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ABSTRACT

A method has been developed to inherently prevent the false two-grid-interval wave in
height field, which is, to the author’s knowledge, at present permitted as a stationary
solution to the gravity-wave part of all space-centered schemes used to solve the
primitive equations in numerical forecasting and simulation experiments. The proposed
method preserves space- and time-centered differencing and second-order accuracy. It
involves introduction of auxiliary velocity points midway between the neighboring
height grid points. Velocity components at these auxiliary points are assumed to have
space-averaged values at the beginning of a considered time step: acceleration contribu-
tions are evaluated and added to these initial values to obtain components at the
middle or at the end of the time step. Resulting velocity components are then used for a
more accurate calculation of the divergence term in the continuity equation. The pro-
cedure leads to schemes which propagate single-grid-point height perturbations to all
the existing height grid points, and thus do not permit formation of a false high wave
number noise in the forecast fields. For the Heun, leapfrog, and implicit time differenc-
ing schemes an analysis is performed of the effect that this procedure has on the prop-
erties of the scheme. For the Heun scheme, the procedure results in a reduction of the
instability of the scheme, and in a reduction of the truncation error. For the leapfrog
scheme slight instability is produced; however, values of the amplification factors, and a
numerical example, indicate that this modified leapfrog scheme can still successfully
be used for integration of the primitive equations. For the implicit scheme, the proce-
dure preserves the unconditional stability of the scheme. and also reduces the trunca-
tion error. Finally, a numerical example is shown, giving a dramatic illustration of the
advantages of the proposed method.

1. Problem and proposed method

For an analysis of the problem, consider the
two-dimensional linearized shallow-water equa-
tions
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The symbols here have their usual meaning.
We note that the solution of (1) are gravity
waves which propagate with a constant phase
speed VgT{ Further, we will have in mind that
the terms in (1) can be regarded as representing

only a part of the complete system of the primi-
tive equations.

We now want to look at some aspects of the
situation created when the space derivatives in
(1) are substituted by their straightforward
space-centered finite difference analogues. For
that we need a decision on the space arrange-
ment of dependent variables. We restrict there
our considerations to the three rectangular ar-
rangements shown in Fig. 1. The identifying
letters (A), (E) and (C) are chosen so as to
conform with a study by Winninghoff & Ara-
kawa (Arakawa, 1972). For three considered
types of lattice the same standard space-cen-
tered difference operators 4, and J, can be used
for our purpose, so that the system (1) is re-
placed by
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Fig. 1. Three types of lattice considered for the finite difference solution of (1).

ou ov
— +gd k=0, — +qd,h-0,
o e o T
(2)

oh
—+ H@u+d,v)=0
ot
Here, for example,
1
(Szh(x’ y)E E; [h(x + d*a ?/) - h(x - d*’ y)]

where, if the grid distance d is always the shor-
test distance between positions of the same
variables, d* is equal to d, d/[/é, and d/2, for
the lattice (A), (E), and (C), respectively.

With the same value of d*, as on Fig. 1, the
truncation error of (2) will be the same. Yet,
the lattice (E) will have two times, and the
lattice (C) four times less variables per unit
area than the lattice (A); accordingly, they will
require that much less computing time. Un-
fortunately, the lattice (C) is not convenient
when the Coriolis force terms are present in the
equations; see for example, the referred study
by Winninghoff & Arakawa (Arakawa, 1972, p.
45). It has never been used for extensive nu-
merical integrations of the complete system of
the primitive equations.

Resorting, then, to the lattice (E), we want
to analyze the effect of finite space differencesin
(2) on the solution of the system. Substituting

w JUg
v |=Re (Uo QiR vty (3)
h R,

as a trial solution of (2), we find that the ra-
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phase speed VgT{ is given by

e
VoH

X=kd/V2,

where

sin® X +sin’ ¥
XZ + ‘Y2 ]

(4)

Y=1d/V2.

The waves admitted by the lattice (E) cover a
triangular region on the wave-number plane
k, I. The values of the relative phase speed (4),
on half of that triangular region, are shown in
Fig. 2. The remaining half of the triangular
region is left out to avoid duplication, since (4)

is symmetric with respect

to the line [ =k.

One can observe a general decrease in the rela-
tive phase speed with an increase in the wave
number. Most disturbingly, a neutral and station-
ary two-grid-interval wave is permitted as a
solution of the system (2), as shown by the zero
phase speed value at the right corner cf the
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Fig. 2. Relative phase speed
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of gravity waves, as

a function of wave numbers k and [, in case when the

space derivatives in (1) are
straightforward
analogues.
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diagram. Examination of (2) shows that this
false solution can have an arbitrary amplitude
in all three of the dependent variables.

For an understanding of this phenomenon,
notice that the lattice (E) can be viewed as
being fcrmed by a superposition of two (C)
lattices, shifted diagonally for the distance
}/2d* with respect to each other. Solutions of
the system (2) on each of these two subsets of
variables have no possibility of interacting with
each other. In particular, constant values at
one subset of variables is a stationary solution
on that subset, no matter what values have
variables of the other subset. Two stationary
solutions, with different constants on each of
the two subsets, will be viewed as a false sta-
tionary two-grid-interval wave when the two
subsets of variables are considered simultane-
ously. This wave will form a stationary striped
pattern. With a complete system of primitive
equations, excitation of gravity waves is pos-
sible inside the computational region. If a
disturbance is then excited so as to involve
variables of one subset only, it will propagate
as a gravity wave so as to stay confined to that
subset of variables; the other subset will be
affected only through much slower Coriolis
and advection terms. In this way propagating
waves will also appear as short wave, approxi-
mately two-grid-interval, noise in the forecast.
As an extreme example, suppose (2) had a
source term for height, and was being applied
to the problem in which the water was being
poured at one of the height grid points. The
four height points nearest to it would never be
affected by that action, although physically
they should be the first to notice it.

