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ABSTRACT 

A statistical-dynamical model of the zonally averaged steady state of the atmosphere 
is presented, which aims at an examination of the response of the general circulation 
to changes in the forcing functions. The basic equations of the model are the equations 
of horizontal motion, the thermodynamic energy equation, the maas continuity equa- 
tion, and the prediction equations for the eddy kinetic energy, the variance of tem- 
perature, the northward transport of temperature and westerly momentum and for 
the eastward transport of temperature. The components of the mean motion, the 
800-mb temperature, the surface pressure are treated aa variables in the model aa are 
some eddy statistics like the eddy kinetic energy, the northward eddy transport of 
sensible heat and westerly momentum and the upward eddy transport of heat and 
momentum. The system is closed essentially by aasuming that all central moments of 
third order vanish. It is, however, necessary to introduce further assumptions on 
eddy Statistics to make the system numerically tractable. These aasumptions do not 
rely upon an Austausch approach or on baroclinic wave theory. They are based partly 
on observations, but some are dictated by modelling reasons. The vertical structure 
and the parameterization of friction and radiation is that of the Mintz-Arakawa two- 
level general circulation model. Convective processes and the hydrological cycle are 
not treated explicitly. A numerical solution of the complete set of nonlinear equations 
is achieved by use of Newton’s method. A first guess of the solution, which is needed 
for an application of this iterative scheme, is obtained by solving a subset of the com- 
plete system where the anqual mean temperature and the mean surface pressure are 
prescribed. This preliminary solution reproduces fairly well the observed meridional 
distribution of the variables in the atmosphere. Then, the responee of the complete 
system to changes of the parameters in the forcing functions, 88 are the surface drag 
coefficient, or the albedo of the earth’s surface, is investigated. In particular, the 
model simulates fairly realistically the sensitivity of the time-dependent two-level 
general circulation model of Smagorinsky to the surface drag coefficient. 

1. Introduction 

At present, dynamic prediction models are 
the most powerful tools for a theoretical in- 
vestigation of the general circulation of the 
atmosphere. They treat the transient dynamics 
of the large-scale motions explicitly. The mean 
fields and eddy-statistica which describe a short- 
term climatic state are computed by averaging 
the predicted fields with respect to time or 
space or both. In general, the results agree 
quite well with observations. 

However, this approach is extremely expen- 
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sive and uneconomical. Especially, when one 
is investigating changes in climate, the demand 
of computer power by explicit-dynamical 
models (ED) renders this method almost im- 
practicable. 

This situation has led to  an  increased intereat 
in statistical-dynamical models (SD), which 
treat the transient large-scale motions as a kind 
of turbulence where the relation between the 
mean properties of the flow and the eddies is 
determined by a theory of atmospheric large- 
scale turbulence. In SD-models it is. therefore, 
not necessary to trace individual eddies in the 
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model and the computational expense can be 
reduced considerably. Hence, the SD-models 
can be used to attack problems which are partly 
beyond the reach of ED-models: 

(i) Simulation of the general circulation. 
(ii) Response of the atmosphere to the forcing 

functions and feedback of these forcing func- 
tions into the atmosphere. Response of ED- 
models to changes of internal parameters or of 
parameterizations of subscale processes. 

(iii) Changes of the climate; paleoclimatology. 
(iv) Prediction of, say, monthly or annual 

means. 

Most of the SD-models which have been 
developed so far are mainly concerned with (i) 
for a successful simulation of the observed 
general circulation is a prerequisite for entering 
into (ii) or (5). The models of Kurihara (1970) 
and of Saltzmann & Vernekar (1971), for ex- 
ample, achieve a good approximation to the 
observed values-at least in mid latitudes. 
Sellers (1969) uses his heat-balance model to 
study the effect of variations of some forcing 
functions as are the solar radiation or the albedo 
of the polar ice cap on the annual mean tem- 
perature. Adem (1965) developed a heat-balance 
model for monthly and seasonal predictions of 
temperatures. 

Despite the successes achieved by SD-models, 
a basic difficulty remains. The eddy fluxes, e.g. 
v’T‘, u’v’, and the strength of the eddies, e.g. 
T’*, have to be somehow related to the mean 
properties of the flow. The validity of these 
relations is crucial to the success of a SD-model. 
There is, however, no satisfactory theory of 
large-scale turbulence a t  hand. Attempts to 
overcome this difficulty have been made by 
(a)  relating the eddy-fluxes to gradients of the 
mean field, ( b )  use of the results of baroclinic 
wave theory, and (c) incorporating prognostic 
equations of the eddy statistics. 

Use of (a )  is made, for example, in the model 
of Dolzhanskiy (1969). Salzmann & Vernekar 
(1971) invoke results of the linearized wave 
theory in order to parameterize the meridional 
eddy fluxes of momentum and sensible heat. 
Arakawa (1961) and Kurihara (1970) derived 
prognostic equations for certain eddy statistics. 
For a comprehensive survey of the state of the 
art  the reader may be referred to the paper of 
Willson (1973) (see also Schneider & Dickinson, 
1974). 

-- 
- 

The model which will be presented in this 
paper deals with the zonally averaged steady 
state of the atmosphere. It comes under (ii) 
and (c), i.e. it aims a t  a study of the interaction 
between the forcing functions and the atmos- 
phere. More specifically, the influence of varia- 
tions of the drag coefficient, of the surface al- 
bedo, of the coefficient of vertical diffusion etc. 
on the general circulation can be studied. All 
available prognostic equations of eddy inten- 
sities and transports are used. The closure of 
this system of equations is achieved by assum- 
ing that all variables are random functions with 
a normal probability distribution. Almost no 
further hypotheses on the nature of the eddies 
would be necessary in a steady state model. 
In  a model, however, where also zonal averaging 
is applied, we have to deal with terms like the 
covariances of the zonal derivatives of the geo- 
potential and the meridiond wind velocity 
- 
a 2  v, 
ad 

In  principle, these terms should be treated 
as variables in the model. There are, how- 
ever, no tractable prognostic equations for 
these terms and we have to relate them to the 
variables of the model. Essentially, this is done 
by assuming that the normalized covariances 
e.g. 

are not influenced by changes of the forcing 
functions. Then, the system of the equations 
can be closed. However, a model of such gen- 
erality would still be too expensive and far too 
cumbersome. Theref ore, further assumptions 
and some empirical factors and functions had 
to be introduced. 

In  sec. 2, the basic equations are written 
down and the structure of the model is briefly 
described. Sec. 3 deals with the finite difference 
formulation of the equations and with the 
specific assumptions adopted in this model. 
In  sec. 4, the basic equations are solved whereby 
the annual mean temperature and the mean 
surface pressure are prescribed. Finally, the 
complete model is presented in sec. 5 and the 
response of the model atmosphere to changes 
of several parameters is investigated. 
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2. Model description 

The formulation of the model is based on 
that of the two-level Mintz-Arakawa general 
circulation model (MAM). We use the vertical 
layering, the parameterization of friction and 
the radiation scheme of MAM. A complete 
documentation of MAM has been published re- 
cently by Gates et al. (1971). Therefore, we can 
restrict ourselves to a brief description of the 
basic formulation of our model. 

(a) Notations 
specific volume 
albedo of cloudy atmosphere 
cloud albedo 
albedo of the earth's surface 
albedo of clear atmosphere 
surface sensible heat flux 
potential temperature 
thermodynamic ratio R/cP 
longitude 
vertical shear stress parameter - 0.22 mb 

surface pressure parameter =p, -pT 
air density 
(1) Stefan-Boltzmann constant 
(2) verticalcoordinate - ( p  -pT)/(ps  -pT)  
sigma vertical velocity = du/dt 
latitude 
geopotential 
pressure vertical velocity = dp/dt = 

earth's radius 
empirical functions 
ratio of the wind variance at levels 4 
and 3 
ratio of diabatic heating without radia- 
tion in levels l and 3; (2.29) 
surface drag coefficient = 0.0016 
dry air specific heat at constant pressure 
damping constant = 1/20 (day-') 
vertical spacing between levels 1 and 3 
in a-coordinates - 0.5 

€380 

nu +u(a/at + V . V ) n  

- Dls a dissipation rate 
Dto correction of the surface temperature 

(3.27) 
El, E,  extrapolation parameter for the surface 

wind (3.9) 
F horizontal vector frictional force 
f Coriolis parameter 
CJ gustiness correction for the surface wind 

-2 (msec-l) 
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gravity 
diabatic heating rate 
empirical factor for the correlation of 
temperature and convective heating 
(3.36) 

latent heat release parameter (3.28) 
pressure 
surface pressure 
tropopause pressure 
mixing ratio 
dry air specific gas constant 
measure of static stability = 

RTP,5/cP p ,  - ( Ta - T l ) / D a  
total solar radiation absorbed at ground 
temperature 
eddy kinetic energy generation coeffi- 
cient (3.49) 
zonal wind speed 
meridional wind speed 
zonal and time-average of a quantity x 
-x -1 

= 2g'PlNTl-L) 

for a vector A -(An; Aq) 

(b) Averaging 
As a first step, the model aims at a shula-  

tion of the zonally averaged steady state of 
the atmosphere. Longitudinal variations of the 
surface conditions are neglected as is the annuel 
variation of the declination of the sun. In 
these circumstances, there will be no standing 
eddies. Furthermore, we assume that longi- 
tudinally averaged values are independent of 
the time in such an atmosphere-ignoring such 
phenomena as the index cycle. 

