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ABSTRACT

A statistical-dynamical model of the zonally averaged steady state of the atmosphere
i8 presented, which aims at an examination of the response of the general circulation
to changes in the forcing functions. The basic equations of the model are the equations
of horizontal motion, the thermodynamic energy equation, the mass continuity equa-
tion, and the prediction equations for the eddy kinetic energy, the variance of tem-
perature, the northward transport of temperature and westerly momentum and for
the eastward transport of temperature. The components of the mean motion, the
600-mb temperature, the surface pressure are treated as variables in the model as are
some eddy statistics like the eddy kinetic energy, the northward eddy transport of
sensible heat and westerly momentum and the upward eddy transport of heat and
momentum. The system is closed essentially by assuming that all central moments of
third order vanish. It is, however, necessary to introduce further assumptions on
oddy statistics to make the system numerically tractable. These assumptions do not
rely upon an Austausch approach or on baroclinic wave theory. They are based partly
on observations, but some are dictated by modelling reasons. The vertical structure
and the parameterization of friction and radiation is that of the Mintz-Arakawa two-
level general circulation model." Convective processes and the hydrological cycle are
not treated explicitly. A numerical solution of the complete set of nonlinear equations
is achieved by use of Newton’'s method. A first guess of the solution, which is needed
for an application of this iterative scheme, is obtainéd by solving a subset of the com-
plete system where the annual mean temperature and the mean surface pressure are
prescribed. This preliminary solution reproduces fairly well the observed meridional
distribution of the variables in the atmosphere. Then, the response of the complete
system to changes of the parameters in the forcing functions, as are the surface drag
coefficient, or the albedo of the earth’s surface, is investigated. In particular, the
model simulates fairly realistically the sensitivity of the time-dependent two-level
general circulation model of Smagorinsky to the surface drag coefficient.

1. Introduction

At present, dynamic prediction models are
the most powerful tools for a theoretical in-
vestigation of the general circulation of the
atmosphere. They treat the transient dynamics
of the large-scale motions explicitly. The mean
fields and eddy-statistics which describe a short-
term climatic state are computed by averaging
the predicted fields with respect to time or
space or both. In general, the results agree
quite well with observations.

However, this approach is extremely expen-
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sive and uneconomical. Egpecially, when one
is investigating changes in climate, the demand
of computer power by explicit-dynamical
models (ED) renders this method almost im-
practicable. »

This situation has led to an increased interest
in statistical-dynamical models (SD), which
treat the transient large-scale motions as a kind
of turbulence where the relation between the
mean properties of the flow and the eddies is
determined by a theory of atmospheric large-
scale turbulence. In SD-models it is, therefore,
not necessary to trace individual eddies in the
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model and the computational expense can be
reduced considerably. Hence, the SD-models
can be used to attack problems which are partly
beyond the reach of ED-models:

(i) Simulation of the general circulation.

(ii) Response of the atmosphere to the foreing
functions and feedback of these forcing func-
tions into the atmosphere. Response of ED-
models to changes of internal parameters or of
parameterizations of subscale processes.

(iii) Changes of the climate; paleoclimatology.

(iv) Prediction of, say, monthly or annual
means.

Most of the SD-models which have been
developed so far are mainly concerned with (i)
for a successful simulation of the observed
general circulation is a prerequisite for entering
into (ii) or (iii). The models of Kurihara (1970)
and of Saltzmann & Vernekar (1971), for ex-
ample, achieve a good approximation to the
observed values—at least in mid latitudes.
Sellers (1969) uses his heat-balance model to
study the effect of variations of some forcing
functions as are the solar radiation or the albedo
of the polar ice cap on the annual mean tem-
perature. Adem (1965) developed a heat-balance
model for monthly and seasonal predictions of
temperatures.

Despite the successes achieved by SD-models,
a basic difficulty remains. The eddy fluxes, e.g.
T, W, and the strength of the eddies, e.g.
T2, have to be somehow related to the mean
properties of the flow. The validity of these
relations is crucial to the success of a SD-model.
There is, however, no satisfactory theory of
large-scale turbulence at hand. Attempts to
overcome this difficulty have been made by
(a) relating the eddy-fluxes to gradients of the
mean field, (b) use of the results of baroclinic
wave theory, and (c) incorporating prognostic
equations of the eddy statistics.

Use of (a) is made, for example, in the model
of Dolzhanskiy (1969). Salzmann & Vernekar
(1971) invoke results of the linearized wave
theory in order to parameterize the meridional
eddy fluxes of momentum and sensible heat.
‘Arakawa (1961) and Kurihara (1970) derived
prognostic equations for certain eddy statistics.
For a comprehensive survey of the state of the
art the reader may be referred to the paper of
Willson (1973) (see also Schneider & Dickinson,
1974).
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The model which will be presented in this
paper deals with the zonally averaged steady
state of the atmosphere. It comes under (ii)
and (¢), i.e. it aims at a study of the interaction
between the forcing functions and the atmos-
phere. More specifically, the influence of varia-
tions of the drag coefficient, of the surface al-
bedo, of the coefficient of vertical diffusion etc.
on the general circulation can be studied. All
available prognostic equations of eddy inten-
sities and transports are used. The closure of
this system of equations is achieved by assum-
ing that all variables are random functions with
a normal probability distribution. Almost no
further hypotheses on the nature of the eddies
would be necessary in a steady state model.
In a model, however, where also zonal averaging
is applied, we have to deal with terms like the
covariances of the zonal derivatives of the geo-
potential and the meridional wind velocity
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In principle, these terms should be treated
as variables in the model. There are, how-
ever, no tractable prognostic equations for
these terms and we have to relate them to the
variables of the model. Essentially, this is done
by assuming that the normalized covariances

e.g.
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are not influenced by changes of the forcing
functions. Then, the system of the equations
can be closed. However, a model of such gen-
erality would still be too expensive and far too
cumbersome. Therefore, further assumptions
and some empirical factors and functions had
to be introduced.

In sec. 2, the basic equations are written
down and the structure of the model is briefly
described. Sec. 3 deals with the finite difference
formulation of the equations and with the
specific assumptions adopted in this model.
In sec. 4, the basic equations are solved whereby
the annual mean temperature and the mean
surface pressure are prescribed. Finally, the
complete model is presented in sec. 5 and the
response of the model atmosphere to changes
of several parameters is investigated.
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2. Model description

The formulation of the model is based on
that of the two-level Mintz-Arakawa general
circulation model (MAM). We use the vertical
layering, the parameterization of friction and
the radiation scheme of MAM. A complete
documentation of MAM has been published re-
cently by Gates et al. (1971). Therefore, we can
restrict ourselves to a brief description of the
basic formulation of our model.

(a) Notations

« specific volume

o albedo of cloudy atmosphere

o, cloud albedo

o, albedo of the earth’s surface

% albedo of clear atmosphere

r surface sensible heat flux

0 potential temperature

*® thermodynamic ratio R/c,

y longitude

» vertical shear stress parameter = 0.22 mb
sec

n surface pressure parameter = p, — pp

) air density

o (1) Stefan-Boltzmann constant

(2) vertical coordinate = (p — p7)/(p, — D7)
c sigma vertical velocity =do/dt
@ latitude
(0] geopotential
o pressure vertical velocity =dp/dt =
7o +o(8fot +V-V)n

a earth’s radius

Ayp) empirical functions

bae ratio of the wind variance at levels 4
and 3

Ca1 ratio of diabatic heating without radia-
tion in levels 1 and 3; (2.29)

cp surface drag coefficient = 0.0016

A dry air specific heat at constant pressure

d damping constant =1/20 (day-?)

Do vertical spacing between levels 1 and 3

in g-coordinates = 0.5
—~ D, , dissipation rate
Dz, correction of the surface temperature
(3.27) ,
E,, E, extrapolation parameter for the surface
wind (3.9)
horizontal vector frictional force
Coriolis parameter
gustiness correction for the surface wind
=2 (msec—?)

Q™o
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g gravity

b: 4 diabatic heating rate

k, empirical factor for the correlation of
temperature and convective heating
(3.36)

kp =2g%u/R($1 — $a)

15 latent heat release parameter (3.28)

P pressure
D surface pressure
Dp tropopause pressure
q mixing ratio
R dry air specific gas constant
8 measure of static stability =
RTnﬁ/Cp % — (T3 - T,)/ Do
S, total solar radiation absorbed at ground
T temperature
t1g eddy kinetic energy generation coeffi-
cient (3.49)
u zonal wind speed
v meridional wind speed
& zonal and time-average of a quantity z
X =-r—F
1 84; o
V-A =;cos<p(a—;+£)fl¢cos:p)
for a vector A =(A4,; Agp)

(b) Averaging

As a first step, the model aims at a simula-
tion of the zonally averaged steady state of
the atmosphere. Longitudinal variations of the
surface conditions are neglected as is the annual
variation of the declination of the sun. In
these circumstances, there will be no standing
eddies. Furthermore, we assume that longi-
tudinally averaged values are independent of
the time in such an atmosphere—ignoring such
phenomena as the index cycle.

