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ABSTRACT 

An attempt is made to study the axisymmetric forced oscillat.ions of an inviscid ro- 
tating stratified fluid confined in a finite circular cylinder. An unsteady flow is gen- 
erated in the fluid by harmonic oscillations of the plane ends of the cylinder. The 
principal features of the flow phenomena are determined by the relative magnitudes 
of the angular velocity R of rotation, the forcing frequency o of the imposed oscilla- 
tions and the Brunt Vaisala frequency N .  It is shown that the solution for the disturb- 
ance pressure (and hence the velocity field) consists of two components-the periodic 
solution oscillating harmonically with frequency o and the normal inertial modes 
each of which is spatially periodic in the direction of the axis of rotation. The latter 
contains a doubly infinite set of modes whose frequencies form a discrete spectrum 
dense in [min (2a, N ) ,  max (2R, N ) ] .  Both of these solutions are independently modi- 
fied by the density stratification. The solution is found to have a resonant behaviour 
when the forcing frequency w is equal to one of the resonant frequencies wmn. I n  con- 
trast to the singular behaviour of the solution a t  o = 2R which usually occurs in the 
forced motion of a rotating liquid, the present solutions for this critical case w = 2R 
and the case o = N represent the inertial modes only. A qualitative assessment of the 
possible effects of viscosity on the flow has been made. Several interesting features of 
the rotating stratified flow phenomena have been analyzed. The initial value problem 
is solved by using the joint Laplace and the Hankel transforms of the second kind. 

1. Introduction 

One of the  most significant features of forced 
oscillations in  an inviscid incompressible rotat-  
ing fluid is the difference between the  motions 
observed when the forcing frequency w of the  
superimposed oscillations is greater or less than 
twice the angular velocity R of rotation of the  
fluid. More precisely, under the  assumptions of 
steady motion, the  governing flow equation 
for t h e  disturbance pressure field is of elliptic 
or of hyperbolic type according as o > or < 2R. 
In the  former case, the  equation, and the  char- 
acteristics of the  flows are more or less very 
analogous t o  those of the non-rotating liquids. 
On the other hand, in  the latter case, t h e  
disturbance caused b y  a body oscillating with 
the  subcritical frequency propagate as wave 
motions throughout the  flow field. Further, a 
transition from the  elliptic t o  hyperbolic regime 
occurs at the  critical frequency o = 2 R ,  the  so- 
called resonant frequency. Numerous interest- 
ing properties of the fluid motions related t o  

cases w > = <2R are theoretically and experi- 
mentally well understood (Greenspan, 1968). 

In the  case of stratified fluids, t h e  governing 
equation for the  amplitude function is also of 
elliptic or of hyperbolic type according as the 
forcing frequency w > or <N(z )  where 

N ( z ) = { - i $ }  1 i z  

represents the  Brunt-Vaisala frequency and 
p ( z )  is the  density function of the  vertical co- 
ordinate z .  In this case too, there exists a 
critical frequency w = N ( z ) .  Many intersting 
features of the  stratified flows including the  
internal wave phenomena have also extensiv- 
ely been investigated in  various configurations. 
Based on the Boussinesq approximation, pro- 
blems concerning internal wave motions have 
received attention by  many authors (Long, 1853; 
Trustrum, 1964; Yih, 1965; Keller & Mow, 
1967). 

Recently, Bretherton ( 1  967) has investigated 
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the development of Taylor columns in a homo- 
geneous rotating fluid at  a small Rossby num- 
ber and also the blocking by a two-dimensional 
obstacle in a stably stratified fluid at a low 
internal Froude number. Hendershott (1969) 
has extended the work of Stewartson on oscil- 
lations in a rotating stratified fluid of infinite 
extent due to a spherical source pulsating with 
a fixed frequency. Both of these authors pre- 
dicted that the ultimate pattern of the flow 
may be understood in terms of the inertial- 
internal waves which carry energy in the far field. 

