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ABSTRACT 

This paper is a summary of a research on the properties of the turbulent entrainment 
across stable density-stratified layers, a phenomenon commonly observed in geo- 
physical fluid dynamics. A turbulent environment is created by oscillating grids in 
quasi-homogeneous layers of slightly different density separated by thin sheets of 
fluid containing a strong density gradient. The buoyancy flux across thin stable 
layers is found to be a function of the Richardson and Prandtl numbers. Theoretical 
and experimental studies are made, leading to a determination of the order of 
magnitude of the four terms expressing the balance of energy in physical space. I t  is 
shown that the turbulent energy flux is of the same order of magnitude as the viscous 
dissipation of kinetic energy in the quasi-homogeneous layers where the slight density 
gradient is not altogether negligible because a small but measurable fraction of the 
turbulent energy flux goes into maintaining the buoyancy flux. Data taken in the 
stable layer show the simultaneous existence of large internal waves and patchy 
turbulence. Some properties of these waves as functions of the Richardson number are 
determined. 

1. Introduction 

A common observation in environmental fluid 
dynamics is the simultaneous existence of 
turbulence and stable buoyancy gradients. 
Emphasis is put here on the particular case of 
interfacial mixing, i.e. the turbulent entrain- 
ment and mixing of a fluid across relatively 
thin stable layers, containing a strong density 
stratification and separating quasi-homogeneous 
turbulent layers of slightly different density. 
This phenomenon is observed in the oceanic 
thermocline step structure (Woods, 1969), in 
temperature-stratified freshwater lakes and 
reservoirs (Browand, 1972, along turbidity 
currents of fine sediment suspensions (Middle- 
ton, 1966). It is also observed in the atmospheric 
boundary layer when forced convection occurs 
(Lumley & Panofsky, 1964), and probably al- 
so in the free atmosphere. It is well known 
for instance that clear-air turbulence, a major 
sink of energy in the atmospheric circulation 
(Fleagle, 1969), is not associated with gravita- 
tionally unstable layers of air, but with 

1 Now, at the Water Pollution Control Branch, 
86-88 Georges Street North, Sydney, NSW, Austra- 
lia 2000. 
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layers of strong gravitational stability (Buehler, 
et al., 1969). 

The study of interfacial mixing by turbulent 
entrainment was initiated by Rouse & Dodu 
(1955), and later by Turner (1968, 1973), 
Thompson (1969), and others, for the situation 
where there was no mean velocity shear, as 
the turbulence was generated by oscillating 
grids in the quai-homogeneous layers. Similar 
studies were also made for the situation where 
a mean velocity and mean velocity shear were 
present (Kato & Phillips, 1969; Long, 1970, 
1971, 1972, 1973; Moore & Long, 1971; Ellison 
& Turner, 1960; and others). An attempt is 
made here to provide an answer to some of the 
questions arising from these earlier studies. 
They include, in section 3, the dependence of 
the entrainment rate on the coefficients of mo- 
lecular diffusivity x and molecular viscosity v ,  
and, in sections 4, 5 and 6, the balance of energy 
in the turbulent quasi-homogeneous layers and 
in the thin stable layers. 

2. The experimental procedure 

All the experiments described here were 
carried out in a tank identical to the one used 
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Fig. 1 .  A sketch of the experimental procedure. 

