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ABSTRACT

In order to evidence the influence of scale interactions on fluid motions, the behaviours
of two spectral models of the Lorenz type (1963) are compared by numerical integration
for various rotation rates and thermal forcings. The representation of the fields of
motion in the first model (Lorenz’ model, L.M.) involves one zonal wave of the first
two modes while the second model (the polyharmonic model, P.M.) involves three
zonal waves of the first two modes.

It is found that, at intense or moderate thermal forcing and slow rotation rates, the
steady Rossby regimes are maintained up to higher rotation rates in the P.M. then in
the L.M., whereas at weak thermal forcings and high rotation rates, scale interactions
de-stabilize the flow in the P.M.

In all cases, the wave resulting from the interaction of two unstable scales plays
essentially a relay role, transferring energy between the unstable scales but only
retaining for itself a very modest amount of energy.

When the role of the scale interactions is examined in terms of energetic processes,
it is recognized that the stabilization at the low rotation rate is a pure baroclinic
process while de-stabilization at the high rotation rate is a mixed baroclinic and baro-
tropic process, the latter being presumably dominant at a high rotation rate and weak
thermal forcing.

Finally, it has to be emphasized that the effects of scale interactions critically

depend on the initial conditions of integration.

1. Introduction

The understanding of non-linear processes is
of fundamental importance in physical hydro-
dynamics. Unfortunately, the analytical treat-
ment of non-linear equations is extremely diffi-
cult and even, up to now, generally impossible.
Moreover, and contrary to linear structures, non-
linear systems do not allow a clear identification
of causality which remains so essential to the
understanding of physical phenomena.

One possible way of dealing with non-linear
mechanisms is to make use of the spectral ener-
getics of the system. Then, individual processes,
concerning two scales of motion only, can be
identified, providing a substantial advantage for
a simple, understandable description of the flow
(Quinet, A., accompanying paper, to be referred
to here as SNLP). This procedure will be

folllowed here to interpret the role of interac-
tions between various finite amplitude waves in
a quasi-geostrophic flow. For this purpose we
compare the behaviour of two different spectral
forms of a two-layer model of the Lorenz type
(1960) with the channel geometry. A first
reference model (L.M.), similar to the Lorenz
(1963) one, involves only interactions between
a zonal flow, made up of two modes, and one
zonal wave of each of the two modes. A second
model, called the polyharmonic model (P.M.),
involves three interacting zonal waves of first
and second modes.

In order to situate this paper, let us first
recall the main results obtained by Lorenz
(1963). When the rotation rate and the intensity
of the thermal forcing operating on the fluid
are varied, his model simulates different types
of flow which may fall into one of the following
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regimes: (I) a steady Hadley regime in which
the flow is purely zonal; (IT) a steady Rossby
regime in which waves progress at a uniform
rate without changing their shape; (III) a
vacillating Rossby regime in which waves under-
go periodic changes in shape and progression;
and (IV) an irregular Rossby regime in which
the flow varies non-periodically. We shall inves-
tigate if all these regimes are still possible in the
P.M. and how the critical conditions of transi-
tion from one regime to another are altered in
this model.

The term ‘stability’ has been widely used for
many different kinds of problems. Therefore, it
is perhaps worthwhile specifying the two distinet
meanings we shall introduce here. Lorenz (1962,
1963) has established criteria of transition
(instability) between different types of regimes
when two parameters (thermal forcing and rate
of rotation) operating on a flow are varied. But
the stability with respect to initial conditions
is another extremely important aspect of the
behaviour of physical systems. This problem is
known as that of Liapounov’s stability (see, for
instance, La Salle & Lefschets, 1961) and is
called ‘predictability’ in Meteorology. If the
differential equations governing the system are
linear, Lorenz’ discussion has a general charac-
ter: modification of initial conditions does not
modify the stability conditions. However, this
is not generally true for non-linear systems.
This fact already appears in Lorenz’ 1962 paper.
Indeed, a steady Rossby circulation of a single
mode and a single wave is described by ‘linear’
equations, the zonal flow being steady. Conse-
quently, the classical method of the eigenvalues
of the evolution matrix can be applied to derive
the instability criteria of this regime. However,
for arbitrary initial values, the transient behavi-
our of the system is non-linear and the equilib-
rium values of the variables for a given rota-
tion rate and a given thermal forcing may
change with the initial conditions. As a result,
the transition conditions between the Hadley
regime and the steady Rossby regime depend
upon the sequence of unstable flows. Presum-
ably this feature is a general characteristic of all
regimes. The “predictability”’ problem will only
be incidentally touched upon here but has to be
kept in mind in order to avoid any confusion
particularly when using numerical methods to
evidence differences of behaviour between two
models.
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2. The models

The spectral equations of the model are
(Lorenz, 1963)
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where a dot denotes a time derivative and
where y;, 1, 0;(1=1,2, ..., N) and 0, (=0, 1 ...,
N) are the non-dimensional spectral compo-
nents of the stream function y of the vertically
averaged wind, of the stream function 7 of the
vertical wind shear, of the divergence of the wind
in the lower layer V2y and of the vertically aver-
aged potential teraperature 6 respectively. o,
is the non-dimensional measure of the static
stability, restricted to depend on time only.
Using a channel, the Coriolis parameter f is a
constant and —aFis the eigenvalue correspond-
ing to the eigen function F,; of the two di-
mensional Laplacian operator in Cartesian
coordinates. Finally, the Cy;’s are the spectral
coefficients in the expansion of the Jacobian
of two basic functions F; and Fy. Asin Lorenz’
works, the thermal forcing 6* is independent of
longitude and is resuricted to the first mode. The
coefficients 2K, K’ (2H, H’) are the coefficients
of friction (heating) at the lower and upper layer
respectively and ar> still supposed to satisfy

R (2.6)

so that k-1 is a measure of the rotation rate.