In  a recent paper, Baines (1967) has made an 
initial value investigation of forced oscillations 
of a uniformly rotating fluid enclosed in a f i -  
nite circular cylinder whose plane ends are 
impulsively set into harmonic oscillations with 
a given frequency w in the axial direction. The 
exact solution of the linearized problem is ob- 
tained for all values of w and SZ including the 
resonant frequency, w =2Q,  for which no 
physically sensible solution is found by the 
steady state assumption. He explored the 
principal characteristics of the flow and in- 
cluded a short discussion on the non-linear and 
viscous effects. Finally, he reported that many 
of his theoretical predictions have been con- 
firmed experimentally by A. D. McEwan at  
Aeronautical Research Laboratories, Fisher- 
man’s Bend, Australia. 

The present analysis is intended to make some 
investigation of the rotating stratified flows 
generated by an impulsive commencement of 
motion. An unsteady flow is set up in an in- 
viscid, rotating stratified fluid contained in a 
finite cylinder by the harmonic oscillations of 
the plane ends of the cylinder. With the aid of 
the Laplace transform treatment, the prin- 
cipal features of the flow are determined by the 
relative magnitudes of the various frequencies 
involved in the problem. An exact solution for 
the disturbance pressure and the velocity field 
have been obtained explicitly and their physical 
implications have been explored. A critical 
analysis is made of the steady state solution 
and the normal inertial modes including the 
effects of density stratification. Attention is 
also given to the nature of the solution when 
the forcing frequency w is equal to one of the 
resonant frequencies, wmn, and when w = 2Q or 
N. Several interesting features of the flow 
phenomena including the possible effects of 
viscosity have been explored. 

Tellus XXVI (1974), 6 

2. Mathematical formulation 

We consider the forced motion of an inviscid, 
incompressible rotating stratified fluid enclosed 
in a finite circular cylinder of length 21 and 
radius a. The fluid is in a state of rigid body 
rotation with constant angular velocity R 
about the axis of symmetry r = O  and satisfies 
the Boussinesq approximation. The density 
field of the undisturbed fluid is supposed to be 
of the form e0 = eo0 exp ( - Pz),  P > 0 so that the 
Brunt-Vaisala frequency 

remains constant throughout the flow field. The 
flow is generated in the stably stratified rotat- 
ing system by identical harmonic oscillations 
of the plane ends of the cylinder in the axial 
direction. 

We take the cylindrical polar coordinates (r, 
8 ,  z )  with the z-axis as the axis of the cylinder 
and the ends of the cylinder coincide with the 
planes z = +I so that after they set impulsively 
into motion, the boundaries are a t  

z = * I  + a H ( t ) f ( r )  sin wt (2.1) 

where cc < l ,  H(Z) is the Heaviside unit function, 
f ( r )  is an arbitrary differentiable function of r ,  
and w is the frequency of oscillations. The as- 
sumption of sufficiently small cc is a necessity 
to justify the linearization of the equations of 
motion and the boundary conditions. 

The unsteady motion of the fluid is described 
by the linearized Euler equation relative to the 
rotating axes and the equation of continuity, 
which are in tho usual notations 

av 
- + 2Qu=O 
at 

at az 

and 
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au u aw - + - + - = 0  
ar r az (3 .6)  

The transformed velocity components in 
terms of f are obtained from (3.2)-(3.5) as 

where x1 =XI@, z; t )  is the disturbance pressure 
including the centrifugal term, eo is the un- 
disturbed density and e is the density per- 
turbation. 

The linearized boundary conditions for t 2 0 
are 

(3.7 a)  

(3 .7b)  u = 0 on r = a  (2.7) 

(2.8) w = mwf(r) cos wt on z = * I  

Taking into account the initial effects of 
rotation as described by Morgan (1953), the 
initial motion for t = 0 is given by 

(3.7 c) 

Elimination of ii, 8, W from (3.6) and (3.7a, 
b, c) gives a single equation for j ( r ,  z ;  s) in the 
form 

(3.8) and 

ad ti a8 - + - + - = o  
ar r az 

(2.10) where 

(3.9) where the hat is used to indicate the value of 
a quantity a t  t = 0. 

Equation (3.8) has to be solved subject to 
the transformed boundary data 3. The solution of the initial value problem 

The problem posed above can readily be 
solved by using the Laplace transform Z(T,  z;  s )  
defined by 

z(r, z; s) = Sp e-StX( r ,  z; t )  dt (3.1) 

(3.10) 

In order to solve (3.8) with (3.10)-(3.11), we 
apply the finite Hankel transform of the second 
kind defined by the integral (Sneddon, 1972) Introducing eof = j l  +il, and invoking the 

Boussinesq approximation and the Laplace 
transformation, equations (2.2)-(2.6) reduce to 
the form rJo(rkm) f ( r ,  z; s) dr  (3.12) 

(3.2) where, by (3.10), k, are the roots of the equa- 
tion J,(akm) = 0. 