In the same way the (A) lattice can be con-
sidered as being formed by a superposition of
two (E) lattices. Thus, it will contain four
independent gravity waves, each propagating
on a separate subset of variables. They may
produce a noisy pattern when viewed simul-
taneously.

This ‘“‘two-grid-interval wave” problem can
become a serious inconvenience when gravity
waves of significant amplitude are excited by
forcing terms and/or boundary conditions. Oc-
casionally a clear separation of solutions occurs;
see, for example, some figures in a report by
Gerrity & McPherson (1970). In addition, as
shown by Gerrity (1972), an excessive ampli-
tude of the two grid-interval wave may be the
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cause of a nonlinear instability of the computa-
tion.

As possible remedial measures, filtering (Ger-
rity & McPherson, 1970), or damping of the
small scale features of the divergent part of the
flow only (Sadourny, 1972), have been recom-
mended. An obvious alternative to filtering or
damping the short waves that are falsely gen-
erated by independent propagation of gravity
waves on two subsets of variables, is to try
designing a scheme which would be free of this
false generation of short waves. One scheme
having this property, as demonstrated by
Arakawa (1972), is obtained using time-alter-
nating space-uncentered differencing. It elimi-
nates the possibility of the false two-grid-
interval wave in all of the variables. The method
has a first-order accuracy. It is being used by
Arakawa in combination with the Matsuno time-
uncentered differencing, also of the first-order
accuracy.

Examination of the terms in (1), however,
shows that a velocity perturbation can propa-
gate as a gravity wave only through excitation
of height perturbations, and vice versa. Thus,
it need not be necessary to prevent the false
two-grid-interval wave in both the height and
the velocity fields: elimination of one of them
should suffice to prevent the formation of the
other. It is, therefore, believed of interest to
point out a possibility to inherently prevent the
false two-grid-interval noise in the height field,
and at the same time preserve space- and time-
centered differencing and second-order accuracy.
Fortuitously, an emphasis on the prevention of
the height noise, as compared to that on the
prevention of the velocity noise, or of both
simultaneously, is also the alternative justified
by the forcing terms of the complete system of
the primitive equations. Of these terms, heating
generates space disturbances in the height field,
while friction tends to smooth out the space
noise in the velocity field.

To arrive at the underlying idea, consider
any two neighboring height points within the
lattice (E). A height perturbation at one of
these points is not able to affect the other
point because of no velocity at the midpoint
between the two; this velocity is needed to
bring about the height change at the other
point through the divergence term in the conti-
nuity equation. To circumvent this difficulty
one can introduce auxiliary velocity points
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midway between the height points. There is no
need to carry any variables at these auxiliary
points; velocity components there can be as-
sumed to have space-averaged values at the
beginning of a considered time step, and accelera-
tion contributions can then be evaluated and
added to these initial values to obtain compo-
nents at the middle or at the end of the time
step. Resulting velocity components can then
be used for a more accurate calculation of the
divergence term in the continuity equation.
This procedure leads to schemes in which single-
grid-point height perturbations are propagated
through gravity waves to all the existing height
grid points, thus inherently permitting no false
space-noise in the height field. These schemes
will be referred to in the sequel as AM (Accelera-
tion-Modified) schemes.

The proposed procedure will be illustrated
for the case of the Heun scheme, followed by an
analysis of the effect that it has on the accuracy,
stability, and phase speed of the waves. The
resulting finite difference equations, and the
results of the accuracy, stability and phase
speed analysis, will then also be given for the
leapfrog and the implicit time differencing
scheme. Finally, results of a numerical test will
be shown.

2. The Heun and the AM-Heun scheme

Among the three considered schemes the
Heun scheme (see, for example, Haltiner, 1971)
has a structure which is most similar to that
of the proposed modification procedure. Hence,
it will be used for a more detailed illustration
and analysis of the method. Having linear equa-
tions, the same scheme is obtained if we have
a first forward and a time-averaged second step,
or if we perform the time centering by ending
the forward step at the middle of the time step.
We choose the latter alternative. We also find
it convenient to have 2A¢ represent the time
step of the Heun scheme; this makes the total
number of evaluations of the time derivatives
equal to the total number of time increments
At elapsed. Centering the time index at the
middle of the 2A¢ time step, Heun time differ-
encing then transforms (2) into

L, 2gAt6,,hT_1
+ 2gH(AL)* 8,(0, w + 8, v)" 7,
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v =0t - 2gALS, BT} (5)
+2gH(AL)* 8, (8, u+ 6,0) Y,

RPN —RT T 2HAHS, u + 8,v) !
+2gH(AL VL AT

Here superscripts denote the time level of the
variables, and, if double subscripts are used to
denote a repeated application of the é operator,

v2+ b= (0 + 6yy)h (6)

The expression (6) is readily recognized as the
standard five-point finite difference Laplacian;
its subscript indicates directions along which it
is computed.

Now consider the following modification of
this procedure. At regular velocity points, as
before,

ut =Tt —gAtd AT, w7 =0T —gALd, AT

In addition, auxiliary velocity points are intro-
duced midway between the height points, as
shown by circled numbers 5, 6, 7 and 8 in Fig. 3.
At these points accelerations along lines joining
the neighboring height points will be evaluated,
to enable interaction between neighboring height
values through propagation of gravity waves.
As for the velocity components themselves, it
will suffice to assume that at the beginning of
the time step they have their space-avaraged
values. Only components u’ at points 5 and 7,
and ¢’ at points 6 and 8 are needed, the orien-
tation of the system x’, y’ being as shown in
Fig. 3. Therefore,

o V2

?(u”'wy’)’—l, v a4+ 57 ) !

