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ABSTRACT

The interaction of 3 point vortices, initially situated on the same circle of latitude on
the surface of a rotating sphere, is studied under the assumption that the deviation in
latitude is small. A linear stability analysis of the equilibrium motion is performed. The
purpose of this work is to simulate and understand the motion of anticyclones and
cyclones in the atmosphere: the results may help explain observed phenomena. Under
certain boundary conditions a linear analysis shows that a ring of sub-tropical anti-
cyclones is stable, however a ring of cyclones would be unstable. This result is due to
the variation of Coriolis force with latitude over the surface of a sphere. The *“#-plane”
effect induces a rotation of a ring of anticyclones, but opposing the direction of rota-
tion of a ring of cyclones. Unless the strength of the cyclonic vorticity is very strong,
this effect causes instability in the system of cyclones. The arguments show that in the
atmosphere an anticyclone system can exist at subtropical latitudes, whereas cyclonic
vorticity will be confined to the polar regions. These results agree with the observed

distribution of the major high and low pressure systems in the earth’s atmosphere.

Introduction

In an attempt to simulate the system of semi-
permanent sub-tropical high pressure areas
Stewart (1943) examined the fluid motions of
two-dimensional point vortices on a rotating
dise. More recently Morikawa & Swenson (1971)
studied the interaction of N rectilinear geo-
strophic (Bessel) vortices of equal strength y
initially distributed on the perimeter of a circle
with 8 single vortox of strength y, placed initi-
ally at the center of the circle. This configura-
tion models the ring of sub-tropical anticyclones
and the polar cyclonic vorticity. They per-
formed the linearized stability analysis of the
eigenvalue problem and a numerical computa-
tion of the non-linear motions in order to inter-
pret the stability results.

The intention of this present investigation is
to extend the above work to the case of inter-
acting vortices on a circle of latitude of a rotat-
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ing sphere. We will not include a polar vortex.
In spherical geometry, which is obviously the
most relevant to the atmosphere, the Coriolis
parameter is not constant but varies with lati-
tude. The effects of a non-constant Coriolis
force in a rotating fluid have been widely stud-
ied in a number of contexts. It is well known
(Greenspan, 1968a) that small deviations from
a constant of the Coriolis parameter can pro-
duce most marked effects in the fluid motion.
For example, the quasi-steady geostrophic
mode decomposes into an infinite set of Rossby,
or planetary waves. In this present investiga-
tion we find that the effect of a variable Corio-
lis force produces results distinct from those
obtained by the previous investigators who
considered the problem on a rotating disc. We
will use the *“‘8-plane” approximation to model
the variation in Coriolis force with latitude:
i.e., we approximate cos § by a linear variation
in 8. We will also assume that the latitudinal
deviation of the vortices from the initial circle
of latitude is small. In the appendix we com-
ment on the justification of such an approach.

Fig. 1 indicates that on the spherical earth
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Fig. 1

the two independent variables ¢ and 0 are the
longitude and co-latitude respectively of the
point z, k is a unit vector along the axis of
rotation, QF is the angular velocity vector of
the spherical earth, # is a unit azimuthal vector
at the point x. The orthonormal vectors (i, ]
k) are affixed to the rotating sphere with ¢ and
# in the equatorial plane of the sphere. We will
use ¢ and § to represent unit tangential vectors
in the ¢ and 6 directions.

Equations of motion and equilibrium

In this approach, as in the work of Stewart
(1943) and Morikawa & Swenson (1971), it is
assumed that the atmosphere can be treated
as a single layer of fluid of constant density in
which the effects of friction are neglected. This
layer is assumed to be shallow with respect to
both the radius of the earth and the lateral
scale of typical planetary motions.

