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ABSTRACT

A four-layer, non-entraining axial-symmetrie, steady-state model of a severe thunder-
storm with a rotating updraft is used to study somse effects of the low-level moisture
fields on the thermal and dynamical structure of the storm. This model represents
the third in a series of three models which have been produced at Saint Louis University.
It differs from the other two which were developed by Lin & Martin (1971, 1972) by
the fact that moisture becomes a specified input parameter rather than a deduced
one. The three models have been checked to assure their internal consistency so that
any one of them can be used to generate a common field of gridded variables depend-
ing upon the nature of the observed evidence at hand.

The selective mix of observed and generated data within the updraft of the modelled
storm, provided by the particular model of this respect, was used to evaluate (1)
vertical velocities from the mass continuity equation, (2) moisture distribution in the
subcloud layer from the continuity equation for water vapor, (3) the field of pressure
based on the radial equation of motion, (4) the temperature field using the thermo-
dynamic energy equation, and (5) moisture fluxes, latent heat releases and static
energies utilizing the data obtained from (1) through (4). The results indicate that a
substantial percentage of the latent heat releases within a storm must be confined
to the lower portion of the atmosphere in order for & warm-core center to be main-
tained. The low-level relative humidity of the embedding environment was found to
be a strong indicator of severe thunderstorm development. The ‘“‘static energy dif-
ferentials” between a storm and its environment are compared for a modelled and
observed storm to illustrate certain agreements among the modelled and natural

physical processes in operation.

1. Introduction

The development and maintenance of severe
thunderstorms are influenced by transports of
momentum, heat and moisture by eddies in the
atmospheric boundary layer (e.g., Sasaki, 1966;
Bonner, 1966; Newman, 1972). Consequently,
various combinations of these parameters are
employed to predict the probability of severe
weather occurrences (U.S. Weather Bureau,
1965; Miller, 1972). For example, Sasaki et al.
(1967) found moisture fluxes and divergences
to relate quite well to areas of convective ac-
tivity and severe weather occurrences. These
two-particular boundary-layer phenomena were
also successfully used to parameterize latent
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heat releases in tropical storm research by Kuo
(1965) and in pertaining to midlatitude severe
convective storms by Hudson (1971).

Hudson found vigorous cumulus convection
to be associated, in general, with well-defined
axes of horizontal moisture convergence. These
results were collaborated by the study of Ni-
nomiya (1971) on the interaction between the
meso-scale convective storm and its environ-
ment. The importance of vertical moisture
fluxes from the subcloud layer into the updraft
of the severe thunderstorm has also been in-
dicated by many observational studies, e.g.,
Fankhauser (1965, 1966), Newton (1966), Auer
& Marwitz (1968). The magnitude of these
fluxes was calculated by Fankhauser (1966) to
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be on the order of 28 x 10° psec™* for a hailstorm
in Oklahoma. Magnitudes of approximately
8.8 x10° g sec~! were found by Newton (1966)
and 3.1 x10° g sec=! by Auer & Marwitz (1968).
These values are approximately one or two
orders of magnitude greater than those found
for the “‘air mass” thunderstorm (see Braham,
1952).

The difficulties and hazard of making meas-
urements within intense convective cells have
impeded the direct observational assessments
of the relative roles played by each of the various
physical processes oceurring within them. Hence,
we propose to make these assessments by in-
troducing observed peripheral data as boundary
conditions into our diagnostic severe thunder-
storm modelling research. The model to be pre-
sented uses such information to formulate the
wind-component parameters and to specify the
boundary conditions for moisture, temperature
and pressure. Fields of vertical velocity, tem-
perature and pressure internal to the storm,
which are consistent with those more readily
observed evidences in the outer reaches of the
severe thunderstorm, are then generated by the
model. These are used to study some effects of
the low-level moisture fields on the thermal
and dynamical structure of the modelled storm.

2. The model

A four-layer, non-entraining, axial-symmet-
ric, steady-state model of a severe thunderstorm
with a rotating updraft is devised. The layer
which ranges from the surface (2 =0) to a height
of z,=1 km is taken to represent the atmos-
pheric boundary layer beneath the cloud base.
The main body of the storm’s updraft configura-
tion is assumed to extend from the top of this
layer to a height of 15 km. It is defined by three
equally spaced segments (see Fig. 1). The outer
boundary of the storm’s updraft, rj,, is assumed
to be 10 km.

The model requires analytically formulated
radial and tangential velocities, u and v. Values
of specific humidity within the main body of
the storm’s updraft configuration, g, are speci-
fied in terms of “‘partition ratio’’ of condensed
water vapor (to be discussed in Section 3.2).
The surface temperature, 7, and specific
humidity values, g,, are inferred from observa-
tional data near the ground. The vertical velo-
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city, w,, at z =z, is deduced from the horizontal
wind fields using the formula patterned after
the study of Charney & Eliassen (1964). In the
subeloud layer of the storm, pressure p,, and
moisture ¢,, at » =7}, are inferred from sounding
data.

The model uses these input values to calculate
the following variables in the storm’s updraft
configuration:

1. Vertical velocity based on considerations
involving the mass continuity equation;

2. temperature using the thermodynamic
energy equation combined with equations of
radial and vertical motion; and

3. pressure based on the radial equation of
motion.

In addition, the spatial distribution of water
vapor within the subcloud layer (0 <z, <z,) is
obtained by integrating the continuity equation
for water vapor inward from the » =7, to the
center » =0. This treatment will be detailed in
Section 3. These data are in turn used to calcu-
late moisture fluxes, latent heat releases and
static energies throughout the main body of the
modelled storm.

Before proceeding with the discussion of these
calculations, some of the more pertinent mod-
elling assumptions will be justified. The steady-
state agsumption is based on evidences supplied
by the studies of Browning & Ludlam (1962),
Donaldson (1962), Browning & Donaldson
(1963), Auer & Sand (1966), Schlesinger (1971)
and Fankhauser (1971). They reported that
severe thunderstorms often retain gquasi-in-
variant shapes and sizes for periods extending
as long as two hours.