2

where a superior bar denotes a two-point
average taken along the direction indicated fol-
lowing the bar sign. To these initial values ac-
celeration contributions are added to obtain
values at the middle of the 2At time step, that is,

w'T =wT1 —gAtd, hTY, T =vT1 —gAtd, hT!

The velocity divergence in (1) at time level T
can now be approximated by

(6w +0,v)" + 30w + 0y v )
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thereby giving equal weight to all eight direc-
tions of the lattice. With other steps done in the
conventional way, one obtains a system which
differs from (5) only by having the height equa-
tion take the form

R =BT 2HAN S u + 8, 0) T+ 2gH (AL VAT

(7

where
o 1
Voh= e [hy +hy+hy+hy+2(h +hg+ R, -+ Ry)
— 124, (8)

is a nine-point finite difference Laplacian. The
subscript of the Laplacian (8) again indicates
directions along which it is computed; the
expression on the right side is rcadily obtained
when the approximation to Laplacian is derived
by giving equal weight to all directions of the
stencil in Fig. 3. Thus, the AM-Heun scheme
differs from the conventional Heun scheme (5)
only in that the nine-point Laplacian (8) has
replaced the five-point Laplacian (6) in the
third equation. This allows for propagation of
gravity waves along all height points of the grid,
thus admitting no false space noise in the height
field.

Accuracy. We shall compare the accuracy of
the two schemes. If the truncation error is de-
fined as in Richtmyer & Morton (1967, p. 20),
one obtains for the conventional Heun scheme

ep =t Hugg, + vyyy)d2 —FH(uz+v,)y (A1)
(9
+ 1“]2'H(u111 + Uyyy)tdzAt + % H(ux + Uy)ttt (At)“ o

whore €, is the truncation error of the third of
Eqgs. (5). For the AM-Heun scheme, the only
difference in second and third-order terms of ¢,
appears in that the d2At term takes the form
S H (U4 vyryry ) AL (10)

Thus, compared to the conventional Heun
scheme, the AM-Heun scheme preserves the
second-order accuracy, and, moreover, results
in some reduction of the truncation error.

Stability and phase speed analysis. For a linear
stability and phase speed analysis of the two
schemes, consider the trial solution
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Fig. 3. Stencil used to describe the construction of
proposed schemes, and for definitions of Laplacians
(8) and (22).

u U,
v |=Ref (v, | AT FF (11)
I I

where

A= |Aje ™A (12)

Substitution of (11) into (5) leads to the homo-
geneous system

(A% =1+ 4gH " sin® X)u, + 4gHy’ sin X sin Yo,
+12] 2 gusin X h,=0,
4gHy sin X sin Y uy + (A" — 1+ 4gHyu' sin® Y)v,
+i2) 2gusin Y iy =0,
(13)
o1/ . 51/5 -
12/ 2 Husin X uy+ 42V 2 Husin Y v,
+[A* =1+ 4gH (sin® X

+sin® Y)]hy=0
where pu= At/d.

For the AM-Heun scheme, the only difference
is that instead of the expression within the
square bracket of (13) one obtains

A2 —1 +4gHp?(sin? X +sin? Y + §(cos X —cos V)]
(14)
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Requirement for the determinants of considered
systems to vanish gives, for each scheme, three
solutions for A2. One is, for both schemes,

=1 (15)
The remaining two are
A=1-44+2) 24 (18)
for the conventional Heun scheme, and
2=1-44-B+VB'—84 (17)

for the AM-Heun scheme; in these expressions
A = gHu(sin® X +sin’ Y),
B =gHu?*(cos X —cos Y)?

In view of the definition of 1, (15) is seen to
represent a neutral and stationary solution.
(Since computation is done in time steps of 2At,
the non-stationary solution 1= -1 is of no
meaning.) It is instructive to analyze this sta-
tionary solution in some detail. We can distin-
guish a number of cases:

Case I: sin X and sin Y are both different
from zero. From (13) we then obtain

sin X uy+sin Y v, =0,
hy=0

This can readily be verified as satisfying
d,u +0,v =0, a sufficient requirement, in addi-
tion to i, =0, to have in (5) all the terms con-
taining At equal to zero.

Case II: one of sin X and sin Y is equal to
zero, and the other i1s not. Then one of the
amplitudes u#, and v, can have an arbitrary
value, while the other must be zero. Also,
hy =0. This is the case of a translational motion
along one of the axes of the grid, with an ar-
bitrary wave number in that velocity compo-
nent, except 0 and }/2n/d, along the other axis.

Case III: sin X and sin Y are both equal to
zero. Then, for the conventional Heun scheme,
arbitrary amplitudes u,, v, and h, are allowed.
u, v and h are either constants (when both k&
and [ are zero); or they have a striped pattern
(when one of k and ! is equal to |/ 2n/d and the
other is zero). Thus, a neutral and stationary
two-grid-interval wave is allowed in all of the
variables.

Tellus XXV (1973), 5
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For the AM-Heun scheme, with the square
bracket of (13) replaced by (14), arbitrary
amplitude &, is allowed only when cos X =
cos Y. This can happen only when k =1 =0, that
is, when % is constant. When one of k and [ is
equal to }/27/d we have cos X+cos Y, and h,
must be zero. Thus, the neutral and stationary
two-grid-interval wave is allowed in « and v
fields, but not in the height field.

‘We turn now to the solutions (16) and (17),
that are not identically neutral. For the con-
ventional Heun scheme (16) gives

|2|=V1+164°

This scheme is, thus, amplifying at all admis-
sible points of the wave-number plane except
at those where 4 =0 (constant fields or a two-
grid-interval wave), when it is neutral. Instabil-
ity is most intensive at the pcint X =Y =x/2.