Thus, with 

and 

A ~ = A - A  

we have 

_ _  - 0  
aA 
at 
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and 

A p, 6, t) +A(P, a) 

Finally, we assume 

A(& p,, a, t) dt 

provided that the averaging period is suffi- 
ciently long (Dt-year). It is well known that 
the standing eddies and the seasonal variations 
exert a pronounced influence on the annual 
mean values in the atmosphere. Since we ex- 
clude these effects, we cannot hope to attain 
more than a first order approximation to the 
observed atmospheric mean state. 

(c)  Basic equations 

motion in a-coordinates we have 
Upon averaging the equations of horizontal 

-- 
l a  a 

a cosa p,n ap, aa 

and 

l a  a -  U S  
____ (wncosp,) +-(va)+jti+tanp,- a cos pn ap, aa a 

-- ( u v ~ c o s ~ ~ , )  +-(uU)-~#=F,I  (2.5) 

- 

_ . -  

+--+---p, la,$ m a n  - (2.6) 

The thermodynamic energy equation is written 

uap, a ap, 

l a  a -  om H 

a cos p,n ap, aa  CP CP 

with 

_- - (nvT 00s p,) + - TU - -- = - (2.7) 

The mass continuity equation is 
- 

(2.8) a 
a cos p,n ap, ao 

(uncosp,) + - & = O  
l a  ~- 

and the equation of state 

- 
RT 
?, 

a=- (2.10) 

In  contrast to MAM, our model does not in- 
clude the water vapour continuity equation. 
The mixing ration q is prescribed. The prognostic 
equations for nlV18, zTa, nVT and nuv are 
derived easily from the prognostic equations 
for nV, nT and the mass continuity equation. 
Upon averaging these equations we obtain the 
budget of kinetic energy 

a l a  
(m(v2 +us)  cos p,/2) + - &(va + ~ a ) / 2  ___- 

a a  a cos pn ap, 
--- 

+V - V+ +V - aaVn =V - F (2.11) 

the budget of the variance of temperature 

l a  a- o T a  H T  
(zvTZ COB p,/2) + - ~ T a / 2  - - = - 

CP CP 

~- 
a a  a COB p,n ap, 

(2.12) 

the balance of the northward transport of sen- 
sible heat 

l a  a -  - 
( ~ v v T  cos p,) + - VTO + juT ___- 

a cos p ap, ao 

- 
+ T F ,  (2.13) 

and that of the eastward transport of sensible 
heat 

a -  - ( ~ u v T  COB p,) 4 - TUO - V T j  
l a  ~- 

a cos p,n ap aa 

Supplementing 
static equation 

- 
_. T a u  an m a  these equations are the hydro- - TUV t anp ,+T!? t+- - - -  - 

a a c o s q a a  a c o s p a l  cP 

ad - - + z m = O  
aa 

UH - 
CP 

(2.9) = -+ F ~ T  (2.14) 
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and the budget of northward transport of 
westerly momentum 

- 
l a  a -  u 8  

-- (nuuvcoep,) +-((nuva)+tmp,- 
a cos qnz ap, aU a 

uva 
-tanp,- 

a 

- -  
-vE;+uFV (2.15) 

Eqs. (2.5)-(2.15) form the complete system of 
equations of the model. This set of equations 
does not include prediction equations for 
6u, 6v, 6T in an averaged form for such 
equations can be derived in non-hydrostatic 
models only. Furthermore, the prognostic equa- 
tion for ns has been omitted. 

(d )  Vertical layering, grid point8 and 
boundary conditions 

Fig. 1 shows the structure of the two-layer 
model. The vertical coordinate is 

(2.16) 

The coordinate surfaces corresponding to u = 0 
(200 mb), 0.25 ( -400 mb), 0.5 ( -600 mb), 
0.75 (-800 mb), 1.0 ( N 1 000 mb) are called 
level 0, 1, 2, 3, 4 respectively. The variables 
ti, @, v'T', u ' ~ ,  v'¶, u'v' are assigned to levels 1 
and 3, resp., T to 2 and 0, T'#, u'#, v'# to 
level 2 and ?i to level 4. 

The model covers the northern hemisphere. 
Twelve grid points are placed between equator 
p d  pole with a grid distance of 7.5'. The south- 
ernmost grid point is a t  3.76"N. m. f, u" 
and ai are defined at  intermediate grid points, 

- - - -  
--- 

ranging from 0' N to 90" N. 
At the earth's surface, we require 

6 = 0 , 4 = 0  

and 

8-0 

at the tropopause (a = 0). 
In steady state, we have to expect 
-- 

6 - U'V' = v'T' = 0 

(2.17) 

(2.18) 

(2.19) 

at the equator and the pole. The handling of 
these conditions in the model will be described 
in secs. 3b, 3d, 3e. Furthermore, we have 

(2.20) 

at  both the equator and the pole. In general, 
(2.20) can be satisfied by imposing appropriate 
values on the variables at two further grid 
points outside of our domain, i.e. a t  cp = 3.76" S, 
cp -93.85" N, reap., or at the equator and the 
pole. However, f and f, deserve special atten- 
tion. The observed total mass of the tropo- 
sphere is, of course, purely accidental. It can- 
not be determined from the governing equa- 
tions (2.5)-(2.15), but has to be prescribed. In 
the model, however, we assign a fixed value of 
813 mb to f at the equator instead of prescrib- 
ing f ~ ' a n c o s ~ p , .  The boundary problem is 
further discussed in sec. 3c. 

Similar considerations apply to T,. The 
vertical gradient of the temperature in the tropo- 
sphere is mainly determined by convective pro- 
cesses. Since our model does not include these 
processes explicitly we cannot hope to obtain 
a realistic value of T, from our model equations. 
Instead, T, = 272°K is prescribed at the equator. 

(e) The forcing fields i n  the model 
1. The net frictional force. In application of 

eqs. (2.5), (2.6) at the levels 1 and 3 the fric- 
tional force is given by 

F1- - b ( V 1  -Val  (2.21) 

Fs-  -F,-cDelvl(IV.I +G)29ln (2.22) 

with 

(2.23) 

The surface wind v, is obtained by 8 linear 
extrapolation from the wind in levels 1 and 3. 
We use p =0.22 mb sec according to Palmen 
(1955) and a constant drag coefficient c, - 
0.0016 in contrast to MAM where p -0.44 and 
where c, varies over ocean with the surface 
wind speed and over land with the mountain 
height. Horizontal diffusion is not included in 
MAM and, consequently, left out in our model. 
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2. The net diabatic heating rate. When the 
thermodynamic energy equation (2.7) is applied 
at level 1 and level 3 the diabatic heating rates 
are given by 

- 29 - - 
H3=(F8+E4-%,+I’)r + DT,, 

ZCP 

(2.24) 

(2.25) 

Here, P, and P, are the mean net short wave 
radiation absorbed a t  level 1 and 3, and R,, R,, 
RI are the mean net upward longwave radiation 
emitted from the level 0, 2, and 4, respectively. 
Eqs. (2.143)-(2.153) of G give R,, R,, R, as 
functions of f l ,  Ti ,  T: and of empirical trans- 
mission functions which depend on the mixing 
ratio q in level 3. Hence, the averaged terms 
Bo, 5, and R, can be computed straightfor- 
wardly, provided that we neglect contributions - 
of the temperature variances to f l ,  and T:. 