The assumption of non-entrainment is based,
in part, on the works of Bates (1961), Fujita &
Byers (1962) and Malkus & Wililams (1963).
These studies suggest that the effects of lateral
entrainment are small, by comparison with the
other processes being considered, during the
mature stage of the storm’s life cycle. Recent
evidence which runs somewhat counter to this
assumption has been supplied by Brown &
Crafford (1972). They found that the storm cell
is neither sufficiently rigid to divert the winds
around it nor amorphous to permit every part
of the cloud structure to yield separately to the
wind force exerted on it. On the other hand,
Baxter (1971) showed the updraft configura-
tion in a severe thunderstorm to be intimately
related to the strength of an accompanying
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Fig. 1. The four-layer model of a severe thunderstorm. In layers 2, 3 and 4, the specified variables are radial
velocity (u), tangential velocity (v) and specific humidity (g), and the calculated variables are vertical ve-

locity (w), temperature (7') and pressure (P).

“forced” downdraft arising from the evapora-
tive cooling of entrained dry environmental air
into the rear portion of the storm cell. He rea-
soned that the sharp temperature contrast be-
tween the ‘“forced’” downdraft and the updraft
portions of the severe thunderstorm would
provide a barrier to mixing between them.
Hence, an amorphous downdraft does not auto-
matically preclude the use of a non-entrainment
assumption in the updraft portion when the
latter is being considered as a separate entity.

The assumption that certain severe thunder-
storms rotate is supported by Bates (1961),
Browning (1965a, b), Stein & Rhyne (1962),
Fitzgerald & Valvocin (1964), Koschielski (1967),

Tellus XXVI (1974), 5
36 — 742894

Doswell & Tegtmeier (1972), Fujita & Grandoso
(1968), and Charba & Sasaki (1971). The axial-
symmetric assumption is difficult to justify
since it automatically and completely isolates
the storm from its environment. Its employ-
ment, at this time, lies in our belief that many
gross characteristics of the storm, which can
be captured when that assumption is invoked,
are yet to be uncovered. We did not choose,
therefore, to complicate the mathematica Ire-
presentations until their simple forms have
been more fully exploited.

The simplified governing equations for the
storm model in eylindrical coordinates (7, ¢, z, ¢)
are:
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Table 1. List of symbols

cp specific heat for dry air at constant pressure

E, “static energy’ per unit mass

f  Coriolis parameter

g  acceleration of gravity

K ‘;’l horizontal momentum exchange coefficient

K? vertical momentum exchange coefficient

K{i horizontal eddy diffusion coefficient for water
vapor

K7 wvertical eddy diffusion coefficient for water
vapor

L latent heat of condensation

“partition ratio” of water vapor condensed in

the 7th layer

M, area mean of vertical moisture flux density

P pressure

p, pressure in the reference atmosphere

@ rate of change of diabatic heat per unit mass

@, rate of change of latent heat per unit mass

q  specific humidity

g, specific humidity at the top of the subcloud
layer

¢, specific humidity in the reference atmosphere

q, saturation specific humidity

R; gas constant of dry air

r  radial distance (positive outward)

ry, outer boundary of the storm’s updraft

Ar radial grid distance

temperature (in Kelvin degree)

temperature at the reference atmosphere

radial velocity (positive outward)

tangential velocity (positive counterclockwise)

vertical velocity (positive upward)

w, watz=z,

z  height

2, height of the subcloud layer

Az vertical grid distance

o« specific volume

v  temperature lapse rate

yq dry-adiabatic lapse rate (=10°C km=?)

Ym mMmoist-adiabatic lapse rate (=6.4°C km~1)

o density

¢ density in the reference atmosphere

(@) Radial equation of motion

ou ou v olnP
u—+w———v(f+—)+RdT -
7

or oz or
& 1a 1
K=+ - - =
m(ar2 roor 'rz)
1of_ou
+ K5~ — o n
0 0z\ ez

(b) Tangential equation of motion
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a v v & la 1
u—+w——+u(f+—)=K’,§(~»2+—~~2)1;
a2 r

ar
1o _ov
+ K5 - —(@ - ) (2)
poz\ oz
(c) Vertical equation of motion

ow ow oInP
u—+tw—+g+R,T— =0 (3)
or %4 0z

(d) Mass continuity equation

) _algw)
7or oz

=90 {4)

(e) Thermodynamic energy equation

e el oln I’ oln P .
cp[u— +aw f] - RdT[u~fif + wf—-:| = QL
or 0z or o0z

(5)

(/) Continuity equation for water vapor (ap-
plied to the subcloud layer only)

19 7
- = [aug*r] + ~ [ag*u]
r or oz

6Ky o ( oq* a(_og*
- ,,(7.1) + Ki*(éi) (6)
r or or oz oz

Here ¢* denotes the specific humidity in the
subcloud layer (0 <z;<z,), and the other sym-
bols are described in Table 1.

The frictional terms on the right of egs. (1)
and (2) are parameterized in accordance with
the studies of Ogura (1963), Orville & Sloan
(1970), Rothensal (1970a, b), Takeda (1971),
and Lin & Martin (1972). Mixing length con-
siderations were used to approximate the lat-
eral coefficient of eddy viscosity by the ex-
pression KX ~L'v" where L’ is the scale length
of the eddy and v’ is the magnitude of the wind
gusts due to the eddies. The data of Rhyne &
Steiner (1964) and Ackerman (1967) indicate
that KZ ranges between 9 x 107 and 35 x 107
cm? sec-! for convective clouds. Ogura (1963)
estimates its magnitude to be approximately
107 em?® sec—! for shallow cumulus clouds.

