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ABSTRACT

A constant mean thermal gradient is present in a fluid which is assumed incompressible,
except for the buoyancy force. The latter couples the momentum equation for the
velocity fluctuations to the heat equation for the thermal fluctuations. A single-cascade
method, which decomposes a fluctuation into & macroscopic and a random part,
resolves in closing the correlation hierarchy, by degenerating a quadruple correlation
into a product of two double correlations of different ranks of randomness. The method
introduces a preferential pair-coupling between the modes of the quadruple correlation.
One of the double correlation appears in the form of an eddy viscosity. The determina-
tion of its spectral structure, or equivalently, the problem of the approach to equilib-
rium, involves a memory-chain of many relaxations. This requires the use of a repeated-
cascade. The memory-chain is cutoff on the basis of an isomeric distribution of spectrum
in all links of the chain. The solutions of the equations of balance, between the kinetic
energy and the potential energy of the thermal field, yield spectral laws k=2, k~1 and
k—5/3 in diverse subranges of the two energy spectra, and the k~7/3, k=5 laws for the co-

spectrum of heat flux.

I. Introduction

The turbulent motions in oceans and in
atmosphere have often to deal with the effects
of buoyancy. As a dynamical model, we con-
sider & momentum equation which, through the
buoyancy force, is coupled to an equation of
thermal fluctuations. Except for this buoyancy
force, the fluid is assumed incompressible, and
presents a constant mean thermal gradient in
the vertical direction. The sign of the thermal
gradient characterizes a stable or an instable
stratification.

It is well verified that the Kolmogoroff law
(Kolmogoroff, 1941) of turbulent spectrum is
valid in a neutral medium. The cascade transfer
across the spectrum is governed by the rate of
energy dissipation, and with the use of that
single parameter, the similarity method has
successfully derived the k-5/% law.

In a stratified medium, the spectral laws are
more complex. Experiments in atmosphere and
oceans have come up with diverse spectral laws
of powers —3, —1 and —5/3. It has generally
been believed that the —3 power law can be
attributed to a buoyancy subrange in a stable
stratification (Myrup, 1969; Benton & Kahn,

1 This work was sponsored by an ARPA grant moni-
tored by ONR.
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1958; Pinus et al., 1967; Shur, 1962; Pinus,
1963). Since the Brunt-Viisédla frequency N is
the parameter governing the buoyancy force, a
dimensional reasoning (Lumley, 1964, 1965;
Phillips, 1966) suggests a spectrum N2k-3.

The dimensional method does not analyse the
detailed dynamical processes of turbulence, and,
therefore, its results are ambiguous as to the
types of fluctuations (velocity or temperature),
and as to the types of stratification (stable or
unstable). In order to gain a more rational in-
sight into the dynamical processes, we shall
develop an analytic theory of turbulence in a
stratified medium. The difficulty of analytical
theories resides in the closure of correlation
hierarchy. The method of cascade decomposition,
developed by Tchen, has been able to break the
homogeneity of the quadruple correlation in in-
jecting a preferential pair-coupling between the
four modes, and hence to degenerate into a
product of two double correlations of different
ranks. This method has been successfully
applied to hydrodynamic turbulence (Tchen,
1973a) in a neutral fluid and to plasma turbu-
lence (Tchen, 1973b).

In the following, we propose to first apply the
method of single cascade to turbulence in a
stratified medium (Secs. II-IV). It will close
the hierarchy at the quadruple correlations.
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One degenerated double correlation will be in
the form of an eddy viscosity. The study of its
structure, and, more specifically, the problem
of the approach to equilibrium, involve a
memory-chain of many relaxation frequencies.
Its description will require the use of a repeated-
cascade, which decomposes the random motions
contributing to the eddy viscosity into many
sub-ranks. A cutoff of the memory-chain will be
made on the basis of an isomeric distribution of
spectrum in all links of the chain (Sec. V). A
system of equations, describing the balance be-
tween the kinetic energy and the potential
energy of the thermal field, will ensue, and will
be solved for the diverse subranges in a stably
and unstably stratified fluid (Secs. VI-1X).

II. Dynamical equations of a stratified
fluid

The fluctuations of velocity u, temperature 8,
and pressure p, in a stratified medium, are
governed by the following equations of motion
and heat conduction:

] 2 op 2
—+u—uy=——+ @V u;— gl la
Q(at 18.%',) 1 o, vy U — ogA, (la)
oufox; =0 (1b)
F 2 N
—+u;—)0=Bu;4+%xV 0 le
(at /ax,) Py byt (1e)

where v and x are the kinematic viscosity and
heat conductivity, respectively. The buoyancy
foree is in the x, direction, as indicated by the
unit vector 4; =(0, 0, 1), and is proportional to
the acceleration of gravity g. The variations of
density ¢ and temperature 7' from their static
values g, T, satisfy the following equation of
state

0 =00 —ag{T —T'y) (2)

where « is the coefficient of thermal expansion.
In a medium with an adverse temperature
gradient §, we can write

T =T, Bhz; +0 (3)