Amplification factor of the AM-Heun scheme
is identical to that of the conventional scheme
when B =0. This happens on the line ! =k, and
includes the point of maximum instability of
the conventional scheme. Otherwise, two cases
can be distinguished:

Case I: Bt -84 <0. The difference between
absolute values of the right sides of (16) and
(17) is then equal to 2B(1 —4A4). Thus, we see
that the modification reduces the instability
of the Heun scheme when 44 <1. This is a
somewhat stronger condition than the Courant-
Friedrichs-Lewy (CFL) stability criterion
[/ﬂ <1 (see the leapfrog scheme analysis in
the next section). To satisfy 44 <1 time step
has to be less than 1/)/2 of the time step needed
to satisfy the CFL criterion. However, when
using the Heun scheme time step had anyway
to be chosen even substantially less than the
one needed for 44 <1, in order that the insta-
bility be kept at an acceptably low level. In this
way, the modification reduces the instability of
the scheme.

Case IT: B? —84 > 0. With acceptable choices
of time step this happens only in relatively
small regions next to the points 4 =0, B >0.
The AM-Heun scheme is then stable and damp-
ing.

As an illustration of possible values of the
amplification factors of the two schemes, Fig. 4
shows the values of |1| obtained using (16) and
(17), and with 2)/gHu (maximum value of [/24)
equal to 0.25. Again, the values of |A| are sym-
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Fig. 4. Amplification factor of gravity waves, as a
function of wave numbers k and /, in cases when the
conventional Heun scheme (upper diagram), and
when the ‘‘acceleration-modified” Heun scheme
(lower diagram) are used for the finite difference
solution of (1).

metric with respect to the line I =k; and, to
avoid repetition, the diagrams are terminated
at that line. In the region where the AM-Heun
scheme has two values of |1| of the non-neutral
solution, next to the right corner of the lower
diagram, isolines are printed to describe the
greater of the two values. A fairly intensive
damping of the shortest close-to-two-grid-inter-
val waves is seen in the lower AM-Heun scheme
diagram. Due to the modification of the scheme,
instability is seen to have been reduced to a
region of the wave-number plane centered
along the line I =%. For considered gravity-
wave terms, however, one must expect the
usefulness of the scheme to still remain limited
to rather short integrations or an intermittent
use only. If a longer integration with an explicit
two-level scheme is desired, one could for these
terms use a stable AM scheme obtained by an
analogous modification of the Matsuno scheme
(Matsuno, 1966), or of a scheme intermediate to
those of Heun and Matsuno (Mesinger, 1972).
It is of interest to also consider the phase
speed of the non-neutral solutions, as compared
to the true phase speed )/gH. Using (12) and
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Fig. 5. Relative phase speed of gravity waves, as a
function of wave numbers k and [, in cases when the
conventional Heun scheme (upper diagram), and
when the ‘“‘acceleration-modified” Heun scheme
(lower diagram) are used for the finite difference
solution of (1).

(16) we obtain, for the conventional Heun
schemes,

p 1 ( _2)/24 )
— = — —arctan | t——
VgH 2uV2gH(X*+ YY) 1-44

(18)
For the AM-Heun scheme, using (17), we obtain

: ! (Lo

———=————————arctan| + -
VgH 2uV2¢H(X*+ YY) 1-44-B
when B*-84 <0 (19 a)
and
% _0, when B’-84>0 (19b)
VgH

From (18) and (19) we see that in (16) and (17)
the upper and lower signs correspond to the
computational and to the physical mode,
respectively.

The relative phase speeds (18) and (19), with
signs of the physical mode, and with values of the
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constant 2|/gTJ,u as used for the preceding figure,
are shown in Fig. 5. As before, to avoid re-
petition, the diagrams are terminated at the
line l=k. The upper diagram, when com-
pared to that shown in Fig. 2, illustrates
the accelerating property of the convention-
al Heun differencing. The phase speed errorisseen
to be reduced, compared to that due to space
differencing only, at all except two corner points
of the diagram. As to the difference between the
two diagrams in Fig. 5, the most notable one is
the appearance of a small region of zero phase
speed next to the right corner of the lower
diagram. Since the solution of the AM-Heun
scheme in that region is damped, there is no
danger that it can be excited to a significant
amplitude. Otherwise, the isolines of the two
diagrams are very similar. Only a careful com-
parison reveals that, except in and next to the
corner region and on the line I =k, some increase
in the phase speed has occurred as a result of
the modification of the scheme.

3. The leapfrog and the AM-leapfrog
scheme

When the conventional leapfrog scheme is
used for the system (2), there results the finite
difference system

ut+l =71 - 29At4, A7,
vt =71 —29At4, A7,

ht+1 = pt-1 —2HAt(S,u +0,v)* (20)
It permits no gravity wave propagation between
the neighboring height points of the lattice (E).

The remedial modification, as described in
Section 1, requires a two-step or an implicit
scheme constructing procedure; therefore, it can
not be applied in form of the regular one-step
and explicit leapfrog differencing. However,
one can use the regular leapfrog differencing
for the first two equations and for half of the
velocity divergence in (1), calculated along the
axes x,y of the stencil in Fig. 3, and a first-
forward-then-centered procedure for the remain-
ing half of that velocity divergence, calculated
along the axes z’, y’ of the considered stencil.
For the first forward step now height fields of
two time levels are available; thus, one can
take a weighted average of the height variables
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of the two levels. In this way (1) is replaced by a
scheme which differs from (20) only by having
the height equation take the form

R =BT~ HAL[(S,u + 6, 0) + (8,4 +8,v) ]

+gH(AL[DYER + (1-B)VEAT] (21)
where
1
Vih= (Bt ho byt h— k) (22)

is a five-point finite difference Laplacian, cal-
culated along directions indicated by its sub-
script, and b is a constant. The choice of b =0
makes the modification procedure take the form
of the Heun scheme, and the choice b=1/2
makes the first forward step of that procedure
centered in time. In any case, the modification
again allows for propagation of gravity waves
along all height points of the grid.