Corresponding magnitudes for the vertical

Tellus XXVI (1974), 5
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Table 2. Magnitudes of momentum and water vapor exchange coefficients (in m?® sec) used by other

researchers

Investigator K g Kz K g Ar (km) Az (km) 7y, (km) z... (km) Remarks

Lin & Martin 4x10% 100 0.25 0.25 10 15 Severe storm
(1972)

Liu & Orville 40 40 40 0.1 0.1 7 3.5 Shallow cumulus
(1969) 2 2 2 0.01 0.01 7 3.5 Shallow cumulus

Ogura (1963) 40 40 40 0.1 0.1 3 Shallow cumulus

108 103 108 Suggested for
thunderstorm

Orville & 80 80 80 0.1 0.1 10 10 Rainstorm
Sloan (1970) 4 4 4 0.01 0.01 10 10 Rainstorm

Rosenthal (1970a) 104 10 20 100 440 1002 Tropical cyclone
(19705) 10 0-10 10t 10 100% 440 100% Tropical cyclone

Takeda (1971) 500 500 500 1 0.5 25 10 Precipitating

% Units in mb.

convective cloud

component of eddy viscosity, K%, are not as
well documented. Rosenthal (1970«, b) used a
value of 10% cm? sec—! in his study of tropical
cyclones, Those provided by other researchers
are listed in Table 2. Values of KZ =4 x 107 em?*
sec—! and K%, =10% cm? sec! were used in the
model under discussion.

The horizontal wind fields were analytically
expressed as follows, The tangential velocity
representative of the severe thunderstorm is
assumed to be separable into a radial dependent
and a height dependent component:

v(r, z) = V,(r)V.(2) (7

The radial dependent function of the tangential
velocity takes the form

2V pax*r

V() = M (8)
L+ (r/rp)

Here V., is a constant corresponding to the

maximum value of V (r), and r, is the radius
at which V,,, occurs. The non-dimensional
height dependent function, V,(2), is calculated
by solving the tangential equation of motion
(2) together with the equation of continuity.
The procedure used is similar to that introduced
by Lin & Martin (1972).

The radial velocity is expressed by the
formulation

_ 2U pax(2) "'/r:(z)

R WAoo

(9)
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The height dependent functions, U,,.(z) and
ra(2), denote the maximum radial velocity at a
given height 2z, and the radius at which U,,,
occurs. They are assumed to be

Uma.x(z) == C’; CcOos (;ﬁ) for z> 2

zC
{10)
Tz
= - Uy cos (~—) for z<z,
zC
and
£ d (Z—Z(,) g
(@) =1+0.5)— (11)
ZC

where z, is the height which separates the in-
flow layers from the outflow ones. These ex-
pressions conform with the studies of Beebe &
Bates (1955) and Fankhauser (1965, 1971) which
demand a confluence of moist air in the lower
troposphere and a diffluence aloft.

Values of 256 m sec* for Vi,,, 2 km for r,,
5 m see~! for Uy, 3 m sec-? for Uy, and 6.7 km
for z, best tune these analytical formulations to
the observed evidence available to us for the
outer extremities of the typical severe thunder-
storm.

The mean density, §(z), is assumed to be a
function of height z only, since density, p,
varies much more slowly laterally than ver-
tically and since its fluctuations are at least an



548

Table 3. Values of temperature, T (°K), pressure,
D, (md), and density, g(g cm=3), for the reference
atmosphere

These were obtained from the average tornado-
proximity sounding of Darkow (1969)

z T, D, f(10-3gem—3)
(km) (°K) (mb) ~p, R, T,
0 301.3 1013.0 1.172
0.5 296.0 954.6 1.124
1.0 293.0 898.7 1.069
3.3 277.0 671.7 0.845
5.7 262.0 493.5 0.656
8.0 245.0 355.7 0.506
10.3 226.4 250.9 0.386
12.7 213.0 172.6 0.282
15.0 209.5 il5.4 0.191

order of magnitude smaller than its mean. The
tornado-proximity data compiled by Darkow
(1969) were used to establish these values (see
Table 3).

The rate of change of diabatic heating, per
unit mass, 1s approximated by a release of la-
tent heat of condensation, i.e., Q %QL. This re-
presentation has been frequently used in the
meteorological literature for tropical and extra-
tropical storms and severe thunderstorms (e.g.,
Kuo, 1965; Rosenthal, 1970a, b, etc.). Since
the portion of a severe thunderstorm which is
occupied by the updraft configuration is gener-
ally at or near saturation, no provision is made
in the model for the inclusion of evaporative
processes. More detailed treatments of the @,
term are provided in the Appendix and Section
3.2.

Lateral and vertical convergences of moisture
fluxes are given by the terms on the left of eq.
(6), and those on the right express the lateral
and vertical components of turbulent mixing
in the subcloud layer of the storm. Various
estimates for K1 by other researchers are listed
in Table 2. Values of 101 em? sec—? for K2 and
108 ém? sec—! for K%, were selected for our
model based on numerous sensitivity experi-
mentations and comparisons which we made
between model-produced and independently
derived values for the respective generated
variables under consideration. These estimates
appear to be somewhat larger than those used
by the other investigations. It must be noted,
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however, that the magnitude of K¥ and K2, is
highly dependent on the specific model being
considered as shown in Table 2.

3. Numerical experiments

Numerical experiments were performed using
a 42 x 7 grid system. A horizontal grid spacing
of 0.25 km and a vertical one of 2.33 km was
used throughout the updraft. A somewhat finer
vertical grid (Az=0.1 km) was used for the
subeloud layer. A one-sided differencing method
was employed to compute the advective terms
and a centered-differencing scheme for the non-
advective ones.

The following dependent variables within the
storm’s updraft configuration were calculated
using the specified values of # and v and the
known “‘partition ratio’” of condensed water
vapor to determine values of g:

3.1. Vertical velocities w(r, )

The field of w was computed from the mass
continuity equation (4) using the specified
values of u from eqs; (9) to (11). The “friction-
ally-induced’ wvertical velocity, w,, at the top
of the subcloud layer, z =z,, is used as a lower
boundary condition for integrations. This quan-
tity was calculated from the formula patterned
after the study of Charney & Eliassen (1964),
ie.,

Ky,
wy(r, 2y) = |/ —— s sin 45° (12)

2f,

where {; is the surface vorticity, f, =10-% sec?
and K% =1.4 x10° cm? sec—1.