In  MAM, P, and P, depend on the zenith 
angle of the sun, on the albedo 

a ~ = l - ( l - a o ) ( l - a c )  (2.26) 

for the portion of the radiation subject to scat- 
tering, where different values are assigned to 
ac for various cloud types, on the ground albedo 
a. and, of course, on q (eqs. (2.121)-(2.131) in 
G). Here, we have to average over all zenith 
angles. a, is chosen to be 0.3 which corresponds 
to a mean hemispheric cloudiness of about 50 %, 
and the ground albedo is a. = 0.1 where the in- 
fluence of ice and snow near the pole is ignored. 

The term I? which represents the upward 
flux of sensible heat from the earth’s surface 
and the rates DT,,, DT,, of temperature change 
due to convective processes and latent heat 
release in large-scale condensation are deter- 
mined from the heat balance a t  the ground. 
It is assumed that there is no total heat flux 
across the air/ground interface, i.e. 

- -  

R, +F +RE -Ro = 0 (2.27) 

where RE is the flux of latent heat and so is 
the shortwave radiation absorbed a t  the ground. 
R, and 8, are computed in the model (eqs. 
(2.127) and (2.153) in G). The residuum I’ + H E  
must be transferred to the atmosphere 

(2.28) 

Since we have no explicit parameterization of 
cumulus convection or large-scale condensation 
in the model it is not clear which part of the 
heat transferred to the atmosphere is released 
in the upper layer. A specification of the ratio 

(2.29) 

will be made later on which is based on a cal- 
culation of the hemispheric heat budget (sec. 3e) .  

3. The governing equations in the model 

The eqs. (2.11)-(2.15) contain moments of 
third order as, for example, the meridional eddy 
transport of eddy kinetic energy N &’(V’~ -t do) 
in (2.11). It is known from numerical experi- 
ments (Kasahara & Washington, 1971) that 
this term is negligible in the budget of eddy 
kinetic energy in a GCM. However, very little 
is known about most of the other moments 
of third order in eqs. (2.11)-(2.15). Nevertheless, 
we shall assume in the following that all tur- 
bulent fields have a normal distribution. 

This assumption has a rather bad reputation 
at least since it has been shown by Ogura 
(1963) that even the zero-fourth-cumulant 
approximation leads eventually to negative 
values of the kinetic energy spectrum in cal- 
culations of the decay of isotropic turbulence. 
It must, however, be borne in mind that the 
isotropic turbulence theory deals with turbulent 
energy as a function of wave number predicting 
such features as the energy and the enstrophy 
cascades whereas our model aims only a t  the 
determination of the total kinetic energy. 
Furthermore, the atmosphere is an anisotropic 
and inhomogenous system where the eddy 
transports and the intensity of the turbulent 
motions are determined mainly by the aniso- 
tropic and inhomogenous large-scale forcing 
fields. Hence, the results of isotropic turbulence 
theory do not necessarily apply to atmospheric 
large-scale turbulence. 

Following Kurihara (1970), two further as- 
sumptions are made: (i) Correlations of the sur- 
face pressure with any other variable can be 
neglected except in the pressure gradient term 
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S = O  level 0 Trolrppause 

- 1 :  ~ 1: ~ : L a ;  I ,.". : , =  : -. = ; I z  =I 2 G ~ 1 . 0 ;  level 4 ?i,G 
O0 loo 20' 30' 40' 50' 60' 70' 80' 90' 

Fig. 1. Schematic representation of the structure of the model. 

and (ii) the variance of the zonal and meri- 
dional wind component are equal 

Finally, we will assume that the normalized 
covariances of certain covariances are not af- 
fected by changes of the forcing functions. This 
is done in order to reduce the number of vari- 
ables of the model. More specifically, we relate 
T'* to v T  and 2 by (3.35), 
- 

a$' - a4I - 
ag, av 

T'- to v'T,v'-, u's by (3.53), 

to m, u-, by (3.56), u- to by 
(5.10) and 

- - 
u' a4' u' a4'+ v' --, a4' -_ v' a4'+ - - to - - 

acosg, an a ag, acosg, &I a aq 

u'v' and by (5.3). 
We will now turn to the problem of how to 

deal with the eqs. (2.5)-(2.15) within the frame 
work of the model. It will require further ap- 
proximations and assumptions to establish a 
closed system of equations. All equations of 
the model are applied at the grid points of the 
model (Fig. 1). Horizontal derivatives are ap- 
proximated by centered differences. 

(b) Balance of westerly momentum 

Eq. (2.5) is written a t  level 1 
- l a  

~- (ii(filfll + u'v:) cosa q) + (a, + a,) &/2Da 
iia COS* I as, 
- 

+ u'ai/Do- ffl, + kD(?il-tis) = 0 ( 3 4  
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and a t  level 3 

- 
- v'&/Da - fi), - kD(fi, - ?is) 

+ cD @4 u4( I v4 I + @) 2g/ii= 

(3.3) 

Following Smagorinsky (1946), we will assume 
that 

(3.4) 

and we will neglect the northward eddy trans- 
port of westerly momentum in the lower level 
altogether. The surface skin friction is approxi- 
mated by 

- -  
- C D ~ ~ a , ( ( u ~ + v ; 2 ) t + @ ) 2 g / A  (3.5) 

with 

(3.6) 

- 
Since u2 and vTare not variables of the model 
we have to relate these variances to u: using 
an empirical factor bs4: 

- 

- -  - 
U: + V? = 2bs4 U: (3.7) 

Observations (Oort & Rasmusson, 1971) suggest 

b,, - 0.5 (3.8) 
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The surface wind v4 is obtained by linear extra- 
polation from the wind in levels 1 and 3: 

In  MAM, El -0.5, E,- 1.5. 
Upon adding eq. (3.2) and eq. (3.3) with 

a,- -5,  (3.10) 

,a tang, a& u E as + (&+zc, ) - + - + A3 - 
a aap a ap 

2g - kD(Ol - 0,) +cDP, 04((2b8& u:)' + G )  T - 0 
n 

In deriving (3.14) and (3.15), the terms 
we have 

- l a  
iia coss p ap 
-- (%(a, 5, + ii, 5, + u'v:) cosa p) 

2s - 
+ 0.7cDQ4(Egii, - E,fi , )  ((2b3, UP)* + B)  y = 0 

52 

(3.11) 

Eq. (3.11) can be viewed as a differential equa- 
tion for n1 provided that all other variables 
are prescribed or determined from other equa- 
tions. We require n1 to vanish at the equator 
and the pole, i.e. two boundary conditions have 
to be satisfied for a differential equation of 
first order. That is possible only if 

- 
cDG4(E3ii3- E,.ii1)((2b,,~j3)'+ G)cos*pd~=O 

(3.12) 

Eq. (3.12) is an additional equation which can 
be satisfied only in the model if a new variable 
is added to our set of variables. We have a 
choice between El ,  E,, b,, and B. It seemed 
most reasonable to accept the ratio E,/E,  &B a 
new variable and to require 

E , - E l = l  (3.13) 

(c)  The balance of northerly momentum 
Eq. (2.6) is applied at levels 1 and 3: 

_. 1 a -  - (Au? cos p) + v'a;/Do + Q, f 
iia cos p ap 

tang, a$ o B aji + (B?+Ul") - + 1 + 1 1 -  
a aap a ap 

- 

+ kD(O, - O,) = 0 (3.14) 

(3.15) 

which are of minor importance have been neg- 
lected in order to reduce the programming 
work. In the sequel, we shall not mention such 
omissions. 

Upon integrating the hydrostatic equation 
(2.9) from the surface to levels 3 and 1 we ob- 
tain the geopotential 

(3.16) 

where 0 is assumed to be linear in p"-space. 
The temperature a t  levels 1 and 3 is related 
to T2 and To by 

resp. 
The northernmost grid point of the model is 

at 9 =86.25ON. At this point, aji/ap is ap- 
proximated by ( A g 0 - A 8 z . 5 ~ ) / D ~ .  Putting ngo. = 

i ~ s Z . 5 9 ,  we could satisfy the boundary condition 
aA/ap, = 0 at p = 90" N. This, however, would 
reduce the number of variables by one since 
Ago. is a variable of the model. Hence, we would 
have to reduce the number of equations or to 
introduce a new variable. Instead, we do not 
take into account the boundary condition for A 
at  the pole and at the equator in (3.14) and 
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(3.15). The same considerations apply to the 
temperature T,. 

