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ABSTRACT

The motion of frontal disturbances in the atmosphere is studied with a one layer non-
linear model proposed by Stoker. The equations of motion are integrated in the in-
terior of the domain by a two step method. Flows resulting from various initial and
boundary are considered for considerably longer times than those previously com-
puted. The boundary is followed by a numerical procedure that allows for arbitrary
shapes of the front. Hence, flows can be followed until oceclusion occurs and so we can
accurately compare the effects of the various initial and boundary conditions on the
occlusion process. In all cases, the cold front propagates faster than the warm front
and a relatively strong mass convergence region exists behind the cold front. A cy-
clonic circulation pattern is clearly visible near the cold front. These facts suggest the
occurrence of severe storms associated with cold fronts but not with warm fronts.

1. Introduction

In meteorology it is known that the weather
in the middle latitudes is conditioned to a con-
siderable degree by events associated with the
propagation of wave-like disturbances on a
discontinuity surface between warm and cold
air masses in the atmosphere. The intersection
of the discontinuity surface with the earth is
known as a front. In this paper we will be in-
terested in following the motion of these fronts.

The importance of nonlinear effects in the
dynamical equations of the cold front were
pointed out by Abdullah (1949), Freeman
(1952), and Tepper (1952) who applied the
method of characteristics to solve nonlinear
equations in one space dimension. Later Stoker
(1957) developed a two-space dimensional mod-
el, in both a single layer and a two layer ver-
sion, for the motion of a frontal surface. Stoker
together with Kasahara & Isaacson (1965)
made some numerical calculations with the one
layer model and found the beginnings of the
occlusion effect. Ritter (1970) duplicated these
results using a Lagrangian technique. Gram-
meltvedt (1970) studied the two layer model
and reached similar conclusions. Kasahara &
Rao (1972) have shown, on the basis of linear
theory, that the full two layer model can be
unstable. Grammeltvedt used a large amount

of artificial dissipation in his numerical scheme
which may have prevented the instabilities
from arising. Therefore. this paper will con-
tinue and extend the investigations of Kasa-
hara, Isaacson, and Stoker (abbreviated as
K.I.8.).

We shall deal with the problem under various
initial and boundary conditions using a more
accurate treatment of the front than K.I.S.
together with a rezoning technique for the
frontal marker particles. We are thus able to
continue the solution for counsiderably longer
times than K.I.S. did. In fact all ecalculations
were carried out until the front crossed over on
itself, i.e. until oecclusion occurred. Further-
more the Lax-Wendroff type methods used do
not require the additional smoothing that
Grammeltvedt needed and so local properties
are more accurately represented. It is planned
to incorporate this theory into a large scale
model for the circulation of the atmosphere.
The motion of fronts could then be followed by
using a refined mesh in the ncighborhood of
the front. Ciment (1971) has shown that dif-
ference schomes with uneven mesh spacings
are stable, in the linear case, for dissipative
schemes as the Lax-Wendroff method used in
these dalculations. Hence, it is numerically
feasible to use mesh refinements in the neigh-
borhood of the front.
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Fig. 1. Vertical height of the two layers.

2. Differential equations

Eliminating the influence of the warm air
on the cold air Stoker (1957) derived the fol-
lowing set of equations.

ut+uuz+vuy+g(1 ~@—) hy=fv
e

vt+uv2+vvy+g(l—g) h,y=~-f(u—9—a') (1)
e e

By + (b, + (hw), =0

u and v are the velocities of the cold air in the
z and y directions respectively, & is the height
of the cold air layer, p and ¢’ are the densities
of the cold and warm air masses, respectively;
f is the Coriolis parameter and @’ is the speed
in the x direction of the warm air.

It is assumed that the cold air lies above a
region D of the x, y plane and that this region
is bounded on the fourth side by a curve C(%).
The curve C{f): (zo(t), yo(t)) defines the front,
it is the line along which A =0. The points of
C move in time with the velocity (ug, vo) of
the particles on the front: Hence the follow-
ing conditions hold along C:

h=0
d
o (2()) = uel@e, Yoo t) (2)

d
o (Yel8)) = vo(res Yoo t)

where d/dt i1s the particle derivative. Along the
northern boundary the north-south component
of the velocity, v, is specified; it is not neces-

Tellus XX VI (1974), 6

631

sarily zero as was assumed in K.I.S. At the
eastern and western boundaries periodicity is
used.

A complete formulation of the problem re-
quires appropriate initial data for u, v, » and
the position of the curve C(t). In ease 1 w and
v are initially the same as for the constant
steady state zonal solution while % varies
linearly in y and sinusoidally in .

