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ABSTRACT 

The equilibrium amplitude to  which small unstable perturbations of a two-layer baro- 
clinic current grow is determined by analytical theory. The range of validity and 
accuracy of this theory is investigated by comparing the theoretical predictions with 
more accurate numerical solutions and with laboratory experiments. Reasonably good 
results are obtained for fairly large values of the “small parameter” E = ( P  - Pc)/Pc, 
where P is the internal Foude number, equal to 4C12L2/g(Ae/@)H. The theoretical solution 
is only applicable for parameters for which the final wave state is steady. 

1. Introduction 

It is well known that large scale eddies re- 
sulting from baroclinic instability play an im- 
portant part in the general circulation of the 
earth’s atmosphere. The transports of heat and 
momentum by these eddies make a strong con- 
tribution to the overall energy and momentum 
balances. For many purposes one would like to 
be able to predict the eddy transports as func- 
tions of the externally imposed or mean condi- 
tions. One current problem where such a para- 
meterization would be extremely useful is con- 
cerned with models of climate. In simple models 
like those of Budyko (1969) and Sellers (1969, 
1973), the northward eddy transport of heat, 
averaged around latitude circles, is usually 
parameterized as being proportional to the 
mean north-south temperature difference or 
gradient; for example, 

vT= - @ ( V T . Q )  

The diffusion constant /3 is determined by use 
of current observational data. The criticism 
can then be made that the use of eq. (1) in a 
climate model may not be accurate for climatic 
regimes very much different from our present 
climate. 

It would be desirable to put formulations 
like those expressed in eq. (1) on a more firm 
theoretical footing. The theoretical problem is 
akin to that of Rayleigh-BQnard convection (or 
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of Taylor double-cylinder flow) where one tries 
to determine the heat flux as a function of the 
applied temperature difference (or more pre- 
cisely, the Nusselt number as a function of the 
Rayleigh number). Success has been attained 
in cases where the basic or mean state is only 
wealdy unstable (Malkus & Veronis, 1958; 
Davey, 1962; Stuart, 1962). If the structure of 
the eddy is similar to that of the eigenfunction 
determined from linear stability theory, as will 
be the case if the flow is near critical, then one 
can compute the desired correlations within an 
amplitude coefficient A2 which is not deter- 
mined by the linear stability theory. Stone 
(1972a, b )  has used this approach in calculating 
heat fluxes for a climate model. The eddy shape 
is given by linear theory and the amplitude is 
determined by using an ad hoc assumption which 
relates the meridional and zonal velocities. One 
can, however, consistently determine the equi- 
librium amplitude for weakly unstable flows by 
the method introduced by Stuart (1960) and 
Watson (1960). Pedlosky (1971) and Drazin 
(1972) have done this for simple models of 
baroclinic instability. Since baroclinic waves are 
thought to be of prime importance in the eddy 
transports it is of interest to establish the range 
of validity of such theories. This is done here 
by comparing the finite-amplitude theory with 
numerical and experimental results, as has been 
done for convective (Hart, 1972b) and Taylor 
double-cylinder (Stuart, 1960; Snyder & Lam- 
bert, 1966) flows. 
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2. The model and 

We consider the two-layer quasi-geostrophic 
model of baroclinic instability. Although this is 
a crude approximation to the real atmosphere 
it docs have a rather close laboratory analog 
against which theoretical results can be com- 
pared. In particular we consider the motion in 
a cylinder of radius L,  rotating with basic fre- 
quency R, containing two fluids each of depth 
H ,  with kinimatic viscosity v ,  density ratio 
AelZ, and driven from above by a contact lid 
rotating with frequency w + R. If the Rossby 
number R, = w/2n is small, and if the Ekman 
number is not too big ( E h  = (v /RH2)* < R,) the 
equations governing the motion in the two 
layers arc the potential vorticity equations: 

d 
dt  
- [V2P, + F ( P ,  - P I ) ]  +a[; V2P1 - g V2P, - 21 = 0 

and 

d 
dt 
- [V2P2 + F(Pl - P2)]  + 6[$V2P2 - g V2P1] = 0 

(2.2) 

with 

and 

The Pi are the pressure fluctuations in each 
layer. The velocities are determined by the 
geostrophic relations P, =v, and Po = - ru.  3' is 
the Froude number 4Cl2L2/gAe/EH and 6 = 

E&/( f iR , ) .  Further details of the model and 
the experiment can be found in the paper by 
the author (Hart, 1 9 7 2 ~ )  which we will here- 
after call I. 