(d )  The M 8  w?Uhddy eqUatio?t 
Applying the mats continuity equation at 

levels 1 and 3 we arrive after simple manip-  
letions at  

a - (J(Ul +a,) COB p) = 0 
av 

(3.19) 

which is equivalent to 

9,-  - 0 8  (3.20) 

and 

l a  
6 2  -+- 

Du jiacospap 

- 
- (28, J cos p) - 0 (3.21) 

The boundary condition 0 - 0 at the pole and 
the equator requires 

m / a  
(3.22) 

Fortunately, (3.21) and (3.22) can be satisfied 
in our finite difference scheme without intro- 
ducing a new variable. 

(e )  The heat budget 
The thermodynamic energy equation is ap- 

plied at  levels 1 and 3 and we obtain after 
simple manipulations 

- l a  
jia cos p ap 
-- (5(oa Ta + v'Ti) cos p) 

Additionally, two integral constraints must be 
taken into account 

x J COS &-0 
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(3.26) 

x J COB pdg, = 0 (3.26) 

in order to satisfy the boundary condition for 

U'T: and at  the pole. - - 
According to sec. 2e, 8, and Ha are functions 

of pg, c, c, qa and contain also the ratio Ca1. 

In the present version of the model, To and & 
are prescribed as is T g  except a variable Dtg 
which does not depend on p: 

Tg = Tm + Dtg (3.27) 

where Tm is prescribed. Eqs. (3.25) and (3.26) 
can be used to determine Dtg and cal or, strictly 
speaking, Dtg and cSl had to be incorporated 
into the model in order to satisfy (3.25), (3.26). 

According to (2.29), c,, is defined by 

Since the model does not include a parmeteriza- 
tion of convective processes and of latent heat 
release due to large-scale condensation we have 
to prescribe the shape of the meridional distri- 
bution of latent heat release in the upper layer. 
We assume that 

DT,.. = (1 - Zsl) cos p( Sg - 8,) 2g/iic, 

where I, ,  does not depend on p. 

(3.29) 

Then, we have 
- 
r = ( g g - E , ) ( i - ~ ~ s q )  (3.30) 

(3.28)-(3.30) imply that there is no upward 
flux of sensible heat from the ground near the 
equator and that the ratio r/gE equals 
(1 -COB p)/cos q. Furthermore, the ratio DTcl/ 
DT,, does not depend on p and is equal to 
Z a J ( l  -Z,,). I,, will be treated aa a variable. 
The ratio csl is related to I , ,  by 

- 

(3.31) 
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( f )  The budget of available potential energy 
(2.12) is applied at level 2 only: 

- -  
= (T'H, + T'Hi)/2cp 

with 

(3.32) 

(3.33) 

The variance of temperature is closely related 
to the concept of eddy available potential 
energy. I n  (3.32), the terms on the left side 
govern the conversions of eddy kinetic and 
zonal available potential energy to eddy avail- 
able potential energy. The handling of these 
terms in the model raises no problems. 

The proper modelling of the terms on the 
right hand side would require the incorporation 
of covariances such as TiT:, TlT; and some 
knowledge about the correlation between con- 
vective heating and temperature. 

-- 

As a first approximation, we write 
-- 

(T'H: + T'Hj)/2cD - - d z / 2  +T'Hc/c ,  (3.34) 

where the first term on the right hand side de- 
scribes radiative damping and the second term 
stands for the correlation between convective 
heating and temperature. 

In  the model, T'e is not treated as a variable. 
We assume that the normalized covariance 
v'T'/(v'2T'a)+ depends on cp only, i.e. 
- - _  

(3.35) 

With A,(cp) = 3 . 0  we obtain TX-7 dega at 
1 0 ° N ,  if and are taken as computed 
by the model, and T: = 18 deg2 a t  40" N, in 
reasonable agreement with observations. Fol- 
lowing Dickinson (1971), we take d = 1/20 day-' 
for the damping constant. 

We are now left with the problem of para- 
meterizing T'Hc. aT/acp vanishes almost in the 
tropics and S is positive everywhere. Hence we 
have zk > O ,  if T'HL < O  in the equatorial 
region. It appeared, however, that positive 
values of m! generate negative eddy kinetic 
energy in the tropics. Therefore, *: must be 

- 

- 

positive in the tropics, i.e., the condensational 
heating should selectively favour the warmer 
portions of tropical disturbances. It is obvious 
that such a process cannot be parameterized 
in a model which includes convective processes 
only via the diagnostic relation (2.27). Instead, 
T'fi;  is prescribed: 
- 

(3.36) 

where k, is a constant which will be derived 
from observations. Writing 

(3.37) 

- -  
we can relate T'HL to TI&. Observations (Nitta, 
1972) show that 

(fi:/o")* = [&~/ (0" j i2 ) ] *  a 0.013[cal g-'rnb-'] 
-- - -  

It has been found by a trial and error procedure 
that the eddy kinetic energy is positive in the 
tropics and that the computed fits into 
eqs. (3.36) and (3.37) if k c ~ 0 . 8 ~ 1 0 - 6  deg2 sec-l. 
The factor cos cp in (3.36) takes account of the 
decrease of convective activity with increasing 
latitude just as in (3.28). 

(9) The budget of the eddy kinetic energy 

derived at  levels 1 and 3 
The budget of the eddy kinetic energy is 

- 1 a -  
~- (nv'4; cos cp) + u'&(ii, - ii,)/2Da 
jia cos cp acp 

I I  
- 

- 4; &;/Do = JGD(v; * ( ~ 1 -  vg)) 

(3.38) 

(3.39) 

I n  deriving (3.38) and (3.39), use has been 
made of Arakawa's (1972) formulation of the 
kinetic energy equation in finite difference form. 
The first term in (3.38) represents the 'baro- 
tropic' exchange of kinetic energy between the 
eddy and zonal components. The pressure work 
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in horizontal direction is described by the second 
term. The fourth term includes the pressure 
work in vertical direction and the conversion 
from eddy available potential energy. The dis- 
sipation is described by the terms of the right 
hand side. 

A proper handling of the dissipation terms 
can be achieved only if v l . v ,  and vs*v4 can be 
expressed as functions of the dependent vari- 
ables of the model. 

rn I 

Squaring 

v d =  0 .7(E3v ,  - E,v,) (3.40) 

and averaging, we obtain with (3.1) and (3.7) 

(3.41) 

with 

E, = - bs4/0.49 (3.42) 

Upon multiplying (3.40) by vs and using (3.41) 
we get v , - v 4 .  Then, the dissipation terms at 
levels 1 and 3 may be written 

D ,  .. -2kD[u?(l - E,/2EJ - u P E , / ( ~ E , E ~ ) ]  

n 

- 

(3.43) 
- - 

D, = - 2kD[uP( 1 - ES/(2E,  E,))  - u:aE1/2E,] 
- - 

- 2.8cD&g/n(uj3(Es- E,/2Es) +u:aE?/2Es) 

(3.44) 

where correlations between v; and Iv: I have 
been neglected as has been done in deriving 
(3 .5) .  With b,,=0.5,  El=-0.5, E , - 1 . 5  and 
u:' 2 ~ U P ,  (3.43),  (3.44) can be approximated by 
- -  

- 
D1- - 1.7kD$ (3.45) 

(3.46) 

The dissipation in the upper layer by shearing 
stresses does almost not depend on 3. Thus, 
the kinetic energy which is generated in the 
upper layer is dissipated in that layer. Dissipa- 
tion in the lower layer is mainly due to the work 
done against the frictional stress a t  the surface. 

According to Kurihara (1970; eqs. (4.23),  
(4.24),  (4.26)) ( P T  can be approximated by 
( c - u ) m  where c is the phase speed of the 
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eddies. Here, c is estimated to be close to us 
rather than to Min (u,, u,,u,) as in Kurihara's 
paper. This treatment of Wu' is somewhat in- 
consistent with the general approach of this 
paper where Etssumptions on the wave nature 
of the eddies have been avoided. 

We me now left with the problem of pro- 
ducing relations between Gk and the 
variables of the model. First, we shall assume 
that these correlations generate eddy kinetic 
energy everywhere, i.e. 

- 

(3.47) 

and, next, that there is more production in the 
upper layer than in the lower layer 
-- 

- $5, a; > $5; a: (3.48) 

Upon multiplying (3.1 6)-( 3.1 8 )  in non-averaged 
form by 5, and averaging we have with (3.47),  
(3.48) 
- -  
a; Ti = U'T; c,( 1 - t,, 0,) < 0 (3.49) 

where C ,  and Ca are known functions of the 
coefficients in (3.16)-(3.18) and t,, is bound by 

0 < t,, c 0.45 (3.50) 

At this point, a guess has to be made. The 
choice t18 = 0.1 resulted in reasonable values of 
the eddy kinetic energy. Then, after some 
manipulations, d1&; and &&. can be written aa 
linear functions of rjlT;. 