It would be tedious to give the explicit form
of (2.1)-(2.4) for tke P.M. Nevertheless, Fig. 1
describes all types of interactions included in
this model when the three waves r =n, 2n and
3n of the first two modes are introduced.
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Fig. 1. Schematic representation of the triple interactions in the polyharmonic model. In each parenthesis,
the first integer refers to the mode, the second to the zonal wave number. (The self interaction of each wave
with the zonal component of first mode (1, 0) is not shown.)

In this figure, as well as hereafter, the waves
are denoted by two numbers, the first (m) for
the mode and the second one (n) for the zonal
wave number. The self-interaction of each wave
with a zonal component of first mode (1,0) is
not shown. Moreover, Table 1 lists all the sub-
scripts of the interaction coefficients Oy,
appearing in the P.M. equations. The subscripts
K7, and L7, refer to the cos and sin components
of the wave (m, r) respectively and the subscript
A, (often replaced by (m, o) hereafter) refers to
the zonal component (m, o). The first subscript,
common to all coefficients of a same row, identi-
fies the equation where they appear. The numeri-
cal values of these coefficients are given in
SNLP.

The barotropic kinetic energy (K.E.) transfers
between three non-linearly associated scales 7,
and k assume the form (Quinet, 1973).

oK\* 3 s
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where the asterisk recalls that only the contribu-
tions of the (s, §, k) interactions are considered
in the evolution rate of the ¢, and % spectral
components of K. ¢ is a scale factor and 7 is a
sum of triple products of the flow variables.
Following (2.7)-(2.9), when scales ¢, § and %
have been ordered according to a? <aj <a}, the
K.E. necessarily flows from the intermediate
scale towards the two extreme scales or rever-
sely.

The baroclinic transfers between the %, § and

k spectral components of the available potential
energy (A.P.E.) may be given the form (Quinet,
1973).
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where 03 =05+ >..,6; and where T, T, and T,
are triple products of the spectral variables of
scales 4, j and k. In the same way, the conver-
sions between A.P.E. and K.E. assume the form
(Quinet, 1973)
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Table 1. Subscripts of all interaction coefficients of the polyharmonic model

The first subscript, 4,,, K} or L;’n (m=1, 2; r=n, 2n, 3n), common to all coefficients of a same row, refers
to the equation of the corresponding component of y, T and § where these coefficients appear.
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Owing to T, T, and 7T, scales ¢,  and k are
now inter-connected by pairs so that one
component of A or K may feed an other one
and be fed by the third. From (2.10)-(2.15)
these individual processes are the following: the
T, terms are associated with energy exchanges
between scales ¢ and 7, the T', terms with energy
exchanges between scales § and k, the T, term
with energy exchanges between scales 7 and k.
Equations (2.7)-(2.15) will be the cornerstone
of the interpretation of the scale interactions
role on the behaviour of the P.M.

3. Comparisons between the Lorenz-model
and the polyharmonic model

(a) Hadley regimes

From (2.1)-(2.4) and Table 1, it can be seen
that if all waves components are simultaneously
zero at a given instant, their equations are
automatically satisfied and these components
remain zero. In this ease, if components with
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subscripts m =2, r =0 are also set equal to zero,
these last ones remain indefinitely zero too.
Hence, Hadley circulations of the first mode are
possible in the P.M. and, if stable, are evidently
identical with thcse obtained by Lorenz.

Now, the Hadley regime will effectively be
observed in the P.M. only if it is stable with
respect to any perturbation. Lorenz (1962)
mentions that the Hadley circulation is stable
in the viecinity of the equilibrium values of its
own variables. Regarding the stability of the
Hadley flow with respect to the waves, there
exists a class of interactions involving only the
zonal flow of first mode and each single wave
(see Table 1). Tharefore, the procedure used by
Lorenz (1962) can still be applied for testing the
stability of the Hadley regime with respect to
each single wave of the P.M. Fig. 2 shows the
instability curves of the Hadley regime with
respect to waves r=3, 6 or 9 of the first or
second mode. Tae choice of these waves for
the P.M. is mor> or less arbitrary and let us
agree that the reference L.M. involves waves
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Fig. 2. Instability curves in the (k-2 8, ,)-plane of the Hadley circulations with respect to waves (1, 3), (1, 6)
or (1, 9) (respectively curves 1, 2 and 3) and with respect to waves (2, 3), (2, 6) or (2, 9) (resp. curves 4, 5
and 6). For each single wave, the domain of instability is to the right of the associated curve. The lines 0’1“'0 =

0.25, 0. 175 or 0.075 are drawn according to 65, =0, o+ 03, which holds for the Hadley regime (Lorenz, 1962).

(1,3) and (2,3). The Hadley -circulation is
unstable on the concave side of these curves.
Consequently at sufficiently low rotation rate,
the P.M. exhibits a Hadley regime.

(b) Steady Rossby regimes

With steady values for the zonal flow of first
mode, the equations of the model involving one
wave of one mode are linear. Consequently,
periodie circulations involving a single wave are
possible. Once again, this steady Rossby regime
will be observed only if it is stable with respect
to any perturbation. But, once a steady Rossby
circulation of first mode of, say, wave (1, n) is
established, it is no longer possible to superpose
to this circulation a single supplementary scale,
say, scale (2, n). Indeed, the two waves (1, n)
and (2, n) are now capable, at least in principle,
to generate all the other waves of the P.M.
(see Fig. 1 and Table 1) even if these waves are
initially zero. Accordingly it is no longer possible
to formulate a linear stability problem where the
instability condition of the superposed wave
would only depend on the steady pre-established
circulation. Therefore, the stability of the steady
Rossby regime has been tested numerically. The
model equations have been integrated by the
Runge-Kutta method, which warrants sufficient
precision as to identify periodic regimes within
reasonable limits of confidence. As in Lorenz’
paper (1963), the initial conditions, common to
both models, contain, unless otherwise stated,

a weak zonal flow of first mode and weak disturb-
ances of scales (1, 3) and (2, 3), so that all the
waves may be generated by the interactions.

