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ABSTRACT

It is explained why shock solutions exist for only a limited range of values of the
parameters of the problem of an immiscible, inviscid and incompressible two-layer
supercritical flow of stable stratification confined on top and bottom by horizontal
walls. For a given «, the non-dimensional depth of the lower layer, and r, the ratio of
the density of the upper fluid to that of the lower fluid, the regions where shock solu-
tions exist can be demarcated in ¢, — g, space, where ¢, and g, are the non-dimensional
discharges in the lower and upper layers respectively.

1. Introduction

In the classical case of a homogeneous fluid
with a free surface flowing supercritically on a
horizontal floor, shock solutions exist for all
values of the upstream Froude number greater
than one, i.e. it is possible to find a downstream
subcritical state which is conjugate to any given
upstream supercritical state. However, a super-
critical two-layer flow admits of internal shock
solutions only within a restricted range of super-
criticality of the flow. This is true for both the
cases when the upper fluid has a free surface and
when it is bounded by a rigid top, purely internal
shocks being considered in the former case and
supercriticality being referred to the internal
wave mode of fastest celerity. In studying purely
internal shocks it is profitable to dispense with
the free surface. This eliminates complexities
that arise from the free surface wave mode with-
out in any way obscuring the phenomena under
investigation. A two-layer flow confined on top
and bottom by horizontal walls is, therefore,
considered here on an immiscible, inviseid and
incompressible basis.

The existence of shock solutions is studied
first as an isolated problem, in which the con-
jugate states are joined to each other by a
stationary shock, without reference to an agency
that is responsible for the shock. This is done in
section 2. In section 3 the results of the isolated
problem are related to the so-called total prob-
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lem in which an agency that causes the shock
(when they exist) is also included. The agency
is taken to be a hump on the floor. 1t is to be
noted that the shock in the total problem is, in
general, a moving one for prescribed upstream
state and the height of the hump. In a frame of
reference moving with the shock, the isolated
problem can be retrieved.

2. Existence of shocks: isolated problem

The definition sketch for the isolated problem
is given in Fig. 1. The depths of the lower layer
ahead of, and behind, the shock are A and A’
respectively; g; (starred symbols, when they
appear, refer to dimensional quantities) and o,
are the layer discharges and densities respec-
tively, (¢ =1, 2 throughout the text). Suffices 1
and 2 refer to lower and upper layers respec-
tively. The distance between the walls is H.
Normalizing lengths by H, densities by g,, and
discharges by ¢g'’? H3"?, using momentum theo-
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Fig. 1. Definition sketch: Isolated problem.
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Fig. 2. The function J(«). Sup, Supercritical; Sub,
subcritical.

rem in each layer by turns, and eliminating the
unknown pressure at the downstream interface
relative to that at the upstream interface, one
gets the following equation for g =h'/H,
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where « =h/H, q;, =q; |g"*HY?, r =02/p, and s =
1-r

In the derivation of (1) the velocities in the
two layers are assumed to be uniform, the
pressure at the shock front is hydrostatic and
shear stresses are neglected. The trivial solution
B =« has been factored out. The criteria for
critical condition and whether the shock repre-
sents & jump or drop in the interface level have
been found by Mehrotra & Kelly (1972), among
others, and are given by,

Critical condition:
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Jump: M>0
Drop: M <0
where
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For a given «, supercritical and subcritical flows
are defined by J >0 and J <0 respectively. We
note that

-]

m-— (4)
do

In Fig. 2, a typical plot of J as a function of «
is shown for prescribed q;, g, and r. The ranges of
values of « for which the flow is supercritical or
subcritical are shown. In view of (4) the ranges
of values of « fcr which jump or drop solutions
may be expected will be as shown in Fig. 2.
Only the supereritical values are of relevance. In
supercritical ranges the value of .J represents the
degree of supercriticality of the flow. In the
jump range this value increases with decreasing
«, while in the drop range the behavior is just
the opposite. Increase in g,, ¢, and/or r increases
the supercritical ranges until the subecritical
range vanishes altogether. Then J >0 for 0 <« <
1.

