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ABSTRACT 

Conjugate states to a given two-layer flow of stable configuration confied on top and 
bottom by horizontal walls are studied in detail. There are at  most two such states 
possible from energy considerations. Uniqueness is established 3y studying the total 
problem in which the agency responsible for causing shocks is also included. By estab- 
lishing a suitable correspondence between the rigid top and free surface cases for 
purely internal shocks, uniqueness of the conjugate state for the latter case is also 
established. 

1. Introduction 

Many fluid flows in nature occur in conjugate 
states when two different flow regimes are 
joined to each other by a stationary shock. I n  
the classical example of a hydraulic jump, a 
supercritical regime is joined to a subcritical 
regime by means of a shock which is in tho form 
of an abrupt jump in the free surface level. The 
conjugate state to a given supercritical flow is 
uniquely determined in the classical case. The 
results of Yih & Guha (1955) for two-layer 
flows, with the upper layer having a free surface, 
indicate that multiple conjugate states to a 
given flow are possible. Yih & Guha felt that  
downstream control would decide uniqueness. I n  
the study of purely internal shocks, the free 
surface can be profitably dispensed with. This 
eliminates thc complexities that  arise from the 
free surface wave mode, without in any way 
obscuring the phenomena under investigation. 
It is for this reason that the problem of two- 
layer flow confined on top and bottom by 
hurizontal walls is studied here. We refer to the 
problem of investigating the conjugate states 
joined by a stationary shock as the isolated 
problem. This problem is studied in Section 2. 
When an agency (such as a hump on the floor 
or a contraction) that  causes the shock is also 
included in the formulation of the problem, i t  
is referred to as the total problem. We note that, 
in the total problem the shock, in general, is a 
moving one. The total problem is studied in 

Section 3, and the results show that only o m  of 
the conjugate states is physically realizable. 

I n  Section 4, a suitable correspondence 
between the rigid top and free-surface cases is 
established in order to prove the uniqueness of 
conjugate state to a given flow for the latter 
case also. 

2. Isolated prohlem 

The definition sketch for the isolated problem 
is given in Fig. 1. h and h' are the depths of tho 
lower layer upstrc,am and downstream from the 
shock, respectively, H is the distance between 
the walls, el and pI are the densities, and q: and 
qz are the dimensional layer discharges. Suffices 
1 and 2 stand for lower and upper fluids respec- 
tively. The pressLire at the upstream interface is 
taken as zero, while that  at the downstream 
interface is p*. The pressure at the shock front 
is assumed hydrcstatic, and shear stresses are 
neglected. Normalizing lengths by H ,  densities 
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by el, discharges by g112H3'2, pressures by elgH, 
use of the momentum theoram applied in turn 
to the lower and upper layers yields, upon 
elimination of pressure, the following equation 
for ,!? =h'/H: 

where a = h / H ,  q, =q:/g1/2If3/a ( .  z = 1 ,  21, r = e z / e 1 9  

s = 1 - r ,  and the trivial solut,ion p =  u hrts been 
factored out. 

The solution for the roots of the quartic 
X = 0 represents the conjugate depths to the 
given flow. For a root to be acceptable, the 
requirement that a shock must be accompanied 
by a loss of energy should be satisfied. This 
requirement for the present problem is 

~ E = q l ( $ + a ) + r q 2 ( + 2 + u )  2 ( 1 -  - 9 ,  

I n  terms of the modified layer Froude numbers 

3," = u1*2/sgh, x = uz*"/sg(H - h )  

where u:, i = 1 ,  2 are the dimensional layer 
velocities, ( 3 )  can be written in the simple form 

One can show that the criticality criterion given 
by ( 3 )  or ( 4 )  is precisely the condition for no 
upstream propagation of long infinitesimal 
waves. The supercritical and subcritical flows 
are given by J > 0 and J < 0, respectively. For 
prescribed layer discharges, the regions of 
values of u for which the flow is either super- 
critical or subcritical are shown in Fig. 2, where 
J is plotted as a function of a. 