Before presenting numerical results, a warn-
ing is indispensable. The question of the stability
of a solution with respect to the initial condi-
tions (Liapounov’s stability) necessarily arises
when a numerical procedure is used to generate
the flow. As the predictability of the regimes is
presumably different in the two compared
models, the choice of common initial conditions,
while the most reasonable, does not nevertheless
warrant that the modifications of behaviour are
due only to a different stability of the regimes
with respect to the physical parameters (the
thermal forcing and the rotation rate) and not
to a different Liapounov stability of the regimes,
in both models, with respect to the initial condi-
tions.

3.1. NuMERICAL EXPERIMENTS AT HicH
TaerMaL Forcing 0], = 0.25

From Fig. 2, it can be seen that the line 6t =
0.25 crosses the instability curves of wave 3 of
first (m =1) and second (m =2) mode only so
that waves 6 and 9 are presumably stable in the
P.M. Therefore, 0:0 =0.25 seems a suitable
choice for the study of the role of waves 6 and
9 in the absence of a specific excitation of these
waves.
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Fig. 3. Transient and equilibrium values of the amplitude of some of the spectral components of Lorenz’
model (&) and of the polyharmonic model (§) in the case 0;"0 =0.25, k= 0.25.

(a) Steady Rossby regime of first mode

For k =0.4, identical steady Rossby regimes
of wave (1,3) are observed in both models so
that, in this case, the supplementary waves
involved in the P.M. have no influence on the
steady flow which is established. Accordingly,
steady Rossby regimes of first mode are possible
in the P.M.

(b) Steady Rossby regimes of mizxed modes

For kb =0.325, Lorenz’ model performs a mized
steady Rossby regime of waves (1,3) and (2,3),
whale, in the P.M., wave (2,3) remains stable so
that this model is maintained in a Rossby regime
of first mode only.

In order to see how the stabilization of the
regime by non-linear processes is accomplished,
Fig. 3 shows the transient behaviour of both
models in this case (0:0 =0.25, k =0.325). Waves
(1,9), (2,6) and (2,9), negligibly small, are not
shown. When waves (1,3) and (2,3) are suffi-
ciently developed (¢, =f~* ¢ = 30), the interaction
wave (1,6) appears in the P.M. Then waves (1,3)
and (2,3) are altered in an opposite direction in
comparison with the flow behaviour in Lorenz’
model: wave (1,3) is increased while wave (2,3)
is reduced. Therefore, we can consider that wave
(1,8), while growing, transfers energy from wave
(2,3) to wave (1,3). Of course, when this takes
place, all the other parameters of the flow are
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altered. In this respect it is important to note
an tncrease of static stability, indicating that
baroclinic processes come into play.

After time step ¢, =50, a transfer of energy
from the intermediate scale (2,3) and the extreme
scale (1,6) towards the extreme scale (1,3) takes
place while the static stability goes on growing.
When all the trasient energy contained in waves
(2,3) and (1,6) has disappeared, the process
stops and a steady Rossby regime of first mode
is reached.

For k=0.3125, toth the Lorenz’ and the poly-
harmonic models are in a mized steady Rossby
regime of waves (1,3) and (2,3).

Table 2 gives, ir. non-dimensional units and
with respect to a frame moving with the (1,3)
wave of the y field, equilibrium values of the
flow components for both models. Steady values
of amplitudes and phases are given for waves
(1,3) and (2,3) while only the steady amplitude
of the moving wavss (1,6) is mentioned. As for
k =0.325, we observe in the P.M. an increase
of the amplitude of wave (1,3) and of the
static stability and a decrease of the zonal flow
of second mode ard of wave (2,3) which per-
sist, however. At the precision of the output of
the computation (+ decimal figures) only the
interaction wave (1,6) is generated.

The consideraticn of the energy processes
allows us to state precisely the mechanism that
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Table 2. Steady values (in non-dimensional units and in a reference frame moving withthe y, y-wave)
of amplitudes and phases of several spectral components of the flow established in the Lorenz’ model
and the polyharmonic model for 0;‘_0=0.25 and k=0.3125

Both models are in a steady Rossby regime of mixed mode. Only the steady amplitudes of the moving
9,6 and 0, 4 waves are mentioned; the other waves of the polyharmonic model are negligibly small

Spectral

variables Lorenz’ model Polyharmonic model

0, 0.0765 0.0779

¥1,05 01,0 0.2208;  0.2208 0.2194; 0.2194

¥e,05 02,0 —0.0085; + 0.0002 —0.0034; +0.0002

P15 015 0.0560, 0°; 0.0237, — 50° 0.0602,0°% 0.0253, — 51°

a3 05,3 0.0133, — 140°; 0.0058, —169° 0.0054, — 137°; 0.0024, — 167°
V1,8 16 0; 0 0.001; 0.0001

leads to the mixed Rossby regime and how the
difference between the two models arises. Let us
discuss first the L.M. case. The relative positions
of the waves (1,3) of the yp and 0 fields and the
sign of 0, , show (cf. SNLP) that zonal A.P.E.
of first mode is transferred to eddy A.P.E. (1,3)
which in turn is converted into K.E. (1,3). This
obviously reflects the instability of the Hadley
regime with respect to wave (1,3). The effects of
the {¢=(2,0), 7=(1,3), k= (2,3)] interactions are
represented in Fig. 4 where T',, T', and T'; have
the same meaning as in (2.10)—(2.15).