Thus, with

1 £~
A= —f A4, ¢, 0, t) dA (2.1)
2n

0
and
A'=4-4 (2.2)

we have

oA
at
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and
A=A, @ 0,t)+ A(p,0) (2.3)
Finally, we assume
1 to+ D1
A=— A, ¢, 0,t)dt 2.4
> ft,. (3 3, 0,1) (2.4)

provided that the averaging period is suffi-
ciently long (Dt~year). It is well known that
the standing eddies and the seasonal variations
exert a pronounced influence on the annual
mean values in the atmosphere. Since we ex-
clude these effects, we cannot hope to attain
more than a first order approximation to the
observed atmospheric mean state.

(¢) Basic equations
Upon averaging the equations of horizontal
motion in g-coordinates we have

1 )
_— UV CON? +— F 2.5
acos,qmaw( 7 COS? ) (uo)—fo=F; (2.5)
and
ey i+ L o0+ s tang
— (vvm cos —vo’+u ne—
O COB @7t O ? oo <p
1 —_—
408 TR B (2.6)
owdp a g

The thermodynamic energy equation is written

1 wx H
—(ancoscp) + —Ta- 2=
@ CO8 @ dp ¢ O

(2.7)

with
. 17}
w-=no'+o'(—+V-V)n
ot

The mass continuity equation is

(2.8)

1 2 9
—(vncosg)+ —oc=0
G CO8 Q7T o o

Supplementing these equations are the hydro-

static equation

o —
—¢+ mo=0
o0

(2.9)
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and the equation of state
RT
P

|

(2.10)

&=

In contrast to MAM, our model does not in-
clude the water vapour continuity equation.
The mixing ration g is preseribed. The prognostic
equations for #|V|% =72, aVT and muv are
derived easily from the prognostic equations
for aV, aT and the mass continuity equation.
Upon averaging these equations we obtain the
budget of kinetic energy

1 -
— (m:(v2 +u2) cos ¢f2) + L o(v2 4 u2)/2
a CcO8 Q7T o oo

+V:-V$+V-00Vn=V -F (2.11)

the budget of the variance of temperature

1 wTa HT

— (7w5['2 cos pf2) + —aT=/2 - =-—

a co8 gu o ¢ p
(2.12)

the balance of the northward transport of sen-
gible heat

1 o —
— (mwT cos @) +—vTq + fuT
a cos @ o oo
Tuz T o o¢ Toxom vou ol
+~——tangp+——+ —_———=—
a a o a ¢ Cp Cp
+ TF, (2.13)

and that of the eastward transport of sensible
heat

(nuvT cos @) + — Tuo' 'va

a co8 @7 8
— 1 T a T U
— T ango __«{_a+ ox_on U
a acompal acospdl ¢
uH —
e mT (2.14)
p
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and the budget of northward transport of
westerly momentum

1 ] ] - ur
— (mvuw cos @) + — (ruve) + tan ¢ —
G COB Tt 0 o0 a
c—;' — — ufo 2;
—tan g — + fur—v2 + — (—‘ﬁ+ oa;—u)
a a\op  op

v [od my — —
+ —+ ga—) = oF F, 2.16
acos<p(a}. “al) wFaruly )

Egs. (2.5)—(2.15) form the complete system of
equations of the model. This set of equations
does not include prediction equations for
Ou, 6v, 6T in an averaged form for such
equations can be derived in non-hydrostatic
models only. Furthermore, the prognostic equa-
tion for =% has been omitted.

(d) Vertical layering, grid points and
boundary conditions

Fig. 1 shows the structure of the two-layer
model. The vertical coordinate is

P—-pr
Ps—Pr

(2.16)

The coordinate surfaces corresponding to ¢ =0
(200 mb), 0.25 (~400 mb), 0.5 (~600 mb),
0.75 (~800 mb), 1.0 (~1000 mb) are called
level 0, 1, 2, 3, 4 respectively. The variables
%, D, W, w’d, v'3, uv’ are assigned to levels 1
and 3, resp., T to 2 and 0, T'¢’, wo’, v'6’ to
level 2 and 7 to level 4.

The model covers the northern hemisphere.
Twelve grid points are placed between equator
and pole with a grid distance of 7.5°. The south-
ernmost grid point is at 3.758° N. v' 1", T, uw'v’
and # are defined at intermediate grid points,
ranging from 0° N to 90° N.

At the earth’s surface, we require

6=0,4=0 (2.17)
and
G=0 (2.18)
at the tropopause (g =0).

In steady state, we have to expect
P=u'v =T’ =0 (2.19)
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at the equator and the pole. The handling of
these conditions in the model will be described
in secs. 3b, 3d, 3e. Furthermore, we have

(2.20)

at both the equator and the pole. In general,
(2.20) can be satisfied by imposing appropriate
values on the variables at two further grid
points outside of our domain, i.e. at ¢ =3.75° 8,
¢ =93.85° N, resp., or at the equator and the
pole. However, # and 7T, deserve special atten-
tion. The observed total mass of the tropo-
sphere is, of course, purely accidental. It can-
not be determined from the governing equa-
tions (2.5)—(2.15), but has to be prescribed. In
the model, however, we assign a fixed value of
813 mb to 7 at the equator instead of prescrib-
ing [ n cos pdp. The boundary problem is
further discussed in sec. 3c.

Similar considerations apply to T, The
vertical gradient of the temperature in the tropo-
sphere is mainly determined by convective pro-
cesses. Since our model does not include these
processes explicitly we cannot hope to obtain
a realistic value of 7', from our model equations.
Instead, T, = 272°K is prescribed at the equator.

(e) The forcing fields in the model

1. The net frictional force. In application of
eqs. (2.5), (2.6) at the levels 1 and 3 the fric-
tional force is given by

Fy= —kp(v,—vy) (2.21)
Fy= —F, —cpeuva(|ve| +G)2g/n (2.22)
with
2uq?
k= —27 (2.23)
($1—¢s)m

The surface wind v, is obtained by a linear
extrapolation from the wind in levels 1 and 3.
We use u=0.22 mb sec according to Palmen
(1955) and a constant drag coefficient cp=
0.0016 in contrast to MAM where y =0.44 and
where ¢, varies over ocean with the surface
wind speed and over land with the mountain
height. Horizontal diffusion is not included in
MAM and, consequently, left out in our model.
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2. The met diabatic heating rate. When the
thermodynamic energy equation (2.7) is applied
at level 1 and level 3 the diabatic heating rates
are given by

- - = _ 2 _—
H1=(P1+R2_Ro) __g + DTm
7T

D

(2.24)

N
H3=(P8+R4—R2+I‘)—_?9+DTC,
JT

t4

(2.25)

Here, P, and P, are the mean net short wave
radiation absorbed at level 1 and 3, and R,, R,,
R, are the mean net upward longwave radiation
emitted from the level 0, 2, and 4, respectively.
Egs. (2.143)-(2.153) of G give Ry, R, R, as
functions of T3, T3, T and of empirical trans-
mission functions which depend on the mixing
ratio ¢ in level 3. Hence, the averaged terms
R, R, and R, can be computed straightfor-
wardly, provided that we neglect contributions
of the temperature variances to T, T3 and T‘;.

In MAM, P, and P, depend on the zenith
angle of the sun, on the albedo

O =1 = (1 — o)1 — ) (2.26)
for the portion of the radiation subject to scat-
tering, where different values are assigned to
o, for various cloud types, on the ground albedo
o, and, of course, on ¢ (egs. (2.121)-(2.131) in
@). Here, we have to average over all zenith
angles. «, is chosen to be 0.3 which corresponds
to a mean hemispheric cloudiness of about 50 9%,
and the ground albedo is «, =0.1 where the in-
fluence of ice and snow near the pole is ignored.

The term I' which represents the upward
flux of sensible heat from the earth’s surface
and the rates DT,,, DT, of temperature change
due to convective processes and latent heat
release in large-scale condensation are deter-
mined from the heat balance at the ground.
It is assumed that there is no total heat flux
across the air/ground interface, i.e.
R, +T+Hz;-§8,-0 (2.27)
where Hj is the flux of latent heat and §, is
the shortwave radiation absorbed at the ground.
R, and §u are computed in the model (egs.
(2.127) and (2.153) in @). The residuum T’ + Hp,
must be transferred to the atmosphere

T+ (D—TC,+DTC,)”2—°; - §,-F, (2.28)
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Since we have no explicit parameterization of
cumulus convection or large-scale condensation
in the model it is not clear which part of the
heat transferred to the atmosphere is released
in the upper layer. A specification of the ratio

DT, (2.29)

(SN

— 2
DT +T _#"
nc‘,

will be made later on which is based on a cal-
culation of the hemispheric heat budget (sec. 3e).

3. The governing equations in the model

The egs. (2.11)-(2.15) contain moments of
third order as, for example, the meridional eddy
transport of eddy kinetic energy ~ 3v’(v™ +u'?)
in (2.11). It is known from numerical experi-
ments (Kasahara & Washington, 1971) that
this term is negligible in the budget of eddy
kinetic energy in a GCM. However, very little
is known about most of the other moments
of third order in egs. (2.11)—(2.15). Nevertheless,
we shall assume in the following that all tur-
bulent fields have a normal distribution.

