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ABSTRACT 

A constant mean thermal gradient is present in a fluid which is assumed incompressible, 
except for the buoyancy force. The latter couples the momentum equation for the 
velocity fluctuations to the heat equation for the thermal fluctuations. A single-cascade 
method, which decomposes a fluctuation into a macroscopic and a random part, 
resolves in closing the correlation hierarchy, by degenerating a quadruple correlation 
into a product of two double correlations of different ranks of randomness. The method 
introduces a preferential pair-coupling between the modes of the quadruple correlation. 
One of the double correlation appears in the form of an eddy viscosity. The determina- 
tion of its spectral structure, or equivalently, the problem of the approach to equilib- 
rium, involves a memory-chain of many relaxations. This requires the use of a repeated- 
cascade. The memory-chain is cutoff on the basis of an isomeric distribution of spectrum 
in all links of the chain. The solutions of the equations of balance, between the kinetic 
energy and the potential energy of the thermal field, yield spectral laws k3, k-' and 
k-6/3 in diverse subrenges of the two energy spectra, and the k-'ls, k-& laws for the co- 
spectrum of heat flux. 

I. Introduction 

The turbulent motions in oceans and in 
atmosphere have often to deal with the effects 
of buoyancy. As a dynamical model, we con- 
sider a momentum equation which, through the 
buoyancy force, is coupled to an equation of 
thermal fluctuations. Except for this buoyancy 
force, the fluid is assumed incompressible, and 
presents a constant mean thermal gradient in 
the vertical direction. The sign of the thermal 
gradient characterizes a stable or an instable 
stratification. 

It is well verified that the Kolmogoroff law 
(Kolmogoroff, 1941) of turbulent spectrum is 
valid in a neutral medium. The cascade transfer 
across the spectrum is governed by the rate of 
energy dissipation, and with the use of that 
single parameter, the similarity method has 
successfully derived the k-613 law. 

I n  a stratified medium, the spectral laws are 
more complex. Experiments in atmosphere and 
oceans have come up with diverse spectral laws 
of powers - 3, - 1 and - 5/3. It has generally 
been believed that the - 3  power law can be 
attributed to a buoyancy subrange in a stable 
stratification (Myrup, 1969; Benton t Kahn, 
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1958; Pinus et  al., 1967; Shur, 1962; Pinus, 
1963). Since the Brunt-VaisLla frequency N is 
the parameter governing the buoyancy force, a 
dimensional reasoning (Lumley, 1964, 1965; 
Phillips, 1966) suggests a spectrum N P k - 3 .  

The dimensional method does not analyse the 
detailed dynamical processes of turbulence, and, 
therefore, its results are ambiguous as to the 
types of fluctuations (velocity or temperature), 
and as to the types of stratification (stable or 
unstable). I n  order to gain a more rational in- 
sight into the dynamical processes, we shall 
develop an  analytic theory of turbulence in a 
stratified medium. The difficulty of analytical 
theories resides in the closure of correlation 
hierarchy. The method of cascade decomposition, 
developed by Tchen, has been able to break the 
homogeneity of the quadruple correlation in in- 
jecting a preferential pair-coupling between the 
four modes, and hence to degenerate into a 
product of two double correlations of different 
ranks. This method has been successfully 
applied to hydrodynamic turbulence (Tchen, 
1973a) in a neutral fluid and to plasma turbu- 
lence (Tchen, 1973b). 

I n  the following, we propose to first apply the 
method of single cascade to turbulence in a 
stratified medium (Secs. 11-IV). It will close 
the hierarchy at the quadruple correlations. 
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One degenerated double correlation will be in 
the form of an eddy viscosity. The study of its 
structure, and, more specifically, the problem 
of the approach to equilibrium, involve a 
memory-chain of many relaxation frequencies. 
Its description will require the use of a repeated- 
cascade, which decomposes the random motions 
contributing to the eddy viscosity into many 
sub-ranks. A cutoff of the memory-chain will be 
made on the basis of an isomeric distribution of 
spectrum in all links of the chain (Sec. V). A 
system of equations, describing the balance be- 
tween the kinetic energy and the potential 
energy of the thermal field, will ensue, and will 
be solved for the diverse subranges in a stably 
and unstably stratified fluid (Secs. VI-IX). 

