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ABSTRACT 

A method has been developed to inherently prevent the false two-grid-interval wave in 
height field, which is, to the author’s knowledge, a t  present permitted as a stationary 
solution to the gravity-wave part of all space-centered schemes used to solve the 
primitive equations in numerical forecasting and simulation experiments. The proposed 
method preserves space- and time-centered differencing and second-order accuracy. It 
involves introduction of auxiliary velocity points midway between the neighboring 
height grid points. Velocity components a t  these auxiliary points are assumed to have 
space-averaged values a t  the beginning of a considered time step; acceleration contribu- 
tions are evaluated and added to these initial values to obtain components a t  the 
middle or a t  the end of the time step. Resulting velocity components are then used for a 
more accurate calculation of the divergence term in the continuity equation. The pro- 
cedure leads to schemes which propagate single-grid-point height perturbations to all 
the existing height grid points, and thus do not permit formation of a false high wave 
number noise in the forecast fields. For the Heun, leapfrog, and implicit time differenc- 
ing schemes an analysis is performed of the effect that this procedure has on the prop- 
erties of the scheme. For the Heun scheme, the procedure results in a reduction of the 
instability of the scheme, and in a reduction of the truncation error. For the leapfrog 
scheme slight instability is produced; however, values of the amplification factors, and a 
numeriral example, indicate that this modified leapfrog scheme can still successfully 
be used for integration of the primitive equations. For the implicit scheme, the proce- 
dure preserves the unconditional stability of the scheme. and also reduces the trunca- 
tion error. Finally, a numerical example is shown, giving a dramatic illustration of the 
advantages of the proposed method. 

1. Problem and proposed method 

For  an analysis of the  problem, consider the  
two-dimensional linearized shallow-water eqtla- 
t ion? 

The symbols here have their usual meaning. 
\Ye note that the  soliltion of (1) are gravity 
waves which propagate with a constant phase 
speed )/gz. Further, we will have in  mind tha t  
the terms in ( 1 )  can be regarded as representing 

only a par t  of the complete system of t,hc primi- 
tive equat,ions. 

We now want, t,o look at some aspects of the  
situation created when the  space derivatiL-es in  
( 1 )  are  substituted b y  their straightforward 
space-centered finite difference analogues. For  
that we need a decision on  the space arrange- 
ment of dependent variables. We restrict, there 
our considerations t o  the three rectangular ar- 
rangement,s shown in Fig. 1.  The identifying 
let,ters (A),  (€3) and (C) are  chosen so as to  
conform with a s tudy b y  Winninghoff & Ara- 
kawa (Arakawa, 1972). For three considered 
types of lat,t,ice the  same s tandard space-cen- 
tered difference operators 6, and 8, can be used 
for our purpose, so t>hat the  system (1) is re- 
placed by  
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Fig. 1.  Three types of lattice considered for the finite difference solution of (1). 
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at at phase speed vg% is given by 

tio of the phase speed c = v /  1 kz  1' to the true 
- + gS,h = 0, ~ -1- g8,h = 0, 

( 2 )  
ah sin2X + sinz Y 

X Z + Y 2  ' - +  H(O,u+S,v)=O 
at 

where 
Here, for example, X = k d /  1'2, Y = Id/  1/2. 

(4) 

1 

2d* & h ( ~ ,  y) - [ h ( ~  + d*, y) - h(z - d*, y)] 

where, if thc grid distance d is always the shor- 
test distance between positions of the same 
variables, d*  is equal to d, d/1/2, and d / 2 ,  for 
the lattice (A), (E), and (C), respectively. 

With the same value of d*, as on Fig. 1, the 
truncation error of ( 2 )  will be the same. Yet, 
the lattice (E) will have two times, and the 
lattice (C) four times less variables per unit 
area than the lattice (A); accordingly, they will 
require that much less computing time. Un- 
fortunately, the lattice (C) is not convenient 
when the Coriolis force terms are present in the 
equations; see for example, the referred study 
by Winninghoff & Arakawa (Arakawa, 1972, p. 
45). It has never been used for extensive nu- 
merical intcgrations of the completc system of 
thc primitive equations. 

Resorting, then, to the lattice (E), wc want 
to analyze the effect of finite space differences in 
( 2 )  on the solution of the system. Substituting 

as a trial solution of ( 2 ) ,  we find that the ra- 
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The waves admitted by the lattice (E) cover a 
triangular region on the wave-number plane 
k ,  1. The values of tho relative phase speed (4), 
on half of that  triangular region, are shown in 
Fig. 2.  The remaining half of the triangular 
region is left out to avoid duplication, since (4) 
is symmetric with respect to the line 1 = k .  
One can observe a general decrease in the rela- 
tive phase speed with an  increase in the wave 
number. Most disturbingly, a neutral and station- 
ary two-grid-interval wave is permitted as a. 
solution of the system (2), as shown by the zero 
phasc speed value at the right corner cf the 

0 w2 
kd /\IT 

7r 

Fig. 2 .  Relative phase speed of gravity waves, as 
a function of wave numbers k and I ,  in case when the 
space derivatives in ( 1 )  are subetituted by their 
straightforward spare-rentered finite differenre 
analogues. 
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diagram. Examination of (2) shows that this 
false solution can have an arbitrary amplitude 
in all three of the dependent variables. 

For an understanding of this phenomenon, 
notice that the lattice (E) can be vicwed as 
being fcrmed by a superposition of two ( C )  
lattices, shifted diagonally for the distance 
j h d *  with respect to each other. Solutions of 
the system (2) on each of these two subsets of 
variables have no possibility of interacting with 
each other. In  part,icular, constant values a t  
one subset of variables is a stationary solution 
on that subset, no matter what values have 
variables of the other subsct. Two stationary 
solutions, with different constants on each of 
the two subsets, will be viewed as a false sta- 
tionary two-grid-interval wave when the two 
subsets of variablcs are considered simultanc- 
ously. This wave will form a stationary striped 
pattern. With a complete system of primitive 
equations, excitation of gravity waves is pos- 
sible inside the computational region. If a 
disturbance is then excited so as to involve 
variables of one subset only, it  will propagate 
as a gravity wave so as to stay confined to that 
subset of variables; the other subsct will be 
affected only through much slower Coriolis 
and advection terms. In  this way propagating 
waves will also appear as short wave, approxi- 
mately two-grid-interval, noise in the forecast. 
As an cxtreme example, suppose (2) had a 
source term for height, and was being applied 
to the problem in which the water was being 
poured a t  one of the height grid points. The 
four height points nearest to i t  would never be 
affected by that action, although physically 
they should be the first to notice it. 