In  order to find whether a shock represents a 
jump or a drop in the interface level, we look 
upon jumps as the steepening of crests and 
drops as the steepening of troughs of a finite 
wave. From ( 3 ) ,  we obtain 

2 
us - su z= (5) l - u + r a y  

where F: = u p / g H ,  i = 1 , 2  and y = FE/F:. If we 
move with the lower fluid ( 5 )  gives the square 
of the speed of propagation of a long infinitesi- 
mal wave by definition of the critical state. We 
now replace u by tc + e ,  E > 0 and compare the 
resulting value of F: with that given by ( 5 ) .  
Crests steepen if the former is greater than the 

where p are roots of X = 0. 
If the critical state is defined as one which is 

conjugate ot itself, we get the criticality criterion 
from ( 1 )  by setting P = a ,  i.e., 

J 

SUP = SUPERCRITICAL 
SUB = SUBCRITICAL 

Fig. 2. The function J(u). 

Tellus XXV (1973), 6 
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latter, while they flatten if it is less (i.e., troughs 
steepen). This yields the following criteria: 

Jump: m > O  ( 6 )  

Drop: m < o  (7)  

m ( a ;  ql, qa, r ) =  (q;/a') - ( r q ; ) / ( l -  a)4 (8) 

For equal layer discharges and Boussinesq 
fluids ( r  w l ) ,  ( 6 )  and ( 7 )  yield a < 1 / 2  for a 
jump and a > 112 for a drop. Criteria ( 6 )  and ( 7 )  
are precisely those obtained by Long (1956) for 
solitary waves of elevation and depression in a 
two-fluid system. 

It is interesting to note that mcc -aJ/aa 
and, in view of this, the ranges of values of a 
for prescribed layer discharges for which a jump 
or drop solution may be expected are as shown 
in Fig. 2 (only supercritical values being rele- 
vant). 

2.1. Investigation of roots of x = 0 
We first consider the cases when one of the 

two layers is queiscent (a)  q2 = 0. 
Equation ( 1 )  can be written as 

where 

For 0 <,!I < 1, the only admissible root is given 
by 

B = ( - a + la' + 8qT/as)/2 

or 
~- 

h' - 1 + 1 / 1 + 8 J i !  
h 2 

For this case 

2 ( 1 - a )  4 2 

The only admissible root is given by 

3s-sa /r+a)a I rsqi 

4 2  

4 (1 - a )  B =  - ~ -  

or, upon rearranging, 

H - h '  - l + V l + % X  (14)  
~- - 

2 H - h  

Comparing (11 )  to (14) ,  a certain symmetry 
between jumps and drops is a t  once apparent, 
especially for Bouesinesq fluids ( r  = 1) .  We also 
note that the shoek strengths for jumps and 
drops in Boussinesq fluids, with one of the 
layers quiescent, are given by expressions identi- 
cal to that for the classical jump, only with 
gravity being replaced by the modified gravity. 

The plots for x(8) for cases (a) and (b)  are 
as shown in Fig. 3. 

It can be shown that for 0 < B  < 1 

In view of the inequalities (15 )  and the 
nature of curves sC(B) for cases (a )  and ( b ) ,  it 
is clear that there .are a t  most two roots of the 
quartic x = 0 in 0 < B  < 1 ,  as shown by the 
dashed line. When both roots satisfy the enrgy 
loss criterion given by (2 ) ,  as they do in some 
cases, the conjugate state to a given upstream 
state is not uniquely determinable by the con- 
sideration of energy loss alone. In  order to 
resolve the questicn of non-uniqueness of the 
conjugate state, a further study of the two 
roots is necessary. 

In  addition to the inequalities (15)  it can be 
shown that aX/ar .: 0, 0 < /3 < 1. This inequality 
together with tho;3e given by (15 )  are very 
meaningful, for they reveal that the behavior 
of the two roots of x = 0 with variations in the 
flow parameters is quite opposed to each other. 
Calling the root closer to the given state as the 