11. Dynamical equations of a stratified 
fluid 

The fluctuations of velocity u, temperature 8, 
and pressure p ,  in a stratified medium, are 
governed by the following equations of motion 
and heat conduction: 

where v and x are the kinematic viscosity and 
heat conductivity, respectively. The buoyancy 
force is in the x3 direction, as indicated by the 
unit vector i l i  = (0, 0, I ) ,  and is proportional to 
the acceleration of gravity g .  The variations of 
density e and temperature T from their static 
values Po, T o  satisfy the following equation of 
state 

e = e o  - aedT - To)  (2)  

where a is the coefficient of thermal expansion. 
In a medium with an adverse temperature 
gradient /?, we can write 

T = T o  - BA,x, + 8 (3 )  

The Boussinesq approximation regards the 
density as constant in all terms of (1) except in 
the buoyancy term, simplifying (1 a) to 

+ u j -  ui;- --+vvaui+orgAi8 3q (s a:] axi 

where 

(4) 

The system of equations ( l b ) ,  ( Ic )  and (4)  
governs the three variables ui, q and 8 ,  and 
forms the fundamental framework describing 
the turbulent motions in the stratified medium. 
For the purpose of simplification of writing, we 
introduce the Brunt-Vaisala frequency N ,  as 
defined by 

N 2 =  -aBg (6)  

where N is real in a stable stratification, i.c. 
/? < 0, but becomes imaginary in an unstable 
stratification, i.e. /? > O .  In  the latter case, we 
shall replace (6)  by a new notation 

M2=aBg= -N2 ( 7 )  

giving a real frequency M .  
In order to balance the kinetic energy 4.7 

with the potential energy &we, which arises from 
a thermal drift v by gravity, we introduce the 
notations 

v = ag8/N (8) 

and 

v = agO/M (9) 

for a stable stratification and an unstable strati- 
fication, respectively, according to the defini- 
tion ( 7 ) .  Then we can rewrite ( l c )  and (4) in the 
form 

dv z=g+u,:jv=- N 
y u,A,+xV2v, y = 1 

for a stable stratification, or 

(118) 
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*= 
dt - (at ’a:) + u - v =  -yMu,A,+xV’v, y =  - 1 

(11 b) 
for an unstable stratification. 

The systems (10) and (1 1) differ by a change 
of signs in the terms connected with y.  In  view 
of the formal similarity of the two systems of 
equations (10) and (ll), it suffices to analyse 
one of them, say the system (10) for a stable 
stratification, and deduce the results for an 
unstable stratification by simply changing y = 1 
into y = - 1, and N into M. 

111. Closure of the correlation hierarchy 
by means of cascade decomposition 

By using the method of the cascade theory of 
turbulence, we can decompose 

q‘ (12) u = u ‘ O ’  fU’, 2) =vIOl + v ,  ’ q =q‘O’ + 
Here the superscript ( O )  represents a macro- 
scopic part contributing to the portion of the 
spectrum of wavenumber up to k; a variable 
with a prime represents a random part contrib- 
uting to the portion of the spectrum of wave- 
numbers larger than k. An ensemble average 
(...)’, called “rank average”, helps in separating 
the two parts, e.g. 

(u)’ = U‘O’, <u‘)‘ = 0 (13) 

Other rank averages 

(...)a, with a =0, 1, ... (14) 

will be introduced later. 
By applying the average (13) to the system 

(lo), we obtain a new system governing the 
macroscopic motions, 

+ vvauuIo) 

+ xv’w‘o’ 
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a 
ax, 
- (ui u;Y (15 a) 

a 
-(u;w‘)‘ (15b) 

satisfying the condition of continuity 

V.u‘O’=O (16) 

The correlations (u; u;)’ and <u;v’)’ represent 
the statistical effects of the random fluctuations 
upon their macroscopic correspondents u(O) and 
d o ) ,  respectively. They are determined by the 
rank equations for u‘ and v‘, which can be 
formally obtained by taking the difference 
between (10) and (15) to be 