by Turner (1968). The description of the 
experimental tank was given in detail by 
Turner. Thus only a brief sketch of the experi- 
mental procedure is necessary here. As sketch- 
ed in Fig. 1, we used removable stirring grids 
made of 1 cm x 1 em strips aligned into an 
array with 5 em between centres. This grid 
was used, in case I ,  to generate turbulence in 
water of density $, and of thickness D (20 em), 
by oscillating the grid vertically with a fixed 
amplitude a (generally 1 em), and a frequency 
of oscillation w (ranging between 120 and 360 
rpm). A characteristic velocity, u* = m a ,  was 
defined. Over this layer, a t  a distance Z(Z>a) 
from the stirring grid, was a quiescent homo- 
geneous layer of slightly lower density $. 
The difference in density, A@* =$ -Q: was 
created by difference in temperature, or by 
dissolving salt. It was observed that the separa- 
tion between the two layers took the form of a 
thin interface convoluted by the turbulent 
environment in the quasi-homogeneous lower 
layer. Mixing across the interface took place 
and tended to move the interface upwards a t  a 
velocity Ve,, and to incorporate, per unit time, 
a volume Ve,A of fluid from the upper layer 
into the turbulent layer ( A  is the horizontal 
cross-section). This tendency was eliminated by 
removing fluid at  a rate Ve,A from the bottom 
layer. Thus, the mean distance Z between the 
stirring grid and the interface, and the depth 
D of the turbulent layer were kept constant 
throughout the experiments. 

In case 11, sketched in Fig. 1, both quasi- 
homogeneous layers were stirred, thus stabiliz- 
ing the interface a t  mid-distance between the 
two grids. The entrainment velocity, Ve,,, 
waa then measured by measuring the buoyancy 
flux, Q,,, across the interface, a function of 
the time rate of change of the density Q: in the 

upper layer. Thus, 

The overall Richardson number Ri, Peclet 
number Pe, and Reynolds number Re, were 
respectively 

U* D U* D Ri = 4naDAe/u;, Pe = -, Re = - 
x V 

where g is the gravity acceleration and AQ = 

gap*/@,*, is the buoyancy. The non-dimensional 
entrainment velocities were, 

El = Ve,/u* 

and 

E,, =Ve,,/u* (3) 

Turner (1968) observed that the entrainment 
velocity remains unchanged whether or not 
the other side of the stable layer was also 
turbulent, i.e., that a t  equal Ri, 

E = E ,  = E,,  (4) 

This result is explained later. Turner also 
observed that the entrainment rate for the 
salinity-stratified case becomes, a t  large Ri, 
smaller than for the temperature-stratified 
case. For the former, he suggested the equation, 

E a Ri-1.6 (5)  

while for the latter, 

(6)  E a Ri-' 

Brush (1970) investigated the mixing across 
an interface where the turbulence was generated 
by a jet directed normal to the interface. His 
results also supported eqs. ( 5 )  and (6), respec- 
tively for salinity and temperature stratified 
fluids. 

3. The parameters governing the entrain- 
ment rate 

In all experiments, the Boussinesq approxi- 
mation was valid because AQ*/& was much 
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smaller than one. Then, from dimensional 
analysis, 

Ri, Re, Pe, t, - , - , -, !) (7) a a a a  
Ve 

U* 

where b and c are the characteristic lengths 
of the grid and are always constant in these 
experiments (b = 5  cm, is the distance between 
successive bars of a grid; c = 1  cm, is the 
dimension of the square bars of a grid), and 
where T =wt ,  where t is the time. When all 
length scales are kept constant, 

E = E (Ri, Re, Pe, t) (8) 

A quasi-steady state is defined by the situa- 
tion where E is not an explicit function of time, 
i.e. if 

(9) 

This was verified because, for large values of 
Ri (Ri >1.0), aE/Bt)Ri was the only term in 
eq. (9) that was too small to be measured 
experimentally (Wolanski, 1972). 
Then, 

E = E(Ri(,,, Re, Pe) (10) 

Therefore a quasi-steady state existed, whereby 
the Richardson number and the entrainment 
velocity could be assumed to remain constant 
throughout a given experiment even though 
the time rate of change of the mean density 
in a turbulent quasi-homogeneous layer is not 
vanishingly small. 