In tho same way the (A) lattice can be con- 
sidered as being formed by a superposition of 
two (E) lattices. Thus, it will contain four 
independent gravity waves, each propagating 
on a separate subset of variables. They may 
produce a noisy pattern when viewed simul- 
taneously. 

This “two-grid-interval wave” problem can 
become a serious inconvenience when gravity 
waves of significant amplitude are excited by 
forcing terms and/or boundary conditions. Oc- 
casionally a clear separation of solutions occurs; 
see, fcr example, some figures in a report by 
Gerrity & McPherson (1970). In  addition, as 
shown by Gerrity (1972), an excessive ampli- 
tude of the two grid-interval wave may be the 

cause of a nonlinear instability of the computa- 
tion. 

As possible remedial measures, filtering (Ger- 
rity & McPherson, 1970), or damping of the 
small scale features of the divergcnt part of the 
flow only (Sadourny, 1972), have been recom- 
mended. An obvious alternative to filtering or 
damping the short waves that are falsely gen- 
erated by independent propagation of gravity 
waves on two subsets of variables, is to try 
designing a scheme which would be free of this 
false generation of short waves. One scheme 
having this property, as demonstrated by 
Arakawa (1972), is obtained using time-alter- 
nating space-uncentered differencing. It elimi- 
nates the possibility of the false two-grid- 
interval wave in all of tho variables. The method 
has a first-order accuracy. It is being used by 
Arakawa in combination with the Matsuno time- 
uncentered differencing, also of the first-order 
accuracy. 

Examination of the terms in ( l ) ,  however, 
shows that a velocity perturbation can propa- 
gate as a gravity wave only through excitation 
of height perturbations, and vice versa. Thus, 
it need not be necessary to prevent the false 
two-grid-interval wave in both the height and 
the velocity fields: elimination of one of them 
should sufficc to prevent the formation of the 
other. It is, therefore, believed of interest to 
point out a possibility to inherently prevent the 
false two-grid-interval noise in the height field, 
and a t  the same time preserve space- and time- 
centered differencing and second-order accuracy. 
Fortuitously, an emphasis on the prevention of 
the height noise, as compared to that on the 
prevention of the velocity noise, or of both 
simultaneously, is also the alternative jusbified 
by the forcing terms of the complete system of 
the primitive equations. Of these terms, heating 
generates space disturbances in the height field, 
while friction tends to smooth out the space 
noise in the velocity field. 

To arrive a t  the underlying idea, consider 
any two neighboring height points within the 
lattice (E). A height perturbation a t  one of 
these points is not able to affect the other 
point because of no velocity a t  the midpoint 
between the two; this velocity is needed to 
bring about the height change a t  the other 
point through the divergence term in the conti- 
nuity equation. To circumvent this difficulty 
one can introduce auxiliary velocity points 
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midway between the height points. There is no 
need to carry any variables a t  these auxiliary 
points; velocity components there can be as- 
sumed to have space-averaged values a t  the 
beginning of a considered time step, and accelera- 
tion contributions can then be evaluated and 
added to these initial values to obtain compo- 
nents a t  the middle or a t  the end of the time 
step. Resulting velocity components can then 
be used for a more accurate calculation of the 
divergence term in the continuity equation. 
This procedure leads to schemes in which single- 
grid-point height perturbations are propagated 
through gravity waves to all the existing height 
grid points, thus inherently permitting no false 
space-noise in the height field. These schemes 
will be referred to in the sequel as AM (Accelera- 
tion-Modified) schemes. 

The proposed procedure will be illustrated 
for the case of the Heun scheme, followed by an 
analysis of the effect that it has on the accuracy, 
stability, and phase speed of the waves. The 
resulting finite difference equations, and the 
results of the accuracy, stability and phase 
speed analysis, will then also be given for the 
leapfrog and the implicit time differencing 
scheme. Finally, results of a numerical test will 
be shown. 

2. The Heun and the AM-Heun scheme 

Among the three considered schemes the 
Heun scheme (see, for example, Haltiner, 1971) 
has a structure which is most similar to that 
of the proposed modification procedure. Hence, 
it will be used for a more detailed illustration 
and analysis of the method. Having linear equa- 
tions, the same scheme is obtained if we have 
a first forward and a time-averaged second step, 
or if we perform the time centering by ending 
the forward step at the middle of the time step. 
We choose the latter alternative. We also find 
it convenient to have 2At represent the time 
step of the Heun scheme; this makes the total 
number of evaluations of the time derivatives 
equal to the total number of time increments 
At elapsed. Centering the time index a t  the 
middle of the 2At time step, Heun time differ- 
encing then transforms ( 2 )  into 

+ 2gH(At)'S,(S,u + St,v)*-', 
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( 5 )  

+ 2gH(At)eS,(6,u + dY2))*-l, 

hr+' = h" - 2HAt(S,u + SYli) ' - l  

+ 2gH(At)aVT hT-' 

Here superscripts denote the time level of the 
variables, and, i f  double subscripts are used to 
denote a repeated application of the S operator, 

The expression (6) is readily recognized as the 
standard five-point finite difference Laplacian; 
its subscript indicates directions along which it 
is computed. 