1 

F i g .  3. The function x(4). 
Tellus XXV (1973), 6 
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first root and the other the second root, the 
former can be shown to behave in a manner 
that would be predicted on the basis of an 
analogy between conjugate states of one- and 
two-fluid systems, while the behavior of the 
other is quite the opposite. It is well-known that 
the shock strength inoreases with increase in the 
degree of supercriticality of the flow in the clas- 
sical case of a hydraulic jump. For two-fluid 
systems, the degree of supercriticality of the 
flow increases with an increase of ql, qI, and/or 
r.  In view of the inequalities ( l a ) ,  along with 
aX/ar  < 0, the strength of the shock as given by 
the first root increases with increase in the 
degree of supercriticality of the upsteam flow, 
whereas it actually decreases with the second 
root is considered. In  particular, when J 
approaches zero, i.e., when the flow approaches 
the critical condition, the first root approaches 
the given state, whereas the second root departs 
further away from it. Physical arguments of this 
type strongly suggest that it is the first root 
only that is physically meaningful but do not 
give a conclusive proof of the nonrealizability of 
the second root, nor do they throw any light 
on how the second root comes about. Solution 
of the total problem answers these objections 
adequately. 

It is interesting to note that, in view of the 
above inequalities, a degree of supercriticality 
of the given flow may be reached, above which 
no shock solutions will be possible. This result 
is in distinct contrast to that of the classical 
free-surface problem, in which shock solutions 
to any given supercritical state exist. Such 
limitations on shock solutions in a two-fluid 
system are discussed in detail by Mehrotra 
(1973) 

3. The total problem 

The definition sketch for the total problem is 
given in Fig. 4. A two-layer flow confined on 
top and bottom by walls which are horizontal 
except for a laterally finite, single crested hump 
on the lower wall is considered on an inviscid, 
hydrostatic basis. 4*(x , t )  is the depth of the 
lower layer in the neighborhood of the hump 
which joins the given upstream depth, h, of the 
lower fluid either continuously or discontinu- 
ously. $(x,  t ) ,  i = 1 ,  2, are the dimensional 
layer discharges, and y* = b*(x) is the equation 

Tellus XXV (1973), 6 
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Pig. 4. Definition sketch for flow over a hump. 

of the hump. The coordinate axes are as shown 
in Fig. 4, and the various quantities are made 
nondimensional in the manner of Section 2. 

For flows which are steady and continuous 
throughout, the constancy of Bernoulli head 
and mass in each layer yields the following 
equality: 

Let the left-hand side = j ( 4 ,  b) and the right-hand 
side= j ( a ) .  The functions j ( 4 ,  6 )  and j ( a )  are 
plotted in Fig. 5, the former being plotted for 
values of 4 and b at the crest. The curves j ( 4 ,  b )  
for sections between the crest and horizontal 
floor will lie between these curves. The extreme, 
of these curves occur at the local critical levels, 
because they are defined by the equations 

Pig. 5. Some absolutely supercritical and subcritical 
flow configurations, along with the curves j(4,, b,) 
end j (a) .  
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1 - 92 
A 

Fig. 6. The total problem for a moving surge. 

which represent precisely the local criticality 
criterion (compare (17) with (3) or (4)). Some 
steady flow configurations for absolutely sub- 
critical and supercritical flows are sketched in 
Fig. 5.  The lower and upper curves of the inter- 
face correspond to supercritical flows, whereas 
the intermediate one corresponds to a subcritical 
flow. The curves i ( a ) ,  j ( 4 ,  b)  are analogous to 
the specific energy curves for the classical free- 
surface case. Since in the two-fluid case there 
are two critical levels, these curves bend back 
after the second higher critical level in contrast 
to the classical free surface case, where there is 
no such bending back of the specific energy 
curve. We shall see later that it is owing to this 
feature that two conjugate states are obtained 
for the two-fluid case. 

It is clear that for steady continuous solutions 
to exist, 0 < a < ac2 

where suffices c and cc, refer to values a t  the 
crest and at  the lower critical level above the 
crest, respectively. ac2 is the value of a cc 
corresponding to the upper critical level. 