It is now argued that, for the range of 
values of Ri, Re and Pe in this experiment, 
the parameters Re and Pe enter strongly in 
eq. (8) only as Re/Pe, or also Pr, where 
Pr =v/x  is the Prandtl number. Then, 

E = E(Ri, Pr) (11) 

In other words, one needs to prove 

2 0  

Five experiments were run in the heating 
experiment and in an identical geometrical 
situation where he* was varied as much as 
experimentally feasible (by a total factor of 10) 
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Fig. 2. Plot of the entrainment velocity against Re 
in the heating experiment, Ri = 1.7. 

from one experiment to the other. In order to 
keep Ri constant from one experiment to the 
other, the corresponding w was varied (by a 
factor of VG). Hence, Re was varied by a 
factor of I / l O  from one experiment to the other 
while Ri was kept constant. The results are 
given in Fig. 2, from which it appears that, 
indeed, E does not vary strongly with Re 
and Pe for the range of strong stabilities 
investigated in the heating experiment. In 
other words, in these experiments, the strong 
variations of k had a much larger influence 
on the entrainment velocity by modifying the 
Prandtl number than by modifying the 
Reynolds or Peclet number. It was, however, 
argued by Turner (1973) that E is a Slowly 
varying function of Pe (thus also of Re), in 
the heating experiment, a property that he 
detected experimentally for a much wider range 
of Pe and Re. 

In order to determine how turbulent en- 
trainment across a density step-structure is 
governed by the Prandtl number, it was 
necessary to extend the range of coefficients of 
molecular diffusivities to values much smaller 
than the molecular diffusivity of salt in 
water. For that purpose, the density strati- 
fication was created, in order of decreasing 
molecular diffusivity, by differences in tem- 
perature, by solutions of dissolved salt and 
sugar, and by suspensions of an idealized 
sediment consisting of monodisperse silica 
sphere1 in the hundredth of a micron size 

- 

1 The silica, spheres were synthesized by a system 
of chemical reactions first developed by Stober et 
al. (1908), and further studied by the writers. 
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Table 1. Coefficients of molecular diffusivity in 
water at 25°C 

x(cmx/sec) 

Heat 1.4 10-3 
Salt 1.1 x 10-6 
Sugar 6.7 x lo-' 
Suspension of Silica spheres 
(mean diem. = 150 A') 2.0 10-7 

Clay (kaolinite) < 10-0 

range, and, finally, by suspensions of natural 
kaolinite clay. 

In Table 1 are given the corresponding 
coefficients of molecular diffusivity in water, 
a t  25OC, when A@*/& = 5 . 0  x The silica 
particles in suspension, just like heat, salt 
and sugar, created the appropriate density 
differences while modifying by orders of 
magnitude the molecular diffusivity from one 
case to the other without increasing in the 
worst case the coefficient of molecular viscosity 
by more than 40% from its value for fresh 
water. The value of the coefficient of molecular 
diffusivity for an aqueous supension of these 
monodisperse silica spheres of a diameter of 
150 A" was estimated from the Einstein's 
theory of the Brownian motion. 

Fig. 3 shows a plot of the entrainment veloc- 
ity E ,  as function of the Richardson number. 
Experiments were also carried out (Wolanski, 
1972) that demonstrated that the slope of the 
entrainment curve in Fig. 3 was independent of 
1 and of a. This was expected because one can 
relate the entrainment rates to the properties 
of the turbulence in the quasi-homogeneous 
layer but near the stable layer, and because 
Thompson (1969) apparently found no depend- 
ence of these on the Reynolds numbers. Hence, 
for the range of parameters investigated here, 

where A =A( l /a ,  D/a, c/a, b/a),  n = n(Pr). 

If the geometry of the stirring grid is modified 
(say, cylindrical bars instead of square bars), 
Thompson (1969) suggested that the generation 
of the fluid motion a t  the level of the grid 
and the decay of the turbulent intensity 
away from the grid may not remain independent 

1 .o 

Fig. 3. The entrainment velocity as a function of Ri. 

of the Reynolds numbers. In that case, the 
entrainment rate depends on Pe and Re, as 
found out by Rouse & Dodu (1955). 