Fig. 2 shows model-generated vertical pro-
files for w at » =0, 1 and 2 km along with its
radial distributions at 2=1.5 and 5.7 km. Note
that values of approximately 7.5, 3.5 and 1.0 m
sec™! are given at z =1.5 km for » =0, 1 and 2
km, respectively. For comparative purposes,
Marwitz (1972d) observed values range from
5.0 to 7.5 m sec! at the cloud base (approxi-
mately 1.5 km above the surface) using chaff-
tracking techniques. Similarly, Henderson (1972}
deduced values of approximately 5.0 m sec—?
at z =1.5 km using NSSL’s in-storm soundings.
Thus, it appears that the modelled vertical
veloeity term, which is so critical to the trans-
port of moisture, is moderately realistic.

Tellus XX VT (1974), 5
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Radial Profile

LCk
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Fig. 2. Calculated vertical velocity profiles, w (m sec™), in the main body of a modelled storm.

3.2. Temperatures T(r, 2)

The collective effects of cumulus convection
are treated implicitly under the assumption
that all the products of condensation precipitate
out of the system. Thus, the release of latent
heat by condensation in a unit mass of air per
unit time can be written as
. dq,

QL=—Ld—t when w>0 (13)

With the aid of eqs. (1) and (3), the thermo-
dynamic energy equation (5) becomes

of Qg T u
wi— = X z

w
u—+ G1(r’ 2) + —Gy(r, 2) (14)
8z ¢, ar ¢ <,
where
2 Z
0 d 1 K, e ou
Gr,2) =K — + ——-Z|u+——|5—
1 2) m(arz ror rz) o oz Qaz
ou ou v
—u——w—-+'v(f+—)
or oz r
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and
w %
Gylr,z)= — (wé— st g).
or oz

Since the terms on the right of eq. (14) are
likewise known, the field of temperature was
caleulated by integrating (14) upward.

In the region of the updraft configuration of
a severe thunderstorm where the vertical ve-
locities are positive, the rate of change of latent
heat by condensation in the ¢th layer (with
i=9, 3 or 4), [Q;];, is expressed as

(@)= [Quli+ [Qre); (15)
where

: 99

QLT = Lu(a—r) B

and (16)

; 0
Qo= —Lw (&) :
oz
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Fig. 3. A schematic representation of the “partition ratio” of water vapor condensed and the latent heat

released in the ith layer, I, and [@;];, within a unit column of air.

The “partition ratio” of condensed water
vapor in the ith layer

l‘:qm' v1— oi-1
! Grop — Ib

(7

was employed (see Fig. 3). In the above, ¢, and
Gsop TEPresent the specific humidity at the cloud
base (z =2,) and the top of the modelled storm
(2 =2;), respectively. The “partition ratio”, I,
has a magnitude between 0 and 1. This para-
meter represents the ratio of water vapor con-
densed, per unit cross-section, in any one of
the three main layers to that of a unit section
extending throughout the entire updraft. It is
comparable to the partition ratio of latent heat
released for a tropical storm introduced by
Yamasaki (1968). The boundary condition that
g vanishes at the top of the modelled storm is
invoked to provide the following values of [;];
for each of the three main layers

(0,], - 1|29 %a(2-h) 1%} W
Lla —

| 2Az 2 or

. [1,qyws  us(2—21,—1,) oq
B R (et ) 2~ “3) 9
(@l | 2Az 9 ar (18)
and
: [Lqows us(1-1,-1,) &g
- L 4 _ 2 3/ “1b
sl | 2Az 2 or

A more detailed derivation of eq. (18) is given
in the Appendix. The first term on the right-
hand side of each equation in (18) represents
the vertical advection, and the second term the
lateral advection, of latent heat. The values of
{; (with ¢=2, 3 and 4) are given by eq. (17)
and shown in Fig. 3.

3.3. Pressures P(r, 2)

After obtaining the fields of vertical velocity
(w) and temperature (7') within the main body
of the storm’s updraft configuration, the field
of pressure was calculated from the radial equa-
tion of motion (1) with the form

oln P 1

or R, T

Gy(r, 2) (19)

by integrating inward from the outer boundary
of the updraft » =r, to the center r =0. Here
the function G(r, 2) is known which is given in
Section 3.2.

In the subcloud layer of the storm (0 <z, <z,),
composite moisture values, deduced from Dar-
kow’s (1969) average tornado-proximity sound-
ing, and a set of NSSL’s (National Severe Storms
Laboratory) in-storm sounding (see Barnes,
1972; Henderson, 1972) provide the observa-
tional specific humidity and temperature data
along the edge of the storm’s updraft configura-

Tellus XXVI (1974), 5
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Table 4. Lateral boundary values of temperature,
T, (°K), specific humidity, q, (g kg~*), pressure,
p,(mb), and density, § (g cm~—3), along the edge of
the wpdraft in the subcloud layer

These values were deduced from the average tor-
nado-proximity sounding of Darkow (1969)

z T, q, Dy 0
tkm)  {°K) (g kg=?) (mb) (103 g ecm™%)
0 301.3  18.0 1013.3  1.172
0.1 300.3 17.0 1001.3 1.162
0.2 299.2  16.5 989.5 1.152
0.3 298.2  16.0 977.7 1.143
0.4 297.1  15.5 966.1  1.133
0.5 296.0  15.0 954.6 1.124
0.6 295.4  14.7 943.2 1.112
0.7 294.8  14.4 931.9 1.101
0.8 204.2  14.0 920.7  1.090
0.9 293.6  13.5 909.6 1.080
1.0 293.0 13.2 898.7 1.069

tion. These data are needed for our modelling
efforts and are shown in Table 4.

