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ABSTRACT 

A spectral quasi-geostrophic model with vertical derivatives approximated by finite 
differences is used to  study the effect of different vertical resolutions on the behaviour 
of baroclinic waves. The effect of the small terms in the complete vorticity and thermo- 
dynamic equations is also investigated. These terms are treated separately and modify 
a first order growing wave and the induced zonal field. The baroclinic instability with 
respect to first order perturbations is computed for different x- and y-wave numbers. 
Numerical experiments indicate that a low vertical resolution is most serious when 
the horizontal scale is small. High resolution models have a significantly higher in- 
stability in the short wave interval 1 000-2 000 km and the instability is split int.0 
two separate maxima. The secondary maximum at the shortest wavelengths is very 
sensitive to  changes in the static stability and is also present in a linearized primitive 
model. A necessary spacing needed to  resolve this instability is of the order of 5 verti- 
cal levels and 150 km horizontal gridlength. The effect of the vertical resolution on the 
induced zonal and second order field was found to  be very small. The contribution 
from the small terms in the complete equations is mainly a deepening of the cyclones 
and a weakening of the anticyclones and an increased cyclonic circulation in the eastern 
parts of the upper troughs and ridges. The relative importance of each of the small 
terms is studied and it is concluded that i t  is import.ant to  keep them all. 

1. Introduction 

The development and structure of largescale 
eddies in a baroclinic zonal flow is a classical 
problem in meteorology and has been exten- 
sively investigated by many authors. By the 
method of small perturbations imposed on a 
steady barcolinic current the equations can be 
linearized and special solutions to the problem 
can be obtained. The works by Charney (1947), 
Eady (1949) and Kuo (1952, 1953) can be 
mentioned as examples. 

Others have approached the problem by the 
use of numerical prediction models (cf., e.g. 
Phillips, 1956; Hinkelmann, 1959; Huss & 
Mintz, 1962). The equations are made alge- 
braic by the introduction of finite differences in 
place of all derivatives. 

The perturbation method is limited to small 
disturbances and all non-linear interactions are 
excluded. The numerical prediction models do 
not have these limitations, but systematic in- 
vestigations with these models can be very 
cumbersome due the high number of dependent 

variables. An alternative method by which the 
number of variables can be considerably re- 
duced is the use of some spectral model. The 
dependent variables are expanded into a series 
of orthogonal functions. The coefficients of 
these functions become the new dependent 
variables. By a truncation of the series, the 
number of variables and ordinary differential 
equations is made finite. The resulting system 
of equations, which can describe non-linear in- 
teractions, has often the advantage that it can 
be solved with relatively little effort. The spec- 
tral method was used for example by Bryan 
(1959) and Lorenz (1960a). 

I n  the present investigation orthogonal func- 
tions are used in the horizontal, but finite dif- 
ferences in the vertical. The results tell us 
something both about the properties of the 
governing equations and about numerical pre- 
diction models. The purpose is to study the 
effect on a developing cyclone of two possible 
improvements of the quasi-geostrophic model, 
namely a larger vertical resolution and the use 
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of the vorticity and the thermodynamic equa- 
tions in their complete form. 

The equations for the general model are 
derived in the sections 2, 3 and 4. For applica- 
tion to the specific problem, further simplifica- 
tions are introduced in section 5 by truncation 
of the series of spectral functions and splitting 
of the solution into a first order solution and a 
second order response to this one, caused by 
the small terms. In  section 6 it is shown that 
the first order flow can be described by a set 
of linear equations and can be solved as an 
algebraic eigenvalue problem. By non-linear 
interactions the zonal flow is modified and 
second order perturbations are created. These 
processes can be studied by use of time step 
integrations as described in section 7 .  The re- 
sults of the numerical experiments are discussed 
in section 8. 

List of notations not defined in he text: 

x, y distance eastward and northward respec- 

p pressure 
t time 
ly streamfunction 
x velocity potential 
w 
4 geopotential 
0 potential temperature 
f ,  f o  Coriolis parameter 

tively 

dpldt,  vertical velocity in the p-system 

B dfldY 

2 .  The basic equations 

Many numerical prediction models for at- 
mospheric flow are based on the following 
equations: 

I. The vorticity equation: 

a aw 
-(V")= -J(y,V21y+f)+.f-  + W' 
at aiP 

where 

11. The thermodynamic equation: 

where 

and 

is a measure of the static stability which is as- 
sumed to be a function of pressure only. 

111. The continuity equation: 

The terms denoted by W in the vorticity and 
thermodynamic equations are usually neglected. 
In  this study we will, however, include W 
in the solution by treating it as a second order 
effect modifying the first order solution ob- 
tained with W = 0. 

The four terms in W' describe the following 
physical effects: 

I. relative vorticity-divergence effect, 
11. vertical advection of relative vorticity, 

111. twisting effect, 
IV. advection of vorticity by the divergent 

wind. 

The only term neglected in the vorticity 
equation is the divergent part of the S.C. twist- 
ing effect, J ( o ,  axlap). The magnitude of this 
term is one order smaller than all other terms 
in W' (see Pedersen, 1971) .  

W" expresses temperature advection by the 
divergent wind. 

It is assumed in the thermodynamic equation 
that the balance between the mass field and 
the non-divergent wind field is described by 
the geostrophic relation 

4 = f o *  

- vx * V(V2yJ + f )  
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Due to this simplified form of the balance 
equation, the model does not exactly conserve 
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the sum of kinetic energy and available po- 
tential energy (Lorenz, 1960b). The restriction 
on the static stability also limits the descrip- 
tion of the static stabilization accompanying 
the release of kinetic energy. 

As will be shown, the inclusion of the small 
terms in the vorticity and thermodynamic 
equations, although not energy consistent, adds 
features to the development of individual 
cyclones which are typical for the real atmo- 
sphere. 

Friction and heating are already neglected 
and the Coriolis parameter f will be treated as 
a constant where it appears as a coefficient (p- 
plane approximation). 