The model equations governing the depth-
averaged tangential velocity vector Q are

o, V-HQ -0 (1)

at ‘

aQ . 1

a7+Q-VQ+2Q(:oss6er= ~--VP (2)
e

where Q = (l/H)j'é’ qgdr, and qy is the horizontal

component of velocity. H is the atmospheric
depth, Q cos 67 is the component of the Co-
riolis vector QF in the direction of the spherical
normal, and V denotes the surface gradient. A
reference to a fairly complete discussion of the
derivation of these equations is given in Green-
span (1968b). We will also assume that vertical
velocities are small so the pressure can be de-
termined from the hydrostatic equation.
Combining V x(2) with eq. (1) we can re-
place eq. (1) by the potential vorticity equation,

a|f+§&|
d?[?] -0 (3)

where the Coriolis parameter is given by f =2Q
cos 0, and & =7V x Q.

We will now assume that the solution (U,
V, H) can be expressed in a power series ex-
pansion in ¢ perturbed about the atmosphere
at rest, where ¢ is a small parameter that will
be the Rossby number of the flow. Hence,

(U’ V9 H) = (O! 0’ HO) +€(us v, h) +0(82)

where Q= U(;s + V6. To Ofe), eq. (2) in compo-

nent form becomes

ov g oh

C w0 4

ot uf a 20 )
oh

Ziupr -T2 ®)

v .
ot asinf a¢

and eq. (1) becomes

oh H, [(ov | au)
— +———|—=8nB+—) =0 (6)
ot asinf \a0 2¢

We note that eqs. (4) to (6) are Laplace’s tidal
equations which have been studied in detail by
Longuet-Higgins (1968) and to whose results
we will refer later.

In the case of stable motion of the geostrophic
vortices on a disc, Morikawa & Swenson (1971)
show that the N circle vortices deviate only
slightly from the equilibrium positions. In our
examination of the spherical problem we will
therfore make the following assumption: the
vortices initially lie on a circle of co-latitude 6,
making only small perturbations from this
circle.

We wish to consider motion where the *‘f-
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plane’’ effect is of order one with respect to
the velocity field induced by the vortices. We
will therfore assume that the latitudinal width
of the band in which the vortiees move and the
wind speed are of the same order of magnitude.
The Rossby number ¢ is the order of the per-
turbation from the initial state of rest, hence
the latitudinal variation of Coriolis force will
also be 0(e).

We will now investigate motion ‘within this
band by writing,
0 =6, +y where -e<y<e¢
Within this band the Coriolis parameter f =2Q
cos 8 can be approximated by

f=fothy

where f, =2Q cos 6y, f, = —2Q sin 0,.

We have, in effect, made the classical g-
plane approximation by allowing the Coriolis
parameter to vary with latitude in such a way
that the northward derivative is constant.

We are primarily interested in oscillations of
very long period, thus we will consider motions
on a long-time séale by writing

et =1

Eqgs. (4) and/ (5) ﬁhen yield the relations

g oh g oh

U= — V= - (7)
af 80’ a sin 6f a4

Thus the vorticity to 0(¢) becomes £=¢f,, with

& =F-Vx (u.;, vf)
=,

= V% (8)

f

where

e A 1 2

o’ sin’9 24" o’ 90 ' sin6 cos6 20

Dxpa.ndmg the potential vortlclty eq. (3) in
powers of ¢ gives, with q =ug +vf,

b fotrfry+eb+...
Zhqev) | e
6(31 1 ) [ H,+eh+..
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Thus
4 _f_h =0 9
&l H, e+e£,+f1y+ (9)

We have assumed that -e<y<g, thus within
the strip the term f, y is 0(¢). Hence to the firat
order‘ eq: (9) becomes

d fo 9 =
-2+ Ty - 10
d-:[ m VY (9
where f=f,/¢ and within the band
— 1 % 1.8 1 . 8k
Xy s at At T
a’ 8in’f, 34° o’ 8y" o’ sing, cosO oy

We will now use eq. (10), which represents
to the first order the conservation of potential
vorticity, to study the interaction between the
vortices in the ring of sub-tropieal anticyclones.
We will neglect the interaction between the
northern and southern hemispheres and for the
present we will also neglect the effects of the
polar cyclonic vorticity. In the northern hemi-
sphere the Pacific and Atlantic high pressure
regions are well defined and there is ev1deqce
of a third system over India equidistant from
the other two. In the southern hemisphere
there are also three such systems, We will
therefore consider the interaction of 3 vortices
initially on the same circle of co-latitude 6.