The initial conditions are thus:

Case 1 (constant state)

0.0 27
Yo=U,y—- 0, CO8 X‘”

=U

S

v =
h=U-yo)H, yo <y <Y

where

H = 7._](—, (_ 7
e)”

Y
X, Y denote the lengths of the sides of D in
the # and y directions respectively. The con-
tour lines of the initial value of &, at 5 000 foot
intervals, are plotted in Fig. 2a.

As a second case, a physically more realistic
condition is assumed, namely that the wind
field is initially geostrophic. Thus, at ¢ =0 there
is no acceleration in either the x or y direction,

i.e. duf/dt =dv/dt =0. This leads to the follow-
ing initial conditions.

Case 2 (Geostrophic)
Y—Yc

h=>—"""(Y-b)H
Y—ye
¢
(1-) .
roo i
u= _‘g_i+gal B SRR .
f oy o v -
¢ ,
1;7
g( @)6h
?):—h‘-—‘ -
/ ax

where b =C, +C, and H, Y, y. are as in Case
1. The contour lines of the initial value of A
for Case 2 is plotted in Fig. 4a.
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Fig. 2a. Initial height contour pattern, in 5 000
foot intervals, for case 1o with no air entering from
the north.

Subeases la and 2a denote the problems
with periodic east-west boundary conditions
and v =0 at the northern boundary. Subcases
1b and 2b denote the same problems but with
v specified (non zero) at the north. Finally,
subcase 2¢ concerns a problem where the
sinusoidal variations initially occur only in the
middle third (in the « direction) of the domain.

3. Difference equations

A dimensionless moving coordinate system is
introduced so that in dimensionless units the
unrefined mesh has length and width equal to
1 (see K.I.8. or Turkel, 1970). By D, is meant
the connected set of net points in the interior
of D, the region under the cold air. By a regu-
lar point is meant a point in D, whose eight
surrounding neighbors are all in D,. All other
points in D are called irregular points. At
regular points, a two step scheme due to Bur-
stein (1964) was used, while at the northern
boundary and irregular points sufficiently far
from the front, variations of the Lax-Wend-
roff method were used. At irregular points less
than one quarter mesh width from the front
the values of u, v and A were found by inter-
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polation. A more detailed analysis of the nu-
merical techniques can be found in Burstein
& Turkel (1975).

4. Boundary treatment

The finite difference approximations at the
boundaries are considered next. The east and
west boundaries consist of regular net points
upon using the periodicity condition. Along the
northern boundary v is given, while » and &
are calculated by using one-sided differences.

The front is defined by a series of discrete
Lagrange particles which are allowed to move
freely throughout the fixed Eulerian mesh.
Between these particles the position of the
front is determined by interpolation. The ma-
jor difficulty presented by this study is fol-
lowing the movement of the front especially
as occlusion occurs and severe distortions in
the cold air accompanies it. The author has
tried many different methods for calculating the
dependent variables both in the interior and
along the free surface. All these methods give
similar results, for case 1, up to 8 hours and
for up to 11 hours for case 2. Thus, if one wishes
to extend the calculations beyond those given
by both K.I.8. and Ritter extra care must be
taken to accurately calculate the frontal mo-
tion.

Severe distortions create the necessity for
rezoning techniques similar to those used by
Lagrangian schemes. The advantage of a
Eulerian method is that the rezone is one di-
mensional and there is no need for mass map-
ping. In order to accomplish the rezoning we
introduce a measure of arclength along the
front defined by

Ti+1 da, 2\ 1/2
siﬂgsi:f (1 + (d—‘/) ) de (3)
- %

where (x;,v;) are the coordinates of the ith
Lagrange frontal particle. Since we are using
a second order scheme we assume that y is a
quadratic function of xz. When the slope of
the front is greater than 1 the roles of z and y
are reversed. Thus,

Y@ —2) (B~ 21 11)

(@51~ 2;) (51— T141)

y(@)=aa’ +br+c =
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(@=-w 1) (@—2441)
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Yis1

BST<Tipy  (4)

with periodicity near the end points. Since this
formula is used only when (dy/dx); is less than
or equal to one the denominators that occur
are usually well behaved. In unusual cases,
where there are many oscillations in the front,
a linear relationship between z and y is as-
sumed. Since this occurs only at isolated points
in time and space the second order accuracy
of the method is not affected. When this
quadratic form for y(z) is inserted in the arc-
length integral the integration can be carried
out explicitly and

1
Sina= 8= {202 + b) (4a’x" + 4abz + b° + 1)'*

a
+aresinh (2az + b)}ﬁ+1

The arclength of the total front is then deter-
mined by letting s; =0.