- 7 
- 

(h)  The balance of the northward tramport of 

At level 2,  eq. (2.13) is written as follows 
s e d l e  heat 

where, as in (f), (g ) ,  the contribution of the 
mean meridional circulation has been neglected. 
For the sake of convenience, the pressure gra- 
dient term in (3.51) is evaluated from the gra- 
dient on an isobaric surface. 
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The last three terms in (3.51) have to be 
somehow related to the dependent variables of 
the model. We wsume that the right hand side 
of the identity 
- 

(3.52) 
a ag, 

can be separated into three parts, i.e., 

where A,((p) is positive. A,(?) can be determined 
from observations. In  the atmosphere, (3.53) 
would hold in any climatic change which does 
not influence the normalized covarimces 

Otherwise, (3.53) must be viewed as an ap- 
proximation. 

I ad;% v- 
ag, 

can be written as a function of the variables 
of the model by use of the averaged predic- 
tion equation for P at level 2: 

With (3.52)-(3.54), eq. (3.51) becomes 

+ f u T -  A,(g,) vx 

(3.55) 

Unfortunately, nothing is known about A,(v). 
Hence, further assumptions have to be made in 
order to make (3.55) tractable. 

Writing 
--- - 

A,(g,) v'T' u'v'/v'~ = u'T' (3.56) 

we assume 

Then, eq. (3.55) becomes with a simple damping 
scheme 

- 
d -  - (;" aT, U? aT,) / - 

-- + -- 2-S~'b;-  --(v'Ti+v'Ti) 
a ag, a a(p 2 

(3.58) 

(i) Balance of emtward transport of sensible heat 
Eq. (2.14), when applied at level 2 and treated 

in the same way &B (2.13) reduces to 

(3.59) 

where even the damping has been neglected 
because will not be carried as a variable 
in the model. 

4. Mean circulation and eddy statistics as 
derived from prescribed mean 
temperature and surface pressure 

(a )  Iterative method of solution 
In sec. 3, sixteen equations have been derived. 

On the other hand, we have eighteen variables: 
ntfi,, a,, B,, 8,, &, Tz,  #T;, u?, $, u'&, u'v;, 
vf&, vfT:, v'Ti, Dt,,, I, , ,  E,/E, so that the 
number of variables exceeds that of the equa- 
tions by two. Therefore, our system is not 
closed. But even if we could close the system 
by adding two new equations or by reducing 
the number of variables, it would be extremely 
difficult to obtain a solution, because our system 
of equations is nonlinear and its solution can 
be achieved only by iterative methods. Here, 
we adopt Newton's method which consists es- 
sentially in a repeated linear extrapolation 
from an initial set X ,  of values of the variables 
which is close to the exact solution. 

Denoting the total system of equations by 

- _ _ - _ .  

f(X) = 0 (4.1) 

the first step of the iterative procedure requires 
the solution of 
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Fig. 2. Annual mean temperature in the model. The temperature at levels 0, 2 is taken from observations. 
The values at level 1 and 3 are interpolated according to (3.17), (3.18). The temperature T, at the equator 
is determined from the heat budget. aT,/ap, is prescribed. 

(3.2) is a linear equation for the first  approxima- 
tion X1 and can be solved by standard methods. 
The next step is 

(4.3) 

The iterative process is terminated when the 
criterion 

is satisfied with a given upper bound E. 

The choice of the initial set Xo is crucial for 
the success of Newton's method. After some 
frustrating experimentation the following ap- 
proach has been chosen. 
As a first step we prescribe the observed 

m u d  mean distribution of the surface pressure 
and of the temperature at level 2 together with 
Tm and To which will be prescribed in all ex- 
periments. Then it is possible to determine all 
the other sixteen variables from the sixteen 
equations of sec. 3 by use of a simple iterative 
method which will be outlined below. The com- 
puted latitudinal distributions of the mean 
variables and the eddy statistics should be 
close to the observed distributions. 

Next, we add two further equations to the 
system, i.e., the averaged prediction equation 
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for the northward transport of westerly mo- 
mentum and an assumption on u'v'jufP. These 
equations are adjusted to the computed annual 
mean state by determining two 'empirical' 
functions. Then, the sixteen equations of sec. 3 
together with these new equations form a closed 
set of equations for all variables of the model 
including A and Pa. The solution of this system 
is known for annual mean conditions. Now, 
the response of the atmospheric circulation to 
changes of parameters in the forcing functions, 
say c,, can be studied by use of Newton's 
method, for the annual mean state, which haa 
been computed with a certain 'normal' value 
of c,, serves as a good first guess Xo for starting 
the iteration by Newton's method after c, has 
been changed. 

(b )  Iterative solution method with fixed mean 
temperature and mean surface pressure 

-- 

Prescribing l'% and 5, we are able to compute 
the remaining variables by a simple iterative 
procedure. Ts is taken from 001% & Rwmwon 
(1971) and Palmen & Newton (1968). The ob- 
served shift of the heat equator towmds the 
north is neglected. A constant value of 217°K 
is aasigned to To. f is chosen in such a way that 
the surface wind Q, which is computed in the 
iterative process shows reasonable resemblance 
to observed zonal winds at  1000 mb. TI and 
T ,  are given by (3.17) and (3.18). 



338 JOSEPH EGGER 
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/ 30' 40' SO0 60' 

1OOOmb o b t .  

Fig. 3. The latitudinal variation of the mean zonal wind at the levels 1, 3, 4 as given by the model (solid) 
end by Oort & Rasmusson, 1971 (dashed). 

Fig. 2 shows the annual mean temperature 
in the model after Dto has been computed from 
the heat budget. The computed surface tam- 
perature is very close to the observed surface 
temperature, but the equator-pole temperature 
difference is too small a t  level 1 by about 7°K 
and too big a t  level 3 by about 5'K. This defi- 

ciency is due to the coarse vertical resolution 
of the interpolation (3.17), (3.18). 

The surface pressure increases from the equa- 
tor to 30'N by 5 mb and decreases then by 
23 mb to 70' N to increase again by some 10 mb 
to the pole. 

We are now going to compute the latitudinal 
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10 

5 

- 5  L 

Pig. 4.  The vertical mean of the annual mean northward transport of westerly momentum by transient 
eddies aa computed by the model (solid) and as observed (Oort & Rasmusson, 1971; daahed). 

distribution of all variables except T2 and ji by 
a simple iteration. The iterative process con- 
sists of a series of iteration cycles which may 
be labeled by a subscript n. As a first step of 
each cycle, we compute 2, from the balance of 
northerly momentum (3.14) in level 1: 

~ t a n l p  1 a - 
a 5acoslpBlp 

Uln-l - - -- - (*;;-I cos lp) - 

where Ti is computed from (3.16) with pre- 
scribed T2, To and ii. The variables on the 
right hand side have been determined in the 
foregoing iterative cycle. Initially, all variables 
vanish. 

In  the following, we shall not write down all 
sixteen equations with proper subscripts. In  
calculating the nth approximation sn of a 
variable from an equation of our baslic set we 
use the nth approximation of all variables 
which have been computed in the nth cycle 
before sn and the n-  l th  approximation of all 
other variables. 

as is obtained from (3.15). Next, E,, and El, 
are comDuted from (3.121. 13.13). Bv virtue of - - . , , >  , " 
(3.11), (3.3) and (3.21) we get u'win, Oln, &. 
The heat budget yields and w K  together - 
with Dt,,,, and I,,,. 6'T; is obtained from (3.22) 
and u;:, upn from (3.38), (3.39), resp. Eqs. (3.68) 
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- -  
and (3.59) yield w'u;, ~'a:. The next cycle of 
iteration begins with a computation of a,,,,. 

After six steps, the difference laln -aln+, I 
is less than 0.001 msec-1 in all grid points. Then, 
the iterative procedure is terminated. The re- 
sults of these computations will be labeled by 
a subscript a-for annual mean. 

(c) The computed annual mean state 
The zonal wind a t  the levels 4, 3, 1 is given in 

Fig. 3. Outside of the equatorial region ti, 

agrees fairly well with the observed profile, 
whereas 6, is somewhat too strong in mid- 
latitudes because of the exaggerated tempera- 
ture gradient in level 3. The discrepancy near 
the equator may be caused by the neglect of 
the shift of the heat equator. Q, verifies favor- 
ably, the most serious discrepancies occurring 
north of 65ON. The polar easterlies are too 
strong at the surface and at level 3. 