This assumption has a rather bad reputation
at least since it has been shown by Ogura
(1963) that even the zero-fourth-cumulant
approximation leads eventually to negative
values of the kinetic energy spectrum in cal-
culations of the decay of isotropic turbulence.
It must, however, be borne in mind that the
isotropic turbulence theory deals with turbulent
energy as a function of wave number predicting
such features as the energy and the enstrophy
cascades whereas our model aims only at the
determination of the total kinetic energy.
Furthermore, the atmosphere is an anisotropic
and inhomogenous system where the eddy
transports and the intensity of the turbulent
motions are determined mainly by the aniso-
tropic and inhomogenous large-scale forcing
fields. Hence, the results of isotropic turbulence
theory do not necessarily apply to atmospheric
large-scale turbulence.

Following Kurihara (1970), two further as-
sumptions are made: (i) Correlations of the sur-
face pressure with any other variable can be
neglected except in the pressure gradient term

Tellus XXVII (1975), 4
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- Tropopause G=0 ; level 0

i

I T
u,,v,, v‘T1, u'vy, vy

6, T, T'65, vy, U)

62025, level

level 2

6-05;

(<} =0.75,- level 3

N
U, vy, VT, Uy

level 4

ok x 1 [l 3% 1 Legl‘oi

Fig. 1. Schemaitic representation of the structure of the model.

and (ii) the variance of the zonal and meri-
dional wind component are equal

wi=1v" (8.1)

Finally, we will assume that the normalized
covariances of certain covariances are not af-
fected by changes of the foreing functions. This
is done in order to reduce the number of vari-
ables of the model. More specifically, we relate
T to v'T" and w? by (3.35),

0 , u® by (3.53),
op

a ’
7%

op
T to v'T', w'v', w'? by (3.56), v’ to ' by
(5.10) and

to T, v

v ¢ +

ula¢l ul
— +— = to
a cos ¢ dA

6’ ,vlal
_W e v
a,a(p

acosp el adp’
w'v’ and % by (5.3).

We will now turn to the problem of how to
deal with the egs. (2.5)—(2.15) within the frame
work of the model. It will require further ap-
proximations and assumptions to establish a
closed system of equations. All equations of
the model are applied at the grid points of the
model (Fig. 1). Horizontal derivatives are ap-
proximated by centered differences.

(b) Balance of westerly momentum
Eq. (2.5) is written at level 1

1 o —_— .
7 cowt g o TP + U V1) €O ) + (i + %) 5,/ 2Do
+u 64/ Do {5, + kol = 75) = 0 (3.2)
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1 9

m&p A1y Dy + u"v;) cos? @) — (i, + ﬂ,)gz/ZDa'

~ ¥ 64 Do — o, ~ kep(@, — 5)

+epe UV, + @) 29/7%=0
(3.3).

Following Smagorinsky (1946), we will assume
that

v | < [o'vy (3.4)
and we will neglect the northward eddy trans-
port of westerly momentum in the lower level

altogether. The surface skin friction is approxi-
mated by

—cpd, Ay((ug’ +v) + @) 29/7 (3.5)
with
. P

= 3.6
04 RT‘, ( )

. " -z .
Since u,? and v,® are not variables of the model

. 73 .
we have to relate these variances to u," using
an empirical factor by,:

Ui+ 0 = 2y, g (3.7)
Observations (Oort & Rasmusson, 1971) suggest

bye~0.5 (3.8)
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The surface wind v, is obtained by linear extra-
polation from the wind in levels 1 and 3:
V.= 0.7(Byv, — E,V,) (3.9)
In MAM, E, =0.5, E,=1.5.

Upon adding eq. (3.2) and eq. (3.3) with

D)= —Dy (3.10)

we have

1 2 —
—— — (A, B, + Uy By + U v1) COS?
ﬁacosﬂq;atp( (8,0, % By 0y +wy) cost g)

- 2

+0.70p3,(By iy - By @) ((2by, ) + G) 2 =0
4

(3.11)

Eq. (3.11) can be viewed as a differential equa-
tion for w'v’; provided that all other variables
are prescribed or determined from other equa-
tions. We require u’v’; to vanish at the equator
and the pole, i.e. two boundary conditions have
to be satisfied for a differential equation of

first order. That is possible only if

/2 P—
f cp8(Ey i, — B,%,) ((2b,,u5") + @) cos? pdp =0
[

(3.12)

Eq. (3.12) is an additional equation which can
be satisfied only in the model if a new variable
is added to our set of variables. We have a
choice between E,, E,, by, and G. Tt seemed
most reasonable to accept the ratio E;/E, as a
new variable and to require

E,-E, -1 (3.13)

(¢) The balance of northerly momentum
Eq. (2.6) is applied at levels 1 and 3:

1 o  _—3 -
- — (7Awy® cos @) +v 03/ Do+,
i COS @ op
-, tan o4, 0,& o7t
+ (@ +wp) P é: L
adp a op

+ kp(D, ~B,) =0 (3.14)
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1 o 73 7
—- — (ﬁu;al cos @) —v'o;/DchZ,f
7 CO8 @ 2@
7 bang 24,  0,d, 0%
+(1Z§+u;2 ?. b5 3 &g O
adp a op

2
— (B, — B,) + Cp 3, B,((2by, ws?)? +G);“’ -0
(3.15)
In deriving (3.14) and (3.15), the terms

1 -
T T Av,3Co8 @
7@ COS @ O@

which are of minor importance have been neg-
lected in order to reduce the programming
work. In the sequel, we shall not mention such
omissions.

Upon integrating the hydrostatic equation
(2.9) from the surface to levels 3 and 1 we ob-
tain the geopotential

T SN 1 il
=25 {52 - (&
SR 2[(102) (pz)]
(3.16)
where 0 is assumed to be linear in p*-space.

The temperature at levels 1 and 3 is related
to T, and T, by

et B)]-+[)-)

x Pt (D5 — P ) (3.17)
- (2 - (2)] -7 ) - ()]
: ’ |\ P 2/ ' | \ D, Y2
x 25 (D5 -5 ) (3.18)

resp.

The northernmost grid point of the model is
at @ =86.25° N. At this point, 27%/op is ap-
proximated by (fgg—ges)/Dp. Putting smgye =
Tige.5e, We could satisfy the boundary condition
o7/op =0 at @ =90°N. This, however, would
reduce the number of variables by one since
Teee 18 & variable of the model. Hence, we would
have to reduce the number of equations or to
introduce a new variable. Instead, we do not
take into account the boundary condition for #
at the pole and at the equator in (3.14) and

Tellus XXVII (1975), 4
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(3.15). The same considerations apply to the
temperature 7',.

(d) The mass continuity equation

Applying the mass continuity equation at
levels 1 and 3 we arrive after simple manipu-
lations at

o

— (7(D, +0,) cos p) =0 (3.19)
op

which is equivalent to

0, = — Dy (3.20)
and

G, 2

—+ — (20,7 cos p) =0 (3.21)

Do #acosgpdp

The boundary condition #=0 at the pole and
the equator requires

/2 _
f 7 cos podp=0 (3.22)

o
Fortunately, (3.21) and (3.22) can be satisfied
in our finite difference scheme without intro-
ducing a new variable.

(e) The heat budget

The thermodynamic energy equation is ap-
plied at levels 1 and 3 and we obtain after
simple manipulations

a 7 ’
—(7(0, T T:)cos
.ﬁacOS(pan(n( 1 Ty+oTh)cosg)

+ (%) (@, T+ T 63)/ Do = % (3.23)
1 o, _ -
rp— a; (#(By T, +v Ts) cos @)
- (%) (o, Tg+m)/D - g, (3.24)
2 Cp

Additionally, two integral constraints must be
taken into account

5103 B\ _ - E
f ( - (%) (0, T, + 6z T2)/ Do + —1)
0 2 p

X 7t cos pdp =0
Tellus XXVII (1975), 4

(3.25)

333

/2 D\* —_— 77
f ( (Ii:) (0, T, + 62T3)/ Do + E’)
° P, Cp

x 7 cos pdp=10 (3.26)
in order to satisfy the boundary condition for
T} and v'T} at the pole. _

According to sec. 2¢, H, and H, are functions
of 1%, T4, T4, , and contain also the ratio cy,.
In the present version of the model, T, and §,
are prescribed as is T, except & variable Di,
which does not depend on ¢:
T,-T,,+Dt, (3.27)
where T, is prescribed. Egs. (3.25) and (3.26)
can be used to determine Di, and ¢, or, strictly
speaking, Dt, and ¢;, had to be incorporated
into the model in order to satisfy (3.25), (3.26).

According to (2.29), ¢,, is defined by

. DT,
* DT, +T2g/ac,

Since the model does not include a parameteriza-
tion of convective processes and of latent heat
release due to large-scale condensation we have
to prescribe the shape of the meridional distri-
bution of latent heat release in the upper layer.
We assume that

DT, =1, cos p(8, — R,) 29/7c, (3.28)
and
DT, = (1 —1y) cos p(8, — R,) 2g/7c, (3.29)
where [l;; does not depend on ¢.