Now consider the following modification of 
this procedure. At regular velocity points, as 
before, 

U t  = Ut-l - gAtc3,hr-', V X  = ~ 5 - l  - gAt6,hr-l 

In  addition, auxiliary velocity points are intro- 
duced midway between the height points, as 
shown by circled numbers 5,  6, 7 and 8 in Fig. 3. 
At these points accelerations along lines joining 
the neighboring height points will be evaluated, 
to enable interaction between neighboring height 
values through propagation of gravity waves. 
As for the velocity components themselves, it 
will suffice to assume that a t  the beginning of 
the time step they have their space-avaraged 
values. Only components u' a t  points 5 and 7, 
and v' a t  points 6 and 8 are needed, the orien- 
tation of the system x', y' being as shown in 
Fig. 3. Therefore, 

where a superior bar denotes a two-point 
average taken along the direction indicated fol- 
lowing the bar sign. To these initial values ac- 
celeration contributions are added to obtain 
values a t  the middle of the 2At time step, that is, 

U f T  = u'5-1- gAtS,.h-' ,  v'T =v'T--l -gAtS,, hT-1 

The velocity divergence in (1) a t  time level t 
can now be approximated by 

*(S,U + 6, v)' + *(S,. u' + 6,. v')' 

Tellus XXV (1973), 5 
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thrreby giving equal weight to all eight clirec- 
tions of tho lattice. \Vith other steps done in the 
convrntional way, one obtains a system which 
differs from (5) only by having the height cqriii- 
tion takr thc form 

is a nine-point finitc difference Laplacian. The 
siibscript of the Laplacian (8) again indicates 
directions along which it is computed; the 
expression on the right side is readily obtained 
when the approximation to Laplacian is dcri\rrd 
by giving equal weight to all directions of the 
stencil in Fig. 3. Thus, the AM-Heun scheme 
differs from tho conventional Heun scheme ( 5 )  
only in that t>hc nine-point Laplacian (8) has 
replaced the five-point Laplacian (6 )  in the 
third oqiiation. This allows for propagation of 
gravky wavcs along all height points of the grid, 
thus admitting no false space noise in the height, 
field. 

A c c u ~ a c y .  We shall compare tho accuracy of 
the two schemes. If the t.runcation error is de- 
fined as in Hichtmyer & Morton (1967, p. 20), 
one obtains for the conventional Heun schemr 

whorc p h  is the truncation error of the third of 
Eqs. (5). For the AM-Heun scheme, the only 
difference in second and third-order terms of eh 
appeurs in that the @ A t  term takes the form 

Thus, compared to the conventional Hrrin 
schrmv, the AM-Heun scheme preserves thc 
second-ortlcr accuracy, and, moreover, resrilts 
in somr reduction of the truncation error. 

Stability and phase speed analysis. For a lincar 
stability and phase speed analysis of the two 
schemts. consider the trial solution 

Y 

i 
q 2 1  

Y' i X'  

8 
Fig. 3 .  Stencil used to  desrribe the construction of 
proposed schemes, and for definitions of Laplacians 
( 8 )  and (22). 

where 

A 5  IAJe-'"At (12) 

Substitution of (11) into ( 3 )  leads to the homo- 
geneous system 

( A 2  - 1 + 4 g H p z  sin2 X) u, + 4gH/r2 sin X sin Yv, 

+ i21 2 g p  sin X h,  = 0, 

4gHp2 sin X sin Y uo + (1.' - 1 + 4gHp2 sin2 Y)w, 

+is1 2gpsinYh0=0,  

(13) 

i~ lh  ~ p s i n ~ u , + i 2 1 / 2  ~ p s i n  ~ ' v ,  

+ [ A 2  - 1 + 4gHp2(sinZ X 

+sinz Y ) l h , = ~  
where p =  A t / d .  

For the AM-Heun scheme, the only difference 
is that instead of the expression within the 
squarr bracket of (13) one obtains 

A2 - 1 + 4gHp2[sinZ X 1 sin2 2' 1 &(cosX -cas Y)'] 

(14) 
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Kequirement for the determinants of considered 
systems to vanish gives, for each scheme, three 
solutions for 1'. One is, for both schemes, 

1' = 1 (15) 

The remaining two are 

I' = 1 - 4A 2 1 ' x  (16) 

for the conventional Heun scheme. and 

1'' 1 - 4A - B &  1B'- 8A (17) 

for the AM-Heun scheme; in these expressions 

A = gHpZ(sin2 X +sin2 Y ) ,  

B = gHp2(cos X -COS Y)' 

In  view of the definition of 1, (15) is seen to 
represent a neutral and stationary solution. 
(Since computation is done in time steps of 2At, 
the non-stationary solution I = - 1  is of no 
meaning.) It is instructive to analyze this sta- 
tionary solution in some detail. We can distin- 
guish a number of cases: 

Case I: s inX and sin Y are both different 
from zero. From (13) we then obtain 

sin X u, + sin Y w, = 0, 

h ,  -= 0 

This can readily be verified as satisfying 
S,u + 8, w = 0, a sufficient requirement, in addi- 
tion to 11,  = 0, to have in ( 5 )  all the terms con- 
taining At equal to zero. 

Case 11: one of sin X and sin Y is equal to 
zero, and the other is not. Then one of the 
amplitudes u, and w o  can have an arbitrary 
value, while the other must be zero. Also, 
h, = 0. This is the case of a translational motion 
along one of the axes of the grid, with an ar- 
bitrary wave number in that velocity compo- 
nent, except 0 and \ /2n/d,  along the other axis. 

Case 111: sin X and sin Y are both equal to 
zero. Then, for the conventional Heun scheme, 
arbitrary amplitudes u,, w, and h, are allowed. 
u, w and h are either constants (when both k 
and I are zero); or they have a striped pattern 
(when one of k and I is equal to 1/2n/d and the 
other is zero). Thus, a neutral and stationary 
two-grid-interval wave is allowed in all of the 
variables. 
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For the AM-Heun scheme, with the square 
bracket of (13) replaced by (14), arbitrary 
amplitude h, is allowed only when cos X = 

cos Y .  This can happen only when k = 1 = 0, that 
is, when h is constant. When one of k and 1 is 
equal to 12n/d we have cos X=+=cos Y ,  and h, 
must be zero. Thus, the neutral and stationary 
two-grid-interval wave is allowed in u and w 
fields, but not in the height field. 

We turn now to the solutions (16) and (17), 
that are not identically neutral. For the con- 
ventional Heun scheme (16) gives 

This scheme is, thus, amplifying a t  all admis- 
sible points of the wave-number plane except 
a t  those where A = O  (constant fields or a two- 
grid-interval wave), when it is neutral. Instabil- 
ity is most intensive a t  the pcint X = Y =n/2. 