Note that the energy transfer rate from the
(1,3) towards the (2,3) scale is the dominant one
while the transfer rates between scales (2,0) and
(1,3) and between scales (2,0) and (2,3) are very
weak. From the energy point of view, the direc-
tions of the energy transfers and conversions
reflect the instability of thesteady Rossby regime
of first mode with respect to the waves of the
second mode. Essentially, the (2,0) scale allows
the transfer of energy from scale (1,3) towards
scale (2,3), the (1,3) scale being directly supplied
by the (1,0) scale.

The energy exchange rates between scales
(¢=(2,0), 7=(1,3), k=(2,3)] in the P.M. are
schematically shown in the upper part of Fig. 5.
These rates are much weaker than for the L.M.,
so that their respective amount leads to a rela-
tive increase of scale (1,3) and a relative de-
crease of scale (2,0) and (2,3) since the transfers
from scale (1,3) towards these last scale have
been reduced.

The analogous contributions T}, Ty and T; of
the [(1,3), (2,3), (1,6)] interactions are schemati-
cally shown on the lower part of Fig. 5 and

confirm that scale (1,3) receives energy from
scale (2,3) (via the interaction with scale (1,6)).
Obviously this transfer also occurs during the

(2,0)

K.E.
(1-1)' l(1-3)

A.P.E.

o
©

A.P.E. -]

i

(1'1)t t(Tz) K

K.E.
(1,3)

A.P.E.
l( T,

K.E.
(2,3)

Fig. 4. Schematic representation of the energy
transfers and conversions between scales (2, 0),
(1, 3) and (2, 3) for the steady Rossby regime of
mixed mode established in Lorenz’ model at 61 =
0.25, k =0.3125. (See text and equations (2.7)—(2.15)
for the definitions of T, T, and T,).
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(1,6)

Fig. 5. Schematic representation of the energy
transfers and conversions between scales (2, 0),
(1, 3) and (2, 3) (upper part; Ty, T, T';) and between
scales (1, 3), (2, 3) and (1, 6) (lower part; T, T, T)
in the steady Rossby regime of mixed mode estab-
lished in the polyharmonic model at 6, =0.25,
k=0.3125.

transient behaviour of the P.M. for k =0.325.
In this case, scale (2,3) completely disappears in
the equilibrium state.

The great difference between the two models,
in spite of the weakness of the supplementary
scale (1,6), can be better understood if we note
that very small exchange rates may give rise to
appreciable transfers when operating during
sufficiently long periods. But, moreover, the
comparison of Figs. 4 and 5 show that scale
(1,8) does not only add complementary contri-
butions: (T, Ty Ts) to the previously existing
conversion rates T, T, and T'; associated with
the [(2,0), (1,3), (2,3)}-interactions but also
deeply influences these interactions themselves. As
shown on Table 2, scale (1,6) modifies mainly the
amplitudes of the major (1,3) and (2,3) waves
but not their relative configuration. Since scale
(1,6) remains extremely weak, it can be con-
sidered, in a first approximation, that this scale
only realizes a new energy distribution between
the previously existing scales of motion, only
retaining for itself a very modest amount of
energy.

The barotropic transfer rates of K.E. are
towards the zonal flow and are two orders of
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magnitude weaker than the baroclinic conversion
rates between A.P.E. and K.E. Accordingly,
the energy source of the waves of the steady
Rossby regime is exclusively baroclinic. Finally,
the generation of A.P.E. and dissipation of
K.E. have been inzreased in the P.M. Hence,
even when no specific forcing acts on the smaller
scales of motion, non-linear interactions favour
an energy flux from the environment.

(¢) Vacillating regimes

For k=0.3 the Lorenz’ model performs an
unsymmetric vacillarion, the (2,0) component of the
y field, vy, o, oscillating between negative limits,
while the P.M. is still in a steady Rossby regime of
the mixed mode. Scale (2,6) appears in the
P.M. but the (1,6) and (2,8) interaction scales
still remain two orders of magnitude less than
the (1,3) and the (2,3) scales. Nevertheless these
extremely weak intsraction waves have a deci-
sive influence upon the flow and cannot be
considered as negligible higher order perturba-
tions as their amplitude could erroneously sug-
gest. We have showr. how the consideration of the
energy processes can account for this fact.

For k=0.2925, the Lorenz’ model is still
unsymmetrically vacillating while the P.M. per-
forms a symmetric vacillation.

In order to avoid any ambiguity let us point
out that in the P.M. we consider vacillation as
defined by the repetition of the same extreme
values of y,, after constant time intervals,
which define the period of the vacillation cycle.

As unsymmetric vacillation has not been
observed in the P.M. for k =0.2925, it may be
interesting to speculate whether it is specific to
the L.M. or not. Figures 6 and 7 respectively
show the projection on the (°y, 3, ¥2,)-plane of
the transient behaviour of the P.M. and the
L.M., leading respectively to a steady Rossby
regime of mixed mode (P.M., k=0.2975) and
to unsymmetric vacillation (L.M., &k =0.2925). On
these figures, the superscript o recalls that the
system is viewed in a reference frame moving
with the (1,3) wave cf the p field. Once again, the
supplementary interactions of the P.M. modify
notably the transient behaviour of the system.
Fig. 8 shows the symmetric vacillation cycle of
the P.M. for k = 0.2925 which is already suggest-
ed by Fig. 6. If initial conditions are chosen
in the vicinity of the unstable steady Rossby
regime, however, the P.M. also exhibits unsym-
metric vacillation for & =0.2925. This may be
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Fig. 6. Projection on the (%, j, ¥ o)-plane of the
transient behaviour of the polyharmonic model for
0F,=0.25, £=0.2975, with establishment of a

steady Rossby regime of mixed mode, denoted by *.

interpreted in terms of the Lorenz (1963) dis-
cussion of symmetric and unsymmetric vacilla-
tions. For the first type of initial conditions, far
from the equilibrium state, the well developed

flow characteristics, which ‘‘remember”’ the
¢go
0.02 L
( ‘“‘\\\
0.01 L \ \
N \
N
S~
| L 2
__Q,QQ__O-OO,“-OT o¢-
L 7
0.01 / ,
/ 7/
\___-2"
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Fig. 7. Projection on the (% s, ¥ ¢)-plane of the
transient behaviour (---) of Lorenz’ model for
6F,=0.25, k=0.2925 with establishment of un-
symmetric vacillation ( ). The period of vacilla-
tion is 60 non-dimensional time units ¢, ~=f-1¢.