The system of equations can then be written 
as 

3. Expansion in orthogonal functions 

Following Lorenz (19636) we will expand the 
variables in a series of orthogonal functions 
and then truncate the series to include only 
those which are necessary to describe a t  least 
the main characteristics of the phenomena to 
be studied. 

We write 

vhere Pi are orthogonal functions satisfying 

Here a,  is a constant and a bar denotesanarea 
integral. 

If a boundary exists 

0 
aF, 
as 
- =  

everywhere on the boundary, alas denoting a 
tangential derivative. 

This boundary condition implies that the 
wind component normal to the boundary is 
zero for the non-divergent part of the flow but 
that the divergent wind can have a component 
across the boundary. Hence the expansion can- 
not be applied to a flow inside physical walls, 
but rather to a flow with open boundaries on 
which arbitrary restrictions are placed (com- 
pare numerical weather prediction models on 
limited areas). 

The divergent wind is in the present study 
only affecting second order terms and the first 
order solution is completely independent of a 
divergent flow across the boundaries. The quasi- 
geostrophic approximation also guarantees 
that this flow is only a small part of the total 
flow. 

The Jacobian of two orthogonal functions 
can be expanded in a series 

Similar expansions can be used in other non- 
linear terms. i.e. 

Pi Fk = 2 dijk F ,  

and 

where dijk = Pi F j  P, 
i 

V P j  . VF,  = 2 E e,,, P, where eijk = F ,  O F i  . VPk 

The x- and y-derivatives in the B-terms must 
also be expanded: 

zf = 2 ai, F ,  where a,, = Pi - aIi; 
ax i ax 
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and 

aFj  aF, 
- = 2 bijFi where bii=Pi- 
ay i aY 

By introducing these expressions into the 
system (1) all horizontal derivatives can be 
eliminated. In the next section the vertical 
derivatives will be approximated by finite dif- 
ferences rznd the non-linear system can in this 
way be transformed into a system of ordinary 
differential equations for the time derivatives 
of y i (n )  and R,(n), where n is an index denot- 
ing a pressure level. To be able to solve this 
system we must first compute all interaction 
coefficients aij, bi,, c i jk ,  d, and eijk. Although 
many of the coefficients are identically zero, a 
rather small number of horizontal orthogonal 
functions Pi results in a large number of in- 
teraction coefficients. However, by a suitable 
truncation of the series we can reduce the sys- 
tem considerably but still retain a set of 
equations describing the characteristic features 
of a developing cyclone. 

We chose horizontal orthogonal functions, 
Pi,  of the following form: 

Fa" = v5 cos (yly) 

Fgr - 2 sin (yly) . cos (rkx) 

where y and r are positive integers and 1 and 
k are wave numbers in the y- and x-directions 
respectively, 1 = 2n/L and k = 2n/K. 

The boundaries in the a-direction are placed 
a t  a distance L/2 from each other. In  the other 
direction cyclical bound.ary conditions are ap- 
plied. 

The horizontal averages are computed over 
the area 0 c y L/2, 0 i x < K .  

4. The spectral model 

By introducing the expansions defined in 
the last section into the vorticity and thermo- 
dynamic equations the variation in time of each 
spectral component can be described by the 
following two equations: 
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where Wi andW: stand for the following terms 

I n  these expressions the velocity potential x 
has been eliminated by the use of the continu- 
ity equation, which can be written in spectral 
form as 

The derivatives with respect to pressure can 
be approximated by finite differences between 
pressure levels. The vertical structure of the 
model is shown in Fig. 1. Between the earth 
surface, where the pressure is assumed to be 
1 000 mb, and the top of the atmosphere ( p  = 0) 
a number of N y-levels are aribitrarily placed. 
The stability s and the vertical velocity R are 
defined on levels half-ways between two suc- 
cessive y-levels. 

The commonly used upper boundary condi- 
tion in similar models is o = O  at p =O.  How- 
ever, to be able to use centered differences in all 
terms a y-level is needed at p = 0. The upper 
boundary condition chosen in the present mod- 
el is that y is constant at  p =0, which means 
that no horizontal motion is allowed a t  this 
level. Although there seems to be no obvious 
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physical justification for this condition, com- 
parative computations (without the W-terms) 
with the two different upper boundary condi- 
tions showed no differences for short and 
medium-long waves, whereas only small dif- 
ferences in amplification rate and vertical 
structure of ultralong waves were obtained. As 
our main interest in the present investigation 
concerns the shorter part of the wavelength 
spectrum, the chosen boundary condition i s  
satisfactory. For a study of the very long waves, 
penetrating through the stratosphere, a more 
thorough treatment of the upper boundary 
condition as well as a high vertical resolution 
in the upper atmosphere seems to be necessary. 

The lower boundary condition is introduced 
by prescribing the variation of at the lowest 
R-level. This level does not coincide with the 
earth surface which is the case in most other 
models. However, the present arrangement can 
be justified by noting that the constraint on 
R often is best valid at  the top of the boundary 
layer. The choice of the lowest levels can thus 
be done so that the lowest R-level is placed a t  
the mean position of the top of the boundary 
layer. 

The vorticity equation in the form of equa- 
tion (2a) is now applied a t  the y-levels l ,  
2, ... N, and the thermodynamic equation (2b) 
a t  the R-levels 1 ,  2, ... N .  The vertical deriva- 
tives are approximated by finite differences. 

The vector Qi, consisting of the N elements 

R i ( l ) ,  R,(2), ... Ri(N) ,  can then be eliminated 
from the third term in the vorticity equation. 
The resulting equation expresses the time varia- 
tion of the vector +i, consisting of the N ele- 
ments y i ( l ) ,  y i (2 ) ,  ... y i ( N ) .  

In  the second order terms W,, the R-values 
are approximated by first order solutions of 
nj and Rk. (The first order solutions are com- 
puted with Wj = O  and Wk = O  respectively. 
The numerical procedure is described in ap- 
pendix B.) 

After these manipulations the system of 
equations can be written in vector form in 
the following way. 

where 

1 + % ( M I ) $ .  (Rjk- S j k )  
'3 
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4 1 % )  a(n - 1 )  
(aj(n+l)-aj(n-l)) 

a;(.(..) + a(n - 1 ) )  vjk = { 

where 

(Ml)i, (M2)i, M,, M, and M, are all N x N-dimen- 
sional matrices: 

-'%(l) a ( 1 )  0 ... 0 

0 -@) p ( 2 )  ... 
... 