The field of tangential velocity component,
vy{r, 2,), for the subcloud layer was generated
using eqgs. (7) and (8). The vertical velocity
within the same layer wy(r, z;), was extrapolated
downward from the top of this layer (z =z,) to
the surface (z =0) using the analytical expres-
sion

20— 2 2/37 2/3
welr, 2g)=wy| 1 — | ——
2y

Once fields of w, were found, eq. (4) was em-
ployed to deduce the radial velocities, wu,(r, z)
within the subcloud layer.

The values of specific humidity, g,, shown in
Table 4 were used as lateral boundary condi-
tions for ¢* within the subcloud layer along the
radii of r =10 km and r =10.25 km, respectively.
The field of specific humidities, ¢*(», z,), was
obtained by integrating eq. (6) inward from
rp =10 km to the core of the modelled storm
(r=0) with the aid of the generated fields
v, and w; and the lateral boundary wvalues of
specific humidity q,(rp, 2;). Values of specific
humidity g, at the top of the subcloud layer
(z =2,) were obtained from the field of ¢*(r, z,).
These values are necessary to assess the field
of temperature discussed in Section 3.2.

(20)
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4. Discussion of numerical results

It is obviously impossible to justify the many
assumptions of the model with sufficient con-
fidence to expect the derived quantities to re-
present the detailed structure of the natural
storm. On the other hand, the research is of
minimal value unless such comparisons do, in
fact, show that certain gross features of the
natural storm are being quasi-realistically re-
presented by the modelling equations. Various
comparisons between the modelled storm and
the real atmosphere will be presented to show
similarities between modelled and observed
responses to changes in environmental humidity
conditions. The check-sounding and proximity-
sounding data furnished by Darkow (1969) pro-
vide one set of ‘“‘observed’ source material.
The proximity-sounding is representative of
environmental conditions when severe thunder-
storms subsequently occurred, and the check-
sounding pertains to these cases when they did
not. Both were taken within the same overall
embedding synoptic environment. The other
set of reference data was provided by NSSL.
Specifically, on April 29, 1970 an in-storm
sounding was launched from Wheatland, Okla-
homa at the same time that its environmental
data were being collected at Noble, Oklahoma.

Since Darkow’s soundings represent a com-
posite of many situations, only generalized rela-
tionships between the modelled produet and the
“typical’’ severe thunderstorm can be inferred.
The observed meso-data of NSSL, being repre-
sentative of an individual event, permit case
study comparisons between the modelled and
observed storm. Two parameters, in particular,
will be compared. They are the “‘static energy
differentials” between the storm and its environ-
ment, and the relative magnitudes of the latent
heat releases.

4.1. Interdependencies between the environmental
moisture fields and the thermal structure
of a modelled storm

The data of Table 4 show a mean specific
humidity of about 15 g kg~ or a relative humid-
ity of approximately 809, in the subcloud layer.
This value under the axial-symmetric assump-
tion pertains to all radii 10 km from the center
at ground level. The analytically formulated
horizontal winds (see egs. 7 through 11) also
specify the vorticity values for calculating the
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Table 5. Temperature lapse rates in the lower
and middle layers given by the model calculations
(column 1), Ninomiya (column 2), and Darkow
(column 3)

Model Ninomiya’s Darkow’s

5.8°C km™! 6.0°C km~! 6.4°C km1
6.5°C km=1 8.2°C km~1 8.0°C km~1

Lower layer
Middle layer

“frictionally induced” vertical velocity, w,(r,2,).
The modelling effects result in moisture con-
vergences near the center of the updraft (r =0)
which increase the relative humidity by some
59% to 109% over that prescribed along the edge
of the updraft configuration (r =r;). The inter-
play between the specific humidity values and
the subcloud layer wind fields provide the
horizontal grid of moisture and vertical velocity
values at the cloud base, z =z,, needed to inte-
grate the modelling equations and assess the
effects that the vertical transport of moisture
has on the thermal structure of the storm. The
lLifting condensation level (LCL) for this case is
slightly higher than 1 km and over 509 of
the water vapor is contained in the layers below
500 mb. Thus, the partitioning ratio, 7;, for this
particular case is approximately 509% in layer 2,
409, in layer 3 and 10% in layer 4 of the model
{see Fig. 3). The calculated temperature lapse
rates, y, for layers 2 and 3 of the modelled
storm are shown in Table 5 along with those
deduced from the observational studies of Dar-
kow (1969) and Ninomiya (1971). The values
given by these two authors are characteristic
of the storm’s environment where convective
activity is less vigorous than that within our
modelled severe thunderstorm. This accounts
for the smaller lapse rates calculated by the
model since, obviously, more latent heat of
condensation is released within a given area
covered by a vigorous storm than for other
areas of similar size within the environment.
The heavy line in Fig. 4 shows the ‘‘static
energy’”’ profile per unit mass, #; =0, T +gz + Lg,
which was deduced by the model. This is to be
compared with the ‘“‘static energy’ profile of
Darkow (1968, 1969) which is representative
of the “synoptic” environment. Since his prox-
imity values provided the lateral boundary
conditions for our modelling efforts, the dif-
ferences in profiles are “‘solely” attributable to
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the modelling equations operating on the periph-
eral data.

An independent set of ‘“‘static energy” pro-
files is given by NSSL’s data (Henderson, 1972).
The in-storm sounding was launched at 2233
CST, 29 April 1970 at Wheatland, Oklahoma,
while the environmental sounding was taken
at 2247 CST, 29 April 1970 at Noble, Okla-
homa. Although the NSSL’s data carries more
refinements than either the profiles of Darkow
or the model, the ‘“‘static energy” representa-
tive of their sounding appears in good agree-
ment with that given by the model in the lower
6 km at the same time that the “static energy”
calculated from the synoptic-environmental
sounding is comparing quite favorable to that
of Darkow. This indicates that the model is
capturing certain elements of reality with
respect to the gross energy aspects of the storm
vis-a-vis those of its environment.