Thus the function i satisfies the differential 
system so + 2Qii = 0 (3.3) 

(3.4) (3.13) 

d i  s 2 + N 2  
dZ - =  - ~ w ( - ) f ( k , ) ,  s 2 + w 2  a t  z =  &Z (3.14) 

- aeo @+w-= 0 
az (3.5) 
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The solution for is then given by 4. Solutions at various frequencies 

The integral representation of the velocity 
fields are 

~ j= - ctwf(k,) { (s’+ N2) (s’ + 4R2)}1’2 
( - 4  2R) a j  

k,,@ + w2)  8d.s (4.1 a, b) 

tions yield 

x { (s2 + N2) (s2 + 4R2)}1’2 

where f(k,) is given by 

Hankeltrans f orm . 
It follows that the structure of the flow pat- 

tern is determined by the nature and location 
of the singularities of the inversion integrals 
as well as the relative magnitude of the various 
frequencies associated with the problem. We 
next turn our attention to the evaluation of the 
inversion integral (3.17) by the theory of re- 
sidues to obtain a closed form solution for 
~ ( r ,  z ;  t ) .  To facilitate the subsequent mathe- 
matical analysis without loss of generality, we 
assume that both w and R are non-negative 
quantities. 

The s-integrand of (3.17) has simple poles at 
s =  iiw and also at the sequence of points 
s = +iwmn,  for all integers n and all positive 
integers m, with the limit points at  s = i 2 i R  
for each m; where w,, are given by 

(3.16) 

‘ 

(3.17) 

Making reference to Baines (1967), the asymp- 
totic evaluation of integral (3.18) for large k ,  
with / (a )  = 0 gives 

(3.19) 

4(2n + 1)2n2R2 + 4N2l2k; 
(4.3) 

Om’= [ (2n+1)2n2+4Z2k$ 1 
(3.18) The points +2iR must be essential singu- 

larities of the s-integrand of (3.17) with the 

provided /’(a) + O .  
Thus result (3.17) represents the integral so- 

lution of the problem for an arbitrary function 
f ( r ) .  However, it may be of special interest to 
take some particular form of f ( r )  which has ex- 
perimental relevance. 
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property lwmnl < = >2!2 for all m and n ac- 
cording as N < = > 2R. Thus w,, are all simple 
poles unless w = wmlL. 

We shall now determine the explicit repre- 
sentation of the solution for ~ ( r ,  z ;  t )  related to 
the following cases of interest: 

Case I. 0 <w < 6  =min (2R, N )  

the solution for ~ ( r ,  z; t) in the form 
The evaluation of residues of (3.17) gives 

00 

~ ( r .  z; t )  = 2 B, Jo(rkm) {(N2 -w2)(4Q2 - wa))l” 
m=1 

sinh6 z sinwt x -2 __ 
cosh16,n w 

(4.4) 
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The above solution consists of the steady 
state and the normal inertial modes solutions. 
A discussion with physical implications of the 
solution will be included in a forthcoming sec- 

(4.5) 

tion. 
(-l)"(N2-wa,,) (4Ra-w2mn)2 
lw,, Ic,(wZ - w;,) (4Q2 - N 2 )  (4.6) c =  mn 

Case I V .  w = 2.Q or N 
and 

(4.7) 

The abovc solution renders valid regardless of 
2R<Iw,,I < N o r N < I w m n [  <2R. 

It is notable to mention that the first series 
of (4.4) corresponds to the steady-state solu- 
tion (or the periodic solution oscillating with the 
forcing frequency w) .  The second term of (4.4) 
containing the double series represents the 
normal inertial modes. We return to explain 
some more implications of these results in a 
subsequent section. 

Case 11. 8* =max ( 2 0 ,  N) <cu 
In this case, the forcing frequency of oscilla- 

tions is greater than the larger of 2.Q or N and 
the corresponding solution for ~ ( r ,  z ;  t )  is given 
by the same result (4.4). 