4. Buoyancy effects in the stable layer 

Observations by the shadowgraph technique 
revealed the existence of a stable layer of 
constant thickness 6 ?  2 cm for Ri larger than 
1 in the salinity stratified case. Because 6 is 
much larger than the effective radius of in- 
fluence (0.25 mm) of our point conductivity 
probe, it was possible to record the value of the 
mean local buoyancy, e,  and thus to draw the 
mean buoyancy profile in the stable layer, as 
is shown in Fig. 4. From such a profile, one 
can compute S/D, where D is the thickness of 
a quasi-homogeneous layer. This method of 
evaluating S/D was repeated a t  different Ri 
and the results are given in Fig. 5 .  

The new notation, A = O ( B ) ,  is introduced 
here to express the fact that (AIB) is not a 
function of Ri. Thus, for a given geometry and 
a given fluid, eq. (13) implies that AIB is an 
absolute constant. 
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Fig. 4 .  The mean buoyancy profile in the stable 
layer. 

It is then possible to write, for salt, 

6 
D 
- = O(1) 

A similar relation was found by Long (1972). 
There is evidence (Turner, 1973) that eq. (14) 
is not correct at very large values of Ri and 
when velocities are so small that, for heat, 
molecular diffusion is not negligible. 

It was also possible to record local buoyancy 
(salinity) fluctuations e’ with time anywhere 
in the stable layer. The fluctuations were quasi- 
periodic and corresponded, of course, to the 
visually observed gravity waves in the stable 
layer. As described earlier by Long (1973), 
these fluctuations also varied abruptly at 
times a t  the level of maximum curvature of 
the mean density profile, i.e. a t  one halfway 
between the mid-point of the stable layer and 
the location of the upper surface of the layer. 
Indeed, at that point, superimposed on the 
periodic fluctuations, the mean salinity regu- 
larly rose suddenly for periods of 1-2 min, then 
dropped down again to a lower value for 
longer periods of time. This behaviour was 
not observed a t  the mid-point of the stable 
layer (where e,, = O ) .  The cause was probably 
a creation of a patch of mixed fluid of char- 
acteristic size 1, a t  a level of significant 
eZz and, as suggested by Long (1970), a 
lowering of that patch at  a certain distance L,, 

Because the salinity had a different mean 
while the patch was identifiable, L, could be 
measured from the traces &,. Using eq. (15), 
it was then found that the characteristic 
dimension 1, of such a patch of mixed fluid 
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Fig. 5 .  The thickness of the stable layer. 

100 

was 4 to + of the thickness of the stable layer. 
Hence, the intermittent turbulence, responsible 
for maintaining the buoyancy flux in the stable 
layer, was probably created by the overturn- 
ing of internal gravity waves. It is known 
(Bretherton, 1969) that the probability of wave 
breaking to occur from the interaction of 
packets of internal gravity waves is a function 
of Ri. 

From the recordinp of buoyancy fluctuations 
&, at level (z = 0) of maximum density gradient 
in the stable layer, the root mean square (r.m.s.) 
amplitude of the internal waves was calculated 
as follows. Let E be the instantaneous vertical 
displacement of a gravity wave from its level 
at rest, corresponding to a buoyancy departure 
e’ from the mean. Then, if there is no mixing, 
one can write for the stable layer, 

10 

Fig. 6 .  The r.m.8. buoyancy fluctuations in the 
stable layer, when both (open circles) or only the 
bottom (full circles) quasi-homogeneous layers are 
turbulent. 
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where subscripts designate partial derivatives, 
and where it is assumed that e,2:Ae/B. The z 
axis is directed upwards, its origin is located a t  
the level of maximum density gradient in the 
stable layer. Then, as shown by Fig. 6, 

r.m.8. (3 = r.m.8. (3 = O(Ri-') 

A possible physical explanation for eq. (16) 
is that the stable layer is essentially passive and 
is convoluted by turbulent eddies of charac- 
teristic kinetic energy T' - O ( u i )  in the homo- 
geneous layers on either side of the interface. 
For a thin interface, the corresponding increase 
V' in potential energy, 

V' = O(tAe) 

The above hypothesis can be written, 

T' = O( V' )  

so that, 

[ / D  = O(Ri-') ( 1 7 )  

The experimental result (eq. 16) can then be 
found from eqs. (14) and ( 1 7 ) .  