We will first determine the solution to eq.
(10) with a single point vortex at ¢ =¢,, ¥y =0.
We consider

1 2h 18 1 oh
Sa K pusrasraoslbie 2l
a’ sin’, 24> o’ ay a cosf, sinf, oy

+ﬁ~f°y=0 (11)
g
whera .
2

L

9H,’

together with the condition that there exists a
simple point vortex at ¢=¢,, y=0[i.e. 8=0,].

In this equation the variables are separated
in the following way:

=Aly, ¢)+ B(y)

f
W

h(y, ¢)
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where
1 94 1284 1 oA
Sy Tt v
a'sin'f, 3¢ a 3y  a cosb,sind, oy
-a'A=0 (12)
and A has a vortex singularity at (0, ¢,), and

1 &’B 1 aB
a 63/’l

- o’B+ %°y=0 (13)

a* cos 8, sin 6, J
The solution of (13) is given by

Bly)=c. &£9"PW | o (@D

f 1
+ﬂ—°. Y+ 33— — (14)
ga a'a cosh, sinf,

where

2 2 2,1/2
= g=(p taa
P g cos 0, sin 6, 7=l )

We now seek the solution to eq. (12) that
represents a vortex at (0, ¢,). We expect this
solution to be a function of the distance from
the center of the vortex (0, ¢,). Since we are
restricting our consideration to the narrow
strip —e <y <g¢, the distance of a point (y, ¢)
from the vortex centered at (0, ¢,) is approxi-
mately given by

r = a (sin? Bo($ — $o)* +y?)?
We will therefore rewrite (12) in the form

1o 24 134 1 Y|
St St g———— — - a'4=0
reor or r oy  a cosf,sinf, oy

(15)

where sin y =ay/r.
Seeking the vortex solution we consider an
expansion for 4 of the form A = Z%_, y"4,(r).
Substituting this representation into eq. (15)
and collecting terms in y gives,

16 84, . A, 24,
Cr T T XAy Ty Ty T T e
ror or a cosf,sinf, a
b 1o 24 +1)A4
net ror or a’ cosf, sin 6,

(n+2) (n+l)Anw R 1

3 A

a cos §, sin 6,

(16)

The following vortex solution representing
to O(¢) flow in circles around the origin and de-
caying at infinity is derived from,

1o 24
- —r—-44,=0
r ar eor

hence
A= — 21 K, (ar)
7T

where K, is the modified Bessel function of
the second kind (Stewart, 1943; Morikawa &
Swenson, 1971).

The functions A,(r) and A,(r) are required
by the boundary conditions to be identically
zero, and the functions A,(r) are determined
successively in terms of Ay(r) by setting the
bracketed coefficient of each power of y to
zero.

Hence

32
¥ ya aK, (ar)
Ay, ¢)= — | K, =
. ¢) 2n[ olor) 3! cosf,sinf,r
B y'alaK (ar)
4!(cos 8, 8in 6,)%r

y"’a'a K, (ar)
5!(cos B, sin6,)°

a’ . .
x |1+ — (cosf, 8inf,) | + ...
7

Here y represents the strength of the vortex,
with y positive corresponding to a counter-
clockwise rotating vortex, i.e. a cyclone or low
pressure center. In this context y has the di-
mensions of length.

It can be shown (Courant Institute report)
that this function A(y, ¢) has the correct loga-
rithmic singularity at the origin r =0, and de-
cays away from the origin.

