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ABSTRACT 

An alternative formulation of the problem of density jump, first considered by Wilkin- 
son & Wood (1971), is presented. A first order ordinary differential equation results 
for the crest height of a controlling weir as 04 function of the depth of the flowing layer 
downsteam of the transition, with a boundary condition corresponding to  the immiscible 
jump. An outline of the solution is presented. 

Introduction 

Examples of density jumps are found in many 
geophysical phenomena such as Fohn and Kata- 
batic winds, and have been frequently cited in 
the existing literature (see, for example, Ball, 
1957; Wilkinson & Wood, 1971. The latter will 
hereafter be referred to as WW.) It was WW 
who first investigated the role of a downstream 
control in the phenomenon of density jump. 
This note presents an alternative formulation 
of the problem considered by them and should 
best be read in conjunction with their paper. 
The present formulation is somewhat more 
general, since it does not invoke the Boussinesq 
approximation. A first order ordinary differ- 
ential equation for the crest height of a con- 
trolling weir as a function of the depth of the 
flowing layer downstream of the transition 
results, with a boundary condition correspond- 
ing to the immiscible jump. A closed form solu- 
tion of the differential equation is possible. An 
explicit expression of the solution is, however, 
not presented here. 

Formulation 

We consider a layer of upstream density el 
depth hl and discharge q1 flowing under a 
stationary1 ambient fluid of density eo(eo <el), 

1 The induced motion due to entrainment of the 
ambient fluid is neglected. 
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and going through an abrupt thickening a t  a 
transition. 

A schematic of the density jump is shown in 
Fig. 1. The transition comprises an entrainment 
zone in the upstream and a roller region in the 
downstream portion of it, the relative extent 
of each depending on the crest height of a con- 
trolling weir. WW have shown that, for a given 
upstream flow, there is a maximum height of 
the crest corresponding to which the transition 
comprises entirely of the roller region. Under 
this condition the density jump reduces to the 
classical immiscible internal jump. Above this 
crest height the upstream flow is flooded. When 
the crest height is lowered from its maximum 
value, the entrainment zone increases a t  the 
expense of the roller region, until, when the 
crest height is reduced to zero, the transition 
is composed entirely of the entrainment zone. 

The formulation is based on the conservation 
of flow force and mass deficit across the transi- 
tion and the conditions that the flow down- 
stream of the transition is energy preserving and 
that it is critical a t  the crest. The above con- 
siderations are sufficient to yield a first order 
ordinary differentia1 equation for the height of 
the crest as a function of the depth of the flow- 
ing layer downstream of the transition. The rela- 
tionship between the maximum height of the 
crest and the parameters of the upstream flow 
is known from classical internal jump theory. 
This relationship serves as the boundary condi- 
tion fo t.he differential equation. 
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Pig. 1. Schematic of the density jump. 32, entrain- 
ment zone; RR, roller region. 

The density, depth, and discharge downstream 
of tho transition are, respectively, Q, h and q, 
and bc is the height of the crest. For simplicity 
we shall, from the very first, assume uniform 
vclocity and density distributions across the 
flowing laycr both upstream and downstream 
of the transition. Non-uniformities in these can 
be accounted for in the manner of WW. 

With a suitable datum pressure the flow 
force S, of tho flowing layer can be writton as 

where s = ( e  -eo)/e, and g is the acceleration due 
t o  gravity. (Suffix 1 denotes upstream values.) 

The rcquiremcnts that the Bernoulli head be- 
hind tho transition is constant and that the 
flow is critical at the crest can be summed up 
in the following equation 

The change in the density of the flowing layer 
downstream of the transition as a result of 
entrainment of the ambient fluid is governed by 

(3)  

whence the equation of the conservation of mass 
deficit is obtained: 

q(e -eo)  =ml = ml, say (4) 

Eqs. (l), (2) and (4) fully define solutions to 

From (1) and (4), eliminations of e yields the 
the problem under consideration. 

following cubic equation for q: 

e0q3 + m l q 2  -&ha + qmlgh3 = o (5) 

It can be shown that (5) has two positive real 
roots (the third one is then a real negative 
root), one of which is characterized by p < q l ,  for 
h < h‘, where h’ is the immiscible jump height. 
Eq. (5) yields a functional relationship between 
q and h. 