The Boussinesq approximation regards the
density as constant in all terms of (1) except in
the buoyancy term, simplifying (1a) to

P MtV +agh, 0 4)

g )y - »

at ]8.1,‘, i o, YV U+ agh, (

where

4

q_;+g(l+%“ﬁlsxs)llxj (5)
(1]

The system of equations (1b), (lc) and (4)
governs the three variables u; ¢ and 6, and
forms the fundamental framework describing
the turbulent motions in the stratified medium.
For the purpose of simplification of writing, we
introduce the Brunt-Viisila frequency N, as
defined by

N2= —afig (6)

where N is real in a stable stratification, i.c.
f <0, but becomes imaginary in an unstable
stratification, i.e. §>0. In the latter case, we
shall replace (6) by a new notation

M? - afg= -N® (7)

giving a real frequency M.

In order to balance the kinetic energy ju;
with the potential energy 4v2, which arises from
a thermal drift v by gravity, we introduce the
notations

v=agl/N (8)
and
v =ogl/M (9)

for a stable stratification and an unstable strati-
fication, respectively, according to the defini-
tion (7). Then we can rewrite (1¢) and (4) in the
form

du 2 2 o
bl P (‘— + u; _) = - A + Nok + 9V

dt ox;

(10a)
dv {o tZ}
—=|=+u—)v=—yNudy+xV's, p=1
dt (az ’az/)v PR ATV Y

(10b)
for a stable stratification, or
du, E} 0 o
—'= (- + uj—) w= - L Mot + 9V,
dt ot ox; ox;

(11a)

Tellus XXVII (1975), 1



CASCADE THEORY OF TURBULENCE IN A STRATIFIED MEDIUM 3

d_ L) o= —pMuay+av, p=-1
d \at 7 on, PRGLTRY S v
(11b)

for an unstable stratification.

The systems (10) and (11) differ by a change
of signs in the terms connected with p. In view
of the formal similarity of the two systems of
equations (10) and (11), it suffices to analyse
one of them, say the system (10) for a stable
stratification, and deduce the results for an
unstable stratification by simply changing y =1
into y = —1, and N into M.

III. Closure of the correlation hierarchy
by means of cascade decomposition

By using the method of the cascade theory of
turbulence, we can decompose
u=u® +u’, v =00 +’U’, q=q(0) +q’ (12)
Here the superscript (°) represents a macro-
scopic part contributing to the portion of the
spectrum of wavenumber up to k; a variable
with a prime represents a random part contrib-
uting to the portion of the spectrum of wave-
numbers larger than k. An ensemble average
{...>’", called “‘rank average’’, helps in separating
the two parts, e.g.

<y’ =u®, <’ =0 (13)
Other rank averages
.H%  with « =0, 1, ... (14)

will be introduced later.

By applying the average (13) to the system
(10), we obtain a new system governing the
macroscopic motions,

©
9 0

2+ uOv) u® - - Z o Ny,
ot ox,

14 ’
+oViuf” - — <uy uy>’ (15a)
ox;

1%
(a_t + u(o)V) o= - yNA, u§°)

0 ’
+ 2V’ — poy {ujv’y  (15b)
)

Tellus XX VII (1975), 1

satisfying the condition of continuity

V-aa® =0 (16)

The correlations <u; u;>’ and <u',v’>’ represent
the statistical effects of the random fluctuations
upon their macroscopic correspondents u‘® and
v, respectively. They are determined by the
rank equations for u’ and ¢, which can be
formally obtained by taking the difference
between (10) and (15) to be

9 ’
~—+u.v =—(w- -V u®
(at )ut ( ) ug

a s
+Noa - LVl (16a)
oy

9 '
(& +u- V) v=-—(u- V) ’U(o)- f’N}*ju] +%V2v,

(16 b)

By neglecting the self-damping terms - Vg’,
vV2u', xV2y’, and only keeping those terms
responsible for the exchange between u’, v’ and
u’, we approximate (16) to the Lagrangian
form

’

duy (0 ,

= (- V)u§” + No’'A, (L174a)
dv’ , (0) ’

7 = —{(w- -V)v" -yNiu (17b)

recognized as a generalization of the Langevin
equation, useful for the calculation of transport
properties from random fluctuations. Upon
integrating (17), we find

) rt t
ou ’
aa: fdt'us(t’)+N}.,f de'v(t’)

s JO 0

uy(t) = -

(18a)

av(o) & , t
v'(t) = . f dt'uy(¢’) —yNA, f deui(t’)  (18b)

sv 0 0

We have omitted the initial values in (18),
which do not contribute to the fluxes in ques-
tion:

Cal U «© ,
U =y N4 v () ()

Ty 0

(19a)



4 C. M. TCHEN

, | (o0®
{v'up’ = _"751(— + )’N"LS) (19b)
oz,
where
’ t(O) ’ ’
mes ™ f dv’Cuy(0) wy(v' ) K (@) 20)
0

is an eddy viscosity, or an eddy conductivity,
dependent on the damping factor K(z') origi-
nated from (16a) or (16b) involving v or x,
respectively. But in the present study, we
ignore this distinction by simply taking K =1.
Thus (20) reduces to

’ t(O) ’ ’
ns;—f dv’ (ug(0) us(7')> (21)

0

The turbulent motion was considered quasi-
stationary and homogeneous, so that
Cuglty) wjlty + 70" = Quglty) wjlty + )07 (22)
The upper limit ¢ was set equal to the time
scale of the macroscopic motion u'®.