Amplification factor of the AM-Heun scheme 
is identical to that of the conventional scheme 
when B = O .  This happens on the line 1 = k ,  and 
includes the point of maximum instability of 
the conventional scheme. Otherwise, two cases 
can be distinguished: 

Case I: Be -8A  GO. The difference between 
absolute values of the right sides of (16) and 
(17) is then equal to 2B(1 -4A). Thus, we see 
that the modification reduces the instability 
of the Heun scheme when 4A<1 .  This is a 
somewhat stronger condition than the Courant - 
Friedrichs-Lewy (CFL) stability criterion 
1 L a  < 1 (see the leapfrog scheme analysis in 
the next section). To satisfy 4A < 1 time step 
has to be less than l/p of the time step needed 
to satisfy the CFL criterion. However, when 
using the Heun scheme time step had anyway 
to be chosen even substantially less than the 
one needed for 4A < 1, in order that the insta- 
bility be kept at  an acceptably low level. In this 
way, the modification reduces the instability of 
the scheme. 

Case 11: Be - 8A > 0. With acceptable choices 
of time step this happens only in relatively 
small regions next to the points A =0, B >O. 
The AM-Heun scheme is then stable and damp- 
ing. 

As an illustration of possible values of the 
amplification factors of the two schemes, Fig. 4 
shows the values of I I I obtained using (16) and 
(17), and with 2 v g H p  (maximum value of 12x) 
equal to 0.25. Again, the values of I I I are sym- 
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1 / 

0 

Fig. 4 .  Amplification factor of gravity waves, as a 
function of wave numbers k and I ,  in cases when the 
conventional Heun scheme (upper diagram), and 
when the “acceleration-modified” Heun scheme 
(lower diagram) are used for the finite difference 
solution of ( 1 ) .  

metric with respect to the line 1 = k ;  and, to 
avoid repetition, the diagrams are terminated 
at that line. I n  the region where the AM-Heun 
scheme has two values of I?. I of the non-neutral 
solution, next to the right corner of the lower 
diagram, isolines are printed to describe the 
greater of the two values. A fairly intensive 
damping of the shortest close-to-two-grid-inter- 
val waves is seen in the lower AM-Heun scheme 
diagram. Due to the modification of the scheme, 
instability is seen to have been reduced to a 
region of thc wave-number plane centered 
along the line 1 = k .  For considered gravity- 
wave terms, however, one must expect the 
usefulness of the schernc to still remain limitcd 
to rather short integrations or an  intermittent 
use only. If a longer integration with an explicit 
two-level scheme is desired, one could for these 
terms use a stable AM scheme obtained by an 
analogous modification of the Matsuno scheme 
(Matsuno, 1966), or of a scheme intermediate to 
those of Heun and Matsuno (Mesinger, 1972). 

It is of interest to also consider the phase 
spced of the non-neutral solutions, as compared 
to the true phase speed VFH. Using (12) and 

Fig. 5 .  Relative phase speed of gravity waves, as a 
function of wave numbers k and 1, in cases when the 
conventional Heun scheme (upper diagram), and 
when the “acceleration-modified” Heun scheme 
(lower diagram) are used for the finite difference 
solution of ( 1 ) .  

(IS) we obtain, for the conventional Heun 
scheme. 

For the AM-Hem scheme, using (17), we obtain 

when B 2 - 8 A g 0  (19 a) 
and 

= 0 ,  when B2-88A>0 (19b) ~- 

vgH 

From (18) and (19) we see that in (16) and (17)  
the upper and lower signs correspond to the 
computational and to the physical mode, 
respectively. 

The relative phase speeds (18) and (19), with 
signs of tho physical mode, and with values of the 
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constant 21/gH,u as used for the preceding figure, 
are shown in Fig. 5 .  As before, to avoid re- 
petition, the diagrams are terminated a t  the 
line 1 =k. The upper diagram, when com- 
pared to that shown in Fig. 2, illustrates 
the accelerating property of the convention- 
al Heun differencing. The phase speed error isseen 
to be reduced, compared to that due to space 
differencing only, a t  all except two corner points 
of the diagram. As to the difference between the 
two diagrams in Fig. 5,  the most notable one is 
the appearance of a small region of zero phase 
speed next to the right corner of the lower 
diagram. Since the solution of the AM-Heun 
scheme in that region is damped, there is no 
danger that it can be excited to a significant 
amplitude. Otherwise, the isolines of the two 
diagrams are very similar. Only a careful com- 
parison reveals that, except in and next to the 
corner region and on the line 1 = k, some increase 
in the phase speed has occurred as a result of 
the modification of the scheme. 

3. The leapfrog and the  AM-leapfrog 
scheme 

When the conventional leapfrog scheme is 
used for the system (2), there results the finite 
difference system 

u T + 1  = uT-1 - 2gAts hT 

u T + 1  = 05-1 -2gAtS h? 
I )  

Y '  

hT+' =hT-' - 2 H A t ( 6 , ~  + S Y ~ ) T  (20) 

It permits no gravity wave propagation between 
the neighboring height points of the lattice (E). 

The remedial modification, as described in 
Section 1, requires a two-step or an implicit 
scheme constructing procedure; therefore, it  can 
not be applied in form of the regular one-step 
and explicit leapfrog differencing. However, 
one can use the regular leapfrog differencing 
for the first two equations and for half of the 
velocity divergence in ( l ) ,  calculated along the 
axes x, y of the stencil in Fig. 3, and a first- 
forward-then-centered procedure for the remain- 
ing half of that velocity divergence, calculated 
along the axes x', y' of the considered stencil. 
For the first forward step now height fields of 
two time levels are available; thus, one can 
take a weighted average of the height variables 
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of the two levels. In this way ( 1 )  is replaced by a 
scheme which differs from (20) only by having 
the height equation take the form 

+ g ~ ( A t ) ' [ b V ~ h ' +  (1  - b)V",'-l] (21) 

where 
2 1  

Vxh= d y (h, + h, +h, + h, - 4hJ (22) 

is a five-point finite difference Laplacian, cal- 
culated along directions indicated by its sub- 
script, and b is a constant. The choice of b = O  
makes the modification procedure take the form 
of the Heun scheme, and the choice b = 1/2 
makes the first forward step of that procedure 
centered in time. In  any case, the modification 
again allows for propagation of gravity waves 
along all height points of the grid. 