An appreciable amount of water vapor is
required from the environment to feed the sub-
cloud layer of the storm by lateral moisture
transport processes, pg*u,. Magnitude values of
eq*u, on the order of 10-? g em~2 see~! in the
subcloud layer were calculated in this experi-
ment. These are comparable to those given by
Fankhauser (1965), i.e., about 4 x10-% g cm—2
sec~l. Since inflow is essentially confined to the
layer below the cloud base, the magnitude of
this term decreases very sharply with storm
height. The spatial mean of the vertical moisture
flux density, g, at a given height, z, is given
by

— 1 2r Te
M,=oqw = —~f f (oqw) rdrdé (21)
AJo Jo

where the cross-sectional area 4 is equal to 25
7 km?, Calculated values of M,, in units of 10-*
g cm~? see~1, at selective heights are given in
Table 6 along with those of other investigators.
The value reported by Auer & Marwitz (1968)
was obtained from eight hailstorm occurrences
in NE Colorado during the years of 1964 and
1965, and Lin & Martin (1972) computed their
value from modelling experimentations at the
level where comparative data are available.

The total latent heat in a unit column of air,
Q’Lk, was then calculated using the observed
in-storm sounding of NSSL on 29 April 1970
at Wheatland, Oklahoma. The following for-
mulation was used:

Tellus XX VI (1974), 5
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Fig. 4. “Static energy”’, per unit mass, obtained from our model, NSSL’s in-storm and environmental sound-

ings and Darkow’s tornado-proximity sounding.

. A #oaq
szf Qrodz ~ —Lf wa—zsgdz (22)
2y

2y

The term on the right of (22) can be expanded
into two terms, i.e.,

2p 2 2y
—Lf w%gdz=—L Mdz
2

z 2 oz
% alow
+Lf .29 4, (23)
25 oz

After applying the boundary conditions that
w=0 and ¢ =0 at z =z;, we arrive at the fol-
lowing form for QF:
QF ~ Liow)ssy (@~ 1) (24)

where g is the mean value of saturation specific
humidity with respect to height, and (ow),,
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denotes the vertical mass flux across the cloud
base.

Eq. (24) applied to the observed data of 29
April 1970 gives 8.1 Joule cm—* sec—! with an
accompanying cloud base of 1.18 km (see Table
7, Case B). The model-generated values ob-
tained when Darkow’s check-sounding (no
severe thunderstorms occurring subsequently)
was used as the humidity input parameter gave
a latent heat release value of 6.4 Joule cm-?
sec—! (Case C of Table 7). This difference is
quite large as reflected by the higher cloud
base of 2.1 km. Presumably, a cloud base of this
height is too great, in general, for the severe
thunderstorm to develop. Thus, the very fact
that the modelled values of Case C and the
observed values of Case B differ by such a
large amount (see Fig. 5) is encouraging. Next,
the model-generated data based on Darkow’s
proximity sounding were processed to obtain
a value of 7.8 Joule em—2 see~t for QF (see
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Table 6. Calculated mean values of vertical moss-
ture flux density, M,, at selective heights
Comparable values of M, obtained by Lin & Martin

(1972) and by Auer & Marwitz (1968) at z =38 km
are also shown. Units: 10-% g cm? sec?

z Lin & Auer &
(km) Model Martin’s Marwitz’s
3.3 23.5 24.1 36.5
5.7 17.1
8.0 11.8
10.3 6.2
12.7 4.1
15.0 0.0

Table 7 and ¥ig. 5, Case A) accompanied by a
cloud base of 1.28 km. These compare very well
with the NSSL’s observed sounding data. This
one case study indicates that the model is
capable of diseriminating between those en-
vironments which are and are not the more
probable producers of severe thunderstorms
through a consideration of their respcctive
humidity fields. We would, indeed, be pleased
if such comparisons were found to pertain in
general—a question which will remain unan-
swered until contemporary in-storm and en-
vironmental sounding data for other situations
become available for comparative purposes.
Thus, although the modelled results are
fraught with many assumptions, these experi-
ments at least would seem to indicate that the
model is capable of delineating certain responses
between the severe thunderstorm and its en-
vironment which trend in the same direction
as those found in the real world. Whether or

Table 7. Calculated total latent heat release, O,
n a unit column of wir in the center of the updraft
when Darkow’s proximity-sounding defined the
environmental humidities {Case A), for the ob-
served NSSL’s in-storm sounding (Case B), and
when Darkow’s check-sounding characterized the
environmenial humidities (Case C)

Case A B C
Mean R.H. (%) 80 85 60
LCL (km) 1.28 1.18 2.10
QF (Joule crn—2 sect) 7.8 8.1 6.4
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Fig. 5. Calculated total latent heat release, Qz, in

a unit column of air in the center of the updraft
when Darkow’s proximity sounding defined the
environmental humidities (4), for the observed
NSSL’s in-storm sounding (B), and when Darkow’s
check sounding characterized the environmental
humidities (C). Units: Joule em~2 sec—1.

not the absolute magnitude range of QF which
we presented constitutes a meaningful delinea-
tion between the highly probable and the seldom
occurring scvere thunderstorm is left for time
to tell.

In order to examine the influence of various
“partition ratios” of condensed water vapor, [,
in each layer on the thermal structure of the
model storm, other numerical experiments with
different values of I; were also made. Results
show that the calculated temperature field
within the main body of the storm’s updraft
configuration is quite sensitive to the vertical
moisture gradients, dq,/dz. The most suitable
way to form a “warm-core’” structured storm
at mid-altitudes (supported by many observa-
tional studies, e.g., Ninomiya, 1971; Henderson,
1972, ete.) is to condense a larger amount of
water vapor in the lower layers of the severe
thunderstorm.

4.2. The role of eddy diffusion processes
within the subcloud layer

Eq. (6) was used to calculate the moisture
field of the subcloud layer using the same
boundary conditions and parameters employed
in Case A. However, the diffusion coefficients
were allowed to vary among the experiments
until a wide extreme of values was tested.