We can remark that the fluxes (19) consist of
a gradient part and a non-gradient part, play-
ing the role of a force, similar to that in the
Onsager relation of molecular transport.

Upon differentiating the fluxes (19), we obtain
the expressions

a21'4/50)

a ’ ’ r
— Uy U = (23 a)
oy it Uj sy o, 67,
2 {0
1 ov
- U =gy —— (23b)
6.%', oxg 61',
which then transform (15) into
(0)
17 0
—+ u(o)-V) u(,-")s _9
at oxy
2 (0)
0 U
F NV 4 (w8 + ag) ——— 24 a
i ( sj 7}s!) o5 0%, ( )
(?_ +u®. V) o® — N, ul®
ot
. o®
+ (20gg + msg) ———— (24 b)
8 o,

where the statistical effects of the random
fluctuations are shown to shape the eddy
transport property 7);,.

Upon multiplying (24a) by u}, and taking the
rank average (...>°, we find the equation of
kinetic energy

1o
5 ;j <“(0)2>o - Nﬂ.)- <U(0)u(}0)>°
(0) (0)
’ /3ur ouy '\°
— (WOt i
W00+ 1)\ o, oy /

and, in a similar way, the equation of poten-
tial energy from (24b)

(25 a)

| N

P <v(0)2>0 - _ lej<v(°)u§°)>°

(0) ()

Jov'® avt\°

i )
8

(25b)
ox;

Here the condition of homogeneity of turbu-
lence permits to negect the terms

2

2 a g
= <u§0)u§0)u§0)> o <q(0)u§0)> o — <u(10)‘l> °
ox; ox; ox s 8%;
3 2
. <,U(0)‘A’u;0)>o , <’D(0)2> o,
ox; 05 0%;

1V. Transport functions and energy
balance

A. Transport functions
The evolution of the
governed by (25a),
transport functions:
(@) The cascade transport across the spectrum,
from small into large wavenumbers, is governed
by the transfer function

au(O) Bu(o)\o
T = ’-/ L 26
AP amj/ (26)

kinetic energy, as
involves the following

(b) The dissipation function
ey = v((auf”[ox,)%° (27)

governs the molecular dissipation of the kinetic
energy, and is most effective at large wave-
numbers.
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The evolution of the potential energy is
governed by their own transfer and dissipation
functions:

(0) A, (0\ o
Th= <a:7 a;’;]> (28)
and
9= x (W Vfax,)*>° (29)
The coupling function
A°=AY= —yNALOuPyo (30)

governs the coupling between the two spectra,
and operates at relatively low wavenumbers. It
involves a correlation of zeroth rank (w(® {0,
We shall first calculate its first rank <v’u;>’,
derived in (19b). Unlike the eddy flux in (23b),
the coupling function in a homogeneous turbu-
lence should be calculated from (19b) by retain-
ing the term of like rank and not the term under
a gradient 2v'®/ax, which would vanish after
an average <...>°. Thus we find

YNAKY upy = ~ N4 deng (31)
and hence

A = N1, A5 = Nings (32)
It has a corresponding random rank

A =N =A—A° (33)

where A without superscript denotes the global
average. The dissipation functions (27) and (29)
have their global averages too:

&, = v{(0u,fox;)*> =vR (34a)

&y =% (00[0x;))> =nd (34b)

However, the transfer functions have vanishing
global averages

Ty, =0, T5=0 (35)
B. Ewvolution of energies

In the notations (30), (32) and (34), we shall
write the energy equation (25) as follows:

1o
=== —yAe T~

36
2 ot %6e)
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1a
5 gt' WOy = Ao — Tf,' —Sg

(36b)
We conclude that in a stable stratification the
kinetic energy is stabilized and extracted to
increase the potential energy. The spectra dissi-
pate at the rates T4 and T5 by eddy motions,
and at the rates £ and &}, by molecular motions.

The evolution of spectral distributions in an
unstable stratification can be discussed from the
same energy equations (36), provided that we
take y = — 1, and replace N by M in A®, accord-
ing to (7). Thus we see that the effect of gravity
in an unstable stratification is to amplify both
the kinetic and potential energies.