+ Nv’A, - -- aq’ + vV’U; ( 1  6 a) 
ax, 

By neglecting the self -dtLmping terms - Vq‘, 
vVau‘, xVpv’, and only keeping those terms 
responsible for the exchange between u’, v’ and 
uo, we approximate (16) to the Lagrangian 
form 

du; 
dt 
-- = - (u’ * V )  u!’) + Nv’l, 

recognized as a generalization of the Langevin 
equation, useful for the calculation of transport 
properties from random fluctuations. Upon 
integrating (17), we find 

av(o) t t 

ax, 
v’(t) = - -- I0 dt’u:(t’) - yNA,jo dt’u;(t’) (18 b) 

We have omitted the initial values in (18), 
which do not contribute to the fluxes in ques- 
tion: 
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where 

is an eddy viscosity, or an eddy conductivity, 
dependent on the damping factor K(T')  origi- 
nated from ( 1 6 a )  or ( 1 6 b )  involving Y or x ,  
respectively. But in the present study, we 
ignore this distinction by simply taking K = 1 .  
Thus ( 2 0 )  reduces to 

The turbulent motion was considered quasi- 
stationary and homogeneous, so that 

<ul( t , )  u ; ( t ,  + T))' = (U:( tJ  u;v, + z))' ( 2 2 )  

The upper limit t ' O '  was set equal to the time 
scale of the macroscopic motion u(O). 

We can remark that the fluxes (19) consist of 
a gradient part and a non-gradient part, play- 
ing the role of a force, similar to that in the 
Onsager relation of molecular transport. 

Upon differentiating the fluxes ( 1 9 ) ,  we obtain 
the expressions 

which then transform (15) into 

(23  a) 

where the statistical effects of the random 
fluctuations are shown to shape the eddy 
transport property qZ. 

Upon multiplying (24a) by u!, and taking the 
rank average (...)O, we find the equation of 
kinetic energy 

and, in a similar way, the equat,ion of poten- 
tial energy from (24  b) 

Here the condition of homogeneity of turbu- 
lence permits to negect the terms 

IV. Transport functions and energy 
balance 

A. Transport functions 
The evolution of the kinetic energy, as 

governed by (25a) ,  involves the following 
transport functions: 

( a )  The cascade transport across the spectrum, 
from small into large wavenumbers, is governed 
by the transfer function 

( b )  The dissipation function 

governs the molecular dissipation of the kinetic 
energy, and is most effective a t  large wave- 
numbers. 
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The evolution of the potential energy is 
governed by their own transfer and dissipation 
functions: 

and 

governs the coupling between the two spectra, 
and operates a t  relatively low wavenumbers. It 
involves a correlation of zeroth rank <v(O1u~')O. 
We shall first calculate its first rank <du;)', 
derived in (19b). Unlike the eddy flux in (23b), 
the coupling function in a homogeneous turbu- 
lence should be calculated from (19 b) by retain- 
ing the term of like rank and not the term under 
a gradient av(o'/ax, which would vanish after 
an average < . . . )o .  Thus we find 

YNI,<v'u;)' = - NaAjlsq:j (31) 

A0 = NIL,L,q:j = N B &  

A' =N'qis A - A0 (33) 

and hence 

(32) 

It has a corresponding random rank 

where A without superscript denotes the global 
average. The dissipation functions (27) and (29) 
have their global averages too: 

E, = v<(au,/axj)a) = V R  (348) 

eV =x<(av/ax,)*) = X J  (34b) 

However, the transfer functions have vanishing 
global averages 

P, =o, To,=o (35) 

B. Evolution of energies 

write the energy equation (25) as follows: 
In  the notations (30), (32) and (34), we shall 

We conclude that in a stable stratification the 
kinetic energy is stabilized and extracted to 
increase the potential energy. The spectra dissi- 
pate at  the rates pu and T: by eddymotions, 
and at the rates e: and E: by molecular motions. 

The evolution of spectral distributions in an 
unstable stratification can be discussed from the 
same energy equations (36), provided that we 
take y = - 1, and replace N by M in AO, accord- 
ing to (7). Thus we see that the effect of gravity 
in an unstable stratification is to amplify both 
the kinetic and potential energies. 