Then, we have
T = (8, - E)(1 —cos ¢) (3.30)

(3.28)—(3.30) imply that there is no upward
flux of sensible heat from the ground near the
equator and that the ratio I'/H; equals
(1 —cos g)/cos p. Furthermore, the ratio DT,/
DT, does not depend on ¢ and is equal to
131/(1 —13). 15, will be treated as a variable.
The ratio ¢y, is related to I, by

l,, cos g
- 3.31
T l, cos p @31)
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(f) The budget of available potential energy
(2.12) is applied at level 2 only:

'T'a? ’UIT'a—T— —
(”—_1-—1+——3—=)/2-Sa T,
a Jp a op

(T'H, + T H;)/2c, (3.32)

with

S= R?z a#-(T,-T,)/Ds (3.33)
CpPe

The variance of temperature is closely related
to the concept of eddy available potential
energy. In (3.32), the terms on the left side
govern the conversions of eddy kinetic and
zonal available potential energy to eddy avail-
able potential energy. The handling of these
terms in the model raises no problems.

The proper modelling of the terms on the
right hand side would require the incorporation
of covariances such as T;Ts, m and some
knowledge about the correlation between con-
vective heating and temperature.

As a first approximation, we write

(T"Hy+ T'Hy) 2¢,~ -T2+ T Hole,  (3.34)
where the first term on the right hand side de-
scribes radiative damping and the second term
stands for the correlation between convective
heating and temperature.

In the model, 72 is not treated as a variable.
‘We assume that the normalized covariance
'v’_T’/(17é T72)t depends on g only, i.e.

— -2
Ty~ Ay(p) v’ T [us’ (3.35)
With Ao(p) ~3.0 we obtain T72~7 deg® at
10° N, if v'T’ and ug_z_are taken as computed
by the model, and T,> =18 deg? at 40° N, in
reasonable agreement with observations. Fol-
lowing Dickinson (1971), we take d =1/20 day-*
for the damping constant.

We are now left with the problem of para-
meterizing T'H,. 8T/2p vanishes almost in the
tropics and S is positive everywhere. Hence we
have 7'¢;>0, if T'H,<0 in the equatorial
region. It appeared, however, that positive
values of 77G’, generate negative _eddy kinetic
energy in the tropics. Therefore, T'H|, must be
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positive in the tropies, i.e., the condensational
heating should selectively favour the warmer
portions of tropical disturbances. It is obvious
that such a process cannot be parameterized
in a model which includes convective processes
only via the diagnostic relation (2.27). Instead,
T’ H, is prescribed:

T He=c,k,cos ¢ (3.36)

where k, is a constant which will be derived
from observations. Writing

T H,- T 6y(HZo*)} (3.37)
we can relate T' H, to T g.. Observations (Nitta,
1972) show that

(H2 o ) ~ [H2/(6 2%} ~ 0.013[cal g~ mb "]

It has been found by a trial and error procedure
that the eddy kinetic energy is positive in the
tropies and that the computed 7'¢; fits into
eqs. (3.36) and (3.37) if k,~0.8-10-% deg? sec.
The factor cos ¢ in (3.36) takes account of the
decrease of convective activity with increasing
latitude just as in (3.28).

(9) The budget of the eddy kinetic energy

The budget of the eddy kinetic energy is
derived at levels 1 and 3
woiod, 1o

- 17
v ¢; COS
a o9 (v 1 ‘P)

I CO8 @ o
+ 463 (@8, — @,)/2D6 + ¢, 62/ Do

= —kp Vi (V1—V3) (3.38)

1 2 = —
= — (nv ¢ cos @) + w63ty — @,)/2 D0
A COS @ O

563/ Do =lkp(Vy - (V1 —V3))

’ ’ 2
-0D§4U;‘U4(IV4| +G) _g (3.39)
7

In deriving (3.38) and (3.39), use has been
made of Arakawa’s (1972) formulation of the
kinetic energy equation in finite difference form.
The first term in (3.38) represents the ‘baro-
tropic’ exchange of kinetic energy between the
eddy and zonal components. The pressure work

Tellus XXVII (1975), 4
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in horizontal direction is described by the second
term. The fourth term includes the pressure
work in vertical direction-and the conversion
from eddy available potential energy. The dis-
sipation is described by the terms of the right
hand side.

A proper handling of the dissipation terms
can be achieved only if v,-v, and v,-v, can be
expressed as functions of the dependent vari-
ables of the model.

Squaring
Vo= 0.7(E,v,

-E,vy) (3.40)

and averaging, we obtain with (3.1) and (3.7)

Vo Vi= (Ul E, +E§u1”)/(E E,) (3.41)
with
E,= E} —b,,/0.49 (3.42)

Upon multiplying (3.40) by v, and using (3.41)
we get V;-vi. Then, the dissipation terms at
levels 1 and 3 may be written

D, = —2kp[u(1 - By2E,) —ui E,/(2E, By))

(3.43)

D,= - 2kpluy(l - B,/(2E, E,)) —u.* E,|2E,]

-2.8¢p0, gln(u (B, - —E2E,)+u, E?/zE)
X ((2by, )t + @) (3.44)

where correlations between v; and |vi| have
been neglected as has been done in deriving

(3.5)._With by, =05, F,=05, F,=15 and
w2 3u , (3.43), (3.44) can be approximated by
D~ —1.Tkpu? (3.45)
Dy~ —3.1cp 3, glmuy (i) + @) (3.46)

The dissipation in the upper layer by shearing
stresses does almost not depend on uéz. Thus,
the kinetic energy which is generated in the
upper layer is dissipated in that layer. Dissipa-
tion in the lower layer is mainly due to the work
done against the frictional stress at the surface.

According to Kurihara (1970; eqs. (4.23),
(4.24), (4.26)) @V’ can be approximated by
(c —u)w'v’ where ¢ is the phase speed of the

Tellus XX VIT (1975), 4
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eddies. Here, ¢ is estimated to be close to u,
rather than to Min (u,, u,, %,) a8 in Kurihara’s
paper. This treatment of @7’ is somewhat in-
consistent with the general approach of this
paper where assumptions on the wave nature
of the eddies have been avoided.

We are now left with the problem of pro-
ducing relations between 165, (IE and the
variables of the model. First, we shall assume
that these correlations generate eddy kinetic
energy everywhere, i.e.

$165<0 (3.47)

$362>0

and, next, that there is more production in the
upper layer than in the lower layer
~ ;02> $3 G (3.48)
Upon multiplying (3.16)—(3.18) in non-averaged
form by ¢, and averaging we have with (3.47),
(3.48)

6: Ty =6"Tae(1—t,0,)<0 (3.49)

where C, and C, are known functions of the
coefficients in (3.16)-(3.18) and ¢,, is bound by

0 <t,, <0.45 (3.50)

At this point, a guess has to be made. The
choice ¢,;, =0.1 resulted in reasonable values of
the eddy kinetic energy. Then, after some
manipulations, m and ;05 can be written as
linear functions of :r"—T;.

(k) The balance of the northward transport of
sensible heat

At level 2, eq. (2.13) is written as follows

uy oT -'17231, 77 7o b
(—1—1+——3-—=§ 2-v'e, S+ 24/ T4, ik 4
a op a op a

— VT
+fuT2+__?i@=H”2 LT, (3.51)
a op Cp

where, as in (f), (g), the contribution of the
mean meridional circulation has been neglected.
For the sake of convenience, the pressure gra-
dient term in (3.51) is evaluated from the gra-
dient on an isobaric surface.
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The last three terms in (3.51) have to be
somehow related to the dependent variables of
the model. We assume that the right hand side
of the identity

1_"8;#’, = T'v'v'?ﬁ’/tw'"
a op op

(3.52)

can be separated into three parts, i.e.,
o'y 22 / = dy(g) T v 22 / 7 (3.59)
op

where A4,(p) is positive. 4,(p) can be determined
from observations. In the atmosphere, (3.53)
would hold in any climatic change which does
not influence the normalized covariances

— T\ &
0 72 Tt 73 e
T’ﬁ’/(fz’“a—"“’) , VT [P T,
op op

Otherwise, (3.53) must be viewed as an ap-
proximation.

» 865,
o
op
can be written as a function of the variables

of the model by use of the averaged predic-
tion equation for v'? at level 2:

With (3.52)-(3.54), eq. (3.51) becomes

73

w,” oT _,bT - — _ tan

(—-1———1+u32—’)/2—'v 628+ 2u' Ty @, L4
a op op a

+fu' Ty — A, (@) v' T,
7 tang—— —— -7z
(7 [
a
Hl 7 . -
Sy A (3.55)
Cp

Unfortunately, nothing is known about 4,(¢p).
Hence, further assumptions have to be made in
order to make (3.55) tractable.

Writing

A,(@) T wo'fos =wT” (3.56)
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We assume

(3.57)

A,(@) = Aa(p)

Then, eq. (3.55) becomes with a simple damping
scheme

(et T

)/2 S'vag=——('vT1+vT3)
a op

(3.58)

a op

(2) Balance of eastward transport of sensible heat

Eq. (2.14), when applied at level 2 and treated
in the same way as (2.13) reduces to

——oT,
tu 1——6’
op

(3.59)

where even the damping has been neglected
because u’T" will not be carried as a variable
in the model.