C. Universal range

Spectral theories of turbulence usually deal
with the universal range, which occurs at large
wavenumbers, on account of its quasi-equilib-
rium state. In that state, the slow time varia-
tion of the spectrum takes place in the varia-
bility of the physical parameters, such as A,
&y, and &,. Under such a circumstance, we can
assume an equilibrium of macroscopic and glo-
bal ranks, and reduce the energy equations (36)
into the following equilibrium form

—pA Ty —&5, = —yA —¢, (37a)
A —T% —e) = A —¢, (37b)
or, identically,

—yA’+T?, +82¢=Eu (38a)
AN+ Ty +&) =¢, " (38b)

The system (38) can be written in a more
explicit form

~yN'nss+ (pa+v) B° =¢, (39a)
Nps+ (qu+x)J° =¢, (39b)
where
k
Re=(vu™>e~ 2f dk’k* F(k') (40a)
0
k
Jo= (Vo )Ho -2 f dk’k* G (k') (40b)
[}

are vorticity functions expressed in terms of the
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spectral distributions F and G of the kinetic and
potential energies, respectively.

On the basis of the parameters N, R, ¢,, &,, ¥
and x, we can formulate the following critical
wavenumbers

ks kpys kges £, } (41a)
KL’ KRN’ KR:-:’ Kex’ Knv

separating the various subranges of the stable
spectral distributions for the kinetic and poten-
tial energies, respectively. Here k, and K, are
the lower bound of the respectively universal
ranges. Corresponding wavenumbers exist in an
unstable stratification where N and R' are
changed into M. Thus we have

ky, kpg, kpger

Ly "M> VMg v } ( 4lb)
K;, Ky, Ky, K,,., K,,

for an unstable stratification. We defer the
determination of the eritical wavenumbers to
See. IX.

V. Repeated-Cascade as a memory-chain
for the derivation of eddy viscosity

The eddy viscosity is found in (21) to be the
time integration of the Lagrangian correlation
of wvelocities. For further investigating its
spectral composition, it is necessary to analyse
the underlying mechanism of degradation into
random fluctuations, which governs the way
that the transport property approaches to
equilibrium. To this end, we need to decompose
uw’ into subranks

w=u +u® + . +aM (42a)

as a component part of the complete sequence

u=u® +ut+ .+ (42b)

The wavenumbers k’, k”, ..., which are in-
dependent variables, serve to separate the ranks
u, u®, ... The corresponding rank averages
LD, LD, . will then sereen the ranks from
the sequence (42b), and derive from (17a) the
dynamical equation for the rank w‘v. The
method of derivation, which is similar to that
used for the derivation of (17a) and has been
elaborated by Tchen (1973a) will not be re-
peated here. We find

A0
— T - UPuP>y = — (0 - V)yu® + No®y,

X

1

(43)
where
Ay [a
d?i = o + (@4 u?) V] ug” (44)

is the Lagrangian time derivative of rank vari-
able u{".

Ve may note that the correlations
<uP(0) uf(x)>” = <up(0) uj(z)>
<U(0) uP(2)>” = <uy(0) wi(z))”, ... (45)

are related to the eddy viscosities of various
ranks

’ t© ’ ’
5= f v’ <uy(0) uy (')’

o

1 (1)
7= f dr” Cuy(0) uy (777, (46)

L]
Similarly, we find

dDp»
dt

+—wrup” = — (P - V) o —yNAuP
635

(47)

The following simplifications will be made:

(a) We note that the correlation {uy u})’ will
have a rank value of the zeroth rank, since it
represents the statistical effects of the random
fluctuation u’ upon u'®. A subsequent Lagrang-
ian integration of such time correlation
<u;(0)u;(1)>’ will further smooth its rank so
as to produce a transport property 17;, of rank
—1. For this reason, the composition of 7
should find no contribution from u!® and v»'®
of equations (43) and (47).

(b) The roles of the random fluctuations
u;' u;', u;v’ upon u'? and v¥ in (43) and (47) are
analogous to the roles of the random fluctuations
ujuj, ujv’ upon u® and v in (15). Therefore
we can write

2 1
. ous?

2 o,
= —ugupd" =1y
ox;

(484a)
0T, ex,

Tellus XXVII (1975), 1
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48Db)

in analogy with (23a) and (23b).

(c) The system of equations {43) and (47) can
be regarded as a generalization of the Langevin
equation, with d'V/dt as the Lagrangian time
derivative, as mentioned by (44). The right hand
members of (43) and (47) can be treated as
noise functions, which may form correlations on
their own, so as to damp <u§P(0)u$(x)>’

With the use of the above mmphflcatlons, we
reduce (43) and (47) to the following Fourier form

(49a)

d®
(717 + w,,) uP(t, k) = N2, vV (2, k)

d(l) ,
(TJZ + wk) v, k) = - yNA P, k), p=1

{49Db)

for a stable stratification, and

AL
(E + wk) ui? = Mo (60a)

a® (1)
(d—t+wk)'v =0 (50b)
for an unstable stratification. Here
wie=ky ky iy (51a)
or
wp=lykynly s (51 b)

is an eddy relaxation frequency.