553

whole history of the fluid motion, necessarily
lead to symmetric vacillation, while unsym-
metric vacillation appears as the only possible
regime for the second category of initial condi-
tions. Thus, the observed difference strongly
depends here upon the different ‘‘predictability”
of unsymmetric vacillation in the two models,
which ultimately reflects the different nature of
non-linear influences during the transient behavi-
our of the two systems.

E For k varying from 0.285 to 0.230, both
models are symmetrically vacillating. So far as
amplitudes are concerned, the differences be-
tween the two models are weak. Interaction-
waves remain extremely small. The essential
difference appears now in the phase alteration
of the major (unstable) waves. Figures 9 and
10 show for the L.M. and the P.M. respectively
the configuration of the major fields at ¢, =0,
to=T/2 and t, = T, where T is the period of the
vacillation cycle observed in each model for
k& =0.275. T is about 56 time units in the P.M.
and 60 time units in the L.M. These figures
clearly show that if the two flows are nearly
similar at ¢=7/2 they exhibit considerably
different “‘synoptic” patterns for ¢, =0 and ¢, =
T, so that the influence of scales 6 and 9 would
be crucial in a numerical forecast. It is perhaps

b, |

0.02}.

0.01L

0.08

0,01 |-

Fig. 8. Projection on the (%, 3, ¢, o)-plane of the
symmetric vacillation of the polyharmonic model for
01":o=0.25, k =0.2925. The period of vacillation is
147 ¢,. The transient behaviour of the model is not
shown.
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t,=0 t,=-T/2 t,=T
*1.3 013 o 13 g’a lby' Oy
% 033
b33/ %20 %20 $30 %20 957 % ¥
I
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Frig. 9. Relative configuration of the ¥, 3, 0; 3, ¥s 3, 03,3, P2 o and 0, ,-fields at partlcular times of a vacilla-

tion cyele in Lorenz’ model for 6* =0.25, k-

worth pointing out that if the period of vacilla-
tion (i.e., conventionally, the period of the y, ,
component) is also the period of the whole flow
in the L.M. (Fig. 9), this is not true in the P.M.
(Fig. 10) where the global flow could even be
non-periodic. It should nevertheless be recalled
that there is some ambiguity in the definition
of the periodicity of the system as a whole
since it may depend whether the coordinate
gystem is moving with one component of the
flow or not. For instance the phase shift of
each component of the flow between time ¢ =0
and ¢t =T on ¥ig. 10 appears as being the same
for all components. Accordingly, the use of a
coordinate system moving with one of the waves
would eliminate, on all the components, the
phase differences between time t =0 and ¢t = 7.

For k =0.225, both models exhibit an asym-
metric vacillation cycle. During this kind of
vacillation y,, reverses its sign but reaches
extreme values of different modulus. Fig. 11
represents in full line the projection on the
(°w1.3 ¥20)-plane of the asymmetric vacillation
established in the P.M. while the dashed line
displays the flow prevailing in the L.M. Actu-
ally, these two types of flow, with the largest
loop in the region of positive or negative values of

t,=0 t=-T/2

613

13

0.275. The period T of vacillation is 60 ¢,.

920, are equally possible in each model. This
property results from the invariance of equa-
tions (2.1)-(2.5) for a simultaneous change of
sign of the variables of secales (2,0), (1,3), (2,6)
and (1,9) when tae variables of scales (1,0),
(2,3), (1,6) and (£,9) are left unchanged (see
Table 1). In the case considered here, the supple-
mentary waves of the P.M. radically modify the
ultimately established flow but do not affect the
nature of the regime prevailing in the two
models. It has been observed that asymmetric
vacillation ig stabl> in both models for various
values of k close to k =0.225. It is presumably
stable in the vicinity of 8 = 0.25 too. Accord-
ingly the asymmetric vacillation is stable in both
models with respect to the rotation rate and the
thermal forcing. On the other hand, the dashed
(full) type of flow of Fig. 11 happens to be
Lyapounov’s unstatle in the P.M. (L.M.) for the
chosen initial condurions.

For k =0.2, both models exhibit a new type
of vacillation, a double asymmetric vacillation
shown on Fig. 12 which refers to the P.M.

Finally, when the rotation rate is still in-
creased, (single) asymmetric and afterwards
symmetric vacillation are re-established in both
models. These flows reappear at larger values of

Fig. 10. The same as Fig. 9 but in the polyharmonic model; T =56 ¢,.
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-0.01L

-0.02

-0.03L

S -

Fig. 11. Projection on the (%, 5 ¥, ¢)-plane of the
asymmetric vacillation observed in the polyhar-
monic model ( ) and in Lorenz’ model (——-)
when 6}, =0.25 and & = 0.225. The periods of vacilla-

tion are 38 ¢, and 40 ¢, respectively.

k (at smaller rotation rates) in the P.M. than in
the L.M.

From the energy point of view vacillation
involves, contrary to steady Rossby flows,
barotropic K.E. transfers. Theso are relatively
week for the hitherto-mentioned cases and
operate in the direction of a stabilization of the
waves during nearly the entire cycle. Yet the
time interval during which barotropic insta-
bility appears in vacillating flows increases
when reducing the thermal forcing. Moreover,
the increase of the intensity of the barotropic
processes (including temporary intense stabiliza-
tion) with increasing rotation rate is a general
feature of the models.

