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ABSTRACT

The model of the low-level jet over sloping terrain formulated by Holton (1967) is
extended to assess the effects of the diurnal variation of eddy viscosity and of higher
harmonics of the thermal driving mechanism. A perturbation expansion leads to
analytic solutions which are compared to observations in the south central United
States. It is suggested that numerical integration of the fully nonlinear equations is
necessary to simulate the virtually simultaneous development of the jet throughout

the depth of the planetary boundary layer.

1. Introduction

Despite numerous observational studies (Let-
tau & Davidson, 1957; Hoecker, 1963, 1965;
Jzumi & Barad, 1963; Izumi, 1964; Kaimal &
Tzumi, 1965; Tzumi & Brown, 1966) during the
last ten years, the low-level jet has been reluc-
tant to reveal its basic nature. The jet, as it
occurs over the Great Plains of the United
States, is embedded in a basic current of gener-
ally southerly flow. The most striking features
are the diurnal variation of intensity and the
sharp decrease in wind speed above and below
the level of maximum wind.

Typical vertical profiles of the horizontal
wind at various times during the day have been
given by Blackadar (1957) and Bonner (1965).
A daytime wind distribution with rather small
vertical shear gives way to a profile at night
characterized by very light winds at the sur-
face, 15-30 m/sec winds at 700-1 000 m, and
less strong winds (near geostrophic values)
within the next 1 000 m. Hodographs (Bonner
& Pacgle, 1970) reveal also an oscillation of the
wind vector at each level (Fig. 1).

A number of theories have been put forward
to explain the diurnal wind oscillation observed
in the low-level jet. Most pervasive has been
Blackadar’s (1957) that the jet results from a
free inertial oscillation superimposed of the geo-
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strophic basic flow, initiated by the rapid
nocturnal breakdown of the frictional restrain-
ing force in the boundary layer. The mechanism
is grounded in the diurnal cycle of insolation,
which gives rise to variations in the lapse rate
and eddy viscosity. Early attempts (Buajitts &
Blackadar, 1957) to simulate the behavior of
the jet for specified eddy viscosity behavior,
indicated that both the mean value of the eddy
viscosity and amplitude of its diurnal variation
must decrease rapidly with height.

Holton (1967) formulated mathematically the
suggestion of Bleeker & Andre (1951), which
attributed the low-level jet to the effect of
diurnal heating over a sloping terrain. The
changes in the density stratification induced by
the insolation cycle were taken as the source of
the potential energy driving the wind oscilla-
tion. The viscous (Ekman) boundary layer and
thermal boundary layer were coupled in Hol-
ton’s model; the eddy viscosity, however, was
taken as constant.

In the following sections, Holton’s model of
the low-level jet is generalized somewhat to in-
vestigate the importance of the eddy viscosity
variation both with time and height. Specific
examples of the model are compared to ob-
servations of the jet over the Great Plains.

2. Model

The initial formulation of the problem follows
Holton’s development with the exception that
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Fig. 1. Diurnal wind variations for Fort Worth,
1952-1964. (From Bonner & Paegle, 1970.)

the eddy viscosity and heat conductivity are
allowed to vary with time and height.

The properties of the low-level jet are ob-
served to vary in a complicated manner with a
roughly diurnal period. In this case, it is con-
venient to express the dependent variables in
terms of Fourier series in time; let the variables
u, v, and 6 be represented by expansions of
the form

g, )= 2 Gut)e™ (1

Ne=—00

where G, represents the respective amplitudes
U, V,and ©,.

In the present problem, the heating cycle,
as expressed in @p, and the eddy viscosity K
are specified functions of { and . (With the
Prandt]l number taken as 1, the form of K de-
seribes the conductivity as well.) The general
form (1) could be assumed for both @5 and K;
however, K enters into the equation in products
with the dependent variables «, v and 6. These
cross-product terms appear as complicating
terms in the equations for each harmonic. There
have been many attempts to specify the varia-
tion of eddy viscosity in the planetary boundary
layer (O’Brien, 1970). In order to retain the
time-variable character of K but reduce the
complexity of the equations, let

K(g,¢) = K(£) +K;(0) cos ¢ (2)

Tellus XXVI (1974), 5
37 — 742894

561

In the resulting set of spectral equations, a
correlation appears in each equation between
the time-variable component of the eddy vis-
cosity and both the preceding and the following
harmonics of the dependent variables. This
“time-eddy transport’” (Kuo, 1968) raises major
obstacles to further analytic treatment of the
equations; the solution for the nth harmonic
variables depends on the knowledge of the solu-
tions to the (n +1)th as well as the (n—1)th
harmonic variables.