(3.12), (3.13) yield E,=1.56,  El -0.56 in 
close approximation to E, =1.5, El =0.5 in 
MAM. The vertical average of the north- 
ward eddy transport of westerly momentum 
verifies favorably against observation (Fig. 4). 

Approximating (3.2) by 

1 a -  - u'w: COB1 lp 
f'1" - ~ l p  alp 

we see from Fig. 4 that a three-cell mean meri- 
dional circulation is established with internal 
nodes a t  about 30"N and at 5 7 " N  (see also 
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Fig. 11). The intensity of the computed mean 
circulation comes close to reality in the tropics 
and is only one third of the observed one in 
mid latitudes. The vertical motion aa computed 
from (3.21) shows, of course, the same charac- 
teristics. 

Eqs. (3.25) and (3.26) yield Dto and Z8,. Since 
Dto depends on the fixed distribution Tpg its 
value is without significance. The profile 
Tm + Dto =To is displayed in Fig. 1. We find 
I , ,  - 0.396. Hence, the latent heat release in 
the upper layer is about two thirds of that in 
the lower layer. Observations suggest a some- 
what higher value in the tropics and a lower 
one in mid latitudes (Newell et al., 1969). 

Fig. 5 shows the components of the diabatic 

heating for the atmosphere. The latent heat 
release has its maximum at  the equator and 
vanishes a t  70' latitude with spurious but small 
negative values north of 70" N. An approxima- 
tion like (3.28), (3.29) can, of course, not pro- 
duce more than the gross features of the ob- 
served latent heat release and of the observed 
vertical flux I' (Newell et al., 1969). 

The net radiative heating verifies favourably 
against observation aa could be expected of 
such a sophisticated radiative scheme aa Kata- 
yama's in MAM. 

The northward eddy transports of sensible 
heat are shown in Fig. 6. They both are too 
large in comparison to observations, especially 
in the tropics. Since our model does not contain 

I0 - 
5 -  -- -- ---\ 

15 - 

20' 30' 40° 5 0" 6 0' 70' eoo goo 
------ 

loo 

Fig. 6. The latitudinal variation of the northward eddy transport of sensible heat as given by the model 
(solid) and by observations (Oorta & Rsmusson, 1971; dashed). 
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Fig. 7. The variance of the zonal wind as given by the model (solid) and (4'+8')/2 as observed (Oort & 
Rasmusson, 1971; transient eddies, April). 

any heat flux in the ocean nor any northward 
flux of latent heat the heat budget can only 
be balanced by rather large values of v". 

The verification of the variance of the zonal 
(meridional) wind component against observa- 
tion is remarkably good outside the polar region 
(Fig. 7). Kurihara's (1970) parameterization of 
v'dr is not suited to include the movements of 
pressure systems out of the mid-latitudes into 
the Arctic basin which are mainly responsible 
for the observed high values of eddy kinetic 
energy near the pole. 

The frictional dissipation in the lower (upper) 
layer ranges from about 0.3 (0.5) watt m-* in 
the tropics to 2.5 (3.5) watt m-a at about 45' N 
in reasonable agreement with 'observed' rates 
of dissipation (Newel1 et al., 1969). 

Fig. 8 shows T T  and the vertical transports 
of momentum. TI& has its minimum in mid 
latitudes and is negative everywhere as en- 
forced. The computed upward transport of v 
by large-scale eddies is rather strong and has 
a distinct maximum at about 50'N. On the 
other hand, the vertical transport of zonal 
momentum by large-scale motions is very weak. 
In  order to compare this distribution of u'6: 
with recent observations (Starr, 1973) we have 
to add -kD(@il-@iJ5 to 5zc'a; for in Starr's 
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paper all modes of vertical eddy transports are 
lumped together. It turns out that the influence 
of friction is one order of magnitude greater 
than that of the large-scale motions, i.e., we 
have a strong downward transport of westerly 
momentum almost everywhere-partly in con- 
trast to observation. Thus, eq. (3.59) is almost 
superfluous in its present form. 

All in all, we can state that the model allows 
to compute rather redistic distributions of the 
mean motions and of some important eddy 
statistics when the annual mean temperature 
and surface pressure are prescribed. As men- 
tioned above, we shall assign the subscript a 
to these computed annual mean distributions. 

(d )  Seneitivity ana1ysi.a 
The suocess of the model depends to some 

extent on the choice of the 'empirical' para- 
meters t,,, b,,, k,, a,. The sensitivity of the 
computed annual mean state to these para- 
meters will be discussed briefly before we pro- 
ceed to m outline of the complete model. 

By increasing the cloud albedo from 0.2 to  
0.4 we reduce the amount of the solar radiation 
which is absorbed at the ground. The balance 
of the heat budget is achieved by a decrease of 
the surface temperature by 12'K and an in- 
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Fig. 8. The correlations of u with the temperature, u and w as given by the model. 

crease of I , ,  from 0.38 to 0.42. The eddy kinetic 
energy and 

A variation of the ratio b,, (see 3.8) affects 
mainly u: and u:' which decrease by 60 %, 20 % 
resp. when b,, is raised from 0.3 to 0.7. 

An increase of t la  (see 3.49, 3.50) from 0.15 to 
0.4 leads to a strengthening of the eddy kinetic 
energy in the upper level by about 30 - % whereas 
u? is almost not influenced. up and u? increase 
almost linear with kc (see 3.36) in the equatorial 
latitudes. 

Summing up, we can state that the model is 
not very sensitive to the four parameters. How- 
ever, the good quantitative verification of u:' 
and u? against observation is achieved by choos- 
ing suited values of kc, t,, and b8,. 

go down by about 20%. 
- - 

- - 

- 
- 

5. The complete model 

(a) The balance of the northward transport 
of westerly momentum 

The prognostic equation for uv when applied 
at level 1 in averaged form supplies the model 
with a further equation. We have 

-- .^ 

(5.1) 

According to (3.1), the first term on the right 
hand side of (5.1) vanishes. However, observa- 
tions (001% & Rasmusson, 1971) show that 
uc2 - 0'2 is increasing from the equator to a 
maximum a t  about 30°N, then decreasing 
towards the minimum near 65" N. Hence, the 
latitudinal profile of this term is rather similar 
to that of u- and we assume 

- -  

- 
I t  

- -  
(Ui2 - v;") =A&) u el 

in (5.1) with AJq) > O  in contrast to (3.1). With 
A,(p,) = 1, the left hand side of (5.2) comes close 
to observed profiles of this term in spring and 
fall (see monthly means in Oort & Rasmusson, 
1971; the observed annual means would be 
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misleading due to the strong annual variation 

In the atmosphere, the first term of (6.1) is 
the most important one on the left hand side. 
Its sign is almost everywhere opposite to that 
of f(3 -z). Hence, the second term is domi- 
nant on the right hand side of (5.1). Applying 
the same technique as in sec. 3h we have: 

of u). 

\acosp, an a ap,/ 

Following Arakawa (1972), the term in the 
brackets on the right hand side of (5.3) can be 
written 

1 a -  
- (iiv'd' cos lp) 

Use of (3.38), (3.43) yields 

where terms of minor importance have been 
neglected. Neglecting also the dependence of 
the right hand side of (5.5) on kD, El, E, and 
u: (see 3.451, we get 
_ 

and 

- 
I f  

- 
= - f d v ;  + A,(p,) u v1 (5.7) 

where the damping term has been neglected. 
Further comments on these approximations 
will be made in sec. 5e .  

The iterative procedure of sec. 4 yields rea- 
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listic annual mean distributions of all variables. 
Assuming that 

we can compute A,(p,): 

-I/- - 
+v'u~,(fi3-ii,)/2Da+ f u ' ~ ; ~  u vl, 

(5.9) 

We are left with the problem to provide another 
equation for our model. Again we apply the 
principle that the normalized covariances of 
the eddy motions will not change when the 
forcing functions are changed. Hence, n/ 
(C%*)* is not influenced by a variation of, 
say, the viscous parameters. Since u v1 repre- 
sents the vertical mean of the northward eddy 
transport of westerly momentum in our model 
we assume with (3.1) 

7 

- -  - 
ulv: = A6(p,) (up + uj") (5.10) 

(5.11) 

(5.7) and (5.10) close our system of equations. 
Now, it contains the eighteen equations (3.2), 

(3.26), (3.32), (3.38), (3.39), (3.51), (3.59), (5.7), 
(5.10) and the eighteen variables _ _  Cl, C3, ol, @,, 

2 9 ,  Tet Dto, 41, EaIEi, f6 2, 
U'V;, u'& v &, T &. The solution of this system 
is known for annual mean conditions. When a 
parameter's value is changed, the solution is 
obtained by Newton's method using the annual 
mean as a first guess. In all cases reported here 
six iterations were sufficient. 