C. Univemal range 
Spectral theories of turbulence usually deal 

with the universal range, which occurs at large 
wavenumbers, on account of its quasi-equilib- 
rium state. In  that state, the slow time varia- 
tion of the spectrum takes place in the varia- 
bility of the physical parameters, such as A, 
E,, and 8,. Under such a circumstance, we can 
aasume an equilibrium of macroscopic and glo- 
bal ranks, and reduce the energy equations (36) 
into the following equilibrium form 

-yAo - T", -E: = -yA -eU (374  

Ev (37b) A0 - P  -eo  = A  - v v  

or, identically, 

-yA'+TOu+EO,=&, (384  

(38b) Af + PV +E: =eV 

The system (38) can be written in a more 
explicit form 

- yN'qj8 + (& + v )  R" = e, 

N'qL + (& + x )  J" = E ,  

(39 a) 

(39 b) 

where 

R" G <(VU'O'~)~ = 2 dk'k''F(k') (40 a) Iok 
J O E  <(VV'~))*)~  = 2/0kdka"O(k') (40b) 

are vorticity functions expressed in terms of the 
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spectral distributions F and G of the kinetic and 
potential energies, respectively. 

On the basis of the parameters N ,  R, E ~ ,  E,,, y 
and x ,  we can formulata the following critical 
wavenum bers 

separating the various subranges of the stable 
spectral distributions for the kinetic and poten- 
tial energies, respectively. Here k ,  and K ,  are 
the lower bound of the respectively universal 
ranges. Corresponding wavenumbers exist in an 
unstable stratification where N and R'I2 are 
changed into M .  Thus we have 

for an unstable stratification. We defer the 
determination of the critical wavenumbers to 
Sec. IX. 

V. Repeated-Cascade as a memory-chain 
for the derivation of eddy viscosity 

The eddy viscosity is found in (21) to be the 
time integration of the Lagrangian correlation 
of velocities. For further investigating its 
spectral composition, it is necessary to analyse 
the underlying mechanism of degradation into 
random fluctuations, which governs the way 
that the transport property approaches to 
equilibrium. To this end, we need to decompose 
u' into subranks 

(42a) u' =u(1) +UIZ) + ... + U ( N )  

as a component part of the complete sequence 

u = u(0) + u"' + ... + U") (42b) 

The wavenumbers k', k", ..., which are in- 
dependent variables, serve to separate the ranks 
u"), u ( ~ ) ,  ... The corresponding rank averages 
(...>', (...>", ... will then screen the ranks from 
the sequence (42b), and derive from (178) the 
dynamical equation for the rank u(I). The 
method of derivation, which is similar to that 
used for the derivation of (17a) and has been 
elaborated by Tchen (1973a) will not be re- 
peated here. We find 

(43) 
where 

is the Lagrangian time derivative of rank vari- 
able ti:'). 

Ve may note that the correlations 

are related to the eddy viscosities of various 
ranks 

Similarly, we find 

(47) 

The following simplifications will be made: 
(a )  We note that the correlation <u;u;>' will 

have a rank value of the zeroth rank, since it 
represents the statistical effects of the random 
fluctuation u' upon ul0). A subsequent Lagrang- 
ian integration of such time correlation 
(ul(O)u;(t))' will further smooth its rank 80 

as to produce a transport property q;j of rank 
-1. For this reason, the composition of q;j 

should find no contribution from u(O) and d o )  
of equations (43) and (47). 

( b )  The roles of the random fluctuations 
ui u j ,  u;v" upon u") and d l )  in (43) and (47) are 
analogous to the roles of the random fluctuations 
u;u;, u;w' upon u10) and w ( 0 )  in (15). Therefore 
we can write 

c n 
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and 

48 b) 

in analogy with (23a) and (23b). 
(c) The system of equations (43) and (47) can 

be regarded as a generalization of the Langevin 
equation, with d")/dt as the Lagrangian time 
derivative, as mentioned by (44). The right hand 
members of (43) and (47) can be treated as 
noise functions, which may form correlations on 
their own, so as to damp <uf'(O)ur)(t)>'. 