In order to obtfain a view of the role of the
time-variable eddy viscosity, approximate solu-
tions are sought by means of a perturbation
method. The dependent variables are expanded
in terms of a small parameter ¢ which measures
the relative size of K, and K.

In the unperturbed set of spectral equations
the interaction terms are absent; only the time-
mean eddy viscosity has a role. The only in-
homogeneous term is the heating component
O, This set yields solutions for arbitrary heat-
ing under the influence of eddy viscosity, which
may depend on height. Each harmonic set may
be found independently.

The first perturbed set is strikingly similar
to the original spectral equations. However,
whereas the latter would yield only to simul-
taneous solution, this set may be solved know-
ing only the solutions to the unperturbed equa-
tions. The full solution may be built up in a
stepwise manner; in general then

9(C, 8) = goe”ngmGnM(C) el (3)

The problern is not complete, of course, with-
out proper boundary conditions. The underlying
hypothesis is that the low-level jet is driven by
the imposed heating, with the flow retarded by
friction at the surface and approaching the
geostrophic wind at upper levels. In terms of
the dependent variables

u=v=0and 6 =0, at =0

u, 0 >0 and v->v, as { oo (4)

3. Solutions and results

The double expansion solution formulated
for the model of the low-level jet allows, in
general, an infinite number of terms; in practice,
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however, the higher-order terms are usually
negligibly small. For our purposes, only the
first five components of each dependent vari-
able need be evaluated: namely, those of the
form g, the diurnal mean at each level; (f;, the
unperturbed first harmonic; G,, the unperturbed
second harmonic; ¢y, the perturbation on the
mean state at each level; and G5, the perturba-
tion on the first harmonic at each level varying
with time.

The lowest order set of equations (both in ¢
and n) deseribes the time-mean profile of the
dependent variables. If the mean eddy viscosity
is taken as constant, Holton’s solution for the
mean variables is recovered

ﬁ=vg+z Cooj €xp(~1,{)
@ =277 Cyy exp (—74L) (6)

where Holton’s notation has been preserved.

If the total wind vector is plotted for a range
of heights from the surface to the top of the
boundary layer, an Ekman-like spiral results.
If the terrain slope is zero, the usual Ekman
spiral is displayed.

For n >1 the ¢° equations may be combined
to yield a differential equation for V,, with the
imposed heating as a driving term; if the heat-
ing is assumed to drop off exponentially with
height, the solutions for U,, and V,, are in
terms of sums of exponentials analogous to the
mean variable solutions (but with increasingly
complex coefficients).

The total wind wvector then deseribes an
ellipse about the mean wind at each level. The
stratification modifies the amplitude of the
diurnal oscillation, as well as determining the
mean wind profile. For a level surface, the
thermal effects are decoupled in the present
formulation; time changes in the wind then
may occur only through the diurnal variations
of eddy viscosity.

The higher-order ¢ equations increasingly in-
volve the interaction of the time-variable eddy
viscosity and the solutions to the ® equations
of the various harmonics. In this regard, it is
convenient to choose a vertical variation of K,
which drops off exponentially with height. The
resulting inhomogeneities then force compli-
cated but straight-forward solutions for the
perturbation amplitudes. For both U,,, Vg, and
U, V,, the forms of the solutions are analogous
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to the lower order solutions; in combination,
they serve to modify the basic flow described
by the unperturbed solutions.

For the sake of uniformity, Holton’s numer-
ical values are adopted for the basic input para-
meters. In addition, the amplitude of the semi-
diurnal harmonic of the thermal forcing is
taken as one-fourth the diurnal value and dis-
placed backward by 2 h to simulate the asym-
metry of the temperature wave.