One experiment assumed that both KX =
K%, =0, i.e., no diffusion processes are operative.
Specific humidities under this assumption were
calculated for each grid point within the sub-
cloud layer by integrating eq. (6) inward from

Tellus XXVI (1974), 5
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the outer boundary, r =r,, to the center. The
lateral boundary condition of ¢* was specified
as previously discussed in Section 4.1, and
dq*/6r was set equal to zero at z=0. Under
these conditions, the specific humidity at the
core of the storm (r =0) reached its saturation
value immediately above the ground. Such low
cloud bases for a severe thunderstorm do not
fit either the observational evidence of Case B
or the model deduced values of Case A.

In another experiment only the vertical mix-
ing was assumed to operate, i.e., K =0 and
K%, =10°% ecm? sec~. The low-level saturation in
the modelled subcloud layer was found to be
more extreme than they were when the condi-
tions K¥ = K% =0 were imposed. Other calcula-
tions such as cloud-base heights, for example,
were quite similar in both cases.

Next, only the horizontal mixing component
was permitted to operate, i.e., Kf)=101° cm?
sec~l and K% =0. Somewhat surprisingly, a
cloud-base height quite close to that found under
Cases A and B in Table 7 was found.

Finally, both lateral and vertical mixing were
permitted to operate when KZ was reduced for
a factor of ten with K%, =10% cm? sec—! remain-
ing the same as in the other experiments. The
calculated lateral moisture gradients were found
to be considerably larger than those reported
for the observed storm (Case B of Table 7).

Based on the above experimental deductions
and observational comparisons, we conclude
that:

(@) Subeloud mixing by turbulent processes
exerts an important influence on the thermal
structure of the updraft as well as the moisture
distribution of the subcloud layer.

(b) Horizontal mixing processes play a more
dominant role than the vertical ones in distribut-
ing the moisture of the subcloud layer through-
out the main body of the storm.

(c) Values of K& =101 ¢m? sec—tand K%, =108
cm? sec—! provide results which best tune our
modelling experiments to known characteristics
of the natural eloud.

(d) Magnitude ranges of KX and K% appear
to be highly dependent on the specific cloud
model under consideration.

5. Summary and conclusions

A four-layer, non-entraining mode] of a severe
thunderstorm with an axial-symmetric rotating

Tellus XXVI (1974), 5
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updraft is devised to study various aspects of
its dynamic and thermodynamic properties. In
particular, some effects that low-level moisture
fields and their vertical gradients exert on the
internal thermal structure of the severe thunder-
storm are discussed.

One set of sensitivity studies was performed
using typical moisture gradients found in as-
sociation with observed severe thunderstorms
subsequently developing as input data to the
model. Another experiment treated those mois-
ture gradients within the same synoptic area
as the first set and for which no subsequent
storm did develop. Finally, the horizontal and
vertical diffusivities for water vapor were al-
lowed to vary.

The results indicate that:

(@) The vertical moisture gradients within a
storm’s updraft are highly correlated with the
vertical moisture flux across the cloud base in
response to surface humidities, lowlevel flow
patterns and terrain features which encourage
moisture convergence.

(b) The turbulent mixing of water vapor in
the subcloud layer plays an important role in
determining the vertical moisture distribution
of the updraft. Horizontal mixing, in particular,
constitutes the more effective mixing process.

(¢) The warm-core structured storm at mid-
altitudes signifies that much of the water vapor
available to the storm is concentrated in the
lower layers of the atmosphere.

Certain climatic studies which might be
worthy of undertaking can also be inferred
from these modelling experiments. Among these
are (1) correlations between the frequency of
severe thunderstorm occurrences and spatial-
averaged environmental humidities, (2) cor-
relations between observed cloud-base heights
within an area and the probability of subsequent
severe thunderstorm occurrences, and (3) the
frequeney of severe thunderstorms as a func-
tion of terrain induced horizontal convergences.
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APPENDIX

The treatment of latent heat released by
cumulus convection

In a “pseudo’ adiabatic process, the release
of latent heat of condensation, per unit mass
of air during a unit time, in the ¢th layer of
the storm’s updraft is given by

. d
[Qu)i- ~L(—%) |

dt (A-1)

An expansion of the right-hand term produces

[Qr)i=[Qri +[Qr2;

where

. o
Q= —Lu (-&)
or

. 17,
Qr.= —Lw (—&)
oz

(A-2)

and 72 =2, 3 or 4.

Integrating the component ;, with respect
to height from the top of the subcloud layer
(# =%,) to the upper boundary of the modelled
storm (z =z,;), see Fig. 1, gives

2 s 2 e
f Q}:z dz= f QLz dz + f QLz dz + QLz dz
A 2 «

25 &7

= {[QLz]z + [QLz]s + [QLz]a} 2Az

with
[Qude- — Lo, =) _ 1,
* 9Az 22
[0 )= — L, B=%) _ 7 o
=8 S 2Az 8- (A-3)
and
: (Qrop— ¢2)
[QL2]4: “st% = st S4

Y. J. LIN AND H. J, HWANG

In the above

g, - Limr " Guiis (A-4)
2Az

From eq. (A-4), we define the value of S, as

4
Seor= 2, S = oo (A-5)
-’

2Az

Since the saturation specific humidity, in gen-
eral, decreases exponentially with height, it
appears reasonable to assume that the value of
Qtop i €. (A-5) is zero so that

o (A-6)

S, =
8 9Ag

For convenience, ‘‘partition ratio” of water
vapor condensed in the layer, I;, is intreduced,
i.e.

