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ABSTRACT 

The three-dimensional flow in the ground boundary-layer beneath an intense Rankine 
vortex is studied, using a numerical technique. Equations of motion in terms of di- 
mensionless vorticity, stream function and circulation have been derived and general- 
ized. Upwind instead of the usual central difference scheme has been used. The method 
was found to  be stable for the range of Reynolds numbers for the natural tornado. 
The results predict the known physical characteristics of the three-dimensional bound- 
arylayer of intense vortices, namely: The distribution of horizontal velocities in the 
vertical direction is oscillatory in the outer region; and the motion in the core region 
is upward, whilst there is weak descending motion in the outer region. The predicted 
pressure distribution also falls within the range observed for the natural tornado. 

1. Introduction 

The theoretical study of the boundary layers 
beneath intense atmospheric vortices such as 
tornadoes does not appear to have been well 
developed. The flow in these boundary layers 
will certainly be turbulent and even the as- 
sumption of uniform fluid viscosity still leads 
to considerable difficulty. The crux of the 
problem lies in nonlinearity of the boundary 
layer equations, and the rapid change of tan- 
gential velocity outside the bondary layer from 
a state of near solid rotation close to the axis 
of symmetry to a potential flow in the outer 
regions. The previous theoretical treatments 
have been limited either to the similar solutions 
for the vertical velocity distributions or to the 
solutions of momentum-integral equations by 
using assumed vertical distributions; when the 
tangential velocity for the outer flow is given 
by the  power law: 

v+col/rn (1) 

Bodewadt (1940) obtained a similar solution of 
the Navier-Stokes equations near the axis of 
symmetry when the outer flow is in solid-body 
rotation, n = - 1; and Stewartson (1957) and 

Mack (1964) obtained similar solutions of the 
boundary-layer equations which are valid for 
the region near the edge of a finite disk. Solu- 
tions of the momentum-integral equations have 
been obtained by Schultz-Grunow (1935) for 
the case where the outer flow is in solid-body 
rotation, n = - 1; and by Taylor (1950), Weber 
(1956), Anderson (1961), Mack (1962) and 
Rott  & Lewellen (1964) for the case where the 
outer flow is in potential flow, n = 1. Because 
of the limitations of these approaches, it  is 
rather difficult to apply their results to the 
boundary-layer flows of a real vortex where the 
motions in the various parts are mutually de- 
pendent and the vertical distributions also 
change from region to region. 

I n  view of the fact that  the full Navier- 
Stokes equations can now be solved economi- 
cally with the aid of a high-speed computer. This 
paper represents an attempt to solve numeri- 
cally the full equations governing the boundary- 
layer flow of an intense vortex which has a 
structure of a Rankine combined vortex, name- 
ly, one with a core of large vorticity and an 
outer region of zero vorticity. As a beginning 
only the uniform fluid property is considered; 
no other simplifying assumption will be made. 
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Pig. 1 .  Schematic representation of flow region under study. 

In  Section 2 below the governing equations in 
terms of dimensionless vorticity, stream func- 
tion and circulation are derived and general- 
ized. The appropriate boundary conditions for 
solving these equations are derived in Section 
3. Developments of numerical procedure and 
computer program are described in Sections 4 
and 5 ,  respectively. Results of this work are 
presented and discussed in Section 6; and con- 
clusions are given in Section 7. 

2. Physical model and governing equations 

The physical model illustrated in Fig. 1 was 
used as the basis for this study of the-boundary- 
layer-flow near the ground surface. Far above 
the ground at  z =z+, a two-dimensional Ran- 
kine vortex is maintained: 

v+ = (y+/r)[ l  -exp( -brZ) ]  (2) 

where b is a constant defined as the reciprocal 
of square of a characteristic radius and y+ is 
another constant defined as the circulation v+r 
a t  large radiw. Numerical techniques are used 
to solve the equations of motion for incompres- 
sible fluid with uniform viscosity for the region 
enclosed by 0 < z  <z+ and 0 < r  <r+.  
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The following dimensionless variables are 
defined: 

u = zc/v,, v = vlv,, w = WJV,, 

P = p / ( ~ v k ) ,  R = r/rm, Z = z/r,, 

K = 1/N - v/(vumr,). 

Where (u, v, w) are the velocity components 
in the cylindrical coordinate system (r, 0, z) ,  p 
is the derivation from the hydrostatic pressure, 
e the density, v the coefficient of kinematic 
viscosity, v, the maximum tangential velocity 
for the main vortex, r,  the radius at  which 
v =vm and N (  = 1/K) the Reynolds number de- 
fined as vmrm/v. 