Accuracy. An analysis analogous to that of 
the preceding section gives as the truncation 
error of the third of the equations of the con- 
ventional leapfrog scheme 

+terms of the fourth and higher order. 

(23) 

For the AM-leapfrog scheme (21) gives as the 
truncation error 

+ [ri - ;( 1 - b ) ] H ( u ,  + v,),, (At)' (24) 

+terms of the third and higher order. 

Thus, compared to the conventional scheme, the 
AM-leapfrog scheme again preserves the second- 
order accuracy. Its truncation error attains a 
minimum value for b = 5/6,  when the (At)* 
term in (24) vanishes. Thus, we see that the 
constant b can be chosen so as to make the AM- 
leapfrog scheme more accurate than the con- 
ventional scheme. With the time-centered first 
step of the modification procedure, that is, with 
b = 112, there is no change in the second-order 
terms. The only difference in the truncation 
error of the two schemes then is that some third- 
order terms have appeared in the error of the 
AM-scheme. 



452 FEDOR MESINGER 

Stability ajrd phase speed analysis. Substitti- 
tion of (11) into cqriations of the conventional 
leapfrog scheme (20) gives 

For the AM-leapfrog scheme, instead of the 
third equation of (26) one obtains 

i ( 2 .  + 1)  1 2 Hp sinXu,, + i (2 ,  + 1) 1’2 H p  sin Y v, 

t [i’ - 1 + (bj! + 1 - b )  4gHpz( 1 - cos X cos Y ) ]  

xh,=O 

Requirement for the determinants of considered 
systems to vanish gives now, for each scheme, 
six solutions for A. Two are, for both schemes, 

i l = l  (27) 

and 

A = - 1  (28) 