It is not difficult to solve for u'¥ by an elimina.-
tion of v"' between (49a) and (49b), and hence
to calculate the eddy viscosity 17;,, as defined
by (21) and (45). We shall omit the details of
the calculations, and write for the vertical
transport

p< | uga(k) |7

7
D

’

() = (52)

where

=1 +(N/wi)?]-1, stable stratification 53)
=1, unstable stratification (
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is a damping factor in the vertical transport,
and is absent in the horizontal transport. For
the horizontal transport we have

(k) = naa(k) = <urp’ [y, (54)

When we sum over the wavenumbers, we
find

, (] F ’ 0 Fk
ma=2f a® aa’(lc)EcJ " TE) i
k Wy k wk
, © F (& o F(k
7711=2f dk’i(,—)sclf dk’ —— ) (55b)
k @ k wk

where F,,, F,, and F,, are the spectrum of the
kinetic energy in the three components, and F
is their sum. The fractional coefficients ¢, and
¢; are left somewhat undermined, as they will
require a more precise model of the anisotropic
distribution of the kinetic energy.

" The above considerations allow to perpetuate
the calculation for 17'1'1, obtaining

” 0 F(k”
m =01f k" — )

(56)

K’ (047

The sequence of equations (51) and (56)
describe evidently a chain of memories, with
relaxation frequencies g, Wk, ... of ever increas-
ing ranks. The simplest closure of the chain at
an early stage is to assume an isomeric behavior
in all links of the chain; this implies that the
spectral distribution, unspecified nevertheless,
is assumed to be common to all links. This
assumption approximates (51a) to an isotropie
relaxation frequency
w2 kY (57)
and hence reduces (55b) to the eddy viscosity
for the isotropic horizontal transport

L ©  Fk)
=ngu=¢ dk’ Wy (58)
yielding the solution
00 1/2
,']z= [261f dk,k/»ﬂF(kr)] (59)
k

It is to be noted that the eddy viscosity #s
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for the vertical transport remains to be given by
(55a), but its relaxation frequency w;c can now
be determined from (57) and (58) on account
of its governing large wavenumbers.

VI. Stabilization of the kinetic energy by
buoyancy in a stable stratification

A. Buoyancy subrange (k, <k <kgy for F,
K, <k <Kpy for G)

Here and in the following, we divide the sub-
ranges by the critical wavenumbers (41).

The kinetic energy is stabilized by the
buoyancy force, and is extracted to boost the
potential energy. This process of energy balance
can be described by (39), which is rewritten
approximately as

~N2ng + ROy ¢, (60a)

Nty +J07 =¢, (60b)

Since the exchange process occurs without
dissipations ¢, and ¢,, we shall take a differential
form of (60), which is

— N2y +7/ RO+’ RO =0 (61a)

Nijs 1/ J020 (61Db)
The potential energy spectrum, being the receiv-
ing spectrum, possesses a subrange of production.
In such an early stage of development in the &
space, its vorticity is not fully developed, and
therefore permits to assume J°~0 in (61b).

For the sake of abbreviation of writing we
introduce the notations

9 = RO/uN?, G =oF (62)
and transform (61) into
2
e+ —— —¢,1°=0
I-p
2
gt — =0 (63)
1-p

Here we have made use of definitions (565a) and
(55b) for 733 and %’

Since N is the driving frequency of the system,
we may approximate that the relaxation fre-
quency to be in a constant ratio to N. It follows

then that u, & and r°=r become constant. We
have
a =[(cy/e;)r — 1] = (e, 7/e5) ™t (64a)

-1
203

“=

From the definition (53) and {64b), we find
(@/N)2 = Jes(erfes)r =1~ 205°] > §r (65)

and from the definitions (57) and (59), we find

F=A,N*k-3 (66a)

G =aF (66b)

where

Ay = (csfey)(erfes)r ~ 1 —2c3‘]} 67)
=r

The approximations were made in (64), (65) and
(67) on the basis of
r>1 (68)

Under this condition, we can write the solutions
(66) as follows:

F =~ Rk-3 (69a)
G = (cyfc,) N2k=2 (69b)
The co-spectrum F,,, defined as
K
— Oy Pye = f dk’F (k') (70)
]

can be obtained from the relations (30) and (32),
rewritten as

~ <o @ ug?>0 = N-1A® = Nrjg, (11)

where A° is defined by (33). Upon differentia-
tion, we find

Fo, :(cs/‘N/w;c)F }

- (72)
> V2c:, R Nk-3

We conclude the following:

(a) The potential energy spectrum has a

production subrange, dependent on the driving

frequency N, as found in (69b), while the kinetic

Tellus XXVII (1975), 1
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energy spectrum, which is extracted by the
buoyaney force, is cascading down the spectrum
at a constant vorticity R, so that the buoyancy
subrange depends on R, as found in (69a).

(b) The co-spectrum, which plays the role of
a coupling between the two energy spectra,
depends on both R and N, as in (72).

(c¢) In order to maintain the flow of energy
from the kinetic energy spectrum toward the
potential energy spectrum, it is necessary to
have a difference of energy levels between the
two spectra, requiring R >N?, as consistent to
the underlying assumption (68).

B. Inertia transfer of the potential energy
under a buoyant eddy mizing
(ky <k <kgy for F, Kpy <k <Kp, for G)

In view of the large conductivity as compared
to the kinematic viscosity, the inertia subrange
of the potential energy spectrum may have
started when the kinetic energy spectrum still
remains in the buoyancy subrange.