The roots of the quartic J{ =0 represent the
conjugate depths to a given flow. It has been
shown by Mehrotra & Kelly (1972) that in
0 <B <1 there are at most two roots which can
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Fig. 3. The «—pf plot. Sup, Supercritical; Sub,
suberitical.
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Fig. 4. Regions of existence of shock solutions in
91 — 93 Space.

be denoted by f,(i =1, 2). A typical plot of «
versus § will be as shown in Fig. 3. The upstream
and downstream states can be shown to be
mutually conjugate. Owing to this property the
o — f plot is symmetrical about a line inclined at
45° to either axis. A remarkable symmetry be-
tween the jump and drop solutions is at once
apparent. Subsequent discussion will, therefore,
be limited to jump solutions, corresponding
interpretations for the drop solutions being
straightforward. The ranges of values of « and
B for which the flow upstream or downstream is
supercritical or subcritical are shown. When ¢,
q: and r are such that J >0, for 0 <a <1 there is
no subcritical range and the « —f§ plot vanishes.
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Fig. 5. The limiting curve J(«) for ¢, =g 93 =20
and r =r,.
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The limiting curve J is shown in Fig. 2. Thus
when J >0, for 0 <« <1 no shock solutions are
possible. When J <0 for some range of values of
o there is a minimum value of « = a,;, below
which no shock solutions are possible (Fig. 3).
If @ = a and r =r, are prescribed the relationship
between ¢, and ¢, which separates regions in
q, —q. space where shock solutions exist and
where they do not, is giver. by

B1=8. (5)

In Fig. 4,J =0 and M =0 are plotted in ¢, —q,
space for « =«, and r =», and are marked (b)
and (c) respectively. The region above (b) repre-
sents supercritical flows while below it repre-
sents subcritical flows. The region above (c)
represents jump sclutions while below it repre-
sents drop solutions. Curve (a) can be obtained
from (5). Shock solutions exist within the
hatched regions marked 4 and B. Curve (a) is
tangential to (b) at 0, the point of intersection of
(b) and (c). This can be proved as follows. Let
(910> 920) be the coordinates of 0. Point 0 is
critical since it is on (b) (J =0) and is also
the demarcation point of jump-drop regions
since it is on (c) (M =0). Curve J(a) plotted
as a function of « for values of g,,¢q, and »
equal to g0, 920 and r, respectively will be as
shown in Fig. 5. In view of (4) and the above
observations the curve is tangential to the
o-axis at o =, This is precisely the limiting
curve; any increase in ¢, and/or ¢, beyond
¢10 andfor ¢, will result in J(a)>0, for
0 <a <1 and, as we have seen, no shock solu-
tions will be possible. Hence curve (a) must pass
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Fig. 6. The a—f plot for a point on curve (a)
bordering region B.
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Fig. 7. Definition sketch: Total problem.

through 0. Indeed, it must be tangential to (b)
at 0, since, if it is not, pairs of values (q,, ¢,) on
(a) exist such that J(a,) <0 (subcritical). In view
of Fig. 3, eq. (5) which describes the curve (a)
cannot be satisfied.

Data in region A will give shock solutions
which are jumps, while those in region B will
give drops. It is interesting to note that, though
in the example given here, jumps are favored,
there is a small region where drops are possible.
A limit point from this region on (a) will be
characterized by an « —f plot shown in Fig. 6.

With increasing », for a given «, the regions of
existence of shock solutions in ¢, —gq, space
diminish until when r -1, regions A and B tend
to vanish altogether (no internal gravity waves).

With increasing «, for a given r, region B
increases at the expense of A. This is to be
expected, since it is well-known that a narrower
upper layer favors drops, while a narrower
lower layer favors jumps.

We now relate the existence and nonexistence
of shock solutions to the total problem in which
an agency in the form of a single crested hump
is included.

3. Existence of shock solutions related to
the total problem

The definition sketch for the total problem is
given in Fig. 7. All quantities have been non-
dimensionalized in the manner of section 2. The
layer discharges upstream and downstream from
the steadily propagating shock are ¢; and ¢
respectively and ¢ is the speed of propagation of
the shock. The constancy of Bernoulli head

behind the shock yields, upcn simplification, the
following equation,

YaY gy L 2 )2— gant (6
2\g +8(b+4) 2" 1s—b = constant (6)

where ¢ and b are the depth of the lower layer
and the height of the hump respectively. Denot-
ing the lett hand side of (6) by j(4, b) it can be
easily shown that 8j/6¢ =0 yields the local criti-
cal condition, viz.
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The function j is plotted against ¢ for b =b, and
b =0in Fig. 7, the curves corresponding to other
values of b, 0<b<b, can be shown to be
between these two curves. Points 1 and 2 repre-
sent critical levels. When for a given height of
the crest, the speed of propagation of the shock
is such that the pair of layer discharges,