When the critierion given by (18) is not met 
the flow may adjust by being controlled by the 
crest with a critical condition occurring there, 
and subcritical and supercritical flow occurring 
upstream and downstream from it, respectively. 
A steadily moving shock then propagates up- 
stream. In a frame of reference moving with the 
shock, the isolated problem is obtained. The 
total problem is sketched in Fig. 6. We note that 

the functions j and f ,  defined by (16), now 
relate to the layer discharges 4; and 44 behind 
the moving shock, and tc in (16) should be replaced 

Two important observations must be made 
here. First, the critical condition at the crest 
can correspond only to the lower critical level of 
f (  bC, b,) and, second, state 2 on leg a - b cannot! 
be realized behind the surge. It is easy to see 
from the curves j ( d C ,  bc) and i ( a )  that this must 
be so if \the interface configuration is to be 
continuous between the shock and the crest. 

The complete formulation of the total prob- 
lem is done for a somewhat simplified case, viz., 
Boussinesq fluids me assumed and the velocity 
in each layer ahead of the surge is the same and 
is u* (Long, 1970) Such simplification does not 
in any way alter tae arguments to be presented 
for the uniquenew of the conjugate state. We 
have the following equations. 

Momentum balance for the isolated problem: 

by B. 

Criticality critericsn a t  the crest: 

Tellus XXV (1973), 6 



NON-UNIQUENESS OF INTERNAL HYDRAULIC JUMPS AND DROPS IN A TWO-FLUID SYSTEM 865 

Constancy of Bernoulli head behind the shock, 

(21) 

Requirement of energy loss trough the shock; 

(22) 
k0 F 3 { & ) - ( " ( 2 - a - p )  

r(1- a )  a' 

In  the above equations, we have defined 

32 = u*Z/sgH and [2 = cZ/sgH, (23) 

c being the dimensional speed of propagation of 
the shock. Equations (19) to (21) are to be 
solved for the three unknowns [, B, and +,, 
subject to (22), given 3, a, and b,. Long (1972) 
has recently solved this problem numerically. 
Under some conditions, he found two sets of 
acceptable solutions corresponding to the two 
roots of the isolated problem. Long felt that 
this nonuniqueness should be resolved by experi- 
ments. In an attempt to resolve the question 
of nonuniqueness theoretically, the present 
authors solved these equations independently 
in order to study further the nature of the two 
solutions. Our results are summarized in the 
following paragraph. 

There is a value of 3 = 3,, for which the flow 
is just critical and a value of 3 = 3,,, beyond 
which no shock solution for the isolated problem 
exists. Typical plots of E versus b, are shown in 
Figs. 7a and 7 b. In  Fig. 7a, 3 < 3,, and, in Fig. 
7 b, 3,, < 3 < srnax. When 3 < 3,,, i.e., the on- 
coming flow is subcritical, the values of for 
which 3 + E = 3,, and 3 + t = 3,,, are E,, and 
Emax, respectively. Curves 1-2 and 3-4 represent 
two sets of solutions of Equations (19) to (21). 
The values of p increases along the cruve 1-2, 
while they decrease along 3-4. Once again the 
anomalous character of the second solution is 
a t  once apparent; the shock strength actually 
decreases with an increase in the crest height. 
We also note that, along cruve 3-4, the shock 
speed increases with a decrease in shock strength, 
whereas it increases with an increase in shock 

Tellus XXV (1973), 6 
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Fig. 7 a .  Plot of nondimensional velocity ( E )  of the 
surge versus obstacle height (b,) for a subcritical 
oncoming stream (3 < J,.,). 

strength along curve 1-2, which is the expected 
behavior. The value of a t  point 1 in Fig. 7a  
is equal to a. For the isolated problem with 
layer velocity equal to s(3 + E l ) ,  points A and B 
represent the two jump solutions corresponding 
to two different hump heights but with the 
same upstream flow. Our numerical computa- 
tions show that points on the cruve 1-2 travel 
upwards along the leg c - b of Fig. 6, while the 
points on the curve 3-4 travel downwards 
along the leg a - b. We have already argued 
that states on leg a - b cannot join the critical 
state at the crest continuously. Hence the 
second conjugate state cannot be realized 
physically by any downstream control. When 
3,, < 3 < J,,,, i.e., the oncoming flow is super- 
critical (cf. Fig. 7 b ) ,  the above remarks con- 
cerning the anamalous character of the second 

A A , .  