Accuracy. An analysis analogous to that of
the preceding section gives as the truncation
error of the third of the equations of the con-
ventional leapfrog scheme

En= Tlé H(uzzr + '”zwy) d* - ] H(uz + vy)tt (At)2
+ terms of the fourth and higher order.
(23)

For the AM-leapfrog scheme (21) gives as the
truncation error

1 2
en =15 H (Uppy + V) d

+[f5 — 31 = B)1 H (uy +v,) (A)* (24)

+terms of the third and higher order.

Thus, compared to the conventional scheme, the
AM-leapfrog scheme again preserves the second-
order accuracy. Its truncation error attains a
minimum value for b=5/6, when the (A#)?
term in (24) vanishes. Thus, we see that the
constant b can be chosen so as to make the AM-
leapfrog scheme more accurate than the con-
ventional scheme. With the time-centered first
step of the modification procedure, that is, with
b =1/2, there is no change in the second-order
terms. The only difference in the truncation
error of the two schemes then is that some third-
order terms have appeared in the error of the
AM-scheme.
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Stability and phase speed analysis. Substitu-
tion of (11) into equations of the conventional
leapfrog scheme (20) gives

(2= 1)y + 22V 2gusin X b, -0,
(A~ 1)u, + 72V 2gusin Y h, =0,  (25)
22} 2 Husin X u, + 172} 2 Husin Y v,

+ (A5 =1)h,=0

For the AM-leapfrog scheme, instead of the
third equation of (25) one obtains

i(2+1)) 2Hysin X u,+i(A+ 1) V2 Husin ¥ v,
+[A% =1+ (b4 + 1 -b)4gHu (1 - cos X cos Y)]
xhy =0 (26)

Requirement for the determinants of considered
systems to vanish gives now, for each scheme,
six solutions for 1. Two are, for both schemes,

A=1 (27)
and
i=—1 (28)

For the conventional leapfrog scheme, the four
remaining solutions are given by
Po1-44+2V2424-1) (29)
For the AM-leapfrog scheme, one of the four
solutions is a duplication of the temporal com-

putational mode (28). The three solutions that
still remain are given by

A+1) (A-1)244(bi+1-6) (A-1)C : 444 =0
(30)

where C =gHpu*(l —cos X cos Y).

Now, a detailed analysis and comparison of
all admissible solutions can be carried out in the
manner of the preceding section. As the point
of most interest here, in case of the conventional
leapfrog scheme the neutral and stationary
solution (27) includes the two-grid-interval
wave in all of the variables. For the AM scheme,
however, again the neutral and stationary
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Fig. 6. Amplification factor of gravity waves, as a
function of wave numbers £ and [/, in case when the
“acceleration-modified” leapfrog scheme is used for
the finite difference solution of (1).

two-grid-interval wave is allowed only in u and
v fields, and not in the height field.

For stability of the two schemes behavior of
solutions given by (29) and (30), that are not
unconditionally neutral, has to be investigated.
For the conventional leapfrog scheme, (29)
shows that the well-known CFL stability crite-
rion is with present nctation obtained as a
requirement that

V24 <1

be satisfied for all the admissible waves. When
this is true, all solutions are neutral, and the
scheme is stable. For the AM-leapfrog scheme,
amplification factors given by the three roots
of (30) have to be analyzed. To this end maxi-
mum values of these three amplification factors
were printed as a function of k and I, for a num-
ber of values of the parameter b. Isolines describ-
ing the numerical values of these amplification
factors, obtained with b =1/2 and 2)'gHu equal
to 0.50, are shown in Fig. 6. Some instability
can be noticed, centered along the line I =k of
the wave-number plane. If the value of the
parameter b is decreased with respect to the
value b =1/2, this instability along the line
! =k increases. If, on the other hand, the value
of the parameter b is increased beyond the
value b =1/2, an unstable region appears at the
right corner of the diagram, showing that unsta-
ble two-grid-interval waves become permitted.
In this way one is led to a conclusion that the
best stability properties of the AM-leapfrog
scheme are obtained with the choice b =1/2, as
used for the values shown in Fig. 6.

This appearance of an instability in case of
the leapfrog scheme limits, of course, the useful-

Tellus XXV (1973), 5
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Fig. 7. Relative phase speed of gravity waves, as a
function of wave numbers &k and [/, in cases when the
conventional leapfrog scheme (upper diagram),
and when the ‘“acceleration-modified” leapfrog
scheme (lower diagram) are used for the finite dif-
ference solution of (1).

ness of the proposed modification procedure.
For longer integrations with the leapfrog
scheme, one may either use the AM scheme
only intermittently, or, since the amplification
is not large, one may attempt to find and use
a time step short enough as to reduce the
instability to a degree which can be controlled
by the physical dissipation present in the com-
plete system of the primitive equations. A suec-
cessful numerical test of the AM-leapfrog scheme
with 2)/gHu equal to 0.71 and no physical dissi-
pation terms, will be shown in Section 5.