The solution we have obtained for the flow
on the sphere generated by a simple vortex at

Tellus XXVII (1975), 1



INTERACTION OF VORTICES IN A FLUID ON THE SURFACE OF A ROTATING SPHERE 19

(0, ¢,) is only valid within the strip —& <y <e.
We therefore note that as r becomes large, i.e.
r =0(a) the successive terms in the expansion
for A(y, ¢) decay as increasing powers of &.
Thus within the narrow band -e<y <e¢ the
funection A(y, ¢) is given by

Ay, ¢)= - %z K, (ar) + 0()

Hence the perturbation height h(y, ¢) is given
by,

h(y, $) = — %, Ky(ar) + By) + 0(c%)

where B(y) is defined by eq. (14). And the
velocity components for the motion generated
by a vortex centered at (0, ¢,) are given by the
geostrophic relations

g oh g oh

= v
af, &y’ af, sin 6, 2

We can now consider the problem of 3 inter-
acting vortices of equal strength initially on
the same subtropical circle of co-latitude 6,.
The velocity components of the center of the
ith vortex, considered as a point under the
action of the other two vortices, are given by

a oB
_1] + (83)
yi oYy

g ra 2
— o —rt 0
af, sin 6, 2n ’Z, K, (ary,)- “a¢ Tix (8 )
k=i

Uy = 50 [2.71 kle (ary) -a—

vi= —

where

ry = a (8in? By(d; — )2 + (v, —y,)?)?

Now within the strip —& <y <e¢ the distance
ry between the ith and kth vortices is approxi-
mated to O(e?) by the distance around the circle

of latitude, thus

T =@ sin O, |4, — gy

We have, of course, assumed in making this
approximation that the vortices are so spaced
that their distance apart is greater than O(e).
Thus to our order of accuracy the velocity com-
ponents of the center of the ith vortex are ap-
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proximately given by

3

g Y

af, 8inb, 27 2y
kxd

o= —

[K (xa 8in 6| $; - ¢ ]) - @a 8in 6, — 2, | ¢h|]

1n
and from eq. (14)
u= [9 A, 9P 4 e~(a+p)u¢+ﬂfo:|
af, go
+ T a—
afo 2”1':2 aK (ml¢l iﬁk'Slnﬂ)
ket
Yi— Y
xal|;— cos G, + LI LS
é1 ¢k|[ o I¢‘_¢kI281n90]
(18)

where the constants A, =(q -p)C, and A_=
— (g +p)C_, will be determined by the boundary
conditions on the velocity field. We note that
the first bracketed expression in (18) represents
the contribution to the east—west velocity from
the “‘f-plane” effect. The second bracketed ex-
pression represents the contribution from the
north-south vortex interaction which will be
small unless we approach the pole and the sin
0, singularity becomes important.

From eqs. (17) and (18) we see that for three
vortices of the same strength y, equally spaced
on a circle of latitude, the vortices move around
the circle with uniform angular velocity w.
For this equilibrium configuration, the vortices
satisfy the following conditions:

y=0 v;=0

2ni

$i=owl + 3 ;= a 8in §,, constant.

From eq. (18), the velocity

u=asinf, —i[A++A +ﬁ/°]
af,

where the term (f/aa®) = —(2Q/a*at)a sin 8, is
the contribution due to the Rossby wave phase



20 SUSAN FRIEDLANDER

speed. We note that as expected the ‘‘g-plane’
effect produces a veloecity component towards
the west. This opposes the direction of rotation
of a ring of cyclones and will cause instability
in such a configuration.