Eqs. (2.1) and (2.2) arc to be solved subject 
to regularity conditions a t  r = 0 and 

1 a p ,  
- 0  

r a0 

Solutions of the form 

(2.3) 

and 

arc tried. The first terms in (2.3) and (2.4) 
represent the steady axisymmetric (or zonal) 
flow. The second terms represent instabilities 
(non-axisymmetric motions), and subsequent 
terms the higher order corrections. The small 
parameter A is defined by A = P - Fc where Fc 
gives the neutral curve for infinitesimal per- 
turbations as a function of 6 and U = + - fR,Ae/Z 
a parameter which results from the basic para- 
bolic curvature of a rotating interface. The terms 
of order I A I * arc governed by the linear stability 
equations (see I) which have solutions 

and 

with Jn(Zm) = 0, along the neutral curve Pc = 

12/4U + (viscous corrections involving 6). T is a 
slow-time variable equal to IA]&t .  For fixed 
geometry, fluid viscosity, and static stability, 

where G, =gAe/eHS/v2L2 = constant (G;* =0.014 
in the experiment). Thus Fc = Fc(Ro; Ae/d, G,). 
Fig. 1 shows a comparison between the theoreti- 
cal stability boundary and the experimentally 
observed onset of non-axisymmetric motions 
( 0 ) .  It is seen that the agreement is quitegood 
over a fairly wide parameter range. The reader 
is referred to paper I for further discussion of 
these results and of the experimental method. 

Inside the stability boundary but outside the 
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crosses, the instabilities grow to a constant 
amplitude. The instabilities are travelling waves 
with non-dimensional phase speed C N  0.5, but 
the envelope of the oscillations (measured by 
observing the interface height at  a fixed point 
0 =0, r* = 0.7L) is constant. Inside the crosses, 
amplitude modulation and turbulence are ob- 
served (see Hart, 1973). It is the purpose of 
this paper to develop and test a theory for the 
equilibrium or saturation amplitude of in- 
stabilities in the steady wave region of Fig. 1. 

The amplitude equation of A ( T )  is deter- 
mined by solving the order I A I * problem and 
by removing the secularities from 0 ( 
problem. Details for the rectilinear geometry 
(channel flow) are given by Pedlosky (1971) and 
modifications for cylindrical geometry and in- 
terfacial friction by Hart (1973). For later use 
we note that 

The amplitude equations determined by re- 
moving secularities from the I v I '/' problem are 

n2 
A 

212 
A 1 + -  - 6 

A + - lA11/2 ( 2Fc + 1') S(12 + 2Fc) 

n2A a 
4(2FC+Z2) J",l(Z) U ar 

+ 

(2.8) 

a 26 
- [V"' - 2F@,1 + 7' V2O2 
aT 1A1 

The qualitative comparison between experiment 
and various steady and time-dependent (limit- 
cycle) solutions of eqs. (2.8) and (2.9) was given 
by Hart (1973). We are here interested in mak- 
ing a quantitative comparison for the steady 
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Fig. 1. Regime diagram for baroclinic waves in a 
cylinder with flat ends. Points and crosses represent 
the experimental datrt while the solid curve gives 
the theoretical neutral curve. 

wave region of Fig. 1, where theory predicts 
steady wave solutions. 

From eqs. (2.8) and (2.9) with a/aT=O we 
can determine the steady amplitude A,. We 
find 

J",i(l) u 
a IA,I2 = 

[ ( 2Fc - Z2)6a - V2 ba] dy 

(2.10) 
where 

2 t  
V 2 b 2  = - J,(Zr) Ji(Zr), (2.11) 

must be solved with (a&ar) = 0 er = 1. If centri- 
fugal effects are negligible (0.25R;'Ae/Z-+O, see 
I) then U = g  and we can find directly; 

(2.12a) Ji + 1 (1) 

This can be compared to Pedlosky's equilibrium 
solution for a channel flow 
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Pig. 2. Comparison of numerical and analytical 
theories for R, = 0.1. PI and A, ,  are the amplitudes 
of the fundamental pressure wave in the upper 
layer (with structure proportional to eieJl(Zlr)) for 
the asymptotic and numerical calculations respec- 
tively. Po and A,, are the amplitudes of the wave- 
induced mean correction to the basic state (with 
structure Jo(Zlr)), and A,, indicates the importance 
of the dominant higher azimuthal wave number 2 
harmonic which is not included in the asymptotic 
theory. 