4. Mean circulation and eddy statistics as
derived from prescribed mean
temperature and surface pressure

(a) Iterative method of solution

In sec. 3, sixteen equations have been derived.
On the other hand, we have ei;ghteen va,ria.’tllﬁz
Ry Uy, Uy, 171:_773_’&2’ 7., d"T;, u;z, u_:,az’ ul_d';, UIU;:
v'63, ©'Ty, v'Ts, Dt, ly, E/E, so that the
number of variables exceeds that of the equa-
tions by two. Therefore, our system is not
closed. But even if we could close the system
by adding two new equations or by reducing
the number of variables, it would be extremely
difficult to obtain a solution, because our system
of equations is nonlinear and its solution can
be achieved only by iterative methods. Here,
we adopt Newton’s method which consists es-
sentially in a repeated linear extrapolation
from an initial set X, of values of the variables
which is close to the exact solution.

Denoting the total system of equations by

fx)=

the first step of the iterative procedure requires
the solution of

a (X)+f(X) =0

(4.1)

(X, -X) = (4.2)

Tellus XXVII (1975), 4
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Fig. 2. Annual mean temperature in the model. The temperature at levels 0, 2 is taken from observations.
The values at level 1 and 3 are interpolated accord.mg to (3.17), (3.18). The temperature T'; at the equator
is determined from the heat budget. 8T',/dp is prescribed.

(3.2) is a linear equation for the first approxima-
tion X, and can be solved by standard methods.
The next step is

of

(X, Xl) x (&) +H(X,)= (4.3)

The iterative process is terminated when the
criterion

/X <e

is satisfied with a given upper bound e.

The choice of the initial set X, is crucial for
the success of Newton’s method. After some
frustrating experimentation the following ap-
proach has been chosen.

As a first step we prescribe the observed
annual mean distribution of the surface pressure
and of the temperature at level 2 together with
T,, and T, which will be prescribed in all ex-
periments. Then it is possible to determine all
the other sixteen variables from the sixteen
equations of sec. 3 by use of a simple iterative
method which will be outlined below. The com-
puted latitudinal distributions of the mean
variables and the eddy statistics should be
close to the observed distributions.

Next, we add two further equations to the
system, i.e., the averaged prediction equation

Tellus XXVII (1975), 4

for the northward transport of Westerly mo-
mentum and an assumption on u'v’/u’. These
equations are adjusted to the computed annual
mean state by determining two ‘empirical’
functions. Then, the sixteen equations of sec. 3
together with these new equations form a closed
set of equations for all variables of the model
including % and T',. The solution of this system
is known for annual mean conditions. Now,
the response of the atmospheric circulation to
changes of parameters in the forcing functions,
say ¢p, can be studied by use of Newton’s
method, for the annual mean state, which has
been computed with a certain ‘normal’ value
of ¢p, serves as a good first guess X, for starting
the iteration by Newton’s method after ¢, has
been changed.

(b) Iterative solution method with fixed mean
temperature and mean surface pressure

Prescribing 7', and 7, we are able to compute
the remaining variables by a simple iterative
procedure. T, is taken from Oort & Rasmusson
(1971) and Palmen & Newton (1968). The ob-
served shift of the heat equator towards the
north is neglected. A constant value of 217°K
is assigned to T. # is chosen in such a way that
the surface wind 4, which is computed in the
iterative process shows reasonable resemblance
to observed zonal winds at 1 000 mb. 7', and
T, are given by (3.17) and (3.18).
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Fig. 3. The latitudinal variation of the mean zonal wind at the levels 1, 3, 4 as given by the model (solid)

and by Oort & Rasmusson, 1971 (dashed).

Fig. 2 shows the annual mean temperature
in the model after D¢, has been computed from
the heat budget. The computed surface tem-
perature is very close to the observed surface
temperature, but the equator-pole temperature
difference is too small at level 1 by about 7°K
and too big at level 3 by about 5°K. This defi-

ciency is due to the coarse vertical resolution
of the interpolation (3.17), (3.18).

The surface pressure increases from the equa-
tor to 30°N by 5 mb and decreases then by
23 mb to 70° N to increase again by some 10 mb
to the pole.

We are now going to compute the latitudinal

Tellus XXVII (1975), 4
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_5 L

Fig. 4. The vertical mean of the annual mean northward transport of westerly momentum by transient
eddies as computed by the model (solid) and as observed (Oort & Rasmusson, 1971; dashed).

distribution of all variables except T, and & by
a simple iteration. The iterative process con-
sists of a series of iteration cycles which may
be labeled by a subscript n. As a first step of
each cycle, we compute 4, from the balance of
northerly momentum (3.14) in level 1:

_ {. tang aZ 0, &, ¢
ol 31 ) -~ (G )

—7— tan 1 o
= U a4 - — (@Uy'n_1 CO8 @)
a a cos @ dg

= kp(Prn-1—P3n_1) (4.4)
where $, is computed from (3.16) with pre-
scribed T,, T, and #. The variables on the
right hand side have been determined in the
foregoing iterative cycle. Initially, all variables
vanish.

In the following, we shall not write down all
sixteen equations with proper subscripts. In
calculating the nth approximation z, of a
variable from an equation of our basic set we
use the nth approximation of all variables
which have been computed in the nth cycle
before z, and the n-— 1th approximation of all
other variables.

#4 is obtained from (3.15). Next, E,, and E,,
are computed from (3.12), (3.13). By virtue of
(3.11), (3.3) and (3.21) we get u'vin, 05, Gin-
The heat budget yields v’ 77, and o’ T}, together
with Dt,, and ly,,,. 6’ Ty is obtained from (3.22)
and u,?, uz% from (3.38), (3.39), resp. Eqs. (3.58)
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and (3.59) yield v'¢z, u'5. The next cyele of
iteration begins with a computation of @,,,,.

After six steps, the difference [ity, —@y4|
is less than 0.001 msec—! in all grid points. Then,
the iterative procedure is terminated. The re-
sults of these computations will be labeled by
a subscript a—for annual mean.

(c) The computed annual mean state

The zonal wind at the levels 4, 3, 1 is given in
Fig. 3. Outside of the equatorial region %,
agrees fairly well with the observed profile,
whereas i, is somewhat too strong in mid-
latitudes because of the exaggerated tempera-
ture gradient in level 3. The discrepancy near
the equator may be caused by the neglect of
the shift of the heat equator. i, verifies favor-
ably, the most serious discrepancies occurring
north of 65°N. The polar easterlies are too
strong at the surface and at level 3.

(3.12), (3.13) yield E;=1.56, E,=0.56 in
close approximation to E;=1.5, E,=0.5 in
MAM. The vertical average «}m of the north-
ward eddy transport of westerly momentum
verifies favorably against observation (Fig. 4).

Approximating (3.2) by

o 77 3
D~ — — U v CO8
1o, acos’q; o9 1 @
we see from Fig. 4 that a three-cell mean meri-
dional circulation is established with internal
nodes at about 30°N and at 57° N (see also
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Fig. 5. The annual mean components of the diabatic heating for the model atmosphere.

Fig. 11). The intensity of the computed mean
circulation comes close to reality in the tropics
and is only one third of the observed one in
mid latitudes. The vertical motion as computed
from (3.21) shows, of course, the same charac-
teristics.

Eqgs. (3.25) and (3.26) yield D¢, and I,,. Since
D¢, depends on the fixed distribution 7', its
value is without significance. The profile
T,+Dt,=T, is displayed in Fig. 1. We find
13, =0.396. Hence, the latent heat release in
the upper layer is about two thirds of that in
the lower layer. Observations suggest a some-
what higher value in the tropics and a lower
one in mid latitudes (Newell et al., 1969).

Fig. 5 shows the components of the diabatic

heating for the atmosphere. The latent heat
release has its maximum at the equator and
vanishes at 70° latitude with spurious but small
negative values north of 70° N. An approxima-
tion like (3.28), (3.29) can, of course, not pro-
duce more than the gross features of the ob-
served latent heat release and of the observed
vertical flux I' (Newell et al., 1969).

The net radiative heating verifies favourably
against observation as could be expected of
such & sophisticated radiative scheme as Kata-
yama’s in MAM.

The northward eddy transports of sensible
heat are shown in Fig. 6. They both are too
large in comparison to observations, especially
in the tropics. Since our model does not contain

10 —
v'T; L_deg m seE’J
5t ———T el
- _— e —— - -—
el T' 400 mb obs. =<
___-__j—————l_’ - 1 ] 1 [ 1
15 L
- T T~~~ VT
- T S e——— vily
10 | e V' 850 mb ~—
//
5L -
-
L et 1 1 ) L ) L
10° 20° 30° 40° 50° 60° 70° 80° 90’

Fig. 6. The latitudinal variation of the northward eddy transport of sensible heat as given by the model
(solid) and by observations (Oorta & Rsmusson, 1971; dashed).

Tellus XXVII (1975), 4



A STATISTICAL-DYNAMICAL MODEL

u‘f[—f;)? sec'2_7

150 |-

100 |
50 F

341

100 —_

Fig. 7. The variance of the zonal wind as given by the model (solid) and (%’ +')/2 as observed (Oort &

Rasmusson, 1971; transient eddies, April).

any heat flux in the ocean nor any northward
flux of latent heat the heat budget can only
be balanced by rather large values of 7",

The verification of the variance of the zonal
(meridional) wind component against observa-
tion is remarkably good outside the polar region
(Fig. 7). Kurihara’s (1970) parameterization of
v’¢’ is not suited to include the movements of
pressure systems out of the mid-latitudes into
the Arctic basin which are mainly responsible
for the observed high values of eddy kinetic
energy near the pole.

