + A, - B, (B-16)
oy

and

— 0o 0 = Atd (g, W ety) = C, (B-17)

where

Ay= AtA, + gou(t — At)
B, = AtB; + g,v(t — At)
and

C, = AtC, - goa(t — At)

From eqs. (B-14), (B-15), and (B-16) we can
easily derive the following equation

0 Ap(62 1 62) 3" — 8,00 =0, Ay + 6, B,

Gy

(B-18)

With the help of egs. (B-12) and (B-13), the
term 8,0,w” in eq. (B-18) can be written in
terms of the dependent variables at time ¢ and
4% (see Madala, 1973 for details). The resulting
equation will be an elliptic equation for #* and
therefore can be solved by using a successive
over relaxation technique. After solving eq.
(B-18) for 3%, egs. (B-10), (B-11), (B-12), and

(B-14) can be solved, respectively, for @, %,

&, and w* and therefore for the values of the
dependent variables at time (¢ + At).

The same time step was used for integration
on all three grid networks. The prognostic egs.
(B-15) to (B-17) were solved for each time step
successively on the coarse, fine, and finest grid
systems. The diagnostic eq. (B-18) for ¢* were
solved by using the successive over relaxation
technique. Each iteration during the relaxation
process of eq. (B-18) consisted of sweeping
successively the coarse, fine, and finest grid
systems. Boundary conditions for the fine and
the finest grid networks, for «, v, and 0 at each

time step and for ¢* for each iteration during
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the relaxation of eq. (B-18) were obtained by
using Lagrangian interpolation from the fore-
casted values on the coarse and fine grid net-
works respectively. Boundary conditions for
the coarse grid network were obtained by using
upstream differencing.

Appendix C. Finite-difference form
of the non-linear terms in
the governing equations

The linear computational instability dis-
cussed in Section 2.3 and governed by the CFL
condition results from the time truncation
errors. The non-linear terms in the equations
of motion can give rise to another kind of in-
stability called non-linear instability. As shown
by Lilly (1965) and Phillips (1959), this in-
stability results from the misrepresentation of
the short waves that are generated by the non-
linear interactions and are small to be resolved
by the grid system. Since this instability results
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from the space truncation errors, it can not be
eliminated either by reducing the time step or
by using the implicit or the semi-implicit meth-
ods described in Section 2.3. Arakawa (1966)
and Lilly (1965) showed that this non-linear
instability can be controlled by devising a
finite-difference scheme which satisfies certain
linear and quadratic integral constraints. The
scheme used in this model has been described
by Harlow & Welch (1965) and is equivalent
to the J, scheme of Arakawa (1966).

The finite-difference form of 4 in Appendix B
is

Q00 (GTAT) + 000, (AVD” +6,(0yWW"),
the finite-difference form of B in Appendix B is
008, (BYD7) +000,(8V8") +0a(00 T*0"),

and the finite-difference form of C in Appendix
Bis

000,(&*T%) +006,(&Y8Y).
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UYNCJIEHHOE MOJEJMPOBAHUE ACUMMETPUYHBIX YPATAHOB B IIOTOKE C
BEPTUKAJDBHDBIM [TIONIEPEYHbLIM CABUTOM HA §-TIJIOCHOCTH

PaspaforaHa TpexypoBeHHAs MOJYSABHAA MO-
Ienb AJA MOAEJMPOBAHUA ABMKYLIMXCA ACUM-
METPUYHEIX YparaHoB HA [-IJI0CKOCTH MNpH
ucmoaer3opaHnu Meroga Hyo pus mapamerpusa-
OUH KydyeBO# KOHBeKIMM. B Mojeas npAMHM
06pa3oM BKJIIIOYEH NEePEeHOC ABHOTO U CKPHITOI'O
Tenaa or oxkeana K armocdepe. Ilaa Toro 4robH
NIpeACKAasaTh [ABUMKeHHe yparaxa Hax 0oabioi
001acTbi0 M BCe jKe paspelluTh 0ojlee TOHKUE
geranum BOJM3HM ero Fjasza, HCHOIL30BAJNACH
MHOTOIIAr0BaA CeTKAa C MABUMKYyIelicA TOHKOH
CeTKOI ¢ paaMepoM Aveltku 20 km, OKPYHEHHANA
ABYMA IpyORIMH CeTKaMM C pa3MepaMHu fAvYeex
B 60 u 180 xm, coorBercTBeHHO. CpaBHEHMe pe-
3yJIbTATOB C BHYUCIEHUAMN HA f-ILIOCKOCTH
MOKA3bIBaeT, YTO BUXPhb HA f-NIOCKOCTH YCHJIH-
BaeTcA ¢ MeHbllell CKOpPOCThbIO Iepeqn craguei
O0ypu, HO ¢ Toll e CKOPOCTBIO OCJHe Hee. Y paras
Ha f-NI0CKOCTU OBLI aCUMMeTpHYeH B TedeHUE
BCEro CBoero NUKJIA #HU3HU U 3TU aCUMMeTpHuY-
HOCTH OBIIM MOXOKMMH HAa Te, KOTOpble Ha0I0-

IaTCs B peasbHBIX yparaHax. Buxps pBu-
mercA Ha f-niaockocTd ¢ $as3oBoit CKOPOCTHIO
4,3 kmfuac nua sanagHo#t u 3,3 kmfuac gusa ce-
BepHO#t KoMmoHeHT. Mojeibr MHTErpHUpOBAJIACH
TaKe AIA JABYX cjayyaeB, KOIZa HavaibHBLH
BHUXph HAKJIAJBIBAJIICA HAa OCHOBHOH MOTOK,
MeHsAmMicA 1Mo BoicoTe. Pe3ymbTaThl yKasH-
BAIOT, YTO CUJIA MOJEJIMPYEMOTO yparaHa o4yeHb
Pe3KO 3aBMCHT OT BeJIMYUHH CABHra CKOPOCTH
N0 BepTMKAaiAM JJii OCHOBHOIO IOTOKa; OIA
Gonbmoro casura (=15 m cex-'/12 xm) BUXpBH
He Obl1 CcHOCOOEH pasBUTBCA B yparaH. Brl-
YUCIeHUA MOKA3ANHU, YTO B3BellIeHHAs 110 AaBJe-
HHUIO CHKOpPOCTh OCHOBHOIO IIOTOKAa MEMAY IO-
BEpXHOCTBIO M ypoBHeM 12 xm o4eHB Xopouio
cOTIacyeTrcA ¢ BeJIMYMHON HANPABJIAIOIETO
nmoToka. B pesyibraTe B3aMMONEHCTBHA MeEKAY
LUPKYJALMI B yparaHe U OCHOBHBIM NIOTOKOM
yparaH [ABUTaJICAd KoOJeONIOIMUMCA TIIyTeM C
ammaurynoit B 30 x» u mepmogoM OKoyo 20
4acoB.
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