Linear stability analysis

We will now make a perturbation expansion
of the position vector (y,, ¢;) about the equi-
librium solution. The linearized equations of
motion are obtained in the usual way consider-
ing eqs. (17) and (18) as differential equations
for §; and ¢;. The motion of the ith vortex in
terms of the perturbation parameter § is de-
scribed by,

=8y§” + 0(8%) 4= 04" + 0(67)

g
$i= b+ %ﬁ + ¢+ 0(8")  $=w+04+0

Substituting in eqgs. (17) and (18) and retaining
only first-order terms in § yields six simultane-
ous differential equations for the displacements.
The resulting linear differential equations for
(¥ 45°) with constant ecoefficients are,

a sinf, ¢,(”— of lg-p) A, -(g+p) A 1yf"

-5 -1 - F(eo) wa cosyy®  (19)
fok'=1
k1
g 7 <
ay‘”-7 P F(O)[¢‘“~¢SP] (20)

Ic=
ki

where

27 2n . 2n 2
F . (0,)=aa— 3 K; aa3 sin 6, -aza? cos’0,

2n . 9
+K (aza 3 smo) (sm@o - (27)" sin 00)]

and
22 . A 2m
F,(0,)=a'a sinf, K, aag sin §,

Adding the three equations in each of the

gets (19) and (20) gives

a sinf, Z¢(1) (— [lg-p)A.

o, (q+?)A,,]

1)

3
— wa cos 00) 2y
=1

(22)

These results illustrate that the impulse of a
system having no external forces remains con-
stant. We observe that if the displacements are
chosen so that =%, yﬁ” =0 initially, then from
(21) and (22) both i, " and Zf_, ¢:® will
remain constant. From symmetry conditions,
the displacement in each normal mode must be

of the form

271 2nn
Yo' ~ex p[ 3 ]y‘”, ¢ =ex p[ 3 ]rﬁ“’

where n =1, 2, 3 and in this context 7 = V -1.

Substituting in egs. (19) and (20) gives two
simultaneous equations for the perturbations
y® and ¢,

. g
a sin 6, ¢ = af g-p) A, —(g+p)A_1y™
0

39 v ~F(009"
afy 2

—wa cos,y'" —
(23)

39
ay‘(l) = 2

F 6,) ¢
ot 2 2(00) ¢

(24)

Performing the usual exponential stability
analysis, we assume that the amplitudes R
and y® vary with time as ¢*. From eqs. (23)
and (24), we then obtain the expression for A?
as

3
2= gf 7F(o)[<q~p>A+—<q+p>Aﬁ
0

%y fo

F.(0,) - w cos()] (25)
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Thus in the case of 3 vortices, the expression
for A* is real and the linear stability criteria
depends on the sign of 2.

We note that F,(6,) is positive, thus the sign
of

3y fow ]
iy W(8) - ——cos@
2 g

y[(q—p)fh ~(g+p)d_

(26)

determines linear stability. When expression
(26) is negative, the eigenvalues are imaginary
and the configuration is linearly stable. When
(26) is positive, we have exponential growth
with time and the configuration is linearly un-
stable.

We will now evaluate the constants 4, and
A_ in the case of several physically plausible
boundary conditions, and thus determine the
sign of expression (26).

Condition 1

It is known that the effect of the polar cyc-
lonic vorticity on the sub-tropical ring of anti-
cyclones is to fix the vortices in a stationary
position relative to the rotating earth. In order
to simulate this effect, we will impose the
boundary condition on the east—west component
of the velocity field, namely that the angular
veloeity with which the vortices rotate around
the circle of latitude is zero. Hence,

wasin60=—‘(;[A++A +gﬂ]=0 (27)
ajy

(+4

As the further determining boundary condition,
we will model the circular structure of the vor-
tices by writing u(¢) = —u( —¢). In other words,
the speeds are numerically equal but opposite
in sign at the edges of the band. From the ex-
pression for the velocity at a regular point,
this second boundary condition, to first order,
becomes

‘4+ e(qu)e_*_A_ e~(0+l7)8 + f"_/f
goo

- I:A*’ e—(a—p)e+A_ e(<1+D)ls 4 f_o_é] (28)
go

Eqgs. (27) and (28) determine the constants 4,

Tellus XXVII (1975), 1

and A_, and thus expression (26) for the
stability criteria can be evaluated. Substitut-
ing for p and ¢ from (14), the a.pprox1mate
evaluation of (26) is