1 4 - 
Fig. 7 b .  Plot of nondimensional velocity (t) of the 
surge versus obstacle height (a,) for a subc$tical 
oncoming stream when a surge is possible (3,, <$ 
<3max). I 
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Fig. 8. Definition sketch for the isolated problem 
when the upper layer has a free surface. 

set of solutions (represented by curve 3-4) and 
its nonrealizability also apply. We also note 
that the first set allows the existence of a 
stationary shock, namely, point 1, for a super- 
critical oncoming flow. 

We now establish a suitable correspondence 
between the isolated problem considered in 
Section 2 and the one in which the upper layer 
has a free surface (Yih & Guha, 1955). 

4. Correspondence between the rigid top 
and free surface cases for internal shocks 

The definition sketch for the free surface 
case is given in Fig. 8. The following equations 
are obtained with the use of the momentum 
theorem 

K ( a - l ) = ( b - l ) [ { 2 F ~ / b ( b + l ) } - l ]  

(24) 

( r / K )  (b - 1) = (a - 1) [{2$i/a(a + l)} - 11 

(25) 

b- 

Fig. 9a. Conjugate states for the case of an internal 
jump when the upper layer has a free surface. 

Fig. 9b.  Conjugate states for the case of an internal 
drop when the upper layer has a free surface. 

Equations (24) and (25) are to be solved simul- 
taneously for a and b. Equations (24) and (25) 
are plotted for typical internal jump and drop 
cases in Figs. 9a and 9b. Excluding the solution 
a = 1, b = 1 (the trivial solution), there are three 
solutions, one of which is characterized by 
a < 1, b < 1. Hayakawa (1970) has demonstrated 
that this solution i 4  always unacceptable from 
energy consideration for purely internal shocks. 
Thus, there are a t  most two solutions, and we 
propose to study their behavior with variations 
in the parameters of the problem. For the 
jump case, we may reduce $',, keeping F, con- 
stant, and thus approach the critical condition. 
Equation (25) behaves as shown by the dotted 
lines. We note that, whereas root 1 approaches 
the point (1, l ) ,  root 2 does not, in precisely the 
same way as the ro3ts for the rigid top case do. 
Similar remarks apply for the drop case when $, 
is reduced keeping F ,  constant. Root 1 is the 
one closer to the given state. We can therefore 
state that, of the two admissible conjugate 
states to a given upstream state, the one which 
is closer to the given state only is physically 
realizable for both t.he rigid top and free surface 
caaes, purely internal shocks being considered 
in the latter case. 
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K BOUPOCY 0 HEEABHCTBEHHOCTM BHYTPEHHMX I'BAPABJIMYECKBX 
CHA9IEOB M IIEPEHAAOB B ABYXCJIOmHOm CBCTEME 

A e T a J I b H O  ULIyYaIOTCR COIIpRHCeHHbIe COCTORHHR B KOTOpOfi TaKHCe YYHTbIBaeTCR I IpUYMHa,  BbILIbI- 
I IOTOKa AByXCJlOftHOa YCTOfiYHBOfi HCHAHOCTU, BPIOWPR P a a p b I B b I .  YCTaHOBJIeHHeM nOAXOAR- 
O r p a H U Y e H H O f i  C B e p X y  U CO A H a  r O p U a O H T a J I b -  IQeI'O COOTBeTCTBUH MeHCAy CJlYYaRMff C WeCTKOfi  
HbIMU CTeHKaMH. Ma aHepl 'eTIlYeCKUX coo6pa- B e p X H e f t  C T e H K O t  M CO CBO6OAHOfi I IOBepXHOCTbIO 
HCeHUfi C y W e C T B y e T  MaHCHMYM A U a  T a K U X  B o a -  B C n y Y a e  YUCTO BHYTPeHHUX P a a p b I B O B  H a f i A e H a  
MOHCHbIX COCTORHMR. EAHHCTBeHHOCTb YCTa-  eAHHCTBeHHOCTb C O n p R H t e H H O r O  COCTORHUR U 
H a s n m a e T c s  n y T e M  maysemis nomofi aanasn, AJIR n o c n e A H e r o  c n y Y a H .  
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