(2.12 b) 

for wavenumber u2 = m2n2 + k 2  and vertical 
shear ( U ,  - U,)., Unfortunately the integral in 
(2.12) is not trivial and if U+$ we must solve 
eq. (2.11) before we can use (2.10). The solution 
to (2.11) is obtained by finite Hankel transform. 
The integrals which result have been evaluated 
numerically for n = 1 in order to make specific 
comparisons with the experiment, for which the 
n = 1 azii::iithal and the m = 1 radial mode are 
always the preierred mode of instability. For 
the typical values 

U = 0.4, Fc = lo., I A ,  1 = 0.00098. 

How accurate is our prediction of the satura- 
tion amplitude? The weak-amplitude expansion 
implies several assumptions which are intimately 
connected with the smallness of A = F - Fc; or 

1 One apparent difference between 2.12a and 
2.12b is that 2.12b contains the mean shear U ,  - U,. 
In Pedlosky’s model the manner in which U, and U ,  
were set up was left undetermined. In the experi- 
ment with top driving, interfacial friction, and 
equal viscosities in each layer, U ,  = 3/4 and U ,  = f 
and so the factor U ,  - U ,  does not appear in 2 . 1 2 ~ ~  

since F, can be of order 10, of E = (3’ - FC)/Fc. 
We have clearly neglected all higher radial and 
azimuthal harmonics of the fundamental. This 
is of course consistent in cases where E is small 
enough. But in applying these results in the 
calculation of fluxes, say, we may wish to  know 
how large E may be before we lose substantial 
accuracy. We have obtained numerical solu- 
tions of the governing vorticity equations by 
substituting 

(2.13) 

separating orthogonal components, and integrat- 
ing the resulting ordinary non-linear differential 
equations for Aim (6). These solutions indicate 
when higher modes become important. 

3. Results 

We first compare numerical and analytical 
theory for AejZ = 0.042, R, = 0.1, G;k = 0.014. 
Since the terms in (2.13) contain the linear 
eigenfunction, the numerical solution should 
agree with the analytic theory for small E .  I n  
particular for these parameters with a flat 
bottom and top and R, > 0 i t  is known (Hart, 
1973) that the n = 1 mode is always the most 
unstable, a fact reflected in the stability dia- 
gram of Fig. l. Thus we can directIy compare 
I A I &&), and Aii). Fig. 2 shows this comparison. 
For F 50.6 the analytic solution is within 10% 
of the multimode theory which was computed 
with N = 4, M = 3. The discrepancy grows for 
F z 16. 

One of the quantities measured in the ex- 
periment was the peak to peak interface height 
fluctuation, h, of the steady waves as they 
travelled past a fixed probe at B = 0, r = 0.7. 
Theoretically h = R,3’(Pz - P,), the right hand 
side of which can be evaluated from (2.5)-(2.7) 
and (2.10) or from thenumericalsolutions (2.13). 
Fig. 3 shows the comparison between analytical 
and numerical theory and the experiment. We 
not0 immediately one difficulty which arises 
from the fact that the theoretical and experi- 
mental neutral curves do not agree exactly. 
Thus the experimental data appears shifted a 
small amount to the right. Physically this is 
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Pig. 3. Peak-to-peak interface fluctuation at T = 0.7. 
Analytical (solid), numerical (marked) theories and 
the data (points) are shown for R, = 0.1. 

probably due to the presence of rigid side walls 
in the experiment.l If one takes the liberty of 
correcting (perhaps unjustifiably) for the dif- 
ference in linear stability criteria by shifting 
the experimental data to the left until the 
neutral points coincide, the agreement between 
the numerical theory and the data is excellent 
up to ~ - 1 . ~  Above this steady waves are not 
observed. If this correction is not made errors 
of order 25% are found away from P = F, 
where the error in a meaningless sense, becomes 
infinite. The analytical theory is also acceptable 
up to F -  1, above which it diverges considerably 
from the data. It should be noted that because 
the interface height is given primarily by the 
phase shift in the fundamental with height, 
large changes in h do not require large energy 
in the high modes-provided these affect the 
phase of the fundamental. One might wonder 
why a power series expansion in I A I * could be 
accurate for I A I a of order 3. The reason is that 
because the amplitudes A are so small, succes- 

Vertical slashes in the figures denote positions 
where the steady waves break down into amplitude 
vacillation. 

Lateral viscosity effects occur only in a narrow 
region near T = 1. For simplicity the theory was con- 
structed using inviscid conditions there. I t  is easy 
to show that the application of no-slip boundary 
conditions to the linear theory increases the stability 
of the flow. The effect of the narrow shear zone in 
the basic flow is less clear, but numerical computa- 
tions in progress on a slightly different problem 
indicate that it is small and stabilizing. 
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Fig. 4. Comparison of the numerical theory and 
experimental data for the values of P shown. 

sive terms in (2.3)-(2.4) do decrease rapidly 
even for such large A. 