[49201,’ cos’ f, sin® 00
p| —— T

-bpwq
g

(29

We note that the first term in expression
(28) is the contribution from the “f-plane”
effect, and the second term is due to the north-
south vortex interaction: Hence; if we neglect
the variation is Coriolis force with latitude, the
stability criteria becomes

A? proportional to —y?

and we obtain again the results of Stewart
(1943) and Morikawa & Swenson (1971) who
found that for 3 vortices the system was line-
arly stable for both cyclones and anticyclones.

However when we include the f-plane effect,
expression (28) shows that a system of anti-
cyclones where y is negative will always be
linearly stable; but for weak cyclones where y
is small and positive, the sign of A2 will be po-
sitive, implying linear instability. A system of
eyclones will be unstable when

22Qa cos, sin’ 0, VHO/g >y (30)
z cos’ 0, Ko(z) + K,(2) (1 - (3/2n)°)

where

2
z= laasmo
3

and

=20 cos@o/l/gHo.

Estimating the order of magnitude of these
terms at subtropical latitudes where 6, =60°,
we find that the left hand side of the inequality
(30) is an order of magnitude larger than an
estimate for the strength of a Pacific or Azores
vortex (Stewart, 1943). Thus we have shown
that at subtropical latitudes a system of cy-
clones would be unstable. This instability is
caused by the latitudinal shear in Coriolis force
and the resulting interaction of the Rossby
wave with the vortex motion.

Further inspection of the inequality (30)
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shows that as 6,0, i.e., for polar latitudes,
the left hand side becomes rapidly smaller.
Thus at polar latitudes, the cyclone system
would be stable even for weak vortices where y
is small. This result is to be expected, since it
reflects the fact that at polar latitudes the
“B-plane’’ effect is weak, and the strong north—
south vortex interaction contributes to the
stability of the cyclone system.

In conclusion, our analysis leads us to ex-
pect quasi-steady systems of anticyclones at
subtropical latitudes and no equivalent system
of cyclones. The major low pressure systems in
the atmosphere will be confined to polar lati-
tudes where the gradient of Coriolis force is
small. In these regions the vortex interaction
will overcome the destabilising ‘“‘f-plane’ ef-
fect; and the cyclone configuration need not be
destroyed by instability.

Further boundary conditions

We have also determined the sign of the
stability criteria given by expression (26) in the
case of several other boundary conditions (Cour-
ant Institute Report). Allowing the vortices to
precess around the circle of latitude with a
constant angular velocity w, once again gives
the result that only an anticyclone system is
stable at subtropical latitudes. Here w is posi-
tive for cyclones and negative for anticyclones.
Similarly, if we model the decaying structure
of the vortices by considering the boundary
condition where the veloeity is set to zero at
the edge of the strip, we find that the *g-
plane” term causes an instability in a system
of cyclones.

Additional vortices

The above arguments are valid in the case
of 3 vortices. If we were to consider N vortices
centered on the circle of colatitude 6,, certain
terms in the stability criteria could change sign.
The equivalent expression for F,(8,) becomes

27 aa

ad 2 2
N sin()o[z cos 00K0(2)+K1(z)(1—(N/2n) )] (31)

where

2n

2=y e sin 6,.

We observe that when N <6 the coefficient

of K,(z) is positive and the function F,(6,) re-
mains positive. Thus the stability arguments
are the same for 2 <N <6. However, when
N =7, we find that F,(0,) becomes negative in
the limits §,—0 and 8,—>=/2. From the stability
criteria (29) it then follows that a system of
cyclones would be unstable, and a system of
strong anticyclones would also be unstable at
these latitudes. In the case of many vortices,
the term —(N/2n)2K,(z) will dominate the
function F,(8,) for all values of 6, and the ap-
proximate stability criteria becomes

2 X2 2
y n00(1\7/27:)1{1(2).

si

Thus the configuration of many cyclones or
many anticyclones will be unstable at all lati-
tudes.