In  terms of these dimensionless quantities 
the steady-state equations of motion are: 

aRu/aR +aRw/aZ = o (3)  
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UaW/aR + wawjaz = -aP/az +K[aZw/aR2 

+ ( i / R ) a w / a R  +azw/az2]. (6) 

The dimensionless stream function y is in- 
troduced so that the continuity Equation (3) 
is satisfied: 

u = -(l /R)aY/aZ; w = ( i /R)ay/aR (7)  

The number of dependent variables may be 
reduced by eliminating the pressure by cross- 
differentiation of Equations (4) and (6) and 
subtraction to yield the vorticity transport 
equation: 

R ~ ~ ~ " ~ / R ) ~ ~ I ~ R I / ~ Z  - ~ [ ( + / R ) ~ Y J / ~ Z I / W  

- {a[  R ~ ~ K (  4/ R)/az]/az  

+ a[RVK(+/R)/aR]/aR) 

- RaVz/aZ = o ( 8 )  

where the dimensionless vorticity 4 has been 
defined as 

4 = au/az -aW/aR (9) 

The stream function is then related to the vor- 
ticity through the equation: 

- {a[( l /R)aYla~l /az  

+ a [ ( i / ~ ) a v / a ~ l / a ~ )  - 4  = o (10) 

The equation of dimensionless circulation 
defined as RY may be derived from the tan- 
gential momentum equation, Equation [ 5 ) ,  and 
written in the form: 

{a (  rayjaR)jaz - a(raYjaz) jarz  1 
- {a[~~3a(r/~2)/az]/az 
+a[KR3a(I'/R2)/aR]/dR} = 0 

(11) 

The vorticity, circulation and stream func- 
tion equations (Equations ( 8 ) ,  ( I l ) ,  and ( lo) ,  
respectively) are the governing equations for 
the problem. Their similarity can easily be 
observed; that is, each fits the general elliptic 
equation: 

a(a(Oay/aR)/aZ - a(eaY/az)/aR} 

- {a(bace/az) /az  + a(bace/aR)/aR} + d = o 
(12) 

Table 1. Functions a, b, c and d 

e a b C d 

R3 K - Ra vzlaz 
r 1 KR3 l /E2 0 
4lR RZ 

Y 0 1/R 1 - 4  

where 0 is taken as the dependent variable and 
a, b, c and d are taken as standing for various 
functions. Table 1 above summarizes these 
functions. 

Integration of elliptical differential equations 
requires conditions of variables on all field 
boundaries specified. These conditions are de- 
scribed belo w. 

3. Boundary conditions 

The boundary conditions to be imposed on 
the solution of equations of motion in terms of 
dimensionless velocities are: 

A t Z = O , a n y R : U = O  

v = o  
w = o  

At Z = Z+, any R: U = 0 

B = (1.4/R)[l -exp 

( - 1.25R2)] 

a wlaz - o 
At R = 0, any Z :  aujaR = 0 

v=o  
aW/aR = o 

At R = R+, any Z:  aU/aR = 0 

V = 1.4/R 

w = o  
Equations (14) above represent the assumption 
that a maintained two-dimensional Rankine 
vortex of Equation ( Z ) ,  is imposed on the upper 
boundary, and Equations (13), (15) and (16) 
imply physical Continuity at the ground sur- 
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face, axisymmetrical flow, and two-dimen- 
sionality of flow a t  large radius, respectively. 

The following corresponding boundary con- 
ditions in terms of vorticity, stream function 
and circulation can be derived in a straight- 
forward manner from Equations (13 )  and (16 ) :  

A t Z  = O : y  = O  (18b) 

r = o  
At z = z+: +/R = - ( I /R , )  (a2Y/a2z + a2y/aR2) 

+ ( 1 / . ~ 3 ) a ~ / a ~  (194  

aylaz = o (19b) 

I' = 1.4[1 -exp (-1.25Rz)l (190) 

At R = 0: y = 0 

r=o 

ay/aR= o (21b) 

r = 1.4 

However the vorticity boundary conditions a t  
the axis of symmetry ( R  = 0) and ground sur- 
face (2 = 0), respectively, require special con- 
sideration. 

At the vicinity of the axis of symmetry, 
stream function has an approximate expression 
of the form: 

y = AR2 + BR4 ( 2 2 )  

where A and B are constants for a fixed Z. 
Substitution of this expression of y into Equa- 
tion (10)  yields the following expression for the 
vorticity +/R a t  the axis: 

+/R = -8B (23 )  

Equations ( 2 2 )  and (23 )  allow the vorticity at  
the axis (+/R)E=o evaluated from stream func- 
tion values y1 and y2 a t  radii R, and R,, re- 
spectively, thus: 

This equation constitutes the boundary condi. 
tion for +/R a t  the axis of symmetry, R =O.  
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At the ground surface, y and (ay/aR) are 
both zero from Equations (18b) and (18c); and 
the gradients in the direction R are much smal- 
ler than those in the normal direction, they may 
be neglected. In  this case, integration of vor- 
ticity equa.tion, Equation (8 ) ,  yields the fol- 
lowing expression for +/R: 

4/R = (AZ + B) / (KR)  (24)  

where A and B are constants for a fixed R. 
Substitution of this expression of (+/R)  into 
Equation (10) yields an expression for y :  

y = - R(AZ3 + 3BZa)/(6K) (25)  

Let values of y and (+/R) a t  2 equal to 2, be 
y1 and (+/R)l ,  respectively. (+/R)z-o may be 
evaluated from Equations (24 )  and (25), thus: 

(+ /R)z-o  = -31y1/(R2G) -(+/R),/2 (18a) 

This equation constitutes the boundary con- 
dition at  the ground surface Z = 0. 