For the relative phase speed, using (29) one
obtains, when 24 <1,

¢ 1
VgH 2uV2gH(X*+ Y?)
. 2V24(1 _24)) 1)

x are tan
1-44

Here again the lower sign is seen to refer to the
physical mode. For the AM-leapfrog scheme,
relative phase speed of the physical mode has

Tellus XXV (1973), 5
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to be obtained from (30); it appears of little use
to describe it with explicit formulas here. Fig. 7
shows numerical values of (31), with the sign
of the physical mode, and those of the relative
phase speed of the physical mode of (30); both are
computed with 2|/gT{ u as used for the preceding
figure. The upper diagram illustrates the prop-
erty of the conventional leapfrog differencing
of also having an accelerating effect. The phase
error is seen to be reduced by just about the
same amount as in the example shown for the
Heun differencing, in the upper diagram of
Fig. 5. As to the difference between the two
diagrams in Fig. 7, the mocst notable one is
again the appearance of a small region of zero
phase speed next to the right corner of the
AM scheme diagram. Compared to the Heun
scheme diagrams, some increase in the area of
this zero phase speed region can now be noticed.
Otherwise, again as in the case of the Heun
scheme, a careful comparison of the two dia-
grams reveals that a slight reduction in the
phase speed error has occurred over most of
the diagram as a result of the modification of
the scheme.

4. The implicit and the AM-implicit

scheme

When an implicit scheme is used for the
system (1) it is again convenient to have 2At
represent the time step of the scheme. Namely,
with a more complete system of equations it
will be practical to evaluate the additional
terms at the middle of the time step used for
the implicit differencing of the terms in (1), as
suggested by Kwizak & Robert (1971). The
differencing procedure then has to be repeated
at time increments of half of the time step used
for the implicit differencing; that is, at time
increments At if the time step of implicit dif-
ferencing is defined to be 2At. With that defini-
tion, and centering the time index at the middle
of the 2At time step, implicit time differencing
transforms (2) into a system that can be written
in the form

uTH = 4Tl —gALS, (RT-1 + hTHY),
OTH = pT=1 —g AL, (k71 + hTHY), (32)
BT+ = hT=1 — 2H AY(8,u + 6, v)T!

+gH(AV% (ht—1 + h7+1)
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This system again permits no gravity wave
propagation between the neighboring height
points of the lattice (I).

The modification described in Section 1 can
here be applied in a straightforward manner.
One performs the regular implicit differencing
for the first two equations and for half of the
velocity divergence in the third equation of (1).
The remaining half of that velocity divergence
is calculated along the axes 2/, ¥’ of the stencil
in Fig. 3, using velocity components at auxiliary
velocity points. These components are computed
by space averaging at the beginning of the 2A¢
time step; acceleration contributions are then
evaluated by implicit time differencing and
added to the initial values to obtain components
at the end of the 2A¢ time step. The considered
second half of the velocity divergence is then
approximated using an arithmetic average of
the values for the beginning and for the end of
that time step. In this way (1) is replaced by a
scheme which differs from (32) only by having
the height equation take the form

R =hTT - 2HAH(S,u+0,0)" !

+gH (A UERT BT (33)

Thus, as in case of the Heun differencing, with
the implicit differencing again the AM scheme
differs from the conventional scheme only in
that the nine-point Laplacian (8) has replaced
the five-point Laplacian (6) in the third equa-
tion. As before, this allows for propagation of
gravity waves along all height points of the
grid.

Accuracy. As the truncation error of the third
of the equations of the conventional implicit
scheme one obtains

En= Tlﬁ H(ugzg +vyyy) d*+ % H(u, + vy)tt(At)‘ll
+ Tli H(vypp +vyyy s d*At + %H(“z + vy)m(At)3 + ...
(34)

For the modified scheme, again as in case of the
Heun differencing, the only difference in second
and third order terms of ¢, appears in that the
d?At term takes the form

S H (Uprgrg + Vyryry )y AL (35)
Thus, compared to the conventional scheme,
the AM-implicit scheme again preserves the

FEDOR MESINGER

second-order accuracy, and results in some
reduction of the truncation error.

Stability and phase speed analysis. Substitu-
tion of (11) into equations of the convertional
implicit scheme (32) gives

(A2 1)uy+4(A%+ 1) V2 gusin X k=0,
(A%~ 1)w,+ 4(A*+ 1)V 2gusin Y hy= 0,  (36)
32V/2 Hysin X u,+42V/2 Husin Y v,
+[AP =1+ (A +1)2gHp (sin®* X +sin® Y) k=0

For the AM-implicit scheme, the only difference
is that instead of the expression within the
square bracket of (36) one obtains

A1+ (A +1)29Hy"

% [sin® X + sin® Y +4(cos X —cos Y)*]  (37)
Requirement for the determinants of considered
systems to vanish gives, for each scheme, three
solutions for A%2. One is, for both schemes,

Az=1 (38)

The remaining two are

1 -
P ——(1-24+2/_24)

39
1+24 (39)

for the conventional implicit scheme, and

Ae—L 24+ VB*-84)
1124, 724E

(40)
for the AM-implicit scheme.

Analysis of (36) shows that, as before, in case
of the conventional scheme the neutral and
stationary solution A =1 includes the two-grid-
interval wave in all of the variables. For the
AM scheme the neutral and stationary two-
grid-interval wave is again allowed only in u
and v fields, and not in the height field.

The temporal computational mode A= —1
results from defining as 2At¢ the time step of the
scheme. Namely, when the differencing pro-
cedure is then repeated at time increments
At, there exist, as far as the terms in (1) are
concerned, two decoupled solutions.