For the conventionnl leapfrog scheme, the four 
remaining solutions are given by 

~~~~ ~- 
1.’ = 1 - 411 i 21. 2A( 2A - 1) (29) 

For the AM-leapfrog scheme, one of the four 
solutions is a duplication of the temporal com- 
putational mode (28).  The three soluticns that 
still remain are given by 

(2.  - 1) ( A  - 1)’ 4(hA ’ 1 - b )  ( A  - 1)C 4 i A  - 0 

(30) 

where C - gHp2( 1 -cos X cos Y ) .  

Now, a detailed rinalysis and comparison of 
all admissible solutions can be carried out in the 
manner of the preceding section. As the point 
of most interest here, in case of the conventional 
leapfrog scheme the neutral and stationary 
solution (27) inclrides the two-grid-interval 
wave in all of the variables. For the AM scheme, 
howcvcr, again the neutral and stationary 

\O 960 
l!? . y /  

0 7v2 

kd l f i  
R 

Fig. 6. Amplification factor of gravity waves, a8 a 
function of wave numbers k and 1 ,  in case when the  
“acceleration-modified” leapfrog scheme is used for 
the finite difference solution of ( 1 ) .  

two-grid-interval wave is allowed only in u and 
v fields, and not in the height field. 

For stability of the two schemes behavior of 
solutions given by (29) and (30), that  are not 
unconditionally neutral, has to be investigated. 
For the conventional leapfrog scheme, (29) 
shows that the well-known CFL stability crite- 
rion is with present nctation obtained as a 
requirement that  

bc satisfied for all the admissiblc waves. When 
this is true, all solutions are neutral, and the 
scheme is stable. For the AM-leapfrog scheme, 
amplification factors given by the threc roots 
of (30) hare  to be analyzed. To this end maxi- 
mum values of these three amplification factors 
were printed as a function of k and 1 ,  for a num- 
ber of values of the parameter b.  Isolines ctescrib- 
ing the numerical values of these amplification 
factors, obtained with b = 112 and 2]/gHp equal 
to 0.50, are shown in Fig. 6. Some instability 
can be noticed, centered along the line 1 = k  of 
the wave-number plane. If the \ d u e  of the 
paramet>er b is decreased with respect to the 
value b = 1/2, this instability along the line 
1 = k increases. If, on the other hand, the value 
of the parameter b is increased beyond the 
value b = 1/2, an  unstable region appears at the 
right corner of the diagram, showing t,hat unsta- 
ble two-grid-interval waves become pern~it,ted. 
I n  this way one is led to a conclusion that the 
best stability properties of the AM-lcapfrcjg 
scheme are obtained with the choice b ~= 112, as 
used for the values shown in Fig. 6. 

This appearance of an instability in case of 
the leapfrog scheme limits, of course, the useful- 
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h ". 

0 R 

Fig.  7. Relative phase speed of gravity waves, as a 
function of wave numbers k and I ,  in cases when the 
conventional leapfrog scheme (upper diagram), 
and when the "acceleration-modified" leapfrog 
scheme (lower diagram) are used for the finite dif- 
ference solution of ( 1 ) .  

ness of the proposed modification procedure. 
For longer integrations with the leapfrog 
scheme, one may either use the AM scheme 
only intermittently, or, since the amplification 
is not large, one may attempt to find and use 
a time step short enough as to reduce the 
instability to a degree which can be controlled 
by the physical dissipation present in the com- 
plete system of the primitive equations. A suc- 
cessful numerical test of the AM-leapfrog scheme 
with 2vgHp equal to 0.71 and no physical dissi- 
pation terms, will be shown in Section 5. 

For the relative phase speed, using (29) one 
obtains, when 2A < 1, 

to be obtained from (30); it  appears of little use 
to describe it with explicit formulas here. Fig. 7 
shows numerical values of (31),  with the sign 
of the physical mode, and those of the relative 
phase speed of the physical mode of (30); both are 
computed with 21/gup as used for the preceding 
figure. The upper diagram illustrates the prop- 
erty of the conventional leapfrog differencing 
of also having an accelerating effect. The phase 
error is seen to be reduced by just about the 
same amount as in the example shown for the 
Heun differencing, in the upper diagram of 
Fig. 5. As to the difference between the two 
diagrams in Fig. 7, the most notable one is 
again the appearance of a small region of zero 
phase speed next to the right corner of the 
AM scheme diagram. Compared to the H e m  
scheme diagrams, some increase in the area of 
this zero phase speed region can now be noticed. 
Otherwise, again as in the case of the Heun 
scheme, a careful comparison of the two dia- 
grams reveals that a slight reduction in the 
phase speed error has occurred over most of 
the diagram as a result of the modification of 
the scheme. 

4. The implicit and the AM-implicit 
scheme 

When an implicit scheme is used for the 
system (1) it is again convenient to have 2At 
represent the time step of the scheme. Namely, 
with a more complete system of equations it 
will be practical to evaluate the additional 
terms a t  the middle of the time step used for 
the implicit differencing of the terms in (l) ,  as 
suggested by Kwizak 8: Robert (1971). The 
differencing procedure then has to be repeated 
at, time increments of half of the time step used 
for the implicit differencing; that is, a t  time 
increments At if the time step of implicit dif- 
ferencing is defined to be 2At. With that defini- 
tion, and centering the time index a t  the middle 
of the 2At time step, implicit time differencing 
transforms (2) into a system that can be written 
in the form 

Here again the lower sign is seen to refer to the 
physical mode. For the AM-leapfrog scheme, 
relative phase speed of the physical mode has 
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This system again permits no gravity wave 
propagation between the neighboring height 
points of the lattice (E). 

The modification described in Section 1 can 
here be applied in a straightforward manner. 
One performs the regular implicit differencing 
for the first two equations and for half of the 
velocity divergence in the third equation of ( 1 ) .  
The remaining half of that velocity divergence 
is calculated along the axes x', y' of the stencil 
in Fig. 3, using velocity components a t  auxiliary 
velocity points. These components are computed 
by space averaging a t  the beginning of the 2At 
time step; acceleration contributions are then 
evaluated by implicit time differencing and 
added to the initial values to obtain components 
a t  the end of the 2At time step. The considered 
second half of the velocity divergence is then 
approximated using an arithmetic average of 
the values for the beginning and for the end of 
that time step. In  this way ( 1 )  is replaced by a 
scheme which differs from ( 3 2 )  only by having 
the height equation take the form 

h"' = h"-' - 2HAt(S,u + SYv)"-' 