00 

Case Ill. 2 0  < w < N or N < w < 2.Q with w $w,, 

In contrast to cases I and 11, the solution for 
~ ( r ,  z ;  t )  has entirely different character and is 
given by 

m 
X ( T ,  2; 6 )  = I 2 BmJ,(rkm) 

m = i  

where C, is given by 

or 

(4.9 a) 

(4.9 b) 

In this case, the polar singularities at  s = +iw 
coalesce into the essential singularities a t  
& 2iR. Consequently, the solution can directly 
be evaluated by the theory of residues and has 
the representation 

xsin ( 2 7 2 + 1 ) - -  sinw,,t (4.10) { ;;} 
It is somewhat surprising that there is no 
steady-state component in the solution. The 
double series constitutes the entire solution 
and represents a series of persistent inertial 
oscillations of frequency 2R or N .  This persist- 
ent motion is likely to occur in the inviscid 
fluid unless some dissipation mechanism is in- 
cluded in the analysis. 

Case V .  w =om, 

In the present case, the s-integrand of (3.17) 
has simple poles a t  s = &io,,, n +N and double 
poles at  s = +io. The evaluation of the residues 
at  the poles gives the solution for ~ ( r ,  z ;  t )  as 

322 
x c1 t cos ot sin (2" + 1)  - I 21 

7cz 

I 322 
W 

+ 2 2 ~,,sin(2n+1)-sino,,t 
n-o 21 

n+N' 

according as 2R < w  <N or N <cu < 2 0 .  (4.11) 
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p +  

657 

Pig .  1 .  T=nS. 

where cl, c, and cg  are known numerical con- 
stant found from the residue calculations. 

This solution consists of three terms-the 
first one involving an infinite series has an 
amplitude O ( t ) .  The second term containing a 
series represents the period solution oscillating 
with frequency w. The third term consists of a, 
double series and describes the persistent in- 
ertial oscillations. 

P 

2.( 

1.1 

I 

-1. 

- 2. 

5. Structure of the flow field and conclusions 

With the aid of the convolution theorem for 
the Laplace transform, the velocity distribu- 
tions for all cases except case IV are obtained 
in the form 

(5.1 a)  

Fig. 2. R = n/10. 
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P 

4.c 

2.c 

c 

-2.c 

-4.0 

Fig. 

L. DEBNATH 

t 
'u = f [sin 2n(t - t)] t) dt, 

0 
(5.1 b) 

The solution for the disturbance pressure 
~ ( r ,  z ;  6) (and so the velocity field) consists of 
the steady-state component and a series of 
normal inertial modes. The former represents 
the periodic solution oscillating with the forcing 

P 

L.0 

1.0 

0 

-1.0 

- 2.0 

V 

frequency o. Each component of the normal 
inertial modes is spatially periodic in z and the 
frequencies of these modes modified to include 
the effects of the density stratification and ro- 
tation form a discrete spectrum dense in [min 
(2R, N), max (2Q, N ) ] .  The inertial modes may 
be regarded as a manifestation of the prescribed 
initial conditions. These modes are usually 
found to be absent in the solution of the 
steady-state problem. It is also of interest to 
note that the effects of the density stratifica- 
tion are reflected on the solution. 
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Apart from the inertial oscillations, the solu- 
tion for ~ ( r ,  z ;  t )  as well as the flow field related 
to Case I and I1 are somewhat similar to that 
of the irrotational surface waves. 

The solution for case I11 is of special inter- 
est and has singificantly different properties. 
By virtue of (3.19), the steady-state solution 
for this case has the form 

A sinwt a, 
xst- ~ c 

m=1 

where A is a constant and 8 is equal to 

(5.4%) 

(5.4 b) 

according as 2CI <cu <N or N < w  <2CI. 
According to Wood (1966) and Baines' 

(1967) analyses, discontinuities may occur in 
the first and the seond derivatives of the steady- 

Tellus XXVI (1974), 6 

state solution xst, and these discontinuities are 
associated with the rational values of 8 .  Both 
of these authors discussed the discontinuities 
of the pressure and the velocity field in relation 
to the nature of 8. Reference may be made to 
Wood and Baines' works for the details. 