These results conform with the linear stabil-
ity conclusions of Morikawa & Swenson (1971).

Conclusion

We have investigated the ‘“f-plane’ effect in
the context of a latitudinal ring of vortices on
the surface of a rotating sphere. Under the as-
sumption that the vortices are confined to a
strip about the initial circle of latitude, we can
obtain explicit expressions for the motion of
the vortices. The effect of the variation of
Coriolis force with latitude is to cause a pre-
cession of the vortices towards the west. At
subtropical latitudes, this effect is sufficiently
strong to induce an instability in a ring of
cyclones, whereas the effect enhances the sta-
bility of a ring of anticyclones. Our results
show that the quasi-steady ring of high pres-
sure systems in the atmosphere will be stable,
and that the major low pressure areas will be
found in polar latitudes.

In the appendix, we comment on the plausi-
bility of the “strip’’ assumption.

Appendix

The assumption that the vortices do not
move far from the initial circle of latitude en-
abled us to obtain simple and explicit solutions
to the problem. We now give reasons why this
assumption is plausible.

Tellus XXVII (1975), 1
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In their work on the planar equivalent to
this problem Morikawa & Swenson (1971) found
that, even in a non-linear analysis, for a wide
range of values of the parameters, the circle
vortices deviated only slightly from the initial
circle. This leads us to expect a similar result
will hold in the spherical geometry.

As we previously mentioned Laplace’s tidal
equations (eqs. (4) to (6)) have been studied in
detail by Longuet-Higgins (1964). In his paper,
Planetary waves on a rotating sphere, he con-
siders the problem of Rossby waves on the
surface of a rotating sphere when the upper
surface is rigid hence the motion is divergence
free. He compares the results obtained through
a ‘“f-plane”’ analysis and the solutions to the
spherical problem where the curvature is fully
taken into account. He finds that in most
regions the results are very similar, thus
justifying the §-plane approximation.

The fundamental solution for the stream
function of the motion on a sphere is given by
the spherical harmonic

p = P5, (cos §)'**

By examining the asymptotic form of this
spherical harmonic as n—>oo, and for different
values of the ratio s/n, Longuet-Higgins shows
that for 0 <s/n <1 the character of the solution
depends upon whether

8 -
sin@=— =sinf
n

When sin 0 >s/n, i.e. § <0 <z —§, the solution
w is oscillatory in the 6 direction and approxi-
mately satisfies the local f-plane equations.
However when sin 8 <s/n it is found that the
function is no longer oscillatory. Hence for each
value of s/n the Rossby waves are effectively
trapped within a latitudinal band.

The equation for the stream function for the
motion of fluid on a rotating sphere with a
rigid surface is

14

—Vp+2Q %_ 0

at 2¢

Considering now the solution of this equation
when there exists a point vortex at (6,, ¢,) we
can verify that
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p=Q, [cos 6cosé,

+8in 0 sin 6 + !
ind s - [l
no sinf, cos | ¢ — ¢, nr 1)

Hence y can be represented in the following
form (see Bateman manuscript, Higher Tran-
scendental Functions, Vol. I).

yp=P,(cosf,) Q,(cosb,)

m=1

9 z _(n—m)!

o (n+m)!

P} (cosB,) @7 (cos §)

.20 )
xcosm| ¢ — —
¢~ % nn+1)

Thus the asymptotic form of y as n—oco is
given by

lim ¢ oo lim P}(cosf,) x lim Q7 (cos 6)

n—»a0 n—»w n-—»a0

Repeating the analysis of Longuet-Higgins we
find that the solution is that of undamped

oscillation in the 8 direction only when 6 and
0, both satisfy,

. m .
sinf,>— = sind,
n

. m .
sinf>— = sin f.
n

Thus for values of m such that lim (m/n) <sin
6, we have Rossby waves trapped in a latitu-
dinal band that includes the circle of latitude
of the point vortex.