It is also possible to derive the characteristic 
time scale T of the motion in the stable layer, a t  
large Ri. One wants to filter out the small 
(turbulent) time scale components from any 
flow property, say e', by defining a mean 2, 

@'(X,t) = ~ f + e'(g,t) dt 
- 

T t - T / 2  

From the recordings of buoyancy fluctuations, 
we calculated, 

1 r.m.s.(&Ae) 112 

For large Richardson numbers, it appears, from 
the results in Fig. 7, that, 

rl = 0 ( 1 )  

Thus, 

2 

Pig. 7. Plot of 1 against Ri. 

Hence, the dominant time scale of the motions 
in the stable layer is controlled by the gradient 
of the buoyancy through the interface. The 
constant of proportionality in eq. (19) is 
however, an order of magnitude larger than 
292, its value if the dominant time scale was 
exactly the Brunt-Vaisiilii one. Eq. (19) can 
also be predicted on theoretical grounds by 
examining the order of magnitude of charac- 
teristic terms in the equations for the conserva- 
tion of mass and of vertical momentum, 

e"; +&&+ v .  u"= 0 

&i + v  . m = - (Pie:) - 2 +YV22;' 
(20) 

(21) 

At large Ri, the buoyancy effects ar0 important, 
and eqs. (20) and (21) become (Long, 1971), 

& = O ( ~ ' i j , )  = O(&'Ae/d) = 0 ( 2 / T )  

wi = O ( 2 )  = O(G'/T)  

(22) 

(23) 

The experimental result (eq. 19 can be found 
by eliminating 6' and 2 between eqs. (22) 
and (23). 

5. Buoyancy effects in the quasi- 
homogeneous layers 

The density gradient in the quasi-homo- 
geneous layers is extremely small. Charac- 
teristically, 

(AGjAe) 4 0.01 

where A@ is the buoyancy difference across the 
stable layer, and A@ is the buoyancy difference 
across a quasi-homogeneous layer. Because of 
this reason, and, also, because observations 
revealed that the quasi-homogeneous layers 
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are fully turbulent, it was assumed initially 
that the density stratification was not an 
important parameter for the study of the 
turbulence in a quasi-homogeneous layer. Then, 
the buoyancy effects are not affecting the length 
scale of the energy containing eddies. Thus, 
the eddy size I ,  is proportional to the thickness 
of a quasi-homogeneous layer (Kato & Phillips, 
1969), i.e., 

a = o(;) 
az 

Let e' and w' be the r.m.8. fluctuations of 
buoyancy and vertical velocity. Assuming in 
eq. (21) that the effects of inertia (turbulence) 
are much larger than the buoyancy effects in 
the quasi-homogeneous layer, then, 

a 
-w'2>@' 
az 

a 
az 

As, - w" = O(ut/D), and, e'= O(A@) 

eq. (24) becomes, 

ui /D > O(A@) 

or also, 

Ag/Ae< O(Ri-') 

In the thermally stratified case, one can use 
eq. (6) to write, 

Q = C ,  Aeu,Ri-l = yC,A@u* (27) 

where Cl(z) and Y ( ~ )  are independent of Ri, and 
where 

is the correlation coefficient in the quasi-homog- 
eneous layer. Eq. (27) is based on the assumption 
that a characteristic turbulent velocity in the 
quasi-homogeneous layer near the stable layer is 
proportional to u*. While this is true for a ho- 
mogeneous fluid, as was shown by Thompson 
(1969), there exists no experimentd confirma- 
tion of this hypothesis in this case where a 
slight but measurable mean stable density 
gradient is present. Eqs. (26) and (27) give 

C,>l  

which is physically impossible (Long, 1971). 
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Thus, one must take, 

c, = 1 

and conclude that, 

Ag/Ae = O(Ri-l) (28) 