With an eddy mixing in the buoyancy sub-
range (69a), the potential energy spectrum in
the inertia subrange is governed by
n'J® =g, (73)

With the substitution of (69a) into (59), we
find the solution

G =vyk? (74)
with

2\ ¢

1

C. Intermediate subranges governed by the
buoyancy and inertia forces
(kgy <k <kg for F, Kpy <k <Kj for Q)

The inertia subranges of the two spectra are
governed by the transfer funections, reducing
(60) to

W R=¢, (768)

nJo=¢, (76b)
The transfer function consists of an eddy
viscosity #” and a vorticity function R° or J°.
According to their definitions (59) and (40), 5’2
can be regarded as a k~* moment of the F
spectrum, and R° and J° as the k* moment of
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the F and @ spectra, respectively. In the inter-
mediate subrange, we can assume that the low
moment originates from the stabilization sub-
range of a spectral law (69a), and that the high
moments lie in the inertia subranges.

With the aid of the spectral law (6%9a), we
have

7 = (dey)'? Rk (77)
and transform (76) to

Re =2 k2

o) ™
Upon differentiation, we obtain

F=uik? (79a)
Q =vy k1 (79b)
with

wy = (2/e,) e,/ R'" (80)

and vy defined by (75).

VII. Production of energy in an unstable
stratification

A. Production subrange
(ky, <k <ky for F, K; <k <K, for G)

The energy balance in an unstable stratifica-
tion is described by a system of equations similar
to (39), with y= —1 and with a change of N
into M, according to (7). We have

A +(f +v)RO=¢, (81a)
A+ (g +x) 0 =g, (81b)
with

A =M uzd = M2y, (82a)
or

w0 uf” 0 = M g, (82b)

where R® and J° are defined by (40a) and
(40b), and n;, and 7" are defined by (55a), and
(59), respectively.

In the production subranges, the system (81)
reduces to
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M2y +7' RO =6, (83a)

Mg+ J% =, (83D)
The flow of energy across each spectrum can be
most conveniently demonstrated by a differen-
tial form of (83), which is

Mg +7' R =0 (84a)

M2y + 9 Jo =0 (84D)
where we have neglected 7’ R® and #)'J° in view
of the small values of vorticities in the produc-
tion subranges.

The system (84) yields the solution

F = (cyfcy) M2k—2 (85a)

G = (c3/c,) M2k-? (85b)
The co-spectrum F,, can be found by using

the definitions (70) and (71), and the solution

(85a). We obtain

F,, =-C,M*k3, O

= (203/cD)'" (86)
B. Inertia transfer of the potential energy
under @ mizing by eddy movements in the

production subrange
(kp <k <ky for F, Ky <k <Ky, for Q)

In view of the large conductivity » as com-
pared to the kinematic viscosity », the potential
energy may drop into its inertia subrange,
while the kinetic energy still remains in the
buoyancy subrange. The inertia subrange of
the potential energy has the following equation
of spectral balance:
n'J® =¢, (87)
where 7’ is calculated from (59), using the
spectrum of kinetic energy (85a) in the produec-
tion subrange, to be

o0 1/2
7= (2c1f dk’k"gF)
k

=(}¢,)" P ME? (88)

Upon differentiating J° from (87) and sub-
stituting (88) we find

G =0 k™!

where

v2 _ g 1/2fL
M Cy M

C. Intermediate subrange between the production
and inertia forces
(kyg <k <lkyppe for F, Ky <k <Ky, for Q)

The inertia subrange of the two spectra are
governed by their transfer functions in & system
of equations identical to (76). We treat the
eddy viscosity 7" as formed from the spectrum
in the production subrange to be (88), and the
vorticity functions, being of higher moments, as
formed from the inertia subranges of the
spectra. In a calculation similar to Subsec. VI C,
we find

(90)

F=ulyk™? (91a)
G=vy k™ (91b)
where

Wiy = (o) P2 (92)

M

and v, is defined by (90).

VIIIL. Inertia transfer and dissipations in
stable or unstable stratification

A. Inertia subrange (ky <k <k, for F,
Ky, <k <K,, for G)

The inertia subranges of the two spectra are
governed by the equations of energy balance
(76). We find the solutions

F =A%k, A, =(16/27c,)1 (93a)

G = Byeyeg k=53, B;=(16/27c,4,)'®  (93b)
The co-spectrum can be obtained from (71),
and we find
F,, =vyCe\ P Nk—3, O, =(4c, A,/3)"" (94)
with y =1, for a stable stratification. The result
(94) is also valid for an unstable stratification,
provided that N is changed into M andy = -1,
so that the co-spectrum becomes negative.