In a further paper, Longuet-Higgins (1968)
treats the divergent set of Laplace’s tidal
equations (see egs. (4) to (6)) and obtains the
eigenfunctions for these equations on a sphere.
For certain parameter ranges the solutions
again show that the energy is trapped in an
equatorial band. The eigenfunctions for this
problem are harder to analyze than the Le-
gendre polynomials that describe the stream
function for the non-divergent problem. How-
ever we would again expect trapping of energy
in a latitudinal band, containing the circle of
latitude of the vortex, when a vortex is intro-
duced.
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We feel that the results of Longuet-Higgins
justify the use of the g-plane approximation to
account for spherical curvature. We should
note however that his results indicate that the
approximation may not be valid at the bound-
aries of the strip. The results also suggest that
restricting the motion of the vortices to a lati-
tudinal band is a reasonable assumption.
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B3AUMOJENCTBHUE B }KUJTKOCTHU HA IIOBEPXHOCTU BPAIMAIOHIENCA COEPLI

Nayuaerca B3auMopeiicTBMe TpexX TOYEUHBIX
BUXpell, BHAUAJe PACMOJOMEHHBIX HA OJHOM U
TOM 3He Kpyre ILIMpPOTHl HA NMOBEPXHOCTU Bpa-
niaouletica chepsl B Npealoo;HeHUH, YTO OT-
KJIOHEHUfl N0 ILIKMPOTe MAaJbi. AHAJIuU3UpyeTcA
JIKMHeltHaA YCTOWYMBOCTL paBHOBECHOTO [BU-
wenus. llens Hacroswe# paGorH — mpomoje-
JINPOBaTh M TOHATH JBMKEHUE AHTHIMKIOHOB
U HUKJIOHOB B armocdepe: pe3ylibTaThl MOTYT
noMoys O0BACHEHNI HAOII0ZaeMHX ABJIEHUM.
JIuHeliHBIl aHAJIU3 NOKA3BIBAET, YTO NpH He-
KOTOPHX TpPaHMYHBEIX YCIOBUAX Iemoyka Cy6-
TpOIIM‘IeCKI/IX AHTUIUKJJIOHOB yCTO]‘r'lllMBa, TOTZAa
KAK KOJbI0O NUKIOHOB MOMeT ObLTh HeyCTOH-
YNBO. OTOT Pe3YJbTAT SABJIAETCA CIEXCTBUEM

usmeHeHnAa cuan Kopmoauca ¢ mupotoii Ha
MOBEPXHOCTU cephbl. DPPerT S-NTOCKOCTH MpPU-
BOJUT K BpalleHUI0 KOJbIA AHTHIUKIOHOB,
B HANpaBJIEHMH, NPOTUBOIOJOMHOM BpallleHUIO
KOJIblla UMKIOHOB. [l0Ka MHTEHCUBHOCTL IUKJIO-
HUYECKUX BUXpell BeluKa, 9ToT 3dPeKT npuBo-
AUT K HeyCTOWYUBOCTH CHCTEMEI IIUKJIOHOB. OTH
coo0pakeHMs IOKA3HIBAIT, 4YTO B armocdepe
AHTHIMKJIOHMYECKAA CUCTEMAa MOMET CYIeCTBO-
BaTh B CyOTpONMYECKMX IIMPOTAX, TOrja Kak
OUKJIOHWYECKNE BUXPH OTpPaHMYeHH TOJAp-
HBIMM palioHamu. Pe3syapTaTel COrJIacyoTCA C
HaGmogaeMHIM B 3eMHOIl atmocdepe pacmpene-
JIeHVeM KpPYIIHBIX CHCTEM BBHICOKOTO M HU3KOrO
ITABIEHUHA.
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