+gH(At)'V;(hT-'+ h"') ( 3 3 )  

Thus, as in case of the Heun differencing, with 
the implicit differcncing again the AM scheme 
differs from the conventional schemc only in 
that the nine-point Laplacian (8) has replaced 
the five-point Laplacian ( 6 )  in the third equa- 
tion. As before, this allows for propagation of 
gravity waves along all height points of the 
grid. 

Accuracy. As the truncation error of the third 
of the equations of the conventional implicit 
scheme one obtains 

For the modified scheme, again as in case of the 
Heun differencing, the only difference in second 
and third order terms of eh appears in that the 
daAt term takes the form 

iz H(u:.,,,. + ~k . , , , , )~d 'A t  (35 )  

Thus, compared to the conventional scheme, 
the AM-implicit scheme again preserves the 

second-order accuracy, and results in some 
reduction of the truncation error. 

Stability and phase speed analysis. Substitu- 
tion of ( 1 1 )  into equations of the convertional 
implicit scheme (32 )  gives 

/- ( A 2 -  l ) u ,  + i ( A 2  + 1) 2qp  sinX h, = 0, 

( A 2  - l ) v o  + i ( A 2 +  1 )  12qp sin Y h, = 0, ( 3 6 )  

i2 l /2  H P  sin x uo + i 2  fi H P  sin Y vo 

+[A'- 1 + ( A 2 +  1)2gHp*(sin2X+sin2 Y ) ] h o = O  

For the AM-implicit scheme, the only difference 
is that instead of the expression within the 
square bracket of ( 3 6 )  one obtains 

2' - 1 + (2' + 1)  2gHp2 

x [sin' x + sin2 Y t- &(cos x - cos Y)'] ( 3 7 )  

Requirement for the determinants of considered 
systems to vanish gives, for each scheme, threc 
solutions for 2'. One is, for both schemes, 

A' = 1 ( 3 8 )  

The remaining two are 

__ 1 

1 + 2 A  
( 1  - 2 A k 2 v -  2 A )  ( 3 9 )  1 2  = ~ 

for the conventional implicit scheme, and 

1 

1 + 2 A + B  
( 1  - 2 A  i- I /B2-  8 A )  ( 4 0 )  1' = .~ 

for the AM-implicit scheme. 
Analysis of (36 )  shows that, as before, in case 

of the conventional scheme the neutral and 
stationary solution 2 = 1 includes the two-grid- 
interval wave in all of the variables. For the 
AM scheme the neutral and stationary two- 
grid-interval wave is again allowed only in u 
and v fields, and not in the hcight field. 

The temporal computational mode 2 = - 1 
results from defining as 2At the time step of the 
scheme. Namely, when the differencing pro- 
cedurc is then repeated a t  time increments 
At, there exist, as far as the terms in (1) are 
concerned, two decoupled solutions. 

For stability of the two schemes amplifica- 
tion factors given by (39 )  and (40) have to be 
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Fig. 8. Amplification factor of gravity waves, as a 
function of wave numbers k and I ,  in case when the 
“acceleration-modified” implicit scheme is used 
for the finite difference solution of (1). 

analyzed. Using (39) one readily demonstrates 
the well-known property of the conventional 
implicit scheme of being unconditionally neutral. 
An analysis of (40 )  shows that the AM- 
implicit scheme is damping a t  all admissible 
points of the wave-number plane except a t  those 
where either A = O  (constant fields or a two- 
grid-interval wave) or B = O  (on the line 1 =k), 
when it is neutral. Thus, the modification pre- 
serves the unconditional stability of the implicit 
differencing scheme. 

Isolines giving an example of the numerical 
values of the amplification factors given by (40 )  
are shown in Fig. 8. They are obtained using 
for the constant 2dgHp the value of 2.5. In the 
region where (40 )  gives two different values of 
I A 1, again the greater of the two values is shown 
in the figure. The intensity of damping of the 
short four- to two-grid-interval waves, if com- 
puted per unit time, is seen to be very similar 
to that of the leapfrog scheme with five times 
shorter time steps, shown in Fig. 6. 

For the relative phase speed, using (39) one 
obtains 

arctan (-I?:) +-- C 1 
-= 

dgx 2pd2gH(Xa  + Y’) 

For the AM-implicit scheme, using (40), one 
obtains 

~- C 1 arc tan ( T E ) ,  
d g 3  - 2p V2gH(Xa + Y’) 

when Ba - 8A d 0 (42 a) 

0 

Pig. 9. Relative phase speed of gravity waves, as a 
function of wave numbers k and I ,  in cases when the 
conventional implicit scheme (upper diagram), and 
when the “acceleration-modified” implicit scheme 
(lower diagram) are used for the finite difference 
solution of (1). 

and 
C 

~- - 0, when Ba -. 8A > 0 (42 b) 
VgH 

As before, the lower signs are seen to refer to 
the physical model. 

The relative phase speeds (41) and (42 ) ,  with 
signs of the physical mode, and with 2Vg-y as 
used for the preceding figure, are shown in 
Fig. 9. Its upper diagram illustrates the prop- 
erty of the conventional implicit differencing 
of having a decelerating effect. As to the 
lower diagram, as its most notable feature we 
notice that the zone of zero phase speed occu- 
pies now a fairly large area. This is due to a 
rather long time step used. The impression given 
by this zero phase speed zone may, however, 
be to some extent deceiving. Namely, when 
approaching this zone from the side of longer 
waves the phaae speed of the physical mode, 
with constants as in the figure, approaches 
to a positive value such as to just produce 
no local phase changes in values taken a t  time 
increments At. With further decrease in wave 
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Fig. 10. Results of an integrrttion made using the conventional leapfrog scheme (left half), and using the 
“acceleration modified” leapfrog scheme (right half of the figure). The figure shows the height’ and wind 
fields around a point mass sink of constant intensity. 

length this phase speed can be considered to 
stay positive and change in such a way as to 
have the local phasn changes taken at incre- 
ments At remain zero; that is, to havo 

c -  .z -~ - - +----------- /--1 IgH 2,Lb 2gH(X + Y ) 

instead of zero in (42b). I n  that case there 
would be no discontinuity and no zero phase 
speed valiies inside the AM scheme diagram of 
Fig. 9. Otherwise, a careful comparison of the 
two phase speeds shows that, as beforc, a slight 
reduction in the phase speed error has occiirred 
over most, of the diagram as a result of t,he modi- 
fication of tho scherim. 

5. A numerical example 

A numerical test has been made, designed so 
as to illustrate the advantages of the proposed 
method in a very dramatic way. It is a duplica- 
tion of examples given by Winninghoff and 
Arakawa (Arakawa, 1972): starting with a fluid 
at rest and with a constant free surface height, a 
point mass soiirce and a point mass sink are 
prescribed, 10 grid intervals apart. Shallow 
water equations aro then integrated, including 
the advection and the Coriolis terms, but no 
physical dissipation terms. One integration was 
here performetl iising the ccnventional leapfrog 

scheme, and space-centered differencing, always 
over two grid intervals (2d* in the notation of 
Section 1). Another integration was performed 