Equations (18 )  through ( 2 1 )  are boundary 
conditions of vorticity, stream function and 
circulation for the problem. 

4. Numerical integration procedure 

For numerical integration of vorticity, stream 
function and circulation equations, Equations 
(8), (10)  and ( l l ) ,  respectively, along with 
boundary conditions, Equations (18 )  through 
(21), the flow field of 0 < R < R+ and 0 <Z <Z+ 
is presented by a rectangular grid system on the 
R, Z plane with 

Ri+l - Ri +AR, [i = 1(1)20] 

Zj+, =Zj+AZ, [ j  = 1(1)20] 

Values of R+ and Z+ have both been taken as 
10; and non-uniform grid spacings as shown in 
Fig. 2 have been used. Closest grids are used 
in the region where the shear stresses vary 
most rapidly, i.e., near the ground surface and 
in the vortex core. All derivatives in the govern- 
ing equations are replaced by finite differences 
involving the values of the dependent variables 
a t  the node points. The differential equations 
are then reduced to a set of algebraic equations. 
An upwind-difference scheme, which has been 
used by Spalding and his co-workers (see Gos- 
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R 

Pig. 2 .  Illustration of non-uniform grid system. 

8 in the above equations as mentioned previ- 
ously stands for vorticity (+/R),  stream func- 
tion (y), or circulation (I'), dependent upon 
whichever is under consideration; and the func- 
tions a, b, G and d for each variable under con- 
sideration are given in Table 1. 

The Gauss-Seidel's successive iteration meth- 
od, e.g., see Ames (1965), is used to solve the 
set of algebraic equations, Equation (28). This 
method is based upon using the improved val- 
ues immediately in computing the improve- 
ments for the next grid node. However, there 
are two kinds of boundary conditions, Equa- 
tions (18) through (21); firstly, they are of 
constant values; and secondly, they are of the 
Gradient type. For the former, they are set a t  
the initiation of the first iteration cycle and 
remain unchanged a t  successive iterations. For 
the latter, they are required to be improved a t  
the end of each cycle, using the following al- 
gebraic equations which were derived from 
Equations (18) through (21): 

At 2 = 0, (i.e., j - 1) : (d/R)i ,  

= - 3Wi. z / ( G  2;) - (+/R)i, Z/2 (30) 

Tellus XXVI (1974), 4 
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5 .  Computer program 

A computer program in Fortran IV  Language 
has been written t o  solve the algebraic Equa- 
tions (28) through (35) using the iteration meth- 
od mentioned above. Before iteration starts 
initial values are set: all the variables at the 
interior nodes are set to zero, the fixed bound- 
ary values are calculated by Equations (18) 
through (21), and the variable boundary values 
are calculated by Equations (30) through (35). 
The first iteration cycle is then initiated. Each 
iteration cycle is subdivided into three sub- 

Tsllus XXVI (1974), 4 
30 - 742893 

cycles in the order of ($/I?), y and I' calcula- 
tions. I n  each subcycle calculation begins at 
the 20th column of the nodes (i.e., i =20) with 
j = 2O( - 1) 2, then the node values a t  the 19th, 
18th columns and so on are calculated, until the 
2nd column has been reached. Finally the 
boundary values are updated, using Equations 
(30) through (35), before the next subcycle 
starts. The above iteration cycle is then re- 
peated until a preset convergence criterion 
(e.g., for this investigation all B's for successive 
iteration agroeing within 0.1 % as the criterion) 
is met. 

At the end of the iteration process, values of 
($/R) ,  y and I? at grid nodes are stored fol- 
lowed by recovery of nondimensional velocities 
U and W from definition of y, B from defini- 
tion of r, and dimensionless vorticity $ from 
$/R. The dimensionless pressure defined as 
(Po -P), where Po is the value of P at 2 =0, 
R = R+, are then recovered through integration 
of momentum equations, Equations ( 4 )  and (6). 

For the program output, the contours of the 
dimensionless stream function y, vorticity 4 
and pressure (Po -P) ,  respectively, are gener- 
ated by a COMSAT CONTOUR ROUTINE 
and plotted using a CALCOMP plotter. The 
CALCOMP plotter is also used t o  plot the di- 
mensionless velocity components, U and Y at 
several radii versus Z and W at  several heights 
versus R. 