{q1 +co, @5 +o(l — )} (8)

lies on the curve (a) of Fig. 4, i.e. when the
isolated problem with layer discharges given by
(8) has reached the limiting condition 8, =f,,
numerical computations for the total problem
show that §(8,,, 0) =j(¢c, b,), provided the
total problem yields both the roots (Mehrotra &
Kelly 1972). Here §,, is the critical depth where
b =0 corresponding to point 2 and ¢., is the
critical depth where b=05, corresponding to
point 1 (Fig. 7). This is the limiting condition
under which the requirement that the flow be
critical at the crest can be met, since any
increase in the layer discharges of the oncoming
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flow over the limiting value will make §(f,., 0) <
F($eers be) and critical condition cannot be ob-
tained at the crest. When the oncoming flow is
such that J(«) >0 for 0 <« <1, the function 7 is
monotonic for all values of b, and the flow
cannot be critical at the crest.

4. Conclusions and discussions

The nonexistence of shock solutions in some
supercritical two-layer flows is related to the
impossibility of finding a critical condition at a
control such as the crest of a hump on the flcor.
Since a shock must necessarily be caused by a
disturbance in a supercritical flow, the distur-
bance must control the flow in its vieinity. It is
perhaps worth emphasizing that the questions
of control and critical condition at the control
are intimately connected. A disturbance cannot
act as a control in its viecinity unless the condi-
tion is critical at the control. When critical condi-
tion obtains at the control, the flow upstream
from it is subecritical and downstream from it is
supereritical. It is well-known that subecritical
flows depend essentially op the conditions
impcsed downstream, while supercritical flows
depend on conditions imposed upstream. This
should be quite evident if the mechanism of
information propagation and the definitions of
suberitical and supercritical flows are clearly
understood. Thus a crest can act as a control
only when the condition is critical there. When
the supercriticality of the flow is such that the
flow cannot be controlled by any disturbance,
shocks cannot form and the disturbance is nego-
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tiated purely locally in the manner of an
absolutely supercritical flow. One should be
careful to distinguish between absolutely super-
critical flows in general and those flows for which
shock solutions do not exist. Any supercritical
flow can negotiate some disturbances purely
locally and, yet, may admit shock solutions with
the proper strength of the disturbance. (Al
supercritical flows of a homogeneous fluid with
a free surface belong to this category.) Such
supercritical flows belong in the regions A and
B of Fig. 4. The flows for which shock solutions
do not exist are, on the other hand, absolutely
supercritical no matter what the strength of the
disturbance is.

Ranges of values of the parameters of the
problem can be found within which shock solu-
tions exist. There are two cases when shock
solutions cease to exist. In one, the flow is such
that there is no range of values of the lower
layer depth for which it is suberitical for pre-
scribed layer discharges and ratio of the densities
of the two layers. No shock solution exists for
any value of lower layer depth. In the other, a
subcritical range exists and shock solutions
cease to exist when the lower layer depth falls
below a minimum (in the jump region) or ex-
ceeds a maximum (in the drop region).
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OTPAHUYEHNA HA CYIIECTBOBAHUE VIAPHBIX PEIIEHUN B
IBY XCJIONHON KUAKOCTU

Ob6bsacHAeTCA, TOYeMy YAApHHE peleHNA CY-
WECTBYIOT TOJIBKO [JIA OrPAaHMYEHHOrOo WHTep-
Bajia BeJMYMH MApaMeTpoOB B 33ajlaie O CBepX-
KPHUTHYECKOM IBUHEHUYU ABYXCIONHON HEBASKONK
HeCHUMaeMOll HecMelIHMBalOIUeHCH yCTOWUYMBO
CTpaTUQULUMPOBAHHON MUAKOCTH, OrpaHUYeH-
HOIl CBepXy M CHM3Yy TOPHU3OHTAJIBLHBIMM CTEH-
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Kamu. [InA gauHHBHX «, Ge3pasmepHO# riayGHubl
HUHEro0 CJIOA, ¥ T — OTHOLIEHHA ILJIOTHOCTeMN
KMEKOCTH BEpXHero M HUMKHEro cioes, 061acTH,
rie CYWeCTBYWT YJAapHbIe pellleHHA, MOI'YT
OBITh OYEPUEHH B MPOCTPAHCTBE g, 3, M€ ¢, U
¢, — OespasMepHble pacXoAbl }KUJKOCTH B BepX-
HeM M HHMKHEM CIIOAX COOTBETCTBEHHO.