The mean and first harmonic distributions
have been presented by Holton. Considering
the relative magnitude of the thermal foreing
components, the resultant contributions of the
second harmonic to the total wind are relatively
small: only a tenth (for U,) to a twentieth
(for V,,) as great as the first harmonic. Cer-
tainly higher harmonies may be disregarded.

The effects of the variable eddy viscosity
first appear in the form of perturbations on
the mean state solutions. The net effect is to
smooth the jet profile somewhat between the
surface and the jet peak. The total wind is not
changed noticeably, however.

The strongest contribution comes from the
perturbation on the first harmonic, due to the
interaction of the eddy viscosity with the mean
profile and the profile of the second harmonic.
The maximum northward component is ~0.3 v,
and occurs about 15 h after the maximum sur-
face temperature. With the assumed eddy vis-
cosity profile, however, the contribution is rela-
tively small and occurs below the jet peak.

With increasing eddy viscosity amplitude
and assuming no decay with height the magni-
tudes of U,, and V,, increase. The jet is intensi-
fied and shifted to somewhat earlier as well as
downward in height.

4. Comparison to observations

Bonner & Paegle (1970) present the results
of an analysis of 11 years of summertime rawin-
sonde data for Fort Worth, Texas. Fig. 2 shows
the time—height variation of the wind above the
surface. For a dimensional geostrophic wind
of 8-10 m/sec the magnitude of the computed
winds are comparable to the observations (Fig.
3). The calculations indicate however that the
maxima of the individual components occur at
more nearly the same height than the observed
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Fig. 2. Time and height variation of the total wind.
(From Bonner & Paegle, 1970.)

Fig. 3. Computed time and height variation of the
total wind in terms of the geostrophic wind. Time
is measured from the peak in the surface tempera-
ture. Height is in units of E = (»*/f)¥2 where v* is a
typical value of eddy viscosity. The wind is in
units of v,
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components. More strikingly the obsérved com-
ponents as well as the total wind do not slope
upward to the right on the time-height diagram.

5. Conclusion

A model of the low-level jet over a sloping
terrain with a diurnal heating cycle similar to
the model developed by Holton (1967) has been
extended to include the role of the diurnal
variation in eddy viscosity and the effect of
higher harmonics in the thermal driving mech-
anism,

Specific comparisons with recent data (Bon-
ner & Paegle, 1970) suggest that & mechanism
must be found to generate the low-level jet
almost simultaneously at all heights above the
surface layer. Within the limitations of the
eddy viscosity approach, the specification must
be more realistic, making numerical integration
unavoidable.
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MOJEJL CTPYU HMMHEI'OH YPOBS C UCIIOJB30BAHUEM
NEPEMEHHOI BA3KOCTH

Monenb CTpyH HUMKHET'0 YPOBHA HAaJ HAKIOH-
Holl mOBepXHOCTBIO, chopMynupoBanHasas XoJa-
tonom {1967), ofGobmaerca ¢ Ienblo OIEHUTH
aQQPeKTEl CyTOYHON H3MEHUYMBOCTH BUXPEBOM
BABKOCTM M BHICOKMX TapMOHHMK TEPMHYECKOIO
BO30ymaeHNsA. Pasioienre BO3MYIeHUl B pAX,
NPHBOAUT K AHAINATHUECKUM PpeIIeHHAM, KOTO-

pBIe Q0T Pe3yJbTATH, CPAaBHUMEIE C Habmxofe-
HUAMM B 103kHOI wactu nenrtpa GHIA. Iipeano-
JIAraercsd, UTO AIA MOLeJMPOBAHUA QaKTHUECKU
ONHOBpPEMEHHOII DBOMIOLUUN CTPYM IO Beeit
TOJIE IJIAHeTapHOro IOTPAHHMYHOIO CJOA He-
00XOIMMO YHCIEHHO HHTEIPUPOBATE IIOJHHIE
HeJIMHEeH{Hbe yPOBHeHMA.
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