Tellus XXVII (1975), 1
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B. Dissipation subrange (k >k, for F, k>K,,
for G)

The dissipation subranges of the two spectra
are governed by the molecular dissipation of the
cascade transfer procssses, as described by the
following balance equations, obtained by neglect-
ing the coupling function in (39):

(n +v)R° =g,
(" +x)J® =¢,

(95a)
(95b)

Since a flow of energy from the inertia into the
dissipation describes the approach to the dissipa-
tion subrange, we rewrite (95) in the differential
form

'R+ (n +v)R°=0 (964a)
I+ () +2) T =0 (96b)
approximated to

# R+vR* =0 (97a)
' J + 30 =0 (97Db)
1

The approximate form (97) is obtained by
writing

oy b
nvv,nnu} (98)

Ro=pR, JoxJ

since large wavenumbers are involved.

The equations (97) yield the following solu-
tions
F =A,(Rv)*k,
G =B,(RJ[vx)E7,

Ay=2%¢,

—§ ,3/2
Bd =2 601

(99a)
(99b)

On aceount of (71) and (99a), we find the co-
spectrum

Fy, = —N".?;S

~yCyN(R»)k, (100)

Cy=2-7 cl}
With y =1, the result (100) is valid in a stable
stratification. The same result is valid for an
unstable stratification too, provided that N is
changed into M, and y = —1, so that the co-
spectrum becomes negative.

C. Dissipation of the potential energy with an
inertial mixing (kg, <k <k,, for F, Ky <
k<K, for G)

In view of the large conductivity » as com-
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pared to the kinematic viscosity », the spectrum
of potential energy may start its dissipation
subrange earlier (i.e. at smaller k) than the
kinetic energy. Thus, with an inertial value of
1’ given by

0 1/2
7= (201f dk'k’—“F)
k

= (3¢, 4,/4) %6’k (101)

according to (93a), we can rewrite (95b) as

Ev
Jo = — (102)
17 +x
and differentiate, to obtain
G- - 20 (e )iy (103)
(n’ +x)
and the solution
G=Cy(e\le,lx") 3, Cy=2"°37"c®  (104)

IX. Conclusions

A. Discusstons of results

We summarize the results of the spectral
distributions in a stable stratification in Table 1
for a stable stratification. The subranges of the
kinetic energy spectrum are: buoyancy, inertia
with buoyant mixing, inertia and dissipation,
separated by the critical wavenumbers

kpy = (RmN'/eu)ll“l
kRe = (Izala/eu)”2

kv = (Eu/va)ll{

(1058)

respectively. The subranges of the potential
energy spectrum are: buoyancy, inertia with
buoyant mixing, inertia, dissipation with inertia
mixing and dissipation, separated by the critical
wavenumbers

KRN — (RllﬁNg/ev)l’z
KRE = (Ral'/eu)ln
Ko = (g,/5%)"

Ky =[] (v)*]"*

(105b)
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Table 1. Spectral distributions of kinetic and potential energies and co-spectrum of heat flux

(stable stratification)

Kinetic energy spectrum F(k)
Subranges of ;
7. q & Buoyancy Inertia w. . Inertia Dissipation
(F.G) buoyancy mixing
krw kRe ky
2 -3
g F=Rk
S G=N%"’
2 o | Fon=RNE
&
sy o
8§ F=uhk™ F=P 0"
£ > O | 2 5 -1
g 3 ks G=vnk G=vy
s | 52 E g
-
S+
5 2 F=Rk _ ~1/3,~5/3
g g G=vyk" G=eveu 1/3, —17/3
& - 3 N Fo=Neyk
)
ol <
g1 S8 )
Sl 8% F=g k"
21| g H g G=eﬂ36,,x72k718/3
E§|lREE |
2 X
& M R\®
g r= (A) kh7
S !
R d
@ RJ
R PP
2 %
A NR _;
Fp=—k
v

The corresponding eritical wavenumbers for
an unstable stratification are

by = (M2e )P, Ky = (M3e,)'?
Fepge = (M3/e,)'?, Ky = (M?Je,)?

k,= (eu/"’a)luy Ky = [8u/(w‘)a/z]ll4

(105¢)

The buoyancy, inertia with buoyant mixing,
inertia and dissipation subranges follow the
spectral laws of powers —3, —1, —5/3and -7,
respectively, for both spectra. The spectral
laws from mixed subranges, e.g. a buoyancy
kinetic energy with an inertial potential energy,
and an inertial kinetic energy with a dissipative
potential energy, are also listed. In addition, the
co-spectrum F,, in the buoyancy inertia and

dissipation subranges predicts the power laws
-3, —7/3 and -5, respectively.

The spectral laws, as listed in Table 1 for a
stable stratification, are also valid for an un-
stable stratification, after a modification of para-
meters.

The buoyancy subranges which are character-
istic of the mixing by vertical motions assume a
— 3 power law for stable and unstable stratifica-
tions. However, in view of (68), the stable F
spectrum must be of a higher magnitude than
the unstable F spectrum, in order to perform a
flow of energy from the F spectrum into the G
spectrum in a stable stratification.