With the arclength thus defined we are in a
position to redistribute the frontal particles
whenever the distortion becomes too large.
When the arclength between any two Lagrange
points differs by more than 259, from the aver-
age arclength then a redistribution of the points
is carried out. It is also possible to rezone por-
tions of the front rather than the entire front.
This becomes necessary when sharp corners
appear and it is not desirable to introduce any
communication between different parts of the
free surface. When the rezone is done new
Lagrange particles are defined at positions equal-
ly spaced in terms of arclength. The coordi-
nates of these new points as well as their ve-
locities are evaluated by quadratic interpolation
in terms of arclength from the values at the
old Lagrange particles.

The arclength is also used in the evaluation
of the slope of the front. Thus,

(), (2)./C2)

where the derivatives on the right hand side
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are evaluated by assuming that both x and y
are cubic polynomials in s. Cubic polynomials
are used rather than quadratic ones to insure
symmetry. When « is rather independent of s
a linear relationship is used. This creates no
difficulties since in this case the front is closely
approximated by & straight line in the vicinity
of this Lagrange particle.

The introduction of the arclength gives much
greater accuracy as the occlusion process con-
tinues and sharp changes in the slope of the
front appear. Thus, we are able to eontinue our
numerical integrations for periods of time more
than twice that achieved by K.I.S. In fact all
calculations were carried out until occlusion
actually occurred. For times beyond this,
changes in the physical model are necessary to
account for the multivalved functions that oc-
cur.

Along the front the sound speed is zero and
so the characteristic directions coincide with
the particle path. Thus, v and v cannot be
found by extrapolation along the characteristics
but must be found by solving the differential
equations (2) for 4 and v along the front.

An implicit method based on the trapezoidal
rule, is used to solve the ordinary differential
equations. The accuracy of this method is
consistent with the second order accuracy of
the Lax-Wendroff method. The trapezoidal
method does not require information at previ-
ous time levels and so presents no difficulties
when the points along the front are redistri-
buted.

5. Results

All the figures shown are in a coordinate
system that moves to the east with the speed
of 10 feet per second except where explicitly
noted otherwise. Each mesh is 250 000 feet
square (approximately 50 miles). In all cases
occlusion occurred and the graphs shown are
at times shortly before this.

Fig. 2b shows subcase 1a after 18 hours. The
entire front progresses to the east with the cold
front moving eastward faster than the warm
front. The front is no longer a single-valued
function of the z-coordinate but is curling
counterclockwise. The development of this
asymmetry characterizes the occlusion process
of frontal cyclones.
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This subcase assumed that no air enters from
the north. The problem was then solved for
subcase 1b where cold air enters the region from
the north simulating a polar wind. As in Alter-
man & Isaacson, the velocity v is given by

it
Vp[cos (~) - 1] , t<2T
T

0, 12T (5)

v(i,z, Y)=

Fig. 3 shows the result after 18 hours with
T =7 hours and V,=10 ft./sec. As expected
the polar air forces the front southward. The
front becomes steeper and the cyclonie activity
increases. Replacement of formula (5) by a
periodic funetion in time had no appreciable
affect on the occlusion process, though the
length of the period did affect the time required
for ocelusion to occur. It seems reasonable that
if the velocity at the northern boundary were
sufficiently negative then occlusion would not
occur. In all cases the propogation of disturb-
ances is faster towards the north since the sound
speed is proportional to the square root of the
height of the cold air. This height increases
approximately linearly towards the north (see
for example Fig. 8).
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Fig. 2b. Height contour pattern for case la after
18 hours.
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Fig. 3. Height contour pattern for case 15, air en-
tering from the north, after 18 hours.

In case 2 the initial velocities and height field
distribution are geostrophic. The initial shape
of the front is again sinusoidal with the height
contour lines flattening out towards the north
as seen in Fig. 4a. Fig. 4 displays the height
contour lines after 24 hours. As before the entire
frontal system progresses eastward. It takes
longer for the occlusion process to occur since
the initial accelerations are zero. However, after
a complete day the occlusion process is well
developed and there are large cyclonic motions.
In subcase 2b we consider the effect of a polar
wind entering from the north as given by eq.
(5). Fig. 6 shows the contour levels for the height
field after 24 hours.