With the use of the above simplifications, we 
reduce (43) and (47) to the following Fourier form 

for a stable stratification, and 

for an unstable stratification. Here 

wk = kt kj 77, 

or 

w i = k ( k j t l i j t  ... 

is an eddy relaxation frequency. 

m 

is a damping factor in the vertical transport, 
and is absent in the horizontal transport. For 
the horizontal transport we have 

&(k)  =. q&(k) = <G>'/o; (51) 

When we sum over the wavenumbers, we 
find 

where P,,, F,,  and F,, are the spectrum of the 
kinetic energy in the three components, and F 
is their sum. The fractional coefficients c1 and 
c ,  are left somewhat undermined, as they will 
require a more precise model of the anisotropic 
distribution of the kinetic energy. 

The above considerations allow to perpetuate 
the calculation for &, obtaining 

(49a) 

y =  1 

(49 b) 

The sequence of equations ( 5 1 )  and (56)  
describe evidently a chain of memories, with 
relaxation frequencies Wk, wk, ... of ever increaa- 
ing ranks. The simplest closure of the chain at 
an early stage is to assume an isomeric behavior 
in all links of the chain; this implies that the 
spectral distribution, unspecified nevertheless, 
is assumed to be common to all links. This 
assumption approximates (51a) to an isotropic 
relaxat ion frequency 

(50 b, 
I "  

(51a) 

(51 b) 

It is not difficult to solve for uI1) by an elimina- o; k'prl' (57) 
tion Of ff'l' between (49a) and (49b), and hence 
to calculate the eddy viscosity rli,? as defined 

and hence reduces (55b) to the eddy viscosity 
for the isotropic horizontal transport 

by ( 2 1 )  and (45). We shall omit the details of 
the calculations, and write for the vertical 
transport 

(52 )  yielding the solution 

in  
where 7' = [ 2 c l / ~ d k % ' - ' P ( k ' ) ]  (59) 

(53) It is to be noted that the eddy viscosity qi, 
p, = [ 1 + ( N / C U ; ) ~ ] - ~ ,  stable stratification 

= 1, unstable stratification 
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for the vertical transport remains to be given by 
(55a), but its relaxation frequency w;  can now 
be determined from (57) and (58) on account 
of its governing large wavenumbers. 

VI. Stabilization of the kinetic energy by 
buoyancy in a stable stratification 

A. Buoyancy subrange (kL 
KL < k  <KRN for G )  

Here and in the following, we divide the sub- 
ranges by the critical wavenumbers (41). 

The kinetic energy is stabilized by the 
buoyancy force, and is extracted to boost the 
potential energy. This process of energy balance 
can be described by (39), which is rewritten 
approximately as 

k < kRN for  F ,  

N2& + R‘q’ =E,, 

N2& + Joq‘ = E ,  (60b) 

Since the exchange process occurs without 
dissipations E, and E,, we shall take a differential 
form of (60), which is 

- N2Gi3 + q‘RQ +GIRO = 0 (61 a) 

N2+i3 + q ‘ J O g O  (61b) 

The potential energy spectrum, being the receiv- 
ing spectrum, possesses a subrange of production. 
In such an early stage of development in the k 
space, its vorticity is not fully developed, and 
therefore permits to assume JO= 0 in (61 b). 

For the sake of abbreviation of writing we 
introduce the notations 

TQ = Ro/pN’, G = aF (62) 

s9d transform (61) into 

2 
c ,+  __ - c l r 0 = o  

1 - P  

Here we have made use of definitions (55a) and 
(55b) for qi3 and 7’. 

Since N is the driving frequency of the system, 
we may approximate that the relaxation fre- 
quency to be in a conutant ratio to N. It follows 

then that p ,  a and r 0 . u ~  become constant. We 
have 

a = [ ( c l / c 3 ) r  - 1 1 - l ~  (c lr /cS)- l  ( 6 4 4  

From the definition (53) and (64b), we find 

(wL/N)t  = +c3[(cl/c8)r - 1 - 2ci3]  = +r (65) 

and from the definitions (57) and (59), we find 

F =AbNak-3  (66a) 

G =crF (66b) 

where 

The approximations were made in (64), (65) and 
(67) on the basis of 

r> 1 (68) 