3.2. NUMERICAL EXPERIMENTS AT MODERATE
TrErMAL ForciNG 67 ,=0.175

Let us first mention that, as for Ofo =0.25,
steady Rossby regimes are still more persistent
in the P.M. when the rotation rate gradually
increases.

Tellus XXV (1973), 6
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(a) Multiple vacillation and non periodic regime.

After the usual succession of the different
kinds of regimes, non-periodic flow is observed
for k=0.25, k=0.225 and k =0.20 in the P.M.
while this kind of regime only appears for k=
0.225 in the L.M. For k=0.25 and 0.20 this
model exhibits a double symmetric vacillation,
(one example is given in Fig. 13). Waves 6 and
9 remain extremely weak in the P.M. so that
their presence may be ascribed to interactions
but not to specific instability. For the first
time, these interactions operate in the direc-
tion of a de-stabilization of the regime establish-
ed in the L.M.

Following Fig. 1, all non-linear interactions
of the P.M. influence differently the (1,3) and
(2,3) waves so that it is not surprising that the
introduced phase shifts destroy the very peculiar
organization of the double symmetric vacilla-
tion.

0.06}
0.05L
0.04L
0.03]

\ y

0.01¢

0.01

=0.01}

=0.024

=0.03[

=0.041

Fig. 12. Projection on the (%, s, ¥, o)-plane of the
double asymmetric vacillation observed in the poly-
harmonic model for 61"_‘0 =0.25, k =0.2. The period of

vacillation is 65 ¢,.
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0.03 }

~0.01 |

-002|

-0.03

Fig. 13. Projection on the (°y, ,, ¢, ,)-plane of the
double symmetric vacillation observed in Lorenz’
model for Gl"fo =0.175, k = 0.25. The period of vacilla-

tion is 139 ¢,.

(b) Steady Rossby regime of second mode

For k=0.1, the wave (1,3) is stable in the
L.M. in which a steady Rossby regime of the
second mode is reached. On the contrary re-
stabilization of wave (1,3) s not observed in the
P.M. which exhibits a non-periodic regime with
rather regular oscillations of the zonal flow,
presenting some similarity with the asymmetric
vacillation.

Inspection of the spectral components of the
two flows shows that the appearance of wave
(1,3) goes with a reduction of wave (2,3) in the
P.M. Moreover, the amplitude of wave (1,3) can
hardly be interpreted by only considering an
energy supply by scale interactions, since we
know that this process is of poor efficiency in
generating stable waves. Thus, the flow remains
unstable with respect to wave (1,3). Moreover,
the amplitude of wave (1,6) of the y field
suggests, at least during some periods, the
instability of wave (1,6). Let us also mention
that, once again, o, is increased in the P.M.

The disappearance of wave (1,3) in the L.M.
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indicates that any energy supply to this wave
from the zonal flow and from scale (2,3) ceases.
On the other hand, in the P.M. the [(1,3), (2,3),
(1,6)]-interactions are able to maintain some
energy transfer to scale (1,3) from scale (2,3).
But this non-linesr process has a considerable
influence upon the whole flow, which remains
unstable with respect to wave (1,3) itself.
Again, one set of interactions not only intro-
duces its own contributions to the flow but also
profoundly influences all the other processes.
This interpretation is confirmed by considering
the particular exchange rates. It appears then
that the baroclinic conversion rates associated
with the [2,0), (1,3), (2,3)]-interactions are still
large, one order of magnitude larger than those
of the [(1,3), (2,3), (1,6)]-interactions. These
latter terms, however, have been increased in
comparison with the previously mentioned
cases. The most striking difference with respect
to these cases is the now considerable impor-
tance reached by the [(1,3), (2,3), (1,6)] baro-
tropic processes, mainly during the first few
integration steps, when the flow is far from
being adjusted to the thermal forcing. Accord-
ingly, if at low rotation rates, the stabilizing
role of the shorter scales is exclusively connected
with baroclinic processes, the barotropic proces-
ses, supplying energy to wave (1,3) from the
baroclinically unstable wave (2,3) via wave
(1,6), play an impcrtant role in the de-stabiliza-
tion of the flow at high rotation rates.

3.3. NUMERICAL EXPERIMENTS AT WEAK
TrERMAL ForcING 6] =0.075

We now turn to a more complex case where,
following Fig. 2, all waves may simultaneously
be unstable at a sufficiently high rotation rate.
As it can no longer be expected that the shorter
waves will be generated by the presumably
stable waves (1,3 and (2,3) (see Fig. 2), the
initial conditions of integration now comprise
all the waves of the P.M.

(a) Steady Rossby regimes

For k =0.4 the P.M. reaches a mixed steady
Rossby regime of waves (1,6) and (1,9). Weak
interaction waves (2,3) and (1,3) appear also
while waves (2,6) and (2,9) are not observed.
Following Fig. 1 the interaction between waves
(1,6) and (1,9) generates wave (2,3) only. As
wave (1,3) is stable, the occurrence of wave

Tellus XXV (1973), 6



NON-LINEAR MECHANISMS IN A NON-CONSERVATIVE QUASI-GEOSTROPHIC FLOW

(1,3) again implies a transfer of energy to this
wave via (2,3) and (1,6)-interactions. Let us
emphasize that we have generated a steady
Rossby regime of mized waves (r =3) and (r =6)
of the same mode (m = 1). Previously (0;"_ 0 =0.25,
k =0.3125) we have obtained a steady Rossby
regime of mixed modes (m =1 and m =2) of the
same wave (n=3).