The subranges of inertia with a buoyant eddy
mixing predict a spectral law of —1 power for
both spectra. However, in a strongly stratified

Tellus XXVII (1975), 1
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medium which damps out severely the vertical
motions, the kinetic energy spectrum may be
mainly composed of horizontal components
which are not buoyant, and therefore will
assume an inertia law of —5/3. On the other
hand, the potential energy may have a dominant
transfer function

, / 8’0(0) 2\o
1733\( ox, ) /
with an eddy viscosity 7753 originated from the
vertical eddy motions which are subject to the

buoyancy force. Under such a circumstance, we
may expect the solutions

(106)

F=A 83k (107a)
and
G =vik? (107b)

B. Comparison with dimensional theories

The spectral law k—5/% of the kinetic energy, as
derived by the present cascade method in (93),
is in agreement with the similarity theory of
Kolmogoroff (1941).

In a stable stratification, the buoyancy law
F =Nz2f-3 (108)
has been proposed on the basis of a dimensional
analysis (Lumley, 1964; 1965; Phillips, 1966),
with N as a parameter. Since the dimensional

analysis does not introduce a detailed transport
process, it cannot make a distinction between a
stable and an unstable stratification. Based
upon the balance between the kinetic and poten-
tial energies, the present cascade theory derives
the power law k-2 in (69) but finds an internal
parameter R.

The k- law, as found in (79) and (91), cannot
rely upon simple dimensional considerations.

C. Comparison with experiments

A review of the experimental observations
has been given by Pinus et al. (1967). The kinetic
energy spectrum has been measured to follow
the k-3 and k-%2 laws in a stable medium and
neutral medium, respectively (Myrup, 1969).
The vertical motions have been measured
(Benton & Kahn, 1958). They start with a
spectral law k-3 in the buoyancy subrange, to
be followed by an inertia law £-5/3. On the other
hand, the horizontal motions seem to keep a
k-5 law. Kukharets and Tsvang (1969) have
measured a kinetic energy spectrum k-1, to-
gether with a co-spectrum k-"/%. Measurements
have shown that the co-spectrum changes its
sign by going from a stable stratification to an
unstable stratification (Zubkovskiy & Koprov,
1969). The temperature fluctuations have been
measured in oceans, and the spectral laws k-*
and k~%* have been found in the buoyancy
(Gastev & Shvachko, 1969) and inertia sub-
ranges (Galkin et al. 1971), respectively. Those
experimental results conform to some extent to
the predictions of the present theory.
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HACKAJIHAA TEOPUA TYPBEYJEHTHOCTU B CTPATUOUIIUPOBAHHOU CPEJE

IlocToAHHBI cpegHUll TepMMYeCKUH TpagueHT
NPUCYTCTBYET B MUAKOCTH, NPeRNOJoraeMoi
HECHHNMAEeMON, 3a MCKIOYeHueM JJIA CUJH
naasydectu. [locmenHsasa cBA3HIBaeT MOMEHTHOE
ypaBHeHHe I QIYKTYaluit CKOpOCTH C ypaBHe-
HMEM Temia JiJIA TeMNePaTypPHHX (IyKryanuil.
OgHOKacKagHHIN MeTox, pasgenawmuit Gayk-
Tyaluy¥ Ha MAKPOCKOIMHMYECKYI0 M CaydaiHyio
4acTH, I03BOJIAET 3aMKHYTh HMepPapXMI0 KOp-
pensAnMii NyTeM paclielieHuA KOoppeasluu
YeTBEProTo MOPAJKA Ha MNpOU3BeeHHe JBYyX
OBOWHHX KOppeaAuuii pasau4vHOro PaHra cuy-
YAHHOCTH. JTOT METOJ BBOJUT NpEUMYILIEeCTBEH-
Hble NMApHBIE KOPPeNALUY MEMHAy MOJaMH KOp-
peasanuit 4erseproro nopaAxka. OpHa u3 IBOH-

HBIX KOPPeJAUHil MOABNAETCA B BUJe BUXDPEBHO
Baskocru. OnpefeneHue ee CNeKTpaabHol CTpy K-
TYpPH HJIY, KBMBAJIEHTHO, npobaema npubim-
MEHMA K DaBHOBECHI0 BHKJIIOYAET LENOYKY
YPaBHeHMi [JIH MHOrMX pejakcauuit. ITo Tpe-
6yer MCHOAB30BAHUA HMOBTOPHOrO Kackajga. Pe-
JIAaKCAlMOHHAA LENmoYKa 00pHIBaeTCA Ha OCHOBE
npeanoioweHna 06 H30MEPHOM pacmpeiesieHnn
CIOeKTpa II0 BCeM B3BeHbAM Hemnu. Pemenus
YpaBHeHHNA GallaHCa MEHAY KUHETHYeCKON aHep-
rueit ¥ MOTeHHUANBLHON sHEpIrHell TepMUYecKOro
MOJIA [JAaeT CHeKTpajbHble 3aKOHH k=%, k! m
k—5/% B pa3JIMYHHX OOAHHTEpPBAIAX OOOUX
COEKTPOB 3HEPrdH M BaKOHH k~7% u k—% pun
KOCIeKTpa IOTOKA TelJa.
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