Further data are presented in Fig. 4. Here 
the experiments were run a t  fixed P,  variable 
R,, for Ae/E = 0.045, and G,-* = 0.014. Here 
again if a correction is made for the initial 
onset points (marked with an 0) the agreement 
between the multi-mode theory and the ex- 
perimental results is quite good up to the point 
where the laboratory waves become non-steady. 
Even in the vacillating regime it appears that 
the theory describes the average wave ampli- 
tude quite well. 

It should be pointed out that although the 
above results suggest that the equilibrium cal- 
culation was found to be accurate over a wide 
range of P,  caution should be exercised in using 
this result in other systems. It was shown in 
Hart (1973) that the stability and finite- 
amplitude behavior of baroclinic waves depend 
strongly on the experimental geometry; for 
example the case with the ends flat as in the 
present study is quite different from that simu- 
lating a polar P-plane or a local f-plane. In par- 
ticular the region where steady waves are ob- 
served differs from case to case, especially where 
2 wave numbers can be neutrally stable a t  the 
same ( F ,  R,) point. We have studied the case 
with flat ends because of its experimental 
simplicity. Nonetheless the results suggest that 
the saturation amplitude formula can be used 
with reasonable confidence for fairly super- 
critical conditions. 

4. Conclusions 

We have shown that the equilibrium ampli- 
tude for barocliiiic waves obtained by consider- 
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ing the interaction between the fundamental 
unstable wave and its mean-field correction 
predicts the experimentally observed equili- 
brium amplitude quite well up to values of P 
and R, roughly twice the critical values. Sources 
of error are the neglect of higher harmonics and 
the fact that the steady wave regime is not the 
observed wave state i f  the flow is too super- 
critical. However, previous studies of BBnard 
convection and Taylor double-cylinder flow in- 
dicate that theories which neglect higher har- 
monics, like those resulting from the assump- 
tion that the supercritical flow has the same 
shape as the neutral eigenfunction, predict cer- 
tain average quantities (heat or momentum 
flux) quite well for flows which are as much as 
10 times supercritical (Ta = 10 Tac), even though 
it is known that the higher harmonics become 
important in the disturbance structure a t  much 
smaller supercritical parameter values (Snyder 
& Lambert, 1966; Hart, 19723). A similar situa- 
tion might exist here. 

From an investigation of the energy equa- 
tions formed from (2.1) and (2.2) we find that 
the eddy flux resulting from the baroclinic part 
of the flow is given by 

G = ?/ozz n P1e P, dB 

or 

for the two coordinate systems. This corresponds 
to the usual longitudinally and vertically aver- 
aged north-south heat flux used in continu- 
ous systems. Using (2.5) and (2.7) and the 
corresponding equations from Pedlosky (1 971) 
we find 

G =  16FIA,121AlsUJ",Z~) (4.1) 

and 

21AlF6 
m a n  

3- , , , sin'mny, (4.2) 

using (2.12b) and setting U ,  - U ,  = 4 in the 
last equation. Note that if U = 4 in (4.1) the 

results in the two cases are very similar. In  
each case the eddy flux is maximum in mid- 
latitudes and zero a t  the equator and pole (if 
these are taken as representative latitudinal 
boundaries). 

It is interesting that the equilibrium ampli- 
tudes expressed in (2.12) are dependent only on 
the disturbance scale. The actual magnitude of 
the fundamental wave is 

This is approximately O.O04(P - FC) ( U ,  - U,),  
for scales appropriate to the earth. If we define 
a Richardson number 

we find that 

1 
RE( U,  - U,)'Ri 

F =  

Then. 

(4.3) 

This can be compared with the amplitude deter- 
mination in Stone (1972a) which assumes that 
the vertically averaged meridional velocity 
equals the vertically averaged basic zonal flow. 
His expression is 

1.09 
(1  + Ri)' 

IASl2 = ~ (4.4) 

The Ri dependence of these two expressions is 
clearly different, especially if we use the RZ = 

2.5/n2Ri relation of Stone (1972a), since then 
(4.3) becomes 

for large Ri. However the two equations predict 
similar magnitudes for Ri near 10, which is 
Stone's predicted value for Mars. It is of course 
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somewhat unrealistic t o  compare t h e  two-layer 
and continuous models, but this may in part 
explain t h e  similarity between Stone’s pre- 
dicted value for the effective Richardson num- 
ber for the Martian atmosphere and that pre- 
dicted by the two-level numerical integration 
of Leovy & Mintz (1969). 
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