For k=0.3, a Rossby regime of wave (1,6)
only is observed. This is somewhat troublesome
because Fig. 2 suggests a flow including at
least waves 6 and 9 of each mode. For 0}, =
0.075, the static stability o, of the (unstable)
Hadley circulation is 0.0056 whereas g, is much
larger (0, =0.0134) in the established flow. The
upper limit of the curves of Fig. 2 indicates that
wave (1,9) may only be unstable for g, less than
0.0100 while wave (1,6) may develop on a
Hadley flow with ¢, up to 0.0190. As the
establishment of a Rossby regime induces an
increase of static stability (Lorenz, 1962) it is
conceivable that the development of the most
unstable wave(s) will completely re-stabilize the
less unstable one(s). Obviously, the process is
the most effective in regions on Fig. 2 of maxi-
mum density of instability curves. Indeed, then,
a weak increase of g, is sufficient to go beyond
the critical value of o, compatible with the
existence of the most stable wave(s). As we
have seen that the energy source of steady
Rossby waves is exclusively baroclinic, this
mechanism can be set forth to interpret the
flow established here. Let us emphasize that this
kind of stabilization is entirely due to the
dependence of ¢, with respect to the disturb-
ances and not to scale interactions. This is
actually confirmed by the fact that the same
flow is observed in a model including waves 6
only.
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(b) Non-periodic regime

Finally, for k£ =0.2, the flow in the P.M. is
non-periodic. The complex character of this
regime makes difficult the identification of the
role of scale interactions. However, we can use
our previous results to approach a qualitative
interpretation.

The extreme values of several variables
observed during a 150 time units period of a
well developed flow, are reported on Table 3 in
the four cases when waves 3, 6 or 9 are present
or when they are all included. The reduction of
waves 9 in this last experiment is explained by
the large value of the static stability, large in
comparison with its value in the case of waves
9 only, resulting from the development of waves
3 and 6. For the same reason waves 6 have been
rather weakly modified, at least as far as extreme
amplitudes only are envisaged. Thus, the simul-
taneous presence of waves 3, 6 and 9 in the
P.M. leads to a flow which is far from being a
simple superimposition of the three individual
wave motions. As already seen, this “‘gross fea-
ture’’ is due to the connexion between the
static stability and the disturbances. Only a
few waves are then able to be simultaneously
baroclinically unstable. The fluctuations of the
stable (1,9) and (2,9)-interaction waves in the
P.M. are much weaker than the fluctuations of
the major unstable waves. This again confirms
that the stable scales almost exclusively play a
role of relay, transferring energy between un-
stable scales, but never capture important
energy amounts for themselves.

One can also wonder whether the introduc-
tion of supplementary scales would still notice-
ably modify the flow in the P.M. Let us imme-
diately note that, for instance, the disapearance
of one of the two waves 9 following the introduc-

Table 3. Extreme values of the amplitude of several spectral wvariables during 150 time steps
of a well developed flow when 0?_0 =0.076 and k =0.2 in the four models including the first two
modes of respectively wave 3 only, wave 6 only, wave 9 only or all these waves together

s, 1,0 2,0 1,3 2,3 1,6 2,8 1,9 2,9

Waves 0.0130 0.0670 —0.0039 0.0200 0.0105

(1,3) and (2, 3) only  0.0135 0.0680 —0.0050 0.0220 0.0121

Waves 0.01560 0.0706 +0.0008 0.0029 0.0140

(1, 6) and (2, 6) only  0.0154 0.0708 —0.0078 0.0088 0.0161

Waves 0.0104 0.0734 —0.0021 0.0029 0.0081
(1, 9) and (2, 9) only  0.0104 0.0734 -0.0021 0.0037 0.0084
All waves 0.0145 0.0689 —0.0074 0.0046 0.0003 0.0015 0.0109 0.0002 0.0000
together 0.0163 0.0707 —0.0082 0.0145 0.0137 0.0096 0.0152 0.0015 0.0006
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tion of waves 18 is not to be expected. Indeed,
it is less a question of re-stabilization (as for
6, =0.25, % —-0.3125) than the improbable
implication of a permanent transfer of all non-
linear energy inputs from, say, wave (2,9), to-
wards wave (1,9). Moreover, de-stabilization of
one of these waves by the other (as for 67, =
0.175, k =0.1) via scale (1,18) is unlikely. Indeed,
intense de-stabilization has been observed to be
accompanied by an increase of static stability.
But, as this parameter is now essentially con-
trolled by several other unstable waves (3 and
6), the relative influence of such a process upon
waves 9 must be reduced considerably.

In conclusion, if waves 9 are essential for
depicting the flow, shorter scale interactions
between stable waves may presumably be
neglected.

More generally, the model equations must
involve the stable waves up to the shortest
(and/or possibly largest) scale ensuring that the
transfers between two arbitrary unstable waves
are allowed. Only interactions involving stable
waves exclusively yield higher order perturba-
tions.

Summary and conclusions

Non-linear processes can have various influ-
ences upon the dynamics and the energetics of a
quasi geostrophic two-layer model.

It has been found that the increase of static
stability following the development of one or
several waves may be sufficient to re-stabilize
other scales of motion. This especially happens
for k-1 and 67, values which lead to an unstable
Hadley circulation whose representation in Fig.
2 is close to the instability curve of several
waves. Consequently, the number of baroclinic
waves is always restricted to a few. This shows
how fundamental the representation of the
evolution of the static stability is.

Moreover, scale interactions, which also modi-
fy the static stability, have both qualitative and
quantitative influences. Qualitative influences
appear in the vicinity of critical conditions of
transitions between two different regimes of
flow.

In this respect, it seems possible to distinguish
specific responses depending on the thermal
forcing and the rotation rate. At intense thermal
forcing and low rotation rate, the stable inter-
action waves stabilize the regime: a given regime
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persists to highe: rotation rates in the P.M.
than in the L.M. On the contrary, at weak
thermal forcing and high rotation rate, the
supplementary waves de-stabilize the regime.
Stabilization appears as a pure baroclinic pro-
cess while de-stabilization is a mixed baroclinic
and barotropic process. It has also to be em-
phasized that the scale interactions effects in
the P.M. critically depend on the initial condi-
tions of integration.