Sy

S tot

2 (A-7)

as shown in Fig. 3.
With the aid of egs. (A-6) and (A-7), we ob-
tain

(A-8)

Upon combining eqs. (A-4) and (A-8), it gives

- 92i-1— Q2i+1 (A-9)
i)
and
Gaiv1=qoi—1— Qp (A-10)
From egs. (A-9) and (A-10), we have
1, - Qb_%’ l,- 95— 47
i) 0

4

L==, g=q(1-1,) (A-11)
Vel

and
¢ =qp(1-1,-1,)
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Substituting (A-11) into (A-3) yields

. _ Lw, g, ]
[QLz]g 2A2
. B Lwgq, 1
Q.1 = “ons (A-12)
and
. _ st [+/8 l4
[QL2]4 2Az

On the other hand, values of saturation specific
humidity at even levels (2¢) are linearly inter-
polated based on the relationship

_ Teiv1t a1
9z 2

to give

i _ 3(3_‘-’2"“ + LZ”‘I) (A-13)

or 2\ or or

Combining (A-2), (A-11) and (A-13) yields
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. (2-1,) aq,
[€rr]e= —Lu4Tz ETTD
. (2-21,-1,) ogqy
S PO s Mk L
[QLT]:; U 2 or (A-14)
and

(1~l2_l3)%

[Qul; = ~ Lu, 9 o

After inserting (A-12) and (A-14) into (A-2), we
finally arrive at the following parameterized
forms of [Q,]; in layers ¢ = 2, 3 and 4, respectively:

(0,1 _L—ZZWAQI)_ %,(2-1,) %]
Ll2 —

| 2Az 2 or

(@)=L (A-15)

[1,weq,  wo(2-2L,— 1) og,
2Az 2 ar

[QL]4 =L

1, w9, _uy(1-1,-1,) aq,
| 2Az 2 or

The above expressions for [Q;); were used to
assess the release of latent heat of condensa-
tion by water vapor within the storm’s updraft
configuration throughout this study.
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BJIUAHNUE PACIPEAEJEHUA BJIAKHOCTU B IHIOJJOBJAYHOM CJIIOE HA
TEPMUYECKVYIO CTPYRKTYPY MOITHOTO KYYEBOI'O OBJIAKA

YeTripexypoBeHHasA, OCECUMMETpPUYHAS, CTa-
HMOHAPHAA MOZENb MOUI[HOTO KydyeBOro obGJaKa
¢ BpalieHMEM BOCXOXAIUEr0 MOTOKaZ ¥ B IIpe-
HeOpeMeHNN IepeMelINBAHUEM WCIOJB3YeTCH
OIA M3YYeHUA BINAHUA BIAMKHOCTH HA HIGKHUX
YPOBHAX HA TEPMUYECKYID M JUHAMHUUYECKYIO
CTPpYKTYpPY KoHBexkuuun. Mogens sBnderca
TpeTbeil B cepum U3 Tpex Mopjexeii, paspabo-
TaHHLX B YHuBepcurere Cenr-Jlymca. OHa or-
IMvaeTcsa OT J[ABYX JpPYIHX, paspaboTaHHBIX
JIunom u Maptunom (1971, 1972) rtem, uTO
BJAMKHOCTE CHKOpee BaflaeTcsd KaK BXOTHOM
nmapaMerp, a He IOJydaeTcsa B MOesu. Bce Tpu
MOJlelI1 NPOIIH IIPOBEPKY 1la BHYTPEHHIIO
COTIACOBAHHOCTh, Tax 4YTo Nobas MoKeT OBITH
MCTIONB30BAHA HJIA BOCHDPOUBBEREHWA B OOIIUX
4ePTaX MCKOMBIX 3JIEMEHTOB B 33BHCHMOCTH OT
UMeIOMUXCA SMIMPUYECKUX HaHHBIX. HomOuna-
A HaOMIZaeMBIX M BOCHPOU3BOSMMBIX MIaH-
HEIX B BOCXOAAINIeM IIOTOKE MOTEJNPYyeMoro
KOHBEKTHBHOIO 00JIaka MCHOAb30BANACH A
OLEHKU: 1) BepTUKAJIbHBIX CKOPOCTell 110 ypas-
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HEHUI0 HEPA3PHBHOCTH, 2) pacnpeneieHusn
BAQMHOCTH B NMOAO0JIaUHOM ClIoe N0 YPABHEHUIO
HepaspeiBHOCTM ANSA BOJAHOTO Iapa, 3} mous
TARJEeHMA U3 PagualbHOIO YPABHEHUSA [BHKe-
HHUA, 4) NOJA TEeMIepaTyphl NyTeM HCIONb30-
BAHMA TePMOJHHAMNYECKOTO YPAaBHEHHMA DHep-
ruu, 5) IOTOKOB BJAMKHOCTHU, BBIIENIEHUA CKPHI-
TOrO TeIJIa M CTATHYEeCKOl BHEPTHH C [IOMOIIBIO
nm. 1-4. PeaynbraThl MOKAasHBAIT, 4TO Cyuie-
CTBEHHBIl MPOIEHT BHIAENEHNA CKPHITOTO Temja
B o0aaKe moieH OBITH COCPETOTOYEN B HUKHENH
yacTu aTrMmocpepsl AJIA TOTO, YTOGH MOTJIA TOA-
JepHUBaThCA TEIJIAsA LeHTpadbHand 3acTs. Haii-
TeHO, YTO OTHOCHTEeJbHAA BIQKHOCTH OKpY-
}HAIOILIET0 BO3IYXa HA HUKHEM YPOBHE SBJIAETCH
XOPOULIMM MHIAKATOPOM PA3BUTUA MOIIHON KYy-
4eBOt KOHBekUUH. JJA MONeaUpYeMBLIX U
HabII0aeMBIX Ky4YeBBIX 00JIaKOB CPABHMUBAKTCA
«(inpdepeHIINAALL  CTATHUECKONH  dHEpPrum» ¢
1edbI0 MPOWILIIOCTPUPOBATh HEKOTOpPOe COoria-
CHe MEHKIY MOJeJNPYeMBIM M €eCTeCTBEHHHIMU
PUBNYECKUME POIecCaMH.