The frictional dissipation in the lower (upper)
layer ranges from about 0.3 (0.5) watt m—2 in
the tropics to 2.5 (3.5) watt m~2 at about 45° N
in reasonable agreement with ‘observed’ rates
of dissipation (Newell et al., 1969).

Fig. 8 shows 170‘7:; and the vertical transports
of momentum. T"¢, has its minimum in mid
latitudes and is negative everywhere as en-
forced. The computed upward transport of v
by large-scale eddies is rather strong and has
a distinet maximum at about 50°N. On the
other hand, the vertical transport of zonal
momentum by large-scale motions is very weak.
In order to compare this distribution of 'd;
with recent observations (Starr, 1973) we have
to add —kp(@, —ds)& to 7u'cy for in Starr’s

Tellus XXVII (1975), 4
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paper all modes of vertical eddy transports are
lumped together. It turns out that the influence
of friction is one order of magnitude greater
than that of the large-scale motions, i.e., we
have a strong downward transport of westerly
momentum almost everywhere—partly in con-
trast to observation. Thus, eq. (3.59) is almost
superfluous in its present form.

All in all, we can state that the model allows
to compute rather realistic distributions of the
mean motions and of some important eddy
statistics when the annual mean temperature
and surface pressure are prescribed. As men-
tioned above, we shall assign the subscript a
to these computed annual mean distributions.

(d) Sensitivity analysis

The success of the model depends to some
extent on the choice of the ‘empirical’ para-
meters #,5, bs, k&, o, The sensitivity of the
computed annual mean state to these para-
meters will be discussed briefly before we pro-
ceed to an outline of the complete model.

By increasing the cloud albedo from 0.2 to
0.4 we reduce the amount of the solar radiation
which is absorbed at the ground. The balance
of the heat budget is achieved by a decrease of
the surface temperature by 12°K and an in-
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Fig. 8. The correlations of ¢ with the temperature, « and v as given by the model.

crease of 13, from 0.38 to 0.42. The eddy kinetic
energy and v'T" go down by about 20%.

A variation of the ratio by, (see 3.8) affects
mainly u;” and u;® which decrease by 60%, 209
resp. when by, is raised from 0.3 to 0.7.

An increase of £, (see 3.49, 3.50) from 0.15 to
0.4 leads to a strengthening of the eddy kinetic
energy in the upper level by about 30 % whereas
uy” is almost not influenced. w and u, increase
almost linear with k, (see 3.36) in the equatorial
latitudes.

Summing up, we can state that the model is
not very sensitive to the four parameters. How-
ever, the good quantitative verification of ug?
and u;? against observation is achieved by choos-
ing suited values of k,, t,; and b,,.

5. The complete model

(a) The balance of the northward transport
of westerly momentum
The prognostic equation for uv when applied
at level 1 in averaged form supplies the model
with a further equation. We have

- tan —_,
+ @, uy e, v'64(, ~ 4,)/ Do
a

=ﬂﬁ!ﬂ%—(ﬁ—ﬁ%+3%ﬂ

acosp 2A @ o
+Fyo1+ Fouy (5.1)
According to (3.1), the first term on the right
hand side of (5.1) vanishes. However, observa-
tions (Oort & Rasmusson, 1971) show that
u -0 is increasing from the equator to &
maximum at about 30° N, then decreasing
towards the minimum near 65° N. Hence, the
latitudinal profile of this term is rather similar
to that of 4"’ and we assume

(1" = 01") = A, (@) u'v] (5.2)
in (5.1) with 4,(¢) >0 in contrast to (3.1). With
A(p) =1, the left hand side of (5.2) comes close
to observed profiles of this term in spring and
fall (see monthly means in Oort & Rasmusson,
1971; the observed annual means would be
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misleading due to the strong annual variation
of u).

In the atmosphere, the first term of (5.1) is
the most important one on the left hand side.
Its sign is almost everywhere opposite to that
of f(v® —u?). Hence, the second term is domi-
nant on the right hand side of (5.1). Applying
the same technique as in sec. 3k we have:

v_'aﬁmi'?ié)
acosp oL a 8@

Ry 6¢I
i i

’2

o "’ip) (5.3)
acos @ 94 op

Following Arakawa (1972), the term in the
brackets on the right hand side of (5.3) can be
written

— 1
(—u—-%+v——%) - -—-(m;¢ cos p)
acosp oA a o #ia cos @ o
+ ¢, 63/ Da (5.4)

Use of (3.38), (3.43) yields

o)
a op

= — 2kp(wX(1 - E,/2E,) — u; B,/ (2E, E,))
(5.5)

W %
acos @ 9A

where terms of minor importance have been
neglected. Neglecting also the dependence of
the right hand side of (5.5) on kp, E,, E, and

u_:,"’ (see 3.45), we get

—7 T
7 7 7
(_v__ iy + fed _'él’) = —Ap)u'v, (5.6)
acosgp 24 @ g
and
u’ ou — tan -
_1— — 1“]’.2 L4 + 'U,é;(aa —’ﬁl)/DO'
a @
- — fulv, + A () '] (5.7)

where the damping term has been neglected.
Further comments on these approximations
will be made in sec. 5e.

The iterative procedure of sec. 4 yields rea-
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listic annual mean distributions of all variables.
Assuming that

Ve =13, (5.8)
we can compute A (p):
u_“" ou —5 tan
Ayp) = (ﬁ —+ o Urg e
a op
+'U0'2a . /2D0'+fu 'Ula) /ulv;a
(5.9)

We are left with the problem to provide another
equation for our model. Again we apply the
principle that the normalized covariances of
the eddy motions will not change when the
forcing functions are changed. Hence, v’/
(@*9*)t is not influenced by a wvariation of,
say, the viscous parameters. Since ;t-';)_,, repre-
sents the vertical mean of the northward eddy
transport of westerly momentum in our model
we agsume with (3.1)

u'v] = Ay(p) (u’ +ug’) (5.10)
where
Agp)=u vla/(ula +u3a) (5.11)

(5.7) and (5.10) close our system of equations.
Now, it contains the eighteen equations (3.2),
(3.3), (3.12), (3.14), (3.15), (3.19), (3.21), (3.23)-
(3.26), (3.32), (3.38), (3.39), (3.51), (3.59), (5.7),
(5.10) and the eighteen varﬂ)les u,, u,, vl, 1 DBa
g_a’_T_gy_-Dtg_z_sv S/EI’ 7!, u2 u3 s U Tl, v Ts,
w'vy, W da, v G, E’—G;. The solution of this system
is known for annual mean conditions. When a
parameter’s value is changed, the solution is
obtained by Newton’s method using the annual
mean as a first guess. In all cases reported here
six iterations were sufficient.

(b) Variation of the surface drag coefficient ¢

A series of experiments has been carried out
where ¢, has been decreased by steps of Acp =
0.0001 from ¢, =0.0016 down to 0.0013 and in-
creased up to cp=0.0024. The experiments
could not be continued beyond 0.0013, because
Newton’s scheme did not converge for cp=
0.0012. The surface wind and %, as well as the
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Fig. 9. Surface stress 7,, as computed by Smagorinsky & Kung (1967) and as given by the model for various

values of the drag coefficient.

eddy kinetic energy show a rather distorted
pattern near 60°N even for ¢, =0.0014. The
reagons for this failure will be discussed in
sec. 5e. On the other hand all profiles for ¢, =
0.0024 are smooth and reasonable.

Fortunately, Smagorinsky (1960) and Smago-
rinsky & Kung (1967; SK) have studied the
sensitivity of Smagorinsky’s (1963) primitive
equation two-level general circulation model to
the frictional coefficients. Hence, we are able
to compare our results to those of a time-
dependent model.

In SK, Smagorinsky’s basic model was in-
tegrated for 122 days with ¢, =0.012. After the
122th day, various drag coefficient values were
prescribed (¢, =0.024, 0.012, 0.006, 0.003).
The experiments were carried further for each
¢p for another 80 days. Note that the drag coef-
ficient in SK is much larger than in our experi-
ment. This difference is due to the fact that the
extrapolation of the surface wind is quite dif-
ferent in Smagorinsky’s (1963) model and in
MAM.

To discuss the effects of the prescribed drag
coefficients Smagorinsky and Kung analyzed
stress and energy parameters along with some
wind fields. The increase of the drag coefficient

from 0.003 to 0.006 increased the absolute
value of the surface stress

Taz = 0Cp%a| V4|

in SK while the further increase displayed little
effect on the stress values. Fig. 9 shows the
latitudinal profile of %,, for Smagorinsky’s
‘normal’ value ¢;=0.012 and for c¢,=0.024.
Apparently, the effect of the increase of the
drag coefficient is largely compensated for by
the decrease of the surface wind. The curves
differ only near the northern boundary of the
model at 64.4° N where %,; decreases with in-
creasing cp. Fig. 9 shows also the surface stress
Fap = 840pHa((2bsgus’)t +G) for ¢p=0.0016 and
for ¢, =0.0024 as computed in our model. The
latitudinal profiles of #,, are in the range of
good agreement with observational studies
(e.g. Kung, 1968) and with those of SK. Just
as in SK, the surface stress is almost insensitive
to the drag coefficient. The polar easterlies
extend farther towards the south for large
values of c,. At the 750 mb level, the effect of
the surface drag on the wind is still apparent
in Smagorinsky’s model (see Fig. 10). The low
latitude easterlies dissappear with increasing
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Fig. 10. @,, @y as given by the model and the mean zonal wind at the 750-mb level in SK for various values

of the surface drag coefficient.