0 0 0 ... m ( N - 1 )  

0 0 0 ... - a ( N )  

I is the unit matrix. 
Due to the boundary condition n(N+ l ) ,  the 
streamfunction at the surface of the earth can 
be computed from the simple relation: 

In  the last term a non-centered difference has 
to be used. 

By expansion of the dependent variables in a 
suitable series of orthogonal functions the par- 
tial differential system of equations ( 1 )  has 
been transformed t o  a system of ordinary dif- 
ferential equations, (3)  and (4), with the coeffi- 
cients of the orthogonal functions as new de- 
pendent variables. Each equation expresses 
the time derivative of one of the variables as 
a function of linear combinations of the vari- 
ables or of products between the variables. 
Such equations can easiIy be integrated nu- 
merically or in some cases solved analytically. 

The derived spectral model is quite generally 
formulated. The vertical spacing can be chosen 
arbitrarily as well as the vertical distribution 
of the static stability. The model can be extended 
by1 the introduction of physical effects such as 
friction and non-adiabatic heating. 

By chosing a limited number of orthogonal 
functions, suitable to represent the problem of 
interest, the mathematical labour can be much 
reduced. Lorenz (1963b) applied the method to 
a two-layer model in his study of the mechan- 
ics of vacillation. Bengtsson (pers. com.) used 
a multi-level spectral model for the study of 
the behaviour of amplifying waves with respect 
to different vertical resolutions. 

5. Truncation of the series expansion 

In  this study the spectral model will be used 
to investigate how a single baroclinic unstable 
wave is affected by different vertical resolutions 
and by the second order terms in the vorticity 
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equation. We will therefore truncate the series 
of orthogonal functions to inlude only those 
functions, which are necessary in such a case. 
The problem of how the static stability and 
vertical wind shear affect the developing 
cyclone will not be treated here. A normal 
distribution of these parameters is used. 

We first restrict the wave number spectrum 
to q < 3 and r < 3. The truncated series then 
contains 21 orthogonal functions. 

The number of (i, j)-combinations in the in- 
teraction coefficients is then 441, and the number 
of triple combinations (i, 7, k )  is 9 261, but the 
computational work will be considerably re- 
duced if the following relations are used 

ei,j.k = e i , k , /  

A great number of the coefficients turns out to 
be identically equal to zero. 

By studying the 21 functions and the inter- 
action coefficients we will now pick out a set 
of suitable functions. 

We first let the mean zonal westerly flow be 
represented by the function 

PI = lh cos l y  

The corresponding zonal wind is zero at the 
boundaries of the channel and maximum in the 
middle of the channel. 

Due to a vertical shear, this flow can be 
baroclinically unstable in which case perturba- 
tions will start to grow. We chose to study 
the perturbation represented by the following 
two functions 

P A = 2  sinly. coslcx { PB = 2 sinly . sin kx 

The development of the perturbation PA, PB 
will be called the first order solution. 

The effects on a zonal current due to the 
presence of simple unstable baroclinic waves 
have been analyzed by Phillips (1954). 

The growing wave will, by non-linear inter- 
actions, set up a characteristic vertical circula- 
tion of Ferrel type. This induced circulation 
will modify the total zonal flow. 

By studying the interaction coefficients ci jk  
we find that the only non-zero interaction of 
this type is created by the function 

The motion connected with P, will be called 
induced zonal flow. First order perturbations 
and their interactions with the zonal flow have 
successfully been studied by use of simplified 
forms of the vorticity equation. The flow con- 
nected with PI, FA, FB and P,  will therefore 
be computed without the W-terms. 

Restricting the energy to stay in the waves 
represented by the spectral functions F,, FA, 
FB and F,, one may ask to what degree these 
functions can reproduce motions in the real 
atmosphere. We first recall that the present 
model neglects friction and non-adiabatic heat- 
ing, thus there is no mechanism for creation of 
zonal available potential energy, A, by heating 
to the south and cooling to the north, no dis- 
sipation of eddy available energy, A’, and no 
destruction of zonal and eddy kinetic energy, 
I? and K ,  by friction. The total initial energy 
will be maintained in the system. 

What will happen if we start with nearly all 
energy in the zonal flow and a weak perturba- 
tion? If the flow is baroclinically unstable K’ 
is released by transformation from A’. At the 
same time the growing disturbance converts 
A into A’. Due to the eddy heat flux, an in- 
direct circulation of Ferrel-type with sinking 
motion to the south and rising motion to the 
north starts to develop. This circulation in- 
creases A at the expense of R because of a 
negative correlation between temperature and 
vertical velocity. Thus an energy flow I?+ 
A-A’-K’ will take place. A conversion from 
K‘ to I? is impossible due to the simple geo- 
metry of the perturbation. Such a conversion 
takes place only if the u- and v-components of 
the perturbation wind are correlated. 

Wiin-Nielsen (1962) has shown that the ver- 
tical wind shear decreases if the thermal waves 
on the average are lagging behind the waves 
in the mean flow. Since this arrangement is 
typical for a developing wave this means that 
the barolinic instability, which depends on the 
vertical wind shear, decreases and a t  last dis- 
appears. After this stage the energy conver- 
sions will take the opposite direction K + 

A’+A+R. The processes described will be 
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repeated and a periodic oscillation in energy 
transfers will take place. 

In  the real atmosphere, however, I? under- 
goes very small changes (see for ex. Wiin- 
Nielsen, 1964). Palm& & Newton (1969) point 
out the importance of the subtropic Hadley- 
circulation for the maintenance of the zonal 
flow. Computations of the rates of transfer of 
kinetic energy to the zonal current from the 
eddies, performed by Saltzman & Teweles 
(1964), show positive contributions from all 
wave numbers with maxima at  wave numbers 
2 and 7. The absence of these two processes, 
acting to maintain the zonal flow, may be 
responsible for the described energy oscillations 
in the present truncated spectral model. 