(3.3), (3.12), (3.14), (3.15), (3.19), (3.21), (3.23)- 

12 7 I 
9 v Ti, v 

I t 7  

( b )  Variation of the surface drag coefficient c, 
A series of experiments has been carried out 

where c, has been decreased by steps of doD = 

0.0001 from c, =0.0016 down to 0.0013 and in- 
creased up to c, =0.0024. The experimenta 
could not be continued beyond 0.0013, because 
Newton's scheme did not converge for cD= 
0.0012. The surface wind and 6, LIB well LIB the 
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Fig. 9. Surface stress z,? as computed by Smagorinsky & Kung (1967) and as given by the model for various 
values of the drag coefficient. 

eddy kinetic energy show a rather distorted 
pattern near 60’ N even for c, = 0.0014. The 
reasom for this failure will be discussed in 
sec. 5e. On the other hand all profiles for c, = 

0.0024 are smooth and reasonable. 
Fortunately, Smagorinsky (1960) and Smago- 

rinsky & Kung (1967; SK) have studied the 
sensitivity of Smagorinsky’s ( 1963) primitive 
equation two-level general circulation model to 
the frictional coefficients. Hence, we are able 
to compare our results to those of a time- 
dependent model. 

In  SK, Smagorinsky’s basic model was in- 
tegrated for 122 days with c, =0.012. After the 
122th day, various drag coefficient values were 
prescribed (c, = 0.024, 0.012, 0.006, 0.003). 
The experiments were carried further for each 
c, for another 80 days. Note that the drag coef- 
ficient in SK is much larger than in our experi- 
ment. This difference is due to the fact that the 
extrapolation of the surface wind is quite dif- 
ferent in Smagorinsky’s (1963) model and in 
MAM. 

To discuss the effects of the prescribed drag 
coefficients Smagorinsky and Kung analyzed 
stress and energy parameters along with some 
wind fields. The increase of the drag coefficient 

from 0.003 to 0.006 increased the absolute 
value of the surface stress 

in SK while the further increase displayed little 
effect on the stress values. Fig. 9 shows the 
latitudinal profile of 5 ,  for Smagorinsky’s 
‘normal’ value c, = 0.012 and for c, = 0.024. 
Apparently, the effect of the increase of the 
drag coefficient is largely compensated for by 
the decrease of the surface wind. The curves 
differ only near the northern boundary of the 
model at 64.4’N where fa= decreases with in- 
creasing c,. Fig. 9 shows also the surface stress 
7, = 44cD.iia((26s4u~)f + G )  for c, =0.0016 and 
for c, =0.0024 as computed in our model. The 
latitudinal profiles of frt are in the range of 
good agreement with observational studies 
(e.g. Kung, 1968) and with those of SK. Just 
as in SK, the surface stress is almost insensitive 
to the drag coefficient. The polar easterlies 
extend farther towards the south for large 
values of c,. At the 750 mb level, the effect of 
the surface drag on the wind is still apparent 
in Smagorinsky’s model (see Fig. 10). The low 
latitude easterlies dissappear with increaaing 

- 
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Fig. 10. ti1, 8, aa given by the model and the mean zonal wind at the 750-mb level in SK for various values 
of the surface drag coefficient. 

c,, the strength of the midlatitude westerlies is 
diminished. The effect of the prescribed c, is 
not obvious at  the 250 mb level in SK. The 
profiles of the zonal wind are almost identical 
for different c,. 

In  our model, we note a weakening of the 
equatorial easterlies with increasing c, just as 
in SK. There is almost no change of ti, in mid 
latitudes. The polar easterlies at level 3 are 
much more intense for c, =0.0016. The wind 
profiles a t  level 1 are virtually identical. 

In SK, the total dissipation E increases 
slightly in the range 0.003 G O ,  GO.012 with in- 
creasing drag coefficient and decreases some- 
what further on. In our model, the total dissi- 
pation is E = -D, -D,  (see 3.43; 3.44). E de- 
creases by -5% when c, increases from 0.0016 
to 0.0024. 

The only major discrepancy between SK and 
our model is found in the behaviour of the 
total boundary layer dissipation Eb. In our 
model, Eb is equal to the absolute value of the 
second term in (3.44). E, and E, increase with 
increasing c,. We have E,=1.36 (1.80) for 
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c, =0.0014 (0.0024). It is easy to show that the 
coefficients E, - Es/2E, and @/2E, in (3.44) 
increase with increasing c,. u? and u? are al- 
most not affected by an increase of c,. Hence, 
Eb goes up by about 100 yo when c, is increased 
from 0.0014 to 0.0024. In SK however, the 
total boundary layer dissipation increases by 
only 20% between 0.003 and 0.006 and is not 
influenced between 0.012 and 0.024. Neverthe- 
less, we can state that the response of our model 
to changes of c, comes rather close to that of 
the time-dependent model of Smagorbky. 

(c)  Vuriution of the coefficient of 
vertical d i f f d o n  

The influence of the coefficient of vertical 
diffusion p (see 2.23) on the model atmosphere 
has been studied in the range 0.22 < p  $0.3'7 
(pa  =0.22). A decrease of ,LA leads to distorted 
wind fields and Newton's scheme did not con- 
verge for p ~ 0 . 1 7 .  

Unfortunately, we are not aware of numerical 
experiments which systematically test the sensi- 
tivity of a general circulation model to varia- 
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Pig. 11. The latitudinal distribution of the mean meridional wind at level 1 for p = 0.22 and p = 0.37. 

tions of the coefficient of vertical diffusion. 
Hence, we cannot compare our results with the 
behaviour of a time-dependent model. 

An increase of p affects the budget of zonal 
momentum and the dissipation. Fig. 11 shows 
B,, and el for p =0.37. We note el >el, almost 
everywhere in midlatitudes to that the increase 
of the term kD(.iil-.ii3) in (3.2) is compensated 
for by a change of the Coriolisterm-fO,. The 
intensity and the extent of the Ferrel cell in mid- 
latitudes is reduced by the increase of p. Near 
the equator, a/ap fi cos p and, consequently, 
the rising over the equator is diminished by an 
increase of the vertical diffusion. Turning to a 
discussion of the influence of p on the dissipa- 
tion and on the budget of the eddy kinetic 
energy we mention a t  first that .'Ti,, and T z  
are almost not influenced by a change of p. 
The pole-equator difference of the temperature 
increases by 1.5"K when p goes up to 0.37. 

v'T: (W'T;) decreases by less than 10% (5%). 
Then, according to (3.33), 5; is almost in- 
dependent of p as are, consequently, the dissi- 
pation terms in (3.38), (3.39). Hence, the in- 
crease of lcD in D,  and D,  (see 3.43, 3.44) must 
be compensated for by a decrease of .iil, .ii, 
and/or a change of E ,  which affects the coeffi- 
cients in (3.43) and (3.44). 2 experiences a 
rather strong decrease of about 30 yo in the tropi- 
cal and the polar latitudes and goes down by 
about 15% in mid latitudes. 2 increases by 
10 % in mid-latitudes and is almost not affected 
elsewhere. Hence, the model predicts a decrease 

- 

- _ _  

of the total eddy kinetic energy with increasing 
shear stress parameter p. On the other hand, 
E,  increases b y  D E ,  =0.4 from 1.56 to 1.96 
which implies an increase of E1/E,. This change 
can be interpreted as a strengthening of the 
influence of the wind at the upper level on the 
surface wind with increasing p. The zonal wind 
increases by DUN 2 msec-l at both the upper 
and the lower level in mid latitudes. The effect 
of the increase of E,  and that of the increase 
of ul, u, on the surface wind cancel almost: 

a, = 0.7{(E3, + DE,)(.ii,, + Du) 

- (E,, + DE,  - 1) (alu + Du)} 

for p =0.37 is almost identical to the annual 
mean surface wind 

.ii, = 0.7(E3,.ii,, - EluCla) 

because we have 

DE3(t7,3a-Clu) + D u ~  - 0 . 4 * 7 + 2 ~ 0  

We observe only a slight shrinking of the west 
wind belt a t  the surface with increasing p. 