Under this condition, we can write the solutions 
(66) as follows: 

F .u Rk-3 (69a) 

G .u ( ~ , / c , ) N ~ k - ~  (69b) 

The co-spectrum F,,, defined as 

- ( v ‘ ~ ’ u ~ ’ > ~  = dk’F,,(k‘) (70) s: 
can be obtained from the relations (30) and (32), 
rewritten as 

-y(vlOlu~))O -N-lAO = N &  (71) 

where A0 is defined by (33). Upon differentia- 
tion, we find 

We conclude the following: 
(a)  The potential energy spectrum has a, 

production subrange, dependent on the driving 
frequency N ,  as found in (69b), while the kinetic 
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energy spectrum, which is extracted by the 
buoyancy force, is cascading down the spectrum 
at a constant vorticity R, so that the buoyancy 
subrange depends on R, as found in (69a). 

( b )  The co-spectrum, which plays the role of 
a coupling between the two energy spectra, 
depends on both R and N, as in (72). 

( c )  In  order to maintain the flow of energy 
from the kinetic energy spectrum toward the 
potential energy spectrum, it is necessary to 
have a difference of energy levels between the 
two spectra, requiring R >Na, as consistent to 
the underlying assumption (68). 

B. Inertia transfer of the potential energy 
under a buoyant eddy mixing 
( k ,  < k < kRN for F ,  KRN < k < KRe for G )  

In view of the large conductivity as compared 
to the kinematic viscosity, the inertia subrange 
of the potential energy spectrum may have 
started when the kinetic energy spectrum still 
remains in the buoyancy subrange. 

With an eddy mixing in the buoyancy sub- 
range (69a), the potential energy spectrum in 
the inertia subrange is governed by 

EV (73) q 'J0  = 

With the substitution of (698) into (59), we 
find the solution 

(74) Q =va k-1 N 

with 

(75) 

C. Intemnediate subranges governed by the 
buoyancy and inertia forces 
( k R N < k < k R f o r F , K R N < k < K R f o r G )  

The inertia subranges of the two spectra are 
governed by the transfer functions, reducing 
(60) to 

Ell  ( 7 6 4  

Ev (76b) 

,,'RO = 

qt J O  = 

The transfer function consists of an eddy 
viscosity q' and a vorticity function RO or JO. 
According to their definitions (59) and (40), q'* 
can be regarded as a k-a moment of the P 
spectrum, and Ro and JO as the k* moment of 
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the F and G spectra, respectively. In the inter- 
mediate subrange, we can assume that the low 
moment originates from the stabilization sub- 
range of a spectral law (69a), and that the high 
moments lie in the inertia subranges. 

With the aid of the spectral law (69a), we 
have 

and transform (76) to 

Ro = U$ kP 
J o  =v%k¶ I 
Upon differentiation, we obtain 

p =us k-1 

G =us k-1 

N 

N 

with 

U; = (~/C,)"~E,/R"~ 

(77) 

and vN defined by (75). 

VII. Production of energy in an unstable 
stratification 

A. Production Bubrange 
( k L < k < k M f o r P , K L < k < K M f o r G )  

The energy balance in an unstable stratifica- 
tion is described by a system of equations similar 
to (39), with y = -1 and with a change of N 
into M ,  according to (7). We have 

A'+(q'+v)RO=e,,  (81a) 

A' + (q' + x )  J o  = E,, (81b) 

with 

Af = M(v 'u~> '  = M'qis 

or 

where Ro and J o  are defined by (40a) and 
(40b), and qL8 and q' are defined by (55a), and 
(59), respectively. 

In  the production subranges, the system (81) 
reduces to 
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MZvi3 +q'R'' =eU (83a) 

M2qj3  +q'Jo  = F ,  (83b) 

The flow of energy across each spectrum can be 
most conveniently demonstrated by a differen- 
tial form of (83), which is 

M9jj3 + q' Ro = 0 

M24' 33 + q t  J O  = 0 

(84a) 

(84b) 

where we have neglected 4' Ro and $5" in view 
of the small values of vorticities in the produc- 
tion subranges. 