The conclusion of this analysis is that we 
must restrict the investigation to the ampli- 
fying stage of the development. Due to the in- 
ability of the present low order spectral model 
to maintain the zonal flow energy, it is also 
logic to force the kinetic energy of the zonal 
wind to be constant in time by letting 

At this point we introduce the W-terms in the 
equations and investigate the second order 
response to the first order and induced zonal 
field. 

The strategy will be to use only those ortho- 
gonal functions which interact with PI,  PA, 
PB and P, through non-vanishing coefficients 

It turns out that the only functions with 
bij, di,jk O r  eijk. 

these properties are the following 

Pa= 2 sinly . cos 2 kx 

Fb = 2 sinly . sin 2 kx 

F,= 2 sin2 ly . coskx 

Pd= 2 sin 2 ly . sinkx 

{ 
{ 
{ 

Pe= 2 sin 31y. cos 2 kx 

E ; = 2  sin3lyvsin2kx 
- 

P, = 1 2  cos 2 ly 

We call the corresponding fields the second or- 
der solution. 

The six functions Fa -Pf represent three 
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perturbations while P,  represents a zonal field. 
These functions have no interaction with the 
first order and induced zonal fields through the 
advection terms, i.e. cilk = 0. 

We have thus been able to reduce the num- 
ber of spectral components, to simplify the 
system of equations and to split the solution 
into a first order solution and a second order 
response to this caused by second order terms 
added to the vorticity and thermodynamic 
equations. 

6 .  First order solution 

The first order solution is described by the 
three functions PI ,  PA and PB. We have al- 
ready assumed that the zonal flow is statio- 
nary. Equation (3a) applied on yA(n )  and yrB(.n) 
then transforms to a system of linear equations 
with constant coefficients. 

By introducing 

which is the maximum zonal wind on a pres- 
sure surface and using 

the resulting system can be written as 

where M is the N x N matrix 

J 

where 

... 
L 0 0 ... U ( N )  
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O l  r o o ... o 

7 3n[ . . ... 
= A  - U ( 2 )  U(1) ... 0 

0 0 ... - U ( N )  U(N-1) 

By introducing the complex vector 

4, = + A  +i+B 

the system (5) takes the form 

d 
dt 
- 4, = iM . 4, 

Assuming a harmonic solution in time, i.e. 

4, = 4, el'' 

we can write (6)  as 

( M - ~ I ) . & = O  ( 7 )  

I is the unit matrix and 0 the null matrix. 
A non-trivial solution to ( 7 ) l  requires the de- 
terminant of the matrix inside the parenthesis 
to vanish, which implies that v are the eigen- 
values of the matrix M. Generally the solution 
results in complex frequencies v =v, +ivi with 
the corresponding complex eigenvectors 

The eigensolution of yA(iz) and yB(n)  can be 
written aa 

y A ( n )  = A .  e-'it v'W) cos (v, t + 8(n)) 

yB(n )  = B . e- ' i t  V&(n) + sin ( v r t  + a(n)) 

It  may be noted that for 1 = O  the equation (7) 
is similar to the baroclinic instability - problem of 
perturbations on a zonal current, U(n), without 
variation in y-direction, if 

-~ 

- 8 
U(n) - - U(%)  

372 
- 

The factor 8 / 3 n  arises from the integrals P i p i  and 
cia = F , J ( P , ,  Fk), the latter divided by the former: 

~~ 

Cn'' sin3 ly dy 
8 

3 n  
- - -  

sin' ly dy 

where S(n) is the phase angle 

and A ,  B are arbitrary constants. 
The eigenvalue problem ( 7 )  is solved by a 

numerical method for a specified vertical 
distribution of stability and zonal wind. 

In  the numerical treatment the matrix RI is 
first scaled and normalized, then reduced to an 
upper-Hessenberg form by means of similarity 
transformations (Householder's method). Af - 
ter that the QR double-step iterative process 
is performed for extraction of eigenvalues and 
by use of inverse iteration the eigenvectors are 
computed. 

7. The induced zonal flow and second order 
solution 

The induced zonal flow, represented by the 
orthogonal function 

P, = 12 cos 3 ly 

is created by a non-linear interaction with the 
first order perturbation. At the same time the 
induced zonal field will modify the perturba- 
tion. 

The interaction coefficient has the value 

The system of equations to be solved can easily 
be derived from the equations (3a )  and ( 3 b )  
(W:  = W ;  = O ) .  The time derivatives are re- 
placed by finite differences and a numerical 
integration in time is performed. The initial 
state consists of a baroclinically unstable yl- 
field and superimposed a very small perturba- 
tion in the ( y A  +yB)-field. 

The equations for the second order fields are 
also derived from the system (3),  but now with 
W i  included. The Wi-terms are evaluated from 
the vertical velocity and streamfunction fields 
obtained from the first order and induced zonal 
solutions. The numerical procedure can be 
found in appendix B. 
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0 

p h b  

500 

1000 

Fig. 2. Vertical wind profile U(n) = 2Z?p1(rr). 

8. Results 

In  the numerical experiments a zonal wind 
profile and a vertical variation of stability were 
used as shown in Figs. 2 and 3 (thick line). 

1000 I , I S I -  

0 1 2 3 4 5 6 7  

Pig. 3.  Vertical distribution of static stability s 
(MTS -units). 
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29 - 742893 

Pig. 4. The arrangement of levels inthefourmod- 
els used with different vertical resolution. The full 
lines indicate steamfunction levels and the dashed 
lines are levels for the vertical velocity. 

These curves represent a rather typical baro- 
clinically unstable middle-latitude mean flow. 

Four different vertical resolutions were used 
corresponding to N -3, 5, 9 and 18 (see Fig. 4). 
The streamfunction levels coincide with stand- 
ard pressure levels. The Nth level is always 
placed a t  900 mb so that the lower boundary 
condition for o is valid a t  the same level in 
all versions. 

In all experiments fo = 1.03 x lo-* sec-l and 
/3 = 1.62 x 10-l1 m-l sec-l. 