For stability of the two schemes amplifica-
tion factors given by (39) and (40) have to be

Tellus XXV (1973), 5
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Fig. 8. Amplification factor of gravity waves, as a
function of wave numbers k and [, in case when the
‘“acceleration-modified”” implicit scheme is used
for the finite difference solution of (1).

analyzed. Using (39) one readily demonstrates
the well-known property of the conventional
implicit scheme of being unconditionally neutral.
An analysis of (40) shows that the AM-
implicit scheme is damping at all admissible
points of the wave-number plane except at those
where either 4 =0 (constant fields or a two-
grid-interval wave) or B =0 (on the line [ =k),
when it is neutral. Thus, the medification pre-
serves the unconditional stability of the implicit
differencing scheme.

Isolines giving an example of the numerical
values of the amplification factors given by (40)
are shown in Fig. 8. They are obtained using
for the constant 2]/gﬁ u the value of 2.5. In the
region where (40) gives two different values of
||, again the greater of the two values is shown
in the figure. The intensity of damping of the
short four- to two-grid-interval waves, if com-
puted per unit time, is seen to be very similar
to that of the leapfrog scheme with five times
shorter time steps, shown in Fig. 6.

For the relative phase speed, using (39) one
obtains

c 1
VgH 2uV2gH(X*+ Y%

t ?21/54

arc ta; —

e\ 124
(41)

For the AM-implicit scheme, using (40), one

obtains

¢ 1
VgH 2uV2gH(X+ YY)

Vi)

tan | +
arc n( 1_24

when B*— 84 <0 (42 a)
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Fig. 9. Relative phase speed of gravity waves, as a
function of wave numbers k and [, in cases when the
conventional implicit scheme (upper diagram), and
when the ‘‘acceleration-modified”’ implicit scheme
(lower diagram) are used for the finite difference
solution of (1).

and
é when B*-84>0
VgH

=0, (42b)

As before, the lower signs are seen to refer to
the physical model.

The relative phase speeds (41) and (42), with
signs of the physical mode, and with 2[/@ 4 as
used for the preceding figure, are shown in
Fig. 9. Its upper diagram illustrates the prop-
erty of the conventional implicit differencing
of having a decelerating effect. As to the
lower diagram, as its most notable feature we
notice that the zone of zero phase speed occu-
pies now a fairly large area. This is due to a
rather long time step used. The impression given
by this zero phase speed zone may, however,
be to some extent deceiving. Namely, when
approaching this zone from the side of longer
waves the phase speed of the physical mode,
with constants as in the figure, approaches
to a positive value such as to just produce
no local phase changes in values taken at time
increments Af. With further decrease in wave
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Fig. 10. Results of an integration made using the conventional leapfrog scheme (left half), and using the
“acceleration modified’”” leapfrog scheme (right half of the figure). The figure shows the height and wind

fields around a point mass sink of constant intensity.

length this phase speed can be considered to
stay positive and change in such a way as to
have the local phase changes taken at incre-
ments Af remain zero; that is, to have

c — ot 4

— = e

VgH 21 V?giH(‘X—2 + Y%

instead of zero in (42b). In that case there
would be no discontinuity and no zero phase
speed values inside the AM scheme diagram of
Fig. 9. Otherwise, a careful comparison of the
two phase speeds shows that, as before, a slight
reduction in the phase speed error has occurred
over most of the diagram as a result of the modi-
fication of the scheme.

5. A numerical example

A numerical test has been made, designed so
as to illustrate the advantages of the proposed
method in a very dramatic way. It is a duplica-
tion of examples given by Winninghoff and
Arakawa (Arakawa, 1972): starting with a fluid
at rest and with a constant free surface height, a
point mass source and a point mass sink are
prescribed, 10 grid intervals apart. Shallow
water equations are then integrated, including
the advection and the Coriolis terms, but no
physical dissipation terms. One integration was
here performed using the ecnventional leapfrog

scheme, and space-centered differencing, always
over two grid intervals (24* in the notation of
Section 1). Another integration was performed
different only in that the AM-leapfrog scheme
was used for the divergence term of the conti-
nuity equation. The AM-leapfrog scheme terms
due to the nonlinear and Coriolis terms, not
present in (1) and (21), are easily obtained with
the help of the divergence equation. Namely,
instead of following the procedure of preceding
sections, the divergence equation can be used to
evaluate the local change in velocity divergence
from the beginning to the middle or the end
of the time step. In case of leapfrog scheme this
readily leads to (21) (the value b =1/2 was used
here), with a number of additional terms.
Results of the two integrations, in a square
region around the sink point and at 21 hour
time, are shown in Fig. 10. The left half of the
figure shows the height and wind fields obtained
using the conventional leapfrog scheme, and
the right half those obtained using the AM-
leapfrog scheme. The numbers show the height
of the free surface, In meters, when the initial
value of 1000 m is subtracted. The wind
fields are shown following the usual synoptic
practice, except that the speed is indicated to
within 1 m sec~! accuracy, with each full-length
barb standing for 5 m sec~!. The integrations
were performed on a region of 28 x 18 grid inter-
vals, with constant height and no-slip boundary
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conditions. The source and sink had a constant
intensity of 2 m min-!, and the Coriolis para-
meter was taken to be 10-* sec—!. The initial
step was done with the Heun and the AM-Heun
scheme. Time steps of 15 minutes were used,
with d =250 km; this made the constant 2)/gHu
equal to 0.71.

The figure shows a striking difference between
the two integrations. The conventional leapfrog
scheme is seen to have produced a striped pat-
tern in the height field, with false secondary
circulations neighboring the main vortex around
the sink point. The AM scheme gave a mo-
notonic slope of the free surface toward the sink
point, and a rather smooth vortex around it.
No sign of instability of this AM integration has
been noticed.

In case of stratified flow, heat sources and
sinks would have an effect on the geopotential
height field same as the mass sources and sinks
have on the free surface height in the present
experiments.