Hence, parcels of fluid are not simply rising 
and falling in wave motion. This would imply 
small values of C,. Indeed, in pure wave 
motion in which the density surfaces are not 
ruptured, C,  vanishes. Let V' be the charac- 
teristic potential energy, and T' the charac- 
teristic kinetic energy of an energy containing 
eddy in the quasi-homogeneous layer. Then, 

The buoyancy effects are then non-negligible 
in the quasi-homogeneous layer unless the 
value of the constant A" is much less than 1. 
The determination of A" was a complicated 
problem because the density gradient in the 
temperature-stratified quasi- homogeneous layers 
was too small to be measured accurately. How- 
ever, because of the greater accuracy of our 
salinity probes that permit accurate reading of 
A@*/&' to the 2 x 10-7, Ag was measurable in 
the salinity-stratified case from the records of 
a salinity probe travelling vertically through 
the upper quasi-homogeneous layer. As, in the 
quasi-homogeneous layer, 

c, - 1 

A@/Ae = O(Ri-l.') (30) 

one predicts (for salt), 

Eq. (30) was confirmed experimentally as is 
shown in Fig. 8. a t  4 om above the level of 
maximum density gradient of the stable 
layer, thus well inside the quasi-homogeneous 
turbulent layer, and a t  a Richardson number 
of 18, it was possible (see section 6) to evaluate 
experimentally, in the salinity-stratified case, 

T' 0 . 5 ~ "  + v"+ wf2 
-5 1: 2.5 1 0 - ~  
V' @&I2 

Hence, 

A" 1: 1.9 x 10-3 < 1 

This result confirms the validity of eq. (24). 
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1 5 x 10-2 

lo-‘ 

lo-’ 

A? - 
AS 

16‘ 

L x 1 ~ 5  rb 
R i  

1 

Fig. 8 .  The buoyancy differences across the quasi- 
homogeneous layers. 

6 .  The balance of energy 

Assuming horizontal homogeneity, the energy 
equation for a quasi-steady-state is, 

a -  l a  
az 2 az 

0 = - - (w/p*/eo*) - ~ - (wg(u’2 + v’2 + w’2)) 

I I1 
~ + w’e‘ - & 

111 I V  

where p’ is the pressure perturbation, u = 

(u’, of, w‘) is the velocity, Q = w T  is the 
buoyancy flux, and E is the viscous dissipa- 
tion function. It was possible to measure the 
orders of magnitude of the terms I1 to IV  of 
eq. (30) a t  one level ( z  = & cm) in the stable 
layer, and a t  one level ( z  = 4  cm) in the quasi- 
homogeneous layer. The first term (I) could 
not be measured, but it can be tentatively 
argued (Stewart, 1969) that I<II for the case 
considered. Then, I + 11 N I1 =_ TEF is the 
turbulent energy flux. I1 was measured from 
407 photographed displacements of non-buoyant 
tracers, a method that can however result in 
appreciable statistical errors. Thus, only rough 

estimates of orders of magnitude could be 
inferred. These data were also used to 
estimate IV, in the quasi-homogeneous layer 
only, from the equation (Batchelor, 1983), 

where ui is the r.m.8. velocity along the i axis, 
and I, is the characteristic size of the energy 
containing eddies, say, also, the integral length 
scale whose value was estimated from hot wire 
data by Thompson (1969). Because of the 
presence of the (weak) density stratification in 
the quasi-homogeneous layer, eq. (31) gave 
an upper bound to the actual value of E .  