6. Results and discussions 

Several runs with Reynolds number, N rang- 
ing from 1 to 2000 have been made for the 
program in IBM 360 and CDC 6 600 machines. 
A typical computation for each Reynolds num- 
ber takes from 8 to 15 minutes of IBM time and 
1 to 2 minutes of CDC time. As an example, 
the computed results for Re =1 000 are pre- 
sented and discussed below: 

Figs. 3, 4 and 5 show the contour plottings 
of the dimensionless stream function y, vor- 
ticity $, and pressure (Po -P)  distributions, 
respectively. The dimensionless radial velocity 
U and tangential velocity F' are plotted versus 
height 2 at several radii R in Figs. 6 and 7. 
The vertical velocity W is plotted versus R at  
several 2 in Fig. 8. 

Several interesting boundary-layer charac- 
teristics are observed from these figures. For 
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the region far above the ground and outside 
the vortex core, i.e., at  large Z and R, tangen- 
tial velocity, as can be seen in the velocity dia- 
grams Figs. 6, 7 and 8, dominates; the balance 
of force for this region is therefore characterized 
by a balance of the radial pressure gradient, see 
Fig. 5, and the centrifugal force. Near the 
ground surface, the retardation of the tan- 
gential velocity is seen in Fig. 7. This retarda- 
tion is accompanied by a reduction of centri- 
fugal force, the balance of pressure and centri- 
fugal forces is thereby destroyed. The flow in 
this region is then characterized by the entrain- 
ment of flow to tho boundary-layer as indicated 
by the deflection of stream lines toward the 
ground surface (Fig. 3) ,  the large induced radial 
velocity U (Fig. G) ,  and the induced downward 
flow (negative W of Fig. 8). The eventual erup- 
tion of the entrained boundary-layer-flows at  
the vortex core root can be seen in Fig. 3 of the 
large radial gradient of stream function and in 
Fig. 8 of large updraft W .  In addition the strong 
viscous effect in the region of the vortex core 
root is observed in Fig. 4 of the large magnitude 
of vorticity values in that region. The damaging 
effect on ground structures due to high vacuum 
in the region of the vortex core has often been 
mentioned in literature; it can be seen in Fig. 
5 of the calculated ( P o - P )  that this value 
ranges from 1 to 1.75 in the region of the vortex 
core root. For v, of order of 100 m/sec, it cor- 
responds to a pressure drop of 0.14 to 0.24 at- 
mosphere. These values compare with the ob- 
served tornado physical parameters compiled 
by Ying & Chang (1969) of order of 0.1 atmo- 
sphere. 
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Finally, it should be mentioned that no 
instruments have survived to obtain compre- 
hensive data for the comparison with the 
present theory. Excellent laboratory experi- 
ments of Turner (1966) and Ying & Chang (1969) 
have, however, shown qualitatively the main 
features of flow characteristics near the ground 
surface. Fig. 9 shows vertical velocity profile 
measured by Turner (1966), and Figs. 10 and 
11 show the radial and rangential velocity pro- 
files, respectively, measured by Ying & Chang 
(1969). Qualitative similarity between the ex- 
perimental velocity profiles, Figs. 10, 11 and 9, 
and the present theoretical results, Figs. 6, 7 
and 8, can be observed. In particular it is no- 
ticeable that the Bodewadt type oscillatory U 
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Fig. 6 .  Predicted dimensionless radial velocity U versus 2 at several R’s. 

and V distributions a t  inner region and the 
change of flow direction for W (i.e., updraft a t  
inner region and downdraft at  outer region) 
are present in the theoretical as well as the 
experimental data. 

7. Summary and conclusions 

The three-dimensional boundary-layer be- 
neath a maintained axisymmetrical intensive 
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vortex has been investigated theoretically. The 
main assumptions have been the imposition of 
a Rankine-type intense vortex a t  the upper 
boundary and the uniform effective viscosity. 
Equations of motion in terms of dimensionless 
vorticity, stream function and circulation have 
been derived and generalized. A finite difference 
technique based upon upwind difference scheme 
and Gauss-Seidel’s iteration procedure has been 
used to solve these equations. The method is 
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found stable in the range of Reynolds numbers 
for the natural tornado. For each run, it takes 
8 to 15 minutes of IBM 360-50 time and 1 to 
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Fig. 9. Vertical velocity profile measured by Turner 
(1966). 
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2 minutes of CDC 6 600 time. In the absence of 
the measured data for the natural tornado, it 
is not possible to make quantitative comparison 
of the present calculations. However, the theo- 
retical calculation predicts all the known quali- 
tative characteristics of the three-dimensional 
boundary layer of intense vortices. 
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