When the forcing frequency of oscillations 
is equal to the Brunt-Vaisala frequency or 
twice the angular velocity of rotation, the 
pressure field (4.10) does not contain any 
steady-state term and is made up of the in- 
ertial modes only. Although this conclusion is 
quite different from that usually made in all 
situations concerning the forced oscillations in 
a rotating non-stratified fluid in which case 
the solution is found to be singular a t  the re- 
sonant frequency, but the flow field has a 
steady-state component oscillating with fre- 
quency 2C2 in addition to the persistent in- 
ertial oscillations. 

In case V where the forcing frequency is 
equal to one of the resonant frequencies, one 
term of the corresponding solution (4.11) has 
an amplitude O ( t ) .  Hence it oscillates with an 
unbounded amplitude as t + 00. Ultimately, the 
flow appears to be unstable unless viscous or 
non-linear processes are included. 

Although the present analysis has been en- 
tirely inviscid, yet some saliant features of the 
rotating stratified flow have been ascertained. 
The inclusion of viscous effects would cer- 
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tainly make the study physically more realistic 
and would apparontly cause the persistent in- 
ertial oscillations to decay. Furthermore, the 
growth of the large amplitude encountered in 
case V might also be controlled by viscosity. 
I n  this connection, it may be relevant to men- 
tion an  excellent work of Greenspan (1964, 
1965) on the time dependent problems in a 
viscous rotating fluid enclosed in an arbitrary 
axisymmetric container. His analysis suggests 
that the inertial modes decay exponentially in 
the uniform time scale t = O ( E Q 2 ) *  where E = 

0.q 

0 c 
-0.1. 

-0.2. 

-0.31 

v/nZ2 is the Ekman number. Wood (1966) has 
also investigated certain aspects of the effects 
of viscosity on the forced motion and found 
the existence of shear layers of thickness 
O(E1'3) which originated due to viscosity and 
replace the surfaces of discontinuity in the ve- 
locity gradients. 

Without entering into the analytical details, 
some qualitative assessment of the possible 
effects of viscosity on the present linearized 
motion can similarly be made. It is very likely 
that the steady-state as well as the inertial 
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P 

0.41 

-0.4 

F i g .  8. ( 1 ) 0 = 1 , Z / c = n 2 ;  ( 2 ) 8 = l , Z / c = n / 5 .  

modes solution will independently be affected 
by viscosity. It may be presumed that the 
inertial modes will ultimately die out due to the 
action of viscosity. 

Finally, in the absence of the density strati- 
fication, Baines’ analysis emerges as a limiting 
case of our analysis. 

6. Numerical results 

To illustrate the solution by diagrams, we 
introduce the non-dimensional flow variables 
R, Z, T and P by (R ,  Z )  = l / a ( r ,  z ) ,  T =wt and 
P = ( a / A )  xst. In terms of these dimensionless 
quantities, solution ( 5 . 3 )  can be written as 

A sin T r o s  (aRk,  - z )  sin (ak, bZ)  

X ” t  = ~- ~~~~ van 8 cos (alc,) 

- cos (ale,) +...I (6.1) 

where 

with 
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43 - 742895 

N 2  
b 2 = y > l  

W 

and 

, 4R2 
c =,91. 

w 

When 

e = - ( - )  1 1 - b 2  -- 1 
c c2- I ac 

with b 2 < 1  and c2>1, result ( 5 . 3 )  takes the 
form 

,,,; (ank ,  - 5) sin (ak,  f )  
X S L  = ~- - vz 8 cos (ak, 0 )  

cos (ah, R - i) sin (*$) 1 
... , (6.2) - ___. 

cos (ak, 0 )  

Setting ak,  - n, ak,  - 2n and bZ = n2, the func- 
tion P from (6.1) is plotted against R or T and 
exhibited in Figs. 1-2. 

With the same value for ak, and ale,, the 
result P obtained from (6.2) is drawn against 
T in Figs. 3-5 for a fixed R =n/10 and different 
value of 0 and Z / c .  



662 L. DEBNATH 

The function P = P ( R )  from (6.2) is shown in 
Figs. 6-8 for fixed T = n3, ka,  NZ,  ka, - 27c and 
various values of 8 and Z/c .  

be far more valuable, and of more interest. Such 
an experimental s tudy will be made and pub- 
lished in  a subsequent paper. 
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