Finally Q could be estimated from the equation 
for the conservation of buoyancy (neglecting 
molecular diffusion), 

!3+%=() 
at az 

as the first term in this equation was measured. 
It was then found that the buoyancy effects 

are, as expected from the results of section 5, 
small in the overall balance of energy in the 
quasi-homogeneous layers, where, 

TEF 2: E > Q  

On the other hand, the buoyancy effects are 
quite large in the stable layer, where it was 
found, 

BTEF - Q  

where, 

B- 1 

This latter result also agrees well with the data 
of Thompson (1969) who showed that, in eq. 
(13), 

A -  1 

When Ri was scaled with the genuine in- 
tegral length scale and r.m.8. velocity (meas- 
ured in a homogeneous fluid) of the turbulence 
in the quasi-homogeneous layer near the stable 
layer. 

At a boundary between the stable layer and 
the bottom-homogeneous layer, 

Q C,w*e* 
, ,  

Tellus XXVII (1975), 3 



TURBULENT ENTRAINMENT 267 

where w; and e; are the r.m.s. fluctuations in 
vertical velocity and buoyancy, and C, is the 
correlation coefficient. By symmetry, when 
both quasi-homogeneous layers are turbulent 
(case 11), there is no advection of turbulent 
kinetic energy from the upper quasi-homo- 
geneous layer to the lower one. Therefore, 
there is no interaction between the quasi- 
homogeneous layers across the thin stable 
layer in case 11. Obviously, in case I, there is 
no flux of energy from the upper quiescent 
homogeneous layer to the bottom turbulent 
quasi-homogeneous layer. Hence, there is no 
interaction between the qnasi-homogeneous 
layers across the thin stable layer in cases I 
and 11, and w;, & and C, are independent of 
what happens on the other side of the stable 
layer. Therefore, eq. (4) holds even though 
the characteristic motions in the stable layer 
are very different in case I from case I1 as is 
shown in Fig. 6. 

7. Summary 

An investigation was made of some properties 
of the entrainment rate across a stable density 
step structure, i.e. quasi-homogeneous layers 
of slightly different density separated by 
thin stable layers containing a strong density 
gradient. These systems are commonly observed 
in the oceanic thermocline structure, in the 
lower atmosphere, in temperature stratified 
lakes and reservoirs, and along turbidity cur- 
rents of fine sediment suspensions. 

The experiments were carried out in a tank 
identical to the one used by Turner (1968). 
Turbulence was generated by vertically oscil- 
lating grids and there was no mean velocity 
shear. The experiments were only carried out 
for large values of the stability parameters. 

The data suggest a systematic dependence 
of the non-dimensional entrainment rate on 
the Richardson and Prandtl numbers. The 
Reynolds and Peclet numbers do not intervene 
strongly a t  least for the range of high stability 
investigated. 

A determination was also made of the order 
of magnitude of the terms in the energy equa- 
tion of the system. It was found that, as 

expected, the vertical flux of turbulent kinetic 
energy in the quasi-homogeneous layers is 
of the same order of magnitude as the rate of 
viscous dissipation of kinetic energy and much 
larger than the production of potential energy 
(buoyancy flux). In  the stable layer, on the 
other hand, the buoyancy flux is an important 
sink of kinetic energy. It was possible to prove 
that the buoyancy flux across the surface of se- 
paration between a quasi-homogeneous layer 
and the stable layer, remained unchanged 
whether or not both quasi-homogeneous layers 
were stirred. The equality of these buoyancy 
fluxes was considered somewhat paradoxical in 
earlier studies. 

It was possible to determine experimentally 
the relation between the amplitude of the 
gravity waves in the stable layer and the 
Richardson number. It is believed that this 
relation indicates that the stable layer was 
convoluted primarily by large gravity wavea 
qualitatively similar to the waves at the 
sharp interface between two turbulent homo- 
geneous layers. Because the thickness of the 
stable layer was finite, the density stratifica- 
tion introduced a Briint-Vaisiilii time scale. 
This time scale was found to be the dominant 
time scale of the wave motions in the stable 
layer where mixing occurs by overturning of 
patches of stratified fluid involving charac- 
teristically & to # of the thickness of the stable 
layer. 

It was also possible to predict analytically 
and to verify experimentally the relation be- 
tween the weak density gradients in the quasi- 
homogeneous layers and the overall Richardson 
number. 
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