¢p, the strength of the midlatitude westerlies is
diminished. The effect of the prescribed ¢, is
not obvious at the 250 mb level in SK. The
profiles of the zonal wind are almost identical
for different cp,.

In our model, we note a weakening of the
equatorial easterlies with increasing cp just as
in SK. There is almost no change of 4%, in mid
latitudes. The polar easterlies at level 3 are
much more intense for ¢, =0.0016. The wind
profiles at level 1 are virtually identical.

In SK, the total dissipation E increases
slightly in the range 0.003 <c¢p <0.012 with in-
creasing drag coefficient and decreases some-
what further on. In our model, the total dissi-
pation is B = — D, — D, (see 3.43; 3.44). E de-
creases by ~ 59, when cj increases from 0.0016
to 0.0024.

The only major discrepancy between SK and
our model is found in the behaviour of the
total boundary layer dissipation FE,. In our
model, E, is equal to the absolute value of the
second term in (3.44). E; and E, increase with
increasing c¢,. We have E,;=1.36 (1.80) for
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¢p =0.0014 (0.0024). It is easy to show that the
coefficients E, — B,/2E, and E3/2E, m (3.44)
increase with increasing cp. us? and u;? are al-
most not affected by an increase of ¢,. Hence,
E, goes up by about 1009% when ¢, is increased
from 0.0014 to 0.0024. In SK however, the
total boundary layer dissipation increases by
only 209% between 0.003 and 0.006 and is not
influenced between 0.012 and 0.024. Neverthe-
less, we can state that the response of our model
to changes of ¢, comes rather close to that of
the time-dependent model of Smagorinsky.

(¢) Variation of the coefficient of
vertical diffusion

The influence of the coefficient of vertical
diffusion u (see 2.23) on the model atmosphere
has been studied in the range 0.22 <u <0.37
(g =0.22). A decrease of u leads to distorted
wind fields and Newton’s scheme did not con-
verge for u <0.17.

Unfortunately, we are not aware of numerical
experiments which systematically test the sensi-
tivity of a general circulation model to varia-
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Fig. 11. The latitudinal distribution of the mean meridional wind at level 1 for 4 =0.22 and u = 0.37.

tions of the coefficient of vertical diffusion.
Hence, we cannot compare our results with the
behaviour of a time-dependent model.

An increase of u affects the budget of zonal
momentum and the dissipation. Fig. 11 shows
Dy, and ¢, for u =0.37. We note 4, >, almost
everywhere in midlatitudes to that the increase
of the term kj(@, —4,;) in (3.2) is compensated
for by a change of the Coriolisterm—ij?7;. The
intensity and the extent of the Ferrel cell in mid-
latitudes is reduced by the increase of u. Near
the equator, &/op © cos ¢ and, consequently,
the rising over the equator is diminished by an
increase of the vertical diffusion. Turning to a
discussion of the influence of u on the dissipa-
tion and on the budget of the eddy kinetic
energy we mention at first that v’ 7' ; and T,
are almost not influenced by a change of u.
The pole-equator difference of the temperature
increases by 1.5°K when p goes up to 0.37.

o' Ty (v T5) decreases by less than 109 (59%).
Then, according to (3.33), T'¢y is almost in-
dependent of u as are, consequently, the dissi-
pation terms in (3.38), (3.39). Hence, the in-
crease of &y in D, and D, (see 3.43, 3.44) must
be compensated for by a decrease of @,, @,
and/or a change of K, which affects the coeffi-
cients in (3.43) and (3.44). u,° experiences a
rather strong decrease of about 309, in the tropi-
cal and the polar latitudes and goes down by
about 15% in mid latitudes. u;® increases by
109 in mid-latitudes and is almost not affected
elsewhere. Hence, the model predicts a decrease

of the total eddy kinetic energy with increasing
shear stress parameter u. On the other hand,
E; increases by DE;=0.4 from 1.56 to 1.96
which implies an increase of H,/H,. This change
can be interpreted as a strengthening of the
influence of the wind at the upper level on the
surface wind with increasing x. The zonal wind
increases by Du~ 2 msec! at both the upper
and the lower level in mid latitudes. The effect
of the increase of K, and that of the increase
of u,;, u; on the surface wind cancel almost:

’[Z‘ = 0.7{(E3a +DE3)(?23“ +Du)
— (B4 + DE, —1) (@, + Du)}

for u =0.37 is almost identical to the annual
mean surface wind

Uy = 0.7(Eag gy — E1,01,)
because we have
DE(itg, —ity,) +Du~ —-04-7+2~0

We observe only a slight shrinking of the west
wind belt at the surface with increasing u.

An equal increase of the zonal wind at both
the upper and the lower level must be effected
by a change of the meridional gradient of the
surface pressure (see 3.14; 3.15). In the experi-
ments, the pressure difference between the
equator and the pole increases by 16 mb.

It is obvious from our discussion that changes
of the interpolation coefficient E; play an im-
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portant part in the response of the model at-
mosphere to variations of ¢, and u. If, however,
our experiment of a variation of u would be
made with MAM-—computing annual mean
values for various values of y—E, and E; need,
of course, not to be adjusted. All experiments
could be run with E, =0.5, £,=1.5

This discrepancy will be encountered by any
time-independent S D-model which uses closure
relations thus dealing with a limited number of
eddy statistics. In order to satisfy the boundary
conditions at both the southern and northern
boundary, additional variables have to be in-
troduced like l3;, E,/E, ete. Then, a variation
of a parameter of the model must result in a
perhaps small change of these variables. It is,
on the other hand, very likely that MAM would
produce an equilibrium state for any reasonable
choice of, say, u if the model could be run over
a sufficiently long period of time. Then, the
boundary conditions for u'v’, v'z” ete. would be
satisfied without an adjustment of E;/E,. The
model is able to attain such a steady state for
any reasonable choice of u since the number of
eddy statistics which determine the climatic
equilibrium state is infinite in the sense that
the number of eddy statistics which influence
the mean fields has no upper bound. Closure
relations suppose that this number is finite and
rather small. The incorporation of additional
variables like E,/E, has to compensate for this
loss of degrees of freedom in a steady-state SD-
model.

(d) Variation of the surface albedo near the pole

Two experiments have been made. A value
of 0.5 (0.8) instead of 0.1 is assigned to the
albedo of the earth’s surface «, in all grid
points north of 70° N to study the influence of
ice and snow on the heat budget in our model.
With increasing «,, the amount of solar radia-
tion 8, which is absorbed by the ground is
reduced and the annual heat balance as com-
puted in sec. 4 can no longer be maintained.
In our model, Dz, is used to adjust the hemi.
spheric heat balance to changes of other para-
meters. The surface temperature drops by 6°K
(1.2°K) in all grid points, thus reducing the up-
ward flux R, of long wave radiation at the
ground. Then, according to (2.28), there will
be more flux of sensible heat and latent heat
except, of course, near the pole. The upper
layer would be overheated if I3, would keep
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its annual mean value l;,, =0.396. Instead, I5,
drops from 0.396 to 0.388 (0.382). Since there
is almost no convective heating in the upper
layer near the pole, a change of «, does not
affect directly the heat balance in the upper
layer. Thus, +'T, is almost not influenced by
the change of «,. On the other hand, the cool-
ing due to the flux of sensible heat into the
ground increases at 72° N, for example, from
0.02 deg day-! to 0.46 (0.89). »'T; has to com-
pensate for this loss by increasing at, say, 68° N
from 17 deg m sec-! to 21 (23). An increase of

v T; means, in turn, more generation of eddy
kinetic energy and u;” goes up from 60 m? sec—?
at 40° N to 64 (68). Then, according to (5.10),
we have an intensification of the northward
eddy transport of westerly momentum. |u,]
increases also, whereas T, is not influenced.

(e) Further closure equations

In deriving (5.7) we neglected the dependence
of the dissipation in the upper layer on kj, E,
and ;4?. It might be interesting to study the
influence of this assumption on our results.
We have to replace (5.7) by

u_1 o, + o o'z(ua

4,)/2Do + i, u,®
a a‘p ’U/I)/ (] 1 ¥l

tan —
Bhe., fu'vy
a

= A,(g) W'} 2hepler(1 - B,[2E,)

—u32E/(2E E, Y/l (6.1)
and to repeat our experiments. A variation of
¢p yields almost exactly the same results as
with (5.7). The drag coefficient could not be
reduced below 0.0014 and numerical noise
appeared near 60°N for ¢, <0.0016. On the
other hand, the profiles of the zonal wind, the
temperature, the eddy correlations etc. agree
with those reported in sec. 6c¢ within a few
percent. A variation of u, however, results even
for £ =0.28 in a rather strong and unrealistic
increase Du ~4 msec~! of the zonal wind veloc-
ity at both levels.