From (4) 

and we also have a functional relationship bc- 
tween ,o and h. 

Now taking total differentials of (1) and (2) 
with 

dS=O 

and eliminating ds, we get upon simplification 

(7) 

where 32 =q2/sgh3 is the square of the modified 
Froude number of the flowing layer. Since both 
q and e (and hence s) are known functions of h, 
we can write ( 7 )  as 

where 6 is a known function of h. 

Boundary condition 

When the roller region occupies the entire 
transition the density jump reduces to an 
immiscible jump. Then 

(9) 
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where 

We write 

height of the crest of a controlling weir and the 
depth of the flowing layer downstream of the 
transition of a density jump. Corresponding 
relationships between the crest height and 
other flow variables can be similarly obtained. 

(10) 

Eq. (9) is same as Eq. (Z),  but now the depth 
of the flowing layer downstrean of the transi- 
tion is related to the upstream depth by the 
classical relationship (10). The quantity C1, is, 
of course, the maximum height of the crest, 
above which the upstream flow is flooded. 

Eq. (8), a first order ordinary differential 
equation for b, as a function of h, is to be solved 
subject to the boundary condition (11). A solu- 
tion to the homogeneous problem corresponding 
to (8) is, by inspection 

b, = h  

Conclusions and discussions 

A n  alternative to WW's formulation of the 
density jump has been presented. However, the 
analysis is not restricted to Boussinesq fluids. 
The relation between the crest height of a 
controlling weir and the depth of the flowing 
layer downstream of the transition of a density 
jump is governed by a first order ordinary 
differential equation, with a boundary condition 
corresponding to the immiscible jump. Although 
the problem is amenable to a closed form solu- 
tion, an explicit expression of the solution has 
not been presented. 

Using the method of variation of parameter, let 

mulated here will not be unique when the up- Then n satisfies 
stream Froude number exceeds a certain value. 

d n  m h )  WW have shown that two different flow states 
dh h (la) downstream of the transition are possible if the 

upstream Proude number exceeds 13.2 for 
Boussinesq fluids. However, only one of these 

Consistent with WW's findings, it is to be 

b, =hn(h)  be the solution to (8) satisfying (9). expected that the to the problem for- 

- = -  

Integration of (12) at once yields 

n = dh + Constant 

states is stable. 
For a lighter layer flowing over a heavier 

ambient fluid, a similar formulation can be (13) 

used. 
The solution to (8) satisfying (1 1) is easily found 
to be 
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QPYI'AH mOPMYJItiPOBKA TIPOBJIEMbI CKAYKA lIJIOTHOCTYI 
TIpeRnaraeTcE RpyraFi @ o p ~ y n ~ p o ~ ~ a  npo- R O C J I H B H O ~ ~  nnoTzm1 KaK I # ~ H K ~ H H  rny6~Hb1 

AHTCR O ~ L I K H O B ~ H H O ~  Am++epeHqHanbHoe ypaB- lumamUeMycn cmwy.  QaeTcn K p a T H o e  o m -  
Heme nepnoro nopRfiKa B~ICOTLJ r p e 6 ~ ~  30- camre peruexvre. 
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6JIeMbI CKaYKa IIJIOTHOCTH, BIIepBbIe PaCCMOT- TeHymerO IIOTOKa BHH3 I I O  TeqeHHH) C rpa- 
PeHHOf i  YHJIHHHCOHOM H BYAOM (1971). BHBO- HHYHbIM YCJIOBHeM, COOTBeTCTBYIOUHM HeCMe- 