8.1. First order solution 
The solution of the eigenvalue problem (7) 

results in a spectrum of N eigenvalues of Y. 

Most of these eigenvalues are real and cor- 
respond to neutral waves. The number of neu- 
tral waves increases as N increases. For almost 
all wavelengths there also exists a pair of com- 
plex frequencies representing one amplifying 
and one decaying wave. 

The phase speeds of the stable and unstable 
waves as a function of wavelength in the x- 
direction are shown in Fig. 5 for a model with 
the vertical resolution N = 9. The behaviour of 
the waves is quite similar to what was found 
by Hirota (1968) for a model with no y-depend- 
ence and no vertical variation of the wind 
shear and static stability. 

In  Fig. 5 we recognize the neutral Rossby 
wave with a phase velocity strongly dependent 
on the wavelength, six neutral waves with 
nearly constant phase velocities and the phase 
velocity of one damped and one amplifying 
wave indicated by a dashed line. Using Hirota’s 
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terminology we identify two different modes of 
instability, the first mode with wavelengths 
less than approximately 6 000 km and the 
second mode for longer wavelengths. 

Concerning the vertical structure of the un- 
stable wave the result are in agreement with 
numerical experiments performed by Bengts- 
son (pers. comm.) with a similar model ( W = 0). 
By the use of numerical integration in time he 
studied the evolution of the perturbation am- 
plitude as depending upon the vertical resolu- 
tion in the model. The wavelengths fell within 
the first mode of instability. The conclusion 
which can be drawn from his results and, as 
will be shown later, from the present investiga- 
tion is that a t  least 5 vertical levels must be 
used if a good vertical representation of bhe 
first mode of unstable waves is desired. 

We will now examine the unstable waves 
especially with respect to the influence of dif- 
ferent vertical resolutions and wavelengths in 
the y-direction. Figs. 6-9 illustrate the ampli- 
fication factor v i  as a function of wavelength 
for L = 2  500, 5 000, 10 000 and 15 000 km re- 
spectively. (The width of the zonal westerlies 

+ 30 

C 
i m  5 ~ s . ~  

+20 

+TO 

0 

-10 

Fig. 5 .  Phase velocity as a function of wavelength 
K in the case of N = 9  and L = l 0  000 km. Full 
lines indicate neutral waves while the dashed line 
corresponds to the unstable waves. 

1 5  
O t W  Ib ’ ’ ‘ K i x l O ’ k m )  ’ I -  

Pig. 6 .  Growth rates of unst,able waves as a function 
of wavelength K and vertical resolution N .  L = 

2 500 km. 

is L/2.) It is seen that the maximum instability 
is achieved for the first mode of unstable waves 
whereas the second mode has significantly 
lower amplification. The transition from one 
mode to the other takes place a t  a shorter 
wavelength in the case of a narrow zonal jet, 
than for a broad zonal wind. For L = 2 500 km 
the transition wavelength, which corresponds 
to the wavelength of the first “critical curve” 
in Hirota’s article, is about 4 000 km, but for 
L = 15 000 km approximately 6 000 km. 

It can be noted that the growth rate is never 
zero (except for low vertical resolution) a t  the 
critical wavelengths as is the case in Hirota’s 
model. This is best illustrated in the case of a 
narrow zonal flow. 

In  all computations a short wavelength lim- 
it to instability was found. As was shown by 
Green (1960) this cut-off does not occur in a 

.5! .O 

L i 5.000 k m  

b ” ”* 15 
K I x T O ’  kml 

Fig. 7. Same as Fig. 6 but for L = 5 000 Bm. 
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L =  10.000 km 

5 10 15 

K l x 1 0 3 k m l  

Pig. 8. Same as Fig. 6 but €or L=10 000 km. The 
curves marked a and b correspond to  different 
static stability as shown in Fig. 3. 

vertical continuous B-plane model. The problem 
has been discussed by Bretherton (1966) who 
connected the existence of short unstable waves 
with the concept of “critical layer instability”. 
This type of instability has a low growth rate 
and is limited vertically to a layer around a 
level where the real phase speed of the wave 
equals the zonal wind speed. Bretherton stated 
that critical layer instability is automatically 
eliminated from a problem if a continuously 
varying basic velocity is modelled by a finite 
number of layers. On the other hand Hirota 
reports no short wavelength cut-off for a 20- 
layer model. Brown (1969) illustrates by nu- 
merical experiments the widening of the band 
of unstable wavelengths when the vertical re- 
solution is increased (table 4 in his appendix B), 
but unfortunately it is not clear if a cut-off 
exists for the highest resolution model. It is 
not the intention to solve the problem of criti- 

vi I x l o - ~ s e c - ‘ )  
L = 15 000 km 

K ( x  10’km) 

Pig. 9. Same as Fig. 6 but for I; = 15 000 km. 
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cal layer instability and the short wavelength 
cut-off in the present investigation. Further- 
more, considering the low growth rate connected 
with this instability, the meteorological signi- 
ficance is apperently rather small. 

There is a remarkable difference between the 
growth rates for the low resolution model with 
N = 3  and for the higher resolutions. The dif- 
ference between computations with N = 5, 9 
and 18 is very small, especially for thefirst 
mode of unstable waves. N - 5 shows, however, 
a somewhat weaker instability in the second 
mode when the zonal wind is broad ( L  = 10 000 
km and 15 000 km). 

The effect of a low resolution is most serious 
when the scale is small in the y-direction, both 
with regard to the wavelength of maximum 
instability and the numerical value of the 
maximum growth rate. The amplification of 
the second mode of unstable waves is com- 
pletely absent in the wavelength interval 4 000- 
9 000 km when N = 3 .  

Two striking characteristics of the high re- 
solution models as compared to the 3-level 
model are the significantly higher instability 
for very short waves in the interval 1 000-2 000 
km and the splitting of the first mode instabil- 
ity into two separate maxima as L increases. 