The system (84) yields the solution 

F = ( c 3 / c 1 )  M 2  k-3 (85s) 

G = (c3/c1) M 2 k - 3  (85b) 

The co-spectrum F,, can be found by using 
the definitions (70 )  and (71 ) ,  and the solution 
(85a). We obtain 

(86 )  
3 2 1 is  F UU = - C  M9k-3 f c, = ( 2 C 3 / C d  

B. Inertia transfer of the potential energy 
under a mixing by eddy movements in the 
production subrange 
( k L < k < k M j c w  F , K M < k < K M E j o r G )  

In view of the large conductivity x tw com- 
pared to the kinematic viscosity v, the potential 
energy may drop into its inertia subrange, 
while the kinetic energy still remains in the 
buoyancy subrange. The inertia subrange of 
the potential energy has the following equation 
of spectral balance: 

&V (87 )  rl' J O  = 

where q' is calculated from (59), using the 
spectrum of kinetic energy (85a) in the produc- 
tion subrange, to be 

q'= ( 2 c l ~ ~ d k ' k . 2 F ) 1 i l  

Upon different,iating J" from (87) and sub- 
stituting (@) we find 

G = v& k-' 

where 

C .  Intermediate subrange between the production 
and inertia forces 
( k M < k < k M , j o r P , K M < k < K , , j o r G )  

The inertia subrange of the two spectra are 
governed by their transfer functions in a system 
of equations identical to ( 7 6 ) .  We treat the 
eddy viscosity q' as formed from the spectrum 
in the production subrange to be (88), and the 
vorticity functions, being of higher moments, as 
formed from the inertia subranges of the 
spectra. In a calculation similar to Subsec. VI C, 
we find 

F = ~ % f  k-' 

G = V L  k-' 

(91 a) 

(91 b) 

where 

and vM is defined by (90). 

VIII. Inertia transfer and dissipations in 
stable or unstable stratification 

A. Inertia subrange (4 < k < k,  for F ,  
K, ,  < k < K,, for G )  

The inertia subranges of the two spectra are 
governed by the equations of energy balance 
(76 ) .  We find the solutions 

F =Ai&2,'3k-5/3, A i  = ( 1 6 / 2 7 ~ , ) ' / ~  (93a) 

G =Bieve;"3k-5/3,  B ,  = (16/27clAi) l i2  (93b) 

The co-spectrum can be obtained from ( 7 1 ) ,  
and we find 

F,, = yCieti3Nk-'l3, C ,  = (4c,Ai/3)':" (94) 

with y = 1 ,  for a stable stratification. The result 
(94) is also valid for an unstable stratification, 
provided that N is changed into M and y = - 1, 
so that the co-spectrum becomes negative. 
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B. Dissipation subrange (k >k,,  for F,  k > K w  
for G )  

The dissipation subranges of the two spectra 
are governed by the molecular dissipation of the 
cascade transfer proc-sses, as described by the 
following balance equations, obtained by neglect- 
ing the coupling function in (39): 

( ~ ' + V ) R O = E ,  

(7' + x )  JO = E, 

Since a flow of energy from the inertia into the 
dissipation describes the approach to the dissipa- 
tion subrange, we rewrite (95) in the differential 
form 

4'Ro + (q' + v )  Ro = O  

4'JO + ( q ' + x ) j o  = O  

approximated to 

4 ' R  + vR0 2 0 

jl'J +xJo - 0  

The approximate form (97) is obtained by 
writing 

since large wavenumbers are involved. 

tions 
The equations (97) yield the following solu- 

P =Ad(R/v)ak-7 ,  A, =2-'3c1 ( 9 9 4  

c f  = Bd( RJIvx) k-7, Bd = 2 - t ~ : ' ~  (99b) 

On account of (71) and (99a), we find the co- 
spectrum 

With y = 1, the result (100) is valid in a stable 
stratification. The same result is valid for an 
unstable stratification too, provided that N is 
changed into M, and y = - 1, so that the co- 
spectrum becomes negative. 