The tendency of the model to generate wiggles
in the zonal wind field and in that of the eddy
kinetic energy near 60° N seems to be caused
by the fact that «'v; changes its sign near 60° N.
\_Njh decreasing c¢p, for instance, the zero of
u'vy shifts towards higher latitudes. Then, ac-
cording to (5 10) we have to expect very small
values of w2 and us® near the new zero of u’v;
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and large ones near the zero of %'vyg. Further-
more, the term u;’ d@,/ap which is the most im-
portant term on the left hand side of (5.7) and
(6.1) has to shift its zero together with u'vy.
Obviously, the model is not able to cope with
this problem.

This difficulty can be overcome by a simple
numerical trick. «'v, is defined at the encircled
grid points of Fig. 1 whereas the equations (5.7),
(6.1) and (5.10) are written down at the grid-
points which are marked by crosses. So far,
W is approximated by

w0~ (v + U v 1)/2 (6.2)

where the index ¢ denotes the encircled grid
point to the left of a certain cross with index 7.
The shift of the zero of w'v; with decreasing u
can be avoided to some extent by writing

wors Woyy +uvgr Ut v u'vg)/4 (6.3)
Due to_the large positive value of w'v{;_, at
60° N, «'v; will not change the sign for reason-
able variations of ¢p,.

Furthermore, the sensitivity of u'’t to varia-
tions of «'v; can be reduced by arguing that the
same argumentation which leads to (5.10)
applies to

0+ 0} = Ay(g) (VT + 0 Ty) 0oy Ty (6-4)

Combining (5.10) and (6.4) we may write

73 73
Uy +ug

= Ay() [T+ T5) 0’ 03 Ty + 400 07 (> + 0y

(6.5)

The factor 40 ensures that both terms on the
right hand side have the same order of magni-
tude. A4(p) can be determined from the annual
mean distributions as usual.

All experiments have been repeated with
(6.5), (6.3) instead of (5.10), (6.2) resp. Now, we
get smooth wind profiles even for ¢, =0.0012.
For 0.0012 <¢, <0.0024, the model behaves in
excellent agreement with SK. The intensity of
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the surface wind increases with decreasing cp,
whereas the surface stress is almost independent
of ¢p. %, shows a slight decrease of less than
1 msec—! in mid-latitudes for ¢, =0.0024. The
equatorial easterlies at level 3 are most intense
for a small surface drag coefficient as are the
mid latitude westerlies.

On the other hand, a variation of u created
problems at the northern boundary which have
not been overcome so far. Hence, the simple
formulations (5.10), (5.7) yield the best results
with respect to a variation of 4 and excellent
results with respect to an increase of c,. The
more we complicate the closure equations the
more we restrict the variability of u. The results
of Smagorinsky and Kung are simulated fairly
well for all closure equations. The variability
of ¢p is greatest for the most complicated and
general formulation of the closure equations.

(f} Concluding remarks

In conclusion, we can state that the model
produces rather realistic latitudinal distribu-
tions of the mean fields and of some eddy sta-
tistics when the observed annual mean profiles
of # and T are prescribed. The complete model
yields reasonable results when some parameters
in the forcing functions are varied. In particular,
the model simulates rather realistically the
response of the two-level general circulation
model of Smagorinsky (1963) to variations of
the surface drag coefficient. An increase of the
coefficient of vertical momentum diffusion re-
sulted in a weakening of the mid latitude Ferrel
cell. The generation and dissipation of the eddy
kinetic energy are not affected but the eddy
kinetic energy itself decreases. The equator-
pole difference of the surface pressure increases
with g and, consequently, the intensity of the
westerlies.

A increase of the albedo of the earth’s sur-
face near the pole leads to an overall decrease
of the atmospheric temperature, an increased
northward eddy transport of sensible heat, to
an enhanced eddy activity and to an increase
of the surface wind.

The variability of ¢, can be extended by use
of more sophisticated closure equations with-
out destroying the good agreement with SK.
On the other hand, the variations of u yielded
the most realistic results for the simplest closure
equations.
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CTATUCTUHRO-TUHAMUYECHKASA MOJEJDb 30HAJBHO OCPEJHEHHOI'O
CTAIIMOHAPHOI'O COCTOAHUA OBIEN NUPKYJIAINN ATMOCO®EPEI

OnUCHBAEGTCA CTATHCTUKO-TUHAMHYECKAA MO-
Aenb 30HAJIBHO OCPeJHEHHOr0 CTAIMOHAPHOIO
COCTOAHHMA arMocdepsl, 1eIbl0 KOTOpOH ABIA-
eTCAl MPOBePKA peaKuuy o6imelt NUPKYIALMY HA
M3MeHeHNA BHHYMKAalomux ¢ysHxnui. OcHOB-
HBIMH yPaBHEHUAMN MOREIM ABIAITCA ypaBHe-
HHA TOPHUBOHTAJIBHOIO IBHKEHNA, TEPMOXUHA-
MHMYeCKO€ ypaBHeHHe JHepruu, ypaBHeHUe He-
PaspBIBHOCTH M NPOrHOCTHYECKHMEe YDABHEHUA
A BAXPeBON KHHETHUYECKOW sHepruu, M3MeHe-
HUF TEMOEpPATYpPH, [JA TEPeHOoCca B CEBEPHOM
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HAIpaBJIeHUM TeMIepaTypH U LOJTOTHOM KOM-
TIOHEHTH MMIYJbCa M JJA IepeHoca B BOCTOY-
HOM HQIPABIEHHM TeMIlepaTyph. HoMmOHEeHTH
CpeBHero JBU:KeHHUsd, TeMIepaTypa Ha YpPOBHe
600 x6, maBieHMe HA NOBEPXHOCTM 3eMJIH B
MOJeJU pAacCMATPHBAITCA HKaK IepeMeHHHe,
TAK }Ke KaK M HEeKOTOphle CTATHCTMYEeCKHe Xa-
PAKTEPUCTUKM KpyHHOMAacImTAGHEIX BHXpeif, Ta-
KFe KaK BHXpeBad KUHETNYeCHKaA HHEpPrusA, Io-
TOK B CeBepHOM HAIpaBJeHUM Temaa M HOJI-
TOTHO! KOMHIOHEHTH MMIOYJbCAa U BEPTHKAJb-
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Hpie IOTOKH Temiaa M wuMmnyiabca. Cucrema
ypaBHeHNil 3aMBIKAeTCA B TPEAMNOIOHEHUH,
4TO BCe IeHTPaJIbHBIE MOMEHTH TpPeTbero Io-
papka npenebpe:xxumo mansl. Heobxomumo, on-
HAKO, BBECTH [ajbHeiilIMe IpejNoJOMKeHU O
CTATHCTHYECKMX  XapaKTepUCTHKAX  BUXpEI,
4yTo0H CHENaTh BO3MOMKHBIMU 4YHCJIEHHEE pac-
Yerel. OTH IPEANONOKEHUsI He OCHOBEIBAIOTCH
HAa BBefeHHN KoapPuuuenToB oOMeHA MIM HA
TeopuM GApPOKJIMHHBIX BOJH. YacTUYHO oOHK
OCHOBHIBAIOTCA HA HaONIOReHHMAX, HO HEKOTOo-
phle TUKTYIOTCA COOOpArKeHMAMH MONEIUpOBa-
HEA. BepTHKadeHaA CTPpYKTypa M HapaMeTpH-
BalliAd TPeHNA ¥ pajMaliiy TaKWe jKe, HaK B
IBYXYPOBeHHOH Mofenau oflell DMPKyJIAnUM
Munna—ApakaBel. KoHBEeKTHBHEE NPONECCH U
THAPOIOTHYECKNI UK ABHHM o6pasoM He pac-
CMATpPUBAOTCA. UNCIeHHOe pelleHNMe IIOJTHOA
CHCTEMBEl HeJAMHENHHIX ypaBHEHMH OCYIIeCTBIIA-
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erca merogom Hpiorona. IlepBaa oneHka peine-
HUA, KOTOpas Heo0XOZUMA AJA MCHOIb30BAHNA
9TOIl MTEepallMoHHON CXeMHl, NMONYy4YaeTcA pelle-
HUeM 4acTH ypaBHEHMIl IOJIHONM CHCTEMH, KOTAA
33JAI0TCA CPEeJHEerofoBHEe TeMIepaTypH M Cpef-
Hee [laBieHNe y IMOBEePXHOCTH 3eMIM. JTO Ipej-
BapUTENbHOE pellleHHe BOCIPOM3BOAUT KOCTA-
TOYHO XOopomo HabawoxaeMoe MepHANOHAIBHOE
pacupesielieHue TepeMeHHHX B aTMmocdepe. 3a-
TeM MCCIeNyeTCA peaKI[Uf IOJHON CHCTEMBI Ha
HW3MEHEHHNA MapaMeTpoB B BHHYHAAOIINX PyHK-
LMAX, TAKUX KaK KodPPUUUEHT TPEHUA O IO-
BEPXHOCTB 3eMJIH MIM ee ansbeno. B wacrHocTH,
MOJeib OBOJBHO PEANUCTUYHO BOCHPOMBBOIUT
YyBCTBUTEJIbLHOCTh 3ABUCAIIEH OT BpeMEHHU IBYX-
ypoBeHHO#t Mopmenu oOwel#t uupryasnum Cma-
TOPMHCKOIO K M3MEHEeHWAM KoadduuumeHTa Tpe-
HUA 0 HOBEPXHOCTb.
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