By the use of these results we have a possibi- 
Iity to get an idea about what degree of resolu- 
tion both in the vertical and in the horizontal 
direction is meaningful and the relation be- 
tween the two scales. For example, it is obvious 
that if  we use a vertical resolution of N = 3 it 
is meaningless to have a gridlength shorter 
than about 250 km. (We assume that 8 grid- 
lengths are necessary to describe a horizontal 
wave.) 

Fig. 10 shows the eigenvector amplitude 
(4,“ + $)’” and the corresponding phase angle 
6 for the unstable wave as a function of pres- 
sure. The vertical resolution in N = 9 and the 
wavelength in the y-direction is L = 10 000 km. 
The maximum value of the amplitude is arbi- 
trarily chosen to 1.0 and the phase angle isset 
zero a t  the level n = N .  

The second mode of unstable waves, repre- 
sented by K = 8  000 km in the figure, shows a 
typical vertical structure with one amplitude 
maximum at higher levels and one maximum 
at the bottom of the atmosphere. The total 
phase difference is approximately n radians 
which means that a low pressure maximum in 
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the lower atmosphere corresponds to a high 
pressure maximum at higher levels and vice 
versa. 

The curves for K = 4  000 km and K = 2 000 
km fall within the region of the first mode of 
instability, the former near the main maxi- 
mum of instability and the latter near the sec- 
ondary maximum. 

The longer wave has also one amplitude ex- 
treme in the upper atmosphere, a t  200-300 mb, 
and another maximum a t  the lowest level. The 
total backward tilting of the disturbance is 
about njZ. The shorter wave has quite different 
characteristics. This disturbance is concentrat- 
ed to the lower atmosphere with a nearly linear 
upward decrease of the amplitude. The total 
tilting of the wave is only n/4.  The phase angle 
is nearly constant for levels above 600 mb. 
Similar results are reported by Simons (1972). 

The secondary instability maximum at short 
wavelengths is very sensitive to changes in the 
static stability in the lower part of the atmo- 
sphere. This is demonstrated in Fig. 8 in which 
the thin curves, marked a and b, show the 
amplification for N = 9 in the case of low and 
high static stability respectively. The cor- 
responding stabilities can be found in Fig. 3. 

Brown (1969) obtained a double maximum 
of instability for a model that included both 
barotropic and baroclinic instability, probably 
as a result of the combined effects of these two 
different kinds of instability. In the present 
experiment, however, there is no barotropic 
instability present. 

Although not discussed in the text, Simons' 
(1972) results from a purely baroclinic model 
indicate a secondary maximum of instability 
for short wavelengths in the case of a high ver- 
tical resolution (20 layers). In  Hirota's work 
no double maximum can be seen in the in- 
stability diagrams. 

To test further the significance of the sec- 
ondary instability maximum a non-geostrophic 
model was derived. The model, described in 
appendix A, has no vertical variation of the 
static stability and the vertical wind shear. The 
perturbations are independent of the y-co- 
ordinate. The growth rates were computed and 
compared to a balanced version of the model. 
In Fig. 11 is shown a case where the static 
stability is 2.0 MTS-units, the vertical wind 
shear 3 in sec-l per 100 mb and N = 10. 

vi ixio-5rec'1 - balanced - - - p r i m i t i v e  

K l x 1 0 ' k r n )  

Pig. 11. Growth rates of unstable waves as a func- 
tion of wavelength K for a primitive and a balanced 
model. N = 10, s =2.0 and the vertical wind shear 
A = 3 m sec-l per 100 mb. 
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Pig. 12.  Amplitudes after 5, 6 and 7 days integration of the induced zonal fields R, and y3 and the first order 
perturbation (yA,+yB). Dashed lines indicate N = 9, full lines N = 5 and dots indicate N = 3. The wavelengths 
of the perturbation are K = 4 000 km and L = 10 000 km. 

The result shows that the secondary in- 
stability maximum for short wavelengths is 
present in both primitive and balanced lineariz- 
ed models of the atmosphere for high vertical 
resolutions. Figs. 6-9 show that a necessary 
vertical spacing needed to resolve this type of 
instability is of the order of 5 levels. At the 
same time a horizontal resolution of the order 
of 150 km is essential. 

The most interesting results from the com- 
putations of the first order solution can be sum- 
marized as follows: 

1. At least 5 levels in the vertical must be 
used if a good vertical description of waves 
within the waveIength interval of normal maxi- 
mum baroclinicity is desired. The correspond- 
ing horizontal gridlength is of the order of 250 
km . 

2. A low vertical resolution is most serious 
when the horizontal scale is small. 

3. High resolution models have significantly 
higher instability in the short wave interval 
1 000-2 000 km and the first mode of instabil- 
ity is split into two separate maxima, the one 
with the shortest wavelength is connected with 
waves concentrated to the lower atmosphere 
and with a less pronounced back-ward tilt with 
height. 
4. The secondary maximum at short wave- 

lengths is very sensitive to changes in the static 
stability in the lower part of the atmosphere. 
The maximum is also present in a linearized 
primitive model. 

5. A necessary spacing needed to resolve this 
instability is of the order of 5 vertical levels 
and a horizontal gridlength of 150 km. 

Tellus XXVI (1974), 4 

8.2. Induced zonal field 
Numerical time-step integrations were per- 

formed up to 7 days. The initial perturbation 
(ya +yB)  was lo6 m2 see+ and the time step 1 
hour. 

Fig. 12 shows the development of the in- 
duced zonal flow and the perturbation (vA + 
yB) during the integration. The wavelengths 
are L = 10 000 km and K =4 000 km. Other 
combinations of wavelengths were also tried, 
but the characteristic features of the induced 
zonal fields were not much changed. 

The induced zonal streamfunction y, is nega- 
tive a t  the lower levels implying an increased 
westerly wind in the central part of the zonal 
flow with eastward components to the north 
and south. 

At higher levels, y, is positive with a maxi- 
mum between 200 and 300 mb and the induced 
zonal wind has an eastward component in the 
central part of the zonal flow and westerly 
winds to the north and south. 

The effect on the total y-field is a north- 
ward displacement of the developing low in 
the the lower atmosphere and a southward 
dispIacement of the low centre in the upper 
atmosphere. This is a well documented feature 
of middle latitude disturbances. The properties 
of the induced mean zonal field and its effect 
on the perturbation have been discussed by 
Phillips (1954) and Saltzman & Tang (1972). 