6. Conclusion

It has proven feasible to modify the Heun,
leapfrog and the implicit differencing schemes
for the gravity wave terms of the primitive
equations in such a way as to retain the second-
order accuracy in both space and time, and yet
eliminate the possibility of a false neutral and
stationary two-grid-interval wave in the height
field. The modification procedure makes a
single-grid-point height perturbation propagate
as a gravity wave along all height points of the
grid. Since a velocity perturbation can propa-
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gate as a gravity wave only through excitation
of height perturbations, the method is believed
sufficient to prevent the false two-grid-interval
noise in all of the dependent variables. Along
with a method of Arakawa, this is, as far as
known to the author, the only method proposed
so far that enables propagation of gravity waves
along all points of a grid convenient in geo-
physical fluid dynamics. However, the present
method has an accuracy one order higher, both
in space and time, than the method of Arakawa.
Thus, its use in numerical models is expected to
improve the simulation of forcing processes
occurring on a smaller horizontal scale. For
example, the method could enable a more ade-
quate simulation of the response of the atmo-
sphere to sharp mountains and small scale heat-
ing, such as the heating due to condensation oc-
curring in narrow bands and single-grid-point
clouds.
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METO/[I IIOCTPOEHUS PASHOCTHON CXEMBI BTOPOTO ITOPAJKA
TOYHOCTHU, CBOBOJAHBIN OT JOHHON NBYXUHTEPBAJBHON
BOJIHBI B IIOJIE BLICOTBIU3OBAPUYECKON MMOBEPXHOCTH

PasBuBaercss Meroj, HNpeAoTBpallalOIUAil BO3-
HHKHOBEHME JIOHHONW IBYXUHTEPBAJIbHON BOJHBI
B M10JI¢ BHICOTH, KOTOpPadA, HACKOJIBKO H3BECTHO
aBTOPY, NPUCYTCTBYET B I'PABUTALUOHHO-BOJHO-
BOM 4YacTH BceX IEHTPAJIbHO-PA3HOCTHBIX IO
NMPOCTPAHCTBY CX€M, MCHOJb3YyeMBIX A pelle-
HUA TPUMUTMBHLIX YpaBHeHHMII B UYMCIEHHOM
NMpOTrHOo3¢ M B HKCIEPHUMEHTAX II0 MOAeJUpOBa-
Hu0. IlpennoxmeHHHN MeTOX COXpaHAET IEHT-
pPadbHBIE PA3HOCTH IO BPEeMEHM M 1O Mpo-
CTPAHCTBY M BTOTOH NOPAZOK TouHOCTH. OH
HUCMOJb3YeT BCNOMOr'aTeJbHbBIE TOYKU [AJIA BH-
YUCIEHUA CKOPOCTH IMOCEpeAMHE MEeHZY TOoY-
KaMU [JIA BBUMCJIEHHUS BHICOTHI.
IIpenmonaraercsa, YT0 KOMIIOHEHTH CKOPOCTH
B 9TUX BCIOMOT'aTeJbHBIX TOYKAX CLJIAKEHBHL 110
MPOCTPAHCTBY B HaYajJe paccMaTpUBAEMOro
WHTEpBaJla BpeMeHU; BBIYMCJIACTCA BKJIAL YCKO-
peHuit, KoTophitt gobGaBisieTcd K HTHM HAYAJb-
HBIM 3SHAYEHUAM [IJA TOJAYYEeHUHA CKOPOCTEH
B cepejuHe M KOHIle mara no spemeHu. Ilomy-
YNBIIMECA KOMIIOHEHTHEl CKOPOCTH fajiee MCIOJIb-
3yTCA ANA (ojlee TOYHOTO BHIYMCIEHUA [HBep-

reHIMd B ypaBHeHMHN HepaspeiBHocTH. Ilpone-
Aypa NpUBOJNT K CXeMe, KOTopaa pRo0aBiseT
TOJILKO ONHOTOYEYHBHE BO3MYINEHHA KO BCEM
CYIIeCTBYIOIIMM y3JaM JJA BHMYNCIEHHA BHI-
COTHI, ¥, TAKUM 00pa3oM, He NM0O3BoJAET QOpPMU-
POBATHCHA JIOMHBIM BO3MYIEHHMAM ¢ GONBIINMMU
BOJIHOBBIMM YHCJIAMH B IPOTHOCTUYECKHUX HOJIAX.
OnenuBaerca 3QdeKT, KOTOPHIL 3Ta npouegypa
OKA3bHIBAaeT HA PA3HOCTHBIE CXeMH XeHa, IieH-
TpaJBHEX pasHocTell M HeABHyW. [asd cxeMb
XeHa mpolefypa AaeT yMeHbIIeHue HeyCTOHYN-
BOCTM M OIMMOKM annpokcumanuu. B cxeme
LleHTPalbHLHIX pasHocTell mosBiAeTcA ciaabasn
HeyCTONYMBOCTh, OIHAKO MHOMKUTeJh BO3pacTa-
HUA M YUCIEHHBI NpUMep YKa3HIBAIOT, YTO 3TA
MOTU@UIUPOBAHHAA CXeMa Bce elle MOMKeT
¢ yCHmexoM HCNOJb30BATHCA NIJA WHTErpPUpPOBA-
HUA TPHMUTHBHHIX ypaBHeHuit. [Ias HesBHOMN
cXeMH TIpOLeAypa CoXpaHsAerT 0e3yCIOBHYIO
YCTOHYMBOCTD M YMeHbILIAeT OMMOKY annpoKcH-
Mauun. HakoHel, NpofeMOHCTPUPOBAH YHCIEH-
HBIl IpuUMep cO BHeYaTAANINeH HIdoCcTpanueil
TIPEeMMYIIECTB MPeJI0KeHHOTr0 MEeTo/a.
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