Quantitatively, a pure interaction wave,
arising uniquely from the interactions between
two unstable scales of motion, always remains
very weak. Yet, it may not be considered as a
higher order perturbation. In fact the fundamen-
tal, and insidious, role of this interaction waves
is to transfer energy between the unstable
waves. But the dominant, previously existing,
energy transformation rates between these dis-
turbances and the zonal flow are then strongly
altered. Consequently, the neutral stability
conditions separating the successive growths and
decays of the unstable waves are shifted and the
flow differs notably, both by amplitudes and
phases, from what it would have been without
these interactions. Therefore, the minimum set
of interactions to be included in a truncated but
realistic model should contain all interactions
associated with the dominant scales of motion,
even if the waves generated by these interac-
tions are not (easily) perceived in the actual
flow.

Acknowledgements

The author wishes to express his profound
gratitude to Professor B. Bolin, the Chairman
of the Institute of Meteorology, Stockholm
University, at whose suggestion this study was
initiated and to whom the author is indebted
for his unfailing interest as well as for providing
financial support to perform a part of the
numerous numerical computations. Further-
more, he wishes to acknowledge the benefit
received from many discussions with Professor
J. Van Isacker, Chief of the Computing Centre,
Institut Royal Météorologique de Belgique,
where a great deal of the numerical computa-
tions have been run.

Thanks are also due to Professors J. Van
Mieghem and P. Defrise for reading and com-
menting on the manuscript in a very helpful
way.

Tellus XXV (1973), 6



NON-LINEAR MECHANISMS IN A NON-CONSERVATIVE QUASI-GEOSTROPHIC FLOW

559

REFERENCES

La Salle, J.& Lefschets, S.

York.

Lorenz, E. 1960. Energy and numerical weather

prediction. Tellus 12, 364-373.
Lorenz, E.

1961. Stability by
Liapounov’s direct method. Academic Press, New

1962. Simplified dynamic equations

applied to the rotating basin experiments. J.
Atmos. Sci. 19, 39-61.

Lorenz, E. 1963. The mechanics of vacillation. J.
Atmos. Sci. 20, 448-464.

Quinet, A, 1973. The structure of non-linear proces-
ses. Tellus 25, 536-544.

HEJUHENHBIE MEXAHU3MBI B HEKOHCEPBATUBHOM
HBASHTEOCTPOPUYECKOM IIOTOKE, OBJIAJAIONIEM 30 CTEIIEHAMU CBOBOJbI

JuA BHACHEHMA BINAHMA HA JBHMEHHEe KHJ-
KOCTU B3aMMOJeNCTBUI pasiauyHHX MacmraboB
nyTeM 4YMCIeHHOI0 WMHTerpMpPOBAHMA CpaBHHU-
BAeTCA TOBedeHMe JBYX CIEKTPAJbHEIX MoJe-
aeit, Tuna npepioskeHHnx Jlopenumom (1963),
TIPY PasiIMYHHIX CKOPOCTAX BPAllleHAA M TePMH-
yeckux BoafefictBuax. Ilome pBmmeHuit B mep-
Boft Mopmenu (monmend Jlopenma — MJI) mpen-
CTaBJIAETCA OAHOWK BO0HAJNBHON BOJHOU ABYX
NMepBHX MOX, & BO BTOpOt MOAeJHN (IOJIUrapMo-
HuyeckaA Mopeap — IIM) — TpeMa 30HaNb-
HHIMU BOJTHAMH ABYX HepBHX Moj. Haitmeno, uto
NpH UHTeHCUBHOM MJIM yMepPEHHOM TepMHYECKOM
BO3ZEHCTBMM M MaJILX CKOPOCTAX BpamieHAA
ycroftuuBHe pexnmul Pocc6u mopmep:rRUBAOTCA
Ao Gomee BEHICOKMX CKopocrtelt Bpamenuda B IIM,
yeM B MJI. HaoGopoT, npu ci1aGeXx TepMUIECKHUX
BO3/IeNICTBUAX M BHCOKHX CKOPOCTSIX BpaINeHus
MacmTaGHEe B3AUMOENCTBUA NeCTAOHIUSHPYIOT

Tellus XXV (1973), 6

Teuenue B IIM. Bo Bcex cayvyaax BoJHA, BOBHU-
KaIUX NpK B3aUMOJeHCTBUM ABYX HeyCTOHUM-
BHX MacmraboB, HTpaeT poJb, INIAaBHHM 06pa-
30M, IIEPEeHOCYMKA DHEPIMM MeAy HeycToluu-
BHIMH Macimrabamn, 3abupasa masA ceOs ANIIL
O4YeHb yMepeHHoe KolmdecrBo sHepruu. Ilocie
NPOACHEHNA POJIM MacWTaGHHX Ba3auMopeli-
CTBMI B 9HEPreTHYECKHX MPOIEccaX CTAHOBUTCA
A3HEIM, 4YTO CTA0HIN3ALUA NP MAJHX CKO-
POCTAX BpaIlleHNA eCTb YUCTO GapOKIMHHHN
HpoIecc, B TO BpeMA KaK AeCTabHIN3anuA NpH
60JIBIINX CKOPOCTAX BPAaUeHHA FABIAETCHA CMe-
WAHHEM GapOKIMHHEIM UM GapoTPONHHM NpPO-
IeccoM, mpudeM 6apoTPONHOCTH, IO-BHAHMOMY,
JMOMHUHUpPYeT NPU BHCOKHX CKOPOCTAX BPAIlleHUA.,
¥ cnaGoM TepMuueckoil BosxeitctBur. Hakonen,
HY#HO NOTYePKHYTH, 4YTO 3¢ PeKTH MACINTAGHBIX
B3AaMMONENCTBHIL KPHUTHYECKH BaBUCAT OT Ha-
YaJbHHX YCAOBHH NHTErPUPOBAHUA.