The induced zonal vertical velocity R, is 
also shown in Fig. 12. The circulation is of 
Ferrel type with rising air north of the max- 
imum zonal flow and sinking air to the south. 
The maximum vertical velocity is achieved 
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approximately at  the level where y 3  changes 
sign, i.c. around GOO mb. 

Three different vertical resolutions, N = 3, 5 
and 9, are alc o compared in the figure. In  ac- 
cordance with Fig. 8 the growth rates of the 
first order perturbation are not exactly equal 
for the three resolutions and one must expect 
different induced zonal fields as well. The dif- 
ferences are, however, small and consistent 
with the different amplitudes of the perurba- 
tion. We may therefore draw the conclusion 
that the induced zonal field can be resolved by 
a model with a relatively low resolution. 

The effect of the induced zonal field back 
on the first order perturbation is shown in the 
Figs. 13 and 14. It is scen that the amplitude 
of (yA +yB)  is damped, but the vertical velocity 
is increased. The induced zonal field also in- 
creases the tilting of the perturbation. 

8.3. Second order solut ion 

A number of integrations up to 7 days were 
performed with the complete set of orthogonal 
functions. The dominating part of the second 
order field was found to be the zonal compo- 
nent yz .  The values of yz  were positive, cor- 
responding to a negative contribution in the 
central part of the zonal flow, i.e. a weakening 
of the highs and a deepening of the lows. 

For the sake of simplicity we introduce the 
following notations 

0 

P 
lrnb) 

500 

1000 

0 

P 
(rnb) 

500 

1000 

Fig. 13. Amplitude and phase angle of the first 
order perturbation (yA + yB)  after 7 days. Full 
lines indicate no interaction with the induced zonal 
field and dashed lines indicate a compIete interac- 
tion with the induced zonal field N = 9, L = 10 000 
and K = 4 000 km. 

I 
I I I I I I I  

* 0 5 _ _  n 0 +: 
(RA+ R,) (.lo-' cbsec' ) 

Fig. 14. The same as in Fig. 13 but for (nA + nB). 

W(') = ya +YO +yc +*d ' y e  +yf 

The Figs. 15 and 16 illustrate some horizontal 
fields after 7 days integration, Fig. 15 at  the 
500 mb level and Fig. 16 at 1 000 mb. In Figs. 
15a and 16a is shown the second order per- 
turbation y(*) together with the first order and 
induced zonal fields (y@) + y1 + yJ .  The second 
order perturbed field has its largest amplitude 
at the lowest level where the negative extremes 
coincide with the cyclonic and anticyclonic 
centres. The positive extremes are weaker. The 
contribution from the second order terms in 
the vorticity and thermodynamic equations is 
thus a deepening of the cyclones and a weak- 
ening of the anticyclones near the surface of 
the earth. 

At 500 mb the amplitude of y!') is somewhat 
smaller. While the first order wave is tilting 
westward with height the second order wave 
has a very weak eastward tiIt. 

The effect of the second order terms at  the 
500 mb level is an increased cyclonic circula- 
tion in the eastern parts of the troughs and 
ridges and a weaker anticyclonic contribution 
in the western parts of the troughs and ridges. 

In  Figs. 1 5 b  and 1Gb are shown the total 
streamfunction fields. Some typical features of 
developing cyclones in the real atmosphere can 
be recognized, for example the displacement of 
the surface low to the northeast of the upper 
low, the southward drifting of the surface anti- 
cyclone and the splitting of the westerly 500 
mb current in the ridges. 

Tellus XXVI (1974), 4 
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h 

Pig. 15. Streamfunction fields after 7 days at 500 
mb level. N = 9 and the wavelengths are K = 4 000 
km and L= 10 000 km. The unit is 106 m2 sec-l. 
(a) Second order perturbation y ( 2 )  (dashed lines), 
and first order plus induced zonal fields y(l' +yl + 
y3 (full lines). ( b )  The complete solution Cy. 

The streamfunction fields corresponding to 
those in Figs. 15 and 16 but for the resolution 
N = 3 showed very small differences. 

The integration was repeated with the only 
difference that the wavelength in the x-direc- 
tion was 2 000 km. We could recognize the 
characteristics of a short unstable wave found 
in the linear theory, i.e. a high amplitude in 
the lower part and a small amplitude in the 
upper part of the atmosphere and a small 
westward tilting with height. The zonal com- 
ponent of the second order solution, yz, was 
dominating both at 500 and 1 000 mb. The anti- 
cyclone centres were very effectively surpressed. 
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The total streamfunction field at 1 000 mb after 
7 days is found in Fig. 17. 

The relative importance of each of the four 
second order terms in the vorticity equation 
(term I-IV in section 2) was studied by includ- 
ing only one of them a t  a time and repeating 
the integrations. The wavelengths were L = 

10 000 km and K = 4  000 km and N =9. The 
maximum amplitude of the second order per- 
turbation y(') corresponding to the different 
terms is shown for the levels 500 and 1 000 mb 
in Fig. 18. The second order terms represent 
about 5-10% of the first order perturbation. 

Term IV, i.e. the effect of the divergent wind 
on the advection of absolute vorticity, has a 
small influence on the solution at  both levels. 
The twisting term, term 111, has a larger ef- 
fect, but the dominating terms are term I ,  

b 

Pig. 16. Same as Fig. 15 but for the 1 000 mb level. 
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describing the vorticity-divergence effect, and 
term 11, the vertical advection of vorticity. 
Term I has the largest influence at lower levels 
and term I1 a t  500 mb. 

Compared to the complete second order per- 
turbation (see Figs. 15a end 16a) the distribu- 
tion of positive and negative areas is similar 
for terms I and 11, whereas terms I11 and IV  
have an opposite distribution. 