C. Dissipation of the potential energy with an  
inertial mixing (k,, < k < k,, for P ,  K ,  < 
k <K,,  fm G )  

In  view of the large conductivity x as com- 

Tellus XXVII (1975), 1 

pared to the kinematic viscosity v ,  the spectrum 
of potential energy may start its dissipation 
subrange earlier (i.e. at  smaller k )  than the 
kinetic energy. Thus, with an inertial value of 
q' given by 

according to (93a), we can rewrite (95b) rn 

EV J a  __ 
q ' + x  

and differentiate, to obtain 

and the solution 

IX. Conclusions 

A. Discusions of results 
We summarize the results of the spectral 

distributions in a stable stratification in Table 1 
for a stable stratification. The subranges of the 
kinetic energy spectrum are: buoyancy, inertia 
with buoyant mixing, inertia and dissipation, 
separated by the critical wavenumbers 

I kRN = ( R'Ia Nx/Eu)"a 

k,, = ( R~/S/E, )"~ 

k, = ( E ~ / Y ~ ) ~ / '  

(105a) 

respectively. The subranges of the potential 
energy spectrum are: buoyancy, inertia with 
buoyant mixing, inertia, dissipation with inertia 
mixing and dissipation, separated by the critical 
wavenumbers 

I KRN = (R'"Na/~,)''2 

KRE = ( RS/~/E, )"~ 

K,, = ( E ~ / X ~ ) " ~  

Kxy = [ E J (  ~ x ) 3 ( * ] " ~  

(105b) 



12 C .  M .  TCHEN 

Table 1. Spectral distributions of kinetic and potential energies and co-spectrum of heat flux 
(stable stratification) 

Kinetic energy spectrum Fjk)  

Subranges of 
( F .  a) 

.- rd 
Y 

s 
U 

Inertia Inertia w. 
buoyancy mixing 

Buoyancy 

~ R N  kRE kv  

The corresponding critical wavenumbers for 
an unstable stratification are 

(105c) I kM= (M~/ I . , ) "~ ,  KM = (M3/lev)"a 

kM, = (Ms/e,)'la, KM, = (M3/~,) '" 

k, = (EU/V3)'/4, K ,  = [ E U / ( v X ) ~ / ~ l " 4  

The buoyancy, inertia with buoyant mixing, 
inertia and dissipation subranges follow the 
spectral laws of powers - 3, - 1, - 5/3 and - 7,  
respectively, for both spectra. The spectral 
laws from mixed subranges, e.g. a buoyancy 
kinetic energy with an inertial potential energy, 
and an inertial kinetic energy with a dissipative 
potential energy, are also listed. In  addition, the 
co-spectrum P,, in the buoyancy inertia and 

Dissipation 

N R  
F,, = - k-5  

V 

dissipation subranges predicts the power laws 
- 3, - 7/3 and - 5,  respectively. 

The spectral laws, as listed in Table 1 for a 
stable stratification, are also valid for an un- 
stable stratification, after a modification of para- 
meters. 

The buoyancy subranges which are character- 
istic of the mixing by vertical motions assume a 
- 3 power law for stable and unstable stratifica- 

tions. However, in view of (68), the stable P 
spectrum must be of a higher magnitude than 
the unstable P spectrum, in order to perform a 
flow of energy from the P spectrum into the G 
spectrum in a stable stratification. 

The subranges of inertia with a buoyant eddy 
mixing predict a spectral law of - 1 power for 
both spectra. However, in a strongly stratified 
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medium which damps out severely the vertical 
motions, the kinetic energy spectrum may be 
mainly composed of horizontal components 
which are not buoyant, and therefore will 
assume an inertia law of -5/3.  On the other 
hand, the potential energy may have a dominant 
transfer function 

with an eddy viscosity & originated from the 
vertical eddy motions which are subject to the 
buoyancy force. Under such a circumstance, we 
may expect the solutions 

and 

G =v;k-' (107 b) 

B. Comparison with dimensional theories 

The spectral law k-613 of the kinetic energy, as 
derived by the present cascade method in (93), 
is in agreement with the similarity theory of 
Kolmogoroff (1941). 

In a stable stratification, the buoyancy law 

has been proposed on the basis of a dimensional 
analysis (Lumley, 1964; 1965; Phillips, 1966), 
with N as a parameter. Since the dimensional 
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