An equal increase of the zonal wind at both 
the upper and the lower level must be effected 
by a change of the meridional gradient of the 
surface pressure (see 3.14; 3.15). In the experi- 
ments, the pressure difference between the 
equator and the pole increases by 16 mb. 

It is obvious from our discussion that changes 
of the interpolation coefficient E,  play an im- 
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portant part in the response of the model at- 
mosphere to variations of c, and p. If, however, 
our experiment of a variation of p would be 
made with MAM-computing annual mean 
values for various values of p-El and E, need, 
of course, not to be adjusted. All experiments 
could be run with El =0.5, E, = 1.5. 

This discrepancy will be encountered by any 
time-independent SD-model which uses closure 
relations thus dealing with a limited number of 
eddy statistics. In order to satisfy the boundary 
conditions a t  both the southern and northern 
boundary, additional variables have to be in- 
troduced like I , , ,  E,/El etc. Then, a variation 
of a parameter of the model must result in a 
perhaps small change of these variables. It is, 
on the other hand, very likely that MAM would 
produce an equilibrium state for any reasonable 
choice of, say, p if the model could be run over 
a sufficiently long period of time. Then, the 
boundary conditions for u'v', v't' etc. would be 
satisfied without an adjustment of EJE,. The 
model is able to attain such a steady state for 
any reasonable choice of p since the number of 
eddy statistics which determine the climatic 
equilibrium state is infinite in the sense that 
the number of eddy statistics which influence 
the mean fields has no upper bound. Closure 
relations suppose that this number is finite and 
rather small. The incorporation of additional 
variables like EJE, has to compensate for this 
loss of degrees of freedom in a steady-state SD- 
model. 

(d )  Variation of the surface albedo near the pole 
Two experiments have been made. A value 

of 0.5 (0.8) instead of 0.1 is assigned to the 
albedo of the earth's surface au in all grid 
points north of 70" N to study the influence of 
ice and snow on the heat budget in our model. 
With increasing au, the amount of solar radia- 
tion So which is absorbed by the ground is 
reduced and the annual heat balance as com- 
puted in sec. 4 can no longer be maintained. 
In  our model, Dtu is used to adjust the hemi- 
spheric heat balance to changes of other para- 
meters. The surface temperature drops by 6°K 
(1.2"K) in all grid points, thus reducing the up- 
ward flux R, of long wave radiation at the 
ground. Then, according to (2.28), there will 
be more flux of sensible heat and latent heat 
except, of course, near the pole. The upper 
layer would be overheated if I , ,  would keep 
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_ _  

its annual mean value I , , ,  -0.396. Instead, I , ,  
drops from 0.396 to 0.388 (0.382). Since there 
is almost no convective heating in the upper 
layer near the pole, a change of au does not 
affect directly the heat balance in the upper 
layer. Thus, v'T, is almost not influenced by 
the change of au. On the other hand, the cool- 
ing due to the flux of sensible heat into the 
ground increases at 72"N, for example, from 
0.02 deg day-1 to 0.46 (0.89). v'Ti has to com- 
pensate for this loss by increasing at, say, 68" N 
from 17 deg m sec-l to 21 (23). An increase of 
v'T6 means, in turn, more generation of eddy 
kinetic energy and u; goes up from 60 m2 8ec-I 

at 40"N to 64 (68). Then, according to (5.10), 
we have an intensification of the northward 
eddy transport of westerly momentum. lu41 
increases also, whereas T ,  is not influenced. 

(e)  Further C~OSUTE equations 
I n  deriving (5 .7)  we neglected the dependence 
of the dissipation in the upper layer on IC,, E8 
and uia. It might be interesting to study the 
influence of this assumption on our results. 
We have to replace (5.7) by 

- 
- 

- 

- 
u;'a.ii, - -tang, - 
a av a 
_ _  + v'r$(tia -.iil)/2Da + - + fu'v: 

- -  
= A,(g,) U'V: 2kD[Q( 1 - E,/2E,) 
- 

-uia E,/(2E1 E8)]/z (6.1) 

and to repeat our experiments. A variation of 
c, yields almost exactly the same results as 
with (5.7). The drag coefficient could not be 
reduced below 0.0014 and numerical no& 
appeared near 60"N for cD<0.0016. On the 
other hand, the profiles of the zonal wind, the 
temperature, the eddy correlations etc. agree 
with those reported in sec. 6c within a few 
percent. A variation of p, however, results even 
for p =0.28 in a rather strong and unrealistic 
increase Du ~4 msec-l of the zonal wind veloc- 
ity at both levels. 

The tendency of the model to generate wiggles 
in the zonal wind field and in that of the eddy 
kinetic energy near 60"N seems to be caused 
by the fact that uI'u; changes its sign near 60" N. 
With decreasing c,, for instance, the zero of 
u'v: shifts towards higher latitudes. Then, ac- 
cording to (5.10) wehave to expect very small - 
values of up and u; near the new zero of u'v: 

- 

- 
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- 
and large ones near the zero of u'&. Further- 
more, the term u p  aa,[ap, which is the most im- 
portant term on the left hand side of (5.7) and 
(6.1) has to shift its zero together with ubl. 
Obviously, the model is not able to cope with 
this problem. 

This difficulty can be overcome by a simple 
numerical trick. u'w: is defined at the encircled 
grid points of Fig. 1 whereas the equations (5.7), 
(6.1) and (5.10) are written down a t  the grid- 
points which are marked by crosses. So far, 
u w1 is approximated by 

- 

- 

I). 

where the index i denotes the encircled grid 
point to the left of a certain cross with index i. 
The shift of the zero of xl with decreasing p 
can be avoided to some extent by writing 

Due to the large positive value of U ' W ~ ~ - ~  at 
60" N, u'w; will not change the sign for reason- 
able variations of c,. 

to varia- 
tions of ub; can be reduced by arguing that the 
same argumentation which leads to (5.10) 
applies to 

- 

Furthermore, the sensitivity of - 

Combining (5.10) and (6.4) we may write 

The factor 40 ensures that both terms on the 
right hand side have the same order of magni- 
tude. An(?) can be determined from the annual 
mean distributions as usual. 
All experiments have been repeated with 

(6.5), (6.3) instead of (5.10), (6.2) resp. Now, we 
get smooth wind profiles even for c, = 0.0012. 
For 0.0012 <c, 90.0024, the model behaves in 
excellent agreement with SK. The intensity of 

the surface wind increases with decreasing c,, 
whereas the surfam stress is almost independent 
of c,. a, shows a slight decrease of less than 
1 msec-I in mid-latitudes for c, -0.0024. The 
equatorial easterlies at level 3 are most intense 
for a small surface drag coefficient as are the 
mid latitude westerlies. 

On the other hand, a variation of p created 
problems a t  the northern boundary which have 
not been overcome so far. Hence, the simple 
formulations (5.10), (5.7) yield the best results 
with respect to a variation of y and excellent 
results with respect to an increase of c,. The 
more we complicate the closure equations the 
more we restrict the variability of p .  The results 
of Smagorinsky and Kung are simulated fairly 
well for all closure equations. The variability 
of c, is greatest for the most complicated and 
general formulation of the closure equations. 

( f )  Concluding remarks 

In  conclusion, we can state that the mod01 
produces rather realistic latitudinal distribu- 
tions of the mean fields and of some eddy sta- 
tistics when the observed annual mean profiles 
of n and T are prescribed. The complete model 
yields reasonable results when some parameters 
in the forcing functions are varied. In particular, 
the model simulates rather realistically the 
response of the two-level general circulation 
model of Smagorinsky (1963) to variations of 
the surface drag coefficient. An increase of the 
coefficient of vertical momentum diffusion re- 
sulted in a weakening of the mid latitude Ferrel 
cell. The generation and dissipation of the eddy 
kinetic energy are not affected but the eddy 
kinetic energy itself decreases. The equator- 
pole difference of the surface pressure increases 
with p and, consequently, the intensity of the 
westerlies. 

A increase of the albedo of the earth's sur- 
face near the pole leads to an overall decrease 
of the atmospheric temperature, an increased 
northward eddy transport of sensible heat, to 
an enhanced eddy activity and to an increase 
of the surface wind. 

The variability of c, can be extended by use 
of more sophisticated closure equations with- 
out destroying the good agreement with SK. 
On the other hand, the variations of y yielded 
the most realistic results for the simplest closure 
equations. 
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