different only in that the AM-leapfrog scheme 
was used for the divergence term of the conti- 
nuity equation. The AM-leapfrog scheme terms 
(hie t>o the nonlinear and Coriolis t.erms, not, 
present in ( 1 )  and (21), are easily obtained with 
the help of the divergence equation. Namely, 
instead of following the procedure of preceding 
sections, the divergence equation can be used to 
evaluate the local change in velocity divergence 
from the beginning to the middle 01’ the end 
of the time step. In  case of leapfrog schemcx this 
readily leads t,o (21) (the value b = 1/2 was used 
here), with a number of additional torms. 

Results of the two integrations, in a square 
region around the sink point and at, 21 hour 
time, are shown in Fig. 10. The left half of the 
figure shows t,he height and wind fields obtained 
using t,he conventional leapfrog scheme, and 
the right half those obtained using the AM- 
leapfrog scheme. The numbers show the height 
of the free stirface, in meters, when the initial 
value of 1000 m is subtracted. The wind 
fields are shown following t>he usual synoptic 
practice, except t,hat the speed is indicated to 
within 1 m sec-’ accuracy, with each full-length 
barb standing for 5 m sec-’. The integrations 
were performed on a region of 28 x 18 grid inter- 
vals, wit,h constant height and no-slip boundary 
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conditions. The source and sink had a constant 
intensity of 2 m min-I, and the Coriolis para- 
meter was taken to be 10-4 sec-'. The initial 
step was done with the Heun and the AM-Heun 
scheme. Time steps of 15 minutes were used, 
with d = 250 km; this made the constant 2)lgHp 
equal to 0.71. 

The figure shows a striking difference between 
the two integrations. The conventional leapfrog 
scheme is seen to have produced a striped pat- 
tern in the height field, with false secondary 
circulations neighboring the main vortex around 
the sink point. The AM scheme gave a mo- 
notonic slope of the free surface toward the sink 
point, and a rather smooth vortex around it. 
No sign of instability of this AM integration has 
been noticed. 

I n  case of stratified flow, heat sources and 
sinks would have an effect on the geopotential 
height field same as the mass sources and sinks 
have on the free surface height in the present 
experiments. 

6. Conclusion 

It has proven feasible to modify the Heun, 
leapfrog and the implicit differencing schemes 
for the gravity wave terms of the primitive 
equations in such a way as to retain the second- 
order accuracy in both space and time, and yet 
eliminate the possibility of a false neutral and 
stationary two-grid-interval wave in the height 
field. The modification procedure makes a 
single-grid-point height perturbation propagate 
as a gravity wave along all height points of the 
grid. Since a velocity perturbation can propa- 

gate as a gravity wave only through excitation 
of height perturbations, the method is believed 
sufficient to prevent the false two-grid-interval 
noise in all of the dependent variables. Along 
with a method of Arakawa, this is, as far as 
known to the author, the only method proposed 
so far that  enables propagation of gravity waves 
along all points of a grid convenient in geo- 
physical fluid dynamics. However, the present 
method has an  accuracy one order higher, both 
in space and time, than the method of Arakawa. 
Thus, its use in numerical models is expected to 
improve the simulation of forcing processes 
occurring on a smaller horizontal scale. For 
example, the method could enable a more ade- 
quate simulation of the response of the atmo- 
sphere to sharp mountains and small scale heat- 
ing, such as the heating due to condensation oc- 
curring in narrow bands and single-grid-point 
clouds. 
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METOA HOCTPOEHLIFI PA3HOCTHOM CXEMbI BTOPOFO II0PFI)JHA 
TOYHOCTLI, CBOEOAHbIm OT JIOXHOM ABYXBHTEPBAJIbHOn 

BOJIHbI B HOJIE BbICOTbILI30EAPLIYECHO~ HOBEPXHOCTLI 

P a s s a n a e ~ c ~  M e T o n ,  npenompawamqnfi ~ 0 3 -  
HRKHOBeHAe JIOlKHOfi n B y X A H T e p B a J I b H O f i  BOJIHbI 
B IIOJIe BbICOTbI, KOTOpaR,  HaCKOJIbKO H3BeCTHO 
a B T O p y ,  IIPHCYTCTBYeT B r p a B A T a ~ H O H H O - B O J I H O -  
BOfi YBCTH BCeX q e H T p a J I b H O - p a 3 H O C T H b I X  no 
I I p O C T p a H C T B y  CXeM, HCIIOJIb3yeMbIX AJIR p e I I I e -  
HAR I IPAMHTHBHbIX Y p a B H e H H f i  B YACJIeHHOM 
I I p O r H 0 3 e  A B 3 K C I I e p H M e H T a X  IIO MOneJIApOBa-  
HAIO. n p e A J I 0 l K e H H b I f i  MeTOA C O X p a H R e T  IfeHT- 
P a J I b H b I e  pa3HOCTA IIO B p e M e H A  A no I I p O -  
CTpaHCTBY H BTOTOfi IIOpR,I(OK TOYHOCTA. O H  
ACIIOJIb3yeT  BCnOMOraTeJ IbHbIe  TOYKA RJIR BbI- 

K a M A  AJIR BbI4HCJIeHAR BbICOTbI. 
q a c n e H m  CKOPOCTH nocepenme M e m a y  TOY- 

n p e A I I O J I a r a e T C F I ,  4TO KOMIIOHeHTbI CKOPOCTH 
B 3TIIX BCIIOMOraTeJIbHbIX TOYKaX CFJIalKeHbI no 
n p o c T p a H c T B y  B H a s a n e  p a c c M a T p m a e M o r o  
A H T e p B a J I a  B p e M e H A ;  BbI4HCJIReTCH B K J I a n  YCKO- 
P e H A f i ,  KOTOPbIfi ~ 0 6 a B J I R e T C R  K 3TAM H a Y a J I b -  
HbIM 3 H a Y e H H R M  nJIR I IOJIyYeHHR C K O p O C T t ? ~  

YABIIIAeCR KOMIIOHeHTbI CKOPOCTB AaJIee HCIIOJIb- 
3yIOTCR nJIR Bonee T 0 4 H O r 0  BbIYHCJIeHAR A A B e p -  

B cepenme II K o H q e  mara no B p e M e m .  nony- 

r e H q A I 4  B y p a B H e H A H  Hepa3PbIBHOCTH.  n p O q e -  

TOJIbKO O,IJHOTO4eYHbIe BO3MYlqeHAH KO BCeM 
CYlqeCTByIOwHM y 3 J I a M  nJIR BbIYllCJIeHHR BbI- 
COTbI, II, T a K H M  0 6 p a 3 0 M ,  H e  I I03BOJIReT @OPMA- 
P O B a T b C R  JIOHCHbIM B 0 3 M y w e H H R M  C 6 0 n b r u a ~ ~  
BOJIHOBbIMA YHCJIaMA B IIPOI'HOCTHYeCKAX IIOJIRX. 
O q e H A B a e T C H  3@@eKT, KOTOpbIf i  3 T a  I I p O q e n y p a  
O K a 3 b I B a e T  H a  pa3HOCTHbIe  CXeMbI X e H a ,  q e H -  
T p a J I b H b I X  p a 3 H O C T e f i  A HeRBHYIO. AJIR CXeMbI 

nypa IIPABOAAT K c x e M e ,  H o T o p a f i  ~ 0 6 a s n ~ e ~  

X e H a  npoqenypa A a e T  y M e H b m e m e  H e y c T o f i q a -  
BOCTA H O U I A ~ K A  a n n p o K c x M a q m .  B c x e M e  
U e H T p a n b H b I X  p a 3 H O C T e f i  IIORBJIReTCR c n a 6 a ~  
HeYCTOfiYABOCTb, O n H a K O  MHOlKATeJIb B O 3 p a C T a -  
H B R  A YACJIeHHbIfi I I p A M e p  y K a 3 b I B a l o T ,  YTO 8 T a  
M O ~ A @ A q A p O B a H H a R  C X e M a  BCe ewe MOlKeT 
C YCIIeXOM HCIIOJIb30BaTbCR AJIR H H T e r p I I p O B a -  
H A R  I IpAMATHBHbIX Y p a B H e H A f i .  AJIR HeRBHOfi  
CXeMbI I I p O U e n Y p a  C O X p a H R e T  ~ ~ ~ ~ C J I O B H Y E O  
yCTOfiYABOCTb H YMeHbI I IaeT  O I I I A ~ K ~  a I I I IpOKCB-  
M a g A A .  H a K O H e q ,  I IpOneMOHCTpI IpOBaH YACJIeII- 
HLJB n p m e p  co B n e s a T n R I o l q e i  m n m c T p a q H e f i  
npemylqecm n p e A n o w e H H o r o  M e T o n a .  

Tellus XXV (1973), 5 