One property of the complete vorticity equa- 
tion is that the sum of terms I1 and I11 is zero 
if integrated over a closed surface. In  some 
prediction models it has been assumed that the 
two terms approximately balance each other 
locally and that they both can be neglected in 
the vorticity equation. In this study the two 
terms do not possess a local balance and the 
sum of the contribution from the two terms is 
of the same order as from the individual terms. 
This indicates the importance of keeping all 
the smaller terms in the vorticity equation. 

The magnitude of the contribution from the 
term - Vx. V(ay/ap)  in the thermodynamic 
equation (not shown in Fig. 18) is of the order 
3 units at 1 000 mb and 1 unit at 500 mb. The 
distribution patterns was somewhat different 
from the other small terms, but the effect was 
mainly the same as for the sum of all terms, 
namely a deepening of the cyclones and a 
weakening of the anticyclones and some in- 
creased cyclonic circulation in the eastern parts 
of the upper troughs and ridges. 

The results of the investigation of the second 
order solution can be summarized as follows: 

1. The second order terms in the vorticity 

and thermodynamic equations add to the solu- 
tion features characteristic for the real atmo- 
sphere. 

2. The contribution is mainly a deepening of 
the cyclones and a weakening of the anticy- 
clones and an increased cyclonic circulation in 
the eastern parts of the upper troughs and ridges. 

3. The second order terms represent about 
5-10% of the first order perturbation energy. 
All terms are important. 

4. The effect of the vertical resolution is 
small. 
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Appendix A 

A model for non-geostrophic baroclinic 
instability 
The linearized form of the vorticity equation, 
the divergence equation and the thermody- 
namic can be written as 

where y, x, 0, o and are perturbed stream- 
function, velocity potential, potential tempera- 
ture, vertical velocity and geopotential, all in- 
dependent of y. The basic zonal flow, U ,  on 
which the perturbations are superimposed, is a 
function of pressure only. We further assume 
that 

where y' =q(y) is the streamfunction in the basic 
state. The corresponding geopotential field can 
be solved from the divergence equation 

Pig. 17. Same as Fig. 15b but for K = 2 000 km. 

Two of the variables in the system (AI )  can 
be eliminated by making use of the continuity 
equation and the hydrostatic relation. These 
equations can be written as 

Tellus XXVI (1974), 4 
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1 
a b 

Pig. 18. Schematic presentation of the contributions, from the terms I-IV in the vorticity equation. 
Approximative extreme values in the four rectangular areas are given for each term. The background 
fields are y(1) +yl + y 3  a t  ( a )  500 mb, ( b )  1 000 mb. The unit is 106 m2 see-l. 

where x =RIG,. The hydrostatic equation ap- 
plied to the basic state gives a relation between 
the potential temperature and the geopotential 
of the basic flow. 
- 
QP = - Rp,"p"-'d (A 5 )  

By eliminating 8 and making use of (A4) and 
(A5) we can write the thermodynamic equation 
in the following form 

at, + ua, - f o  u p y ,  +so  = 0 (A 6) 

where s = - cr.8-1.0p is the static stability of 
the mean flow. We now apply perturbations 
of the form 

a(2, p ,  t )  = a*($)). e i k ( X - C t )  

After the introduction of these wave solutions 

in the equations ( A l ) ,  (A4) and (A6) we can 
eliminate 8* and X* from the resulting system 
and we obtain the following three equations 

cw = u - -  w p - U p w - f a k y + k @  I . (  ;) 
where w is the imaginary variable w =io*. In 
(A7) all star indices (*) are dropped. 

We assume a static stability s and a vertical 
wind shear U p  = -A  independent of pressure 
and divide the atmosphere into N layers. The 
boundary conditions are w = 0  at  p =0 and 
p = 1 000 mb. 

The vorticity and divergence equations are 
applied to the level i and the thermodynamic 
equation to the level j + 112 

Tellus XXVI (1974), 4 
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I I 

+ A A p ~ ( ~ j + l / z + w j - l , 2 ) - f o k A P y j  

+kAp@j; I 
The system (A 8) can be written in matrix form 
and the complex phase velocities can be solved 
as eigenvalues to a matrix of the dimension 
3N - 2 .  The numerical method used was the 
same as described in section 6. The solution 
results in 2N - 2 combined gravity-inertial 
waves and N meteorological waves. 

The corresponding quasi-geostrophic model 
was derived by using the simple relation 

( j =  1, 2 ,  ..., N) 

fay=@ 
in place of the third equation in (A7) and 
eliminating Q and w from the system. 

Appendix B 
T i m e  integration 

When the induced zonal and the second or- 
der flow are included, the system consists of 
non-linear ordinary differential equations. By 
replacing the time derivatives by finite dif - 
ferences over a small time step At it is possible 
to  solve the system numerically as an initial 
value problem. 

As the initial state, a perturbation (ya + y B )  
of small amplitude on the stationary zonal flow, 
yl, is used. 

A double step method proposed by Lorenz 
( 1 9 6 3 ~ )  is applied. To illustrate the technique 
we write the system (3) in a simplified formal 
way as 

i = A , B , 3  

where G represents the right hand side of (3a) 
with W i  = 0 and H is the first expression on the 
right hand side of (3b). G and H contain the 
variables yl, ya, yB and y 3  and non-linear com- 
binations between these variables. The system 
(B 1 )  can be solved as a closed system. 

For the second order solution the system can 
be written as 

dly, = G +  V ?=a, b,  c ,  d, e ,  f ,  2 
dt 

G now only contains ya, yb ... y, and yz (all in- 
teractions cijk are zero) and B contains inter- 
actions between Qi and y i  (i = 1, A ,  B, 3). The 
V-terms can be evaluated from the solution of 
system (Bl ) .  

I f  all variables are known at time t the values 
at  the time t + At aro computed by first making 
two consecutive forward time steps and then 
using the mean values between the resulting 
values and the values at  time t. 

( i = A ,  B,  3)  

The computations must start from the first 
equation and then continue downwards. For 
example, V* is computed by making use of n: 
and yj* previously evaluated during the same 
time step calculation. 

To get a good accuracy in the computations 
the time step At has to be chosen as a fraction 
of the shortest period in the solution, i.e. 

1 
At< - 

V 

Tellus XXVI (1974), 4 
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