The periodic east-west boundary conditions
are not realistic for a single wave of period X.
Therefore, in subcase 2¢ a larger region is in-
troduced to simulate an infinite domain in the
z direction. That is, X is chosen as 60 dimen-
sionless units; while the initial data is chosen
to be: a single wave of period X/3 over the
center twenty units and extended to the right
and left with values independent of z (see Fig.
6a). In Fig. 6b it is seen that the occlusion
process is not greatly affected, after 24 hours,
by this change in initial and boundary condi-
tions. In the regions away from the occlusion

Tollus XXVI (1974), 6
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Fig. 4a. Initial height contour pattern, in 5 000
foot intervals, for case 2a with geostrophic initial
conditions.
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Fig. 4b. Height contour pattern for case 2a after
24 hours.

process the front remains closer to its initial
state and even moves slightly southward. Fig.
6¢ shows the center portion of Fig. 6b to facili-
tate comparisons with the other graphs. In
Fig. 7 is shown the velocity field after 24 hours
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Fig. 5. Height contour pattern for case 2b after 24
hours.

for the geostrophic initial conditions (case 2a).
In this plot the circulation pattern is readily
visible. The magnitude of the arrows is propor-
tional to the speed, while the direction of the
arrow is parallel to the velocity vector. Finally,
in Fig. 8 is plotted the height field in a three
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Fig. 6a. Initial height contour pattern for cagse 2c¢.
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Fig. 6c. Central portion of Fig. 6b.

dimensional perspective graph for subcase 2b
after 24 hours (this corresponds to Fig. 5). The
distortions caused by the occlusion process are
readily visible.
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Fig. 7. Velocity field for case 2a after 24 hours.

6. Conclusions

The motion of cold fronts in the atmosphere
can be described by a system of nonlinear equa-
tions for the motion of a single layer of fluid.
These equations include gravitational and
Coriolis forces but ignore thermodynamic vari-
ables. By changing the initial and boundary
conditions the shape of the front, the cyclonic
pattern of the air and the time variation can
all be altered. Within one day the cyclonic pat-
tern is clearly developed for realistic initial
conditions. Thus, this model indicates that the
action of purely mechanical forces are primarily

°4 .00 HOURS

Fig. 8. Three-dimensional perspective plot of the
height field for case 2b after 24 hours.
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responsible for the features of the occlusion
process. Furthermore, since this model is rela-
tively simple the scheme can be incorporated
as a subset of a global model with little extra
computational effort. With the extra resolution
provided frontal motion can be accurately fol-
lowed for periods of greater than 24 hours
without any smearing of details.
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OPOHTAJIBHLIE IBUHEHUA B ATMOCPEPE

Ha ocHoBe opHocnoiiHO HeJduWHERHOU MoOIesu,
npepitoskesHoit  CTokepoM, HU3y4aercs IBUHKe-
Hue (POHTAILHEIX BO3MYIIeHHUII B armocdepe.
VYpaBHeHUs] ABUIKEHUS UHTETPUPYIOTCH BHYTPU
00JacTH IBYXIIATOBEIM METONOM. Tev4eHNf, BO3-
HUKAOIINe IPU pas3idudyHBX HAYaJbHHIX M TIpa-
HUYHBIX YCIOBUAX, PACCMaTpPUBAIOTCA 33 3HA-

YUTENBHO 00Jiee HOJTHE BpPeMeHa, YeM pac-
CUNTHIBAJIOCh panee. ['paHuna pasgeia mnpo-
CA&KUBAETCA NYTeM YHCICHHON NPOLETYPH,

M03BOJAIOIEHl pacCMATPHUBATL INPOU3BOJIBHYIO
¢popmy ¢ponra. llopToMy TeueHMs MOLYT ONIu-
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CHIBATBCA BOJIOTH 70 MOMEHTA BO3SHUKHOBEHMS
OKKJII03UY, YTO MO3BOJIAET BBICHUTH BIMsIHNE
PasIUYHBIX HAYAJIBHHEIX W TPAHMYHBIX YCIOBUH
Ha Impolecc OKKI03uM. Bo Bcex ciayyaax Xo-
JNOTHBLIM (pOHT pacnpocTpaHseTrcsa ObicTpee Ten-
JIOT0 WM MO3agU XOJOJHOTO (POHTA CYLIECTBYET
061acTh OTHOCHUTEJIBHO CUJILHOM KOHBEPTEHLUHM
macce. BO6musu XojomHOro (QpoHTA ACHO BUMHA
NUPKYJIANNA LOUKJIOHMYecKoro tuma. 13 s1ux
($aKTOB CIIefyeT, UTO CUJILHHEIE IHTOPMBI CBA3AHEL
C XOJOAHBIMHU, & He C TEeILILIMH (JPOHTAMHU.



