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ABSTRACT

An investigation of the nonlinear interaction near the center of maximum mean
motion of a jet stream indicates that interactions of waves of low frequencies and
those between the mean zonal motion and low frequency waves contribute most to the
low frequency range of the energy spectrum of the zonal component of the turbulent
motion, whereas the effects of the sphericity and Reynolds stresses contribute most to
the low frequency range of the spectra of the meridional turbulent motion. In ranges
of intermediate and high frequencies, the interactions between the mean zonal motion
and waves of frequency range in question contribute most to the respective spectra.
In the investigation of the spectral structure of atmospheric waves near a jet stream,
it is found that in the region of the maximum zonal mean motion the kinetic energy of
the zonal and meridional components of the turbulent motion is generally contributed
by the nonlinear interactions between waves of various frequencies with the mean
zonal motion. It is also found that as waves travel eastward from the center of maxi-
mum mean zonal motion, the velocity-amplitudes of waves of low frequencies grow
at the expense of the kinetic energy of waves of higher frequencies. This suggests
that center maximum mean motion of the jet stream tends to excite wave motion of
high frequencies, and that the kinetic energy of these waves is transferred to waves of

lower frequencies through nonlinear interactions.

1. Introduction

One of the fruitful lines of studying wave
motion in the free atmosphere is the analysis of
the power and cross spectra of the motion. In
recent years, analyses have been made on wave
number spectra (Benton & Kahn, 1958; Saltz-
man, 1958; Saltzman & Fleishman, 1962; Elia-
sen, 1958; Eliasen & Machenhauer, 1965, 1969;
Barrett, 1961; Van Mieghem, 1961; Kao, 1954)
on Eulerian-frequency spectra (Estoque, 1955;
Van der Hoven, 1958; Chiu, 1961, 1968; Kao
& Bullock, 1964; Kao, 1965), on Lagrangian
frequency spectra (Kao, 1962; Kao & Bullock,
1964; Kao, 1965; Kao & Gain, 1968; Kao &
Powell, 1969; Kao & Henderson, 1970) and on
wave number-fre-quency spectra (Kao, 1968;
Kao & Wendell, 1970; Kao, Tsay & Wendell,
1970; Kao & Sagendorf, 1970). These studies
have contributed a great deal to the under-
standing of characteristics of wave motions in
the free atmosphere.

The objectives of this study are three-fold:
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an analysis of the Eulerian-frequency spectra,
a study of wave interactions at various loca-
tions in the middle latitudes of the northern
hemisphere, and an investigation of the effect
of a jet stream on the spectral structure of
atmospheric waves in the middle latitude.
Studies of the effect of jet streams on the
hydrodynamic stability of atmospheric waves
have been made by Kuo (1961) and Lipps
(1963). These authors were primarily interested
in the effect of the mean motion of a jet current
on the development of waves. Therefore, the
effect of nonlinear interactions between waves
of various scales was not taken into account. It
is known that the mean motion affects wave
motion most at the incipient stage of the devel-
opment, and that in the course of development
the effect of nonlinear interactions becomes
important. One of the objectives of this study
is to investigate how the wave interactions

1 Present affiliation: National Center for Atmo-
spheric Research, Boulder, Colorado.
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would affect the development of atmospheric
waves near a jet stream. To accomplish this
goal, spectral analyses are made a number of
locations along a latitudinal circle passing
through the center of the maximum mean
motion, then the structure of the waves at
various stages of the development is investi-
gated.

II. Theoretical background

2.1. Transform and spectrum in frequency
domain

We consider an atmospheric quantity with the
real single-valued function g¢(4, ¢, p, ¢’) where
A, ¢, p and ¢’ stand for longitude, latitude, pres-
sure, and time. Since in this study longitudes,
latitudes, and pressure levels are considered
as parameters, we shall, for brevity, denote the
function at a certain longitude, latitude, and
pressure level in the atmosphere by ¢(¢"). If the
function has a finite number of finite disconti-
nuities over a period of time 7', which is norma-
lized to 2z, ¢(t) is piecewise differentiable in
the domain 0 <t <27, where ¢ =(2z/T)t’. Under
these conditions ¢(¢) may be transformed into a
frequency space.

The Fourier transform:!
transform are as follows:

and their inverse

1 27T
Qn) = —f q(t)e '™ dt
2n

L]

(2-1

q(®) = f Q(n)e™ dn (2-2)

where n represents nondimensional frequency,
n =T/2n (frequency).

For convenience of computations in this study
we express

Q(n)=Q,(n) +1Q;(n) (2-3)

where

27T
Q.(n) = 1 f q(t) cos ntdt (2-4)
27

0

1 It may be remarked that there are many ways
of calculating a frequency spectrum. The reason for
employing Fourier analysis is that it provides a
consistent procedure for the analysis of nonlinear
interaction as shown in a later section of this paper.
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and
1 27
Qi(n)= — —f q(t) sin ntde (2-5)
27'5 0

are the real and imaginary parts, respectively,

of @(n).
Considering another scalar function h(t) with
a Fourier transform H(n) it can be shown that

if q(t)h(t)e‘i"tdt=f Q(m) H(n - m)dm
27l 0 — o0

= J“” Q(rn—-m)H(m)dm

(2-6)
Let, n~>0, eq. (2-6) gives

27 o0
if q(t) h(tyde = f Q(mYH(—m)dm
2n 0 —o0
-f Qn)H(—n)dn
=f Q(—-m) H(m)dm

- f Q(-n)H(n)dn (2-7)

Let q(¢)=h(t), then @Q(rn)=H(n), and we have
the transform formula for the variance of ¢
expressed in relation to the power spectrum

l 270 o
2—f qz(t)dt=f |@)|Pdn  (2-8)
T Jo —o0

Egs. (2-7) and (2-8) enable us to define the
cross and power spectrum as follows:

Eyp(n) =2Qn) H(-n) = 2Q(-n) H(n),

E(0)=Q(0) H(0) (2-9)
Eypin)=| Q@) [ = EQQ(n),
E,0(0)=1[Q(0)|*=EQQ(0) (2-10)

2.3. Linear and nonlinear interaction in
frequency domain

In the longitude, latitude, pressure coordinate
system, the equations of horizontal motion on
the isobaric surface are
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ou 1 1 ¢
—= - uuyt —vuUs WUy — vul
ot’ acos ¢ a .
tfo--—2—z4 B, (2-11)
a cos ¢

ov 1 1 tan ¢
—= - UVt —vvg+wo, + uu
ot’ a cos ¢ a a

—fu—§Z¢+Fa (2-12)

where 1, ¢, and p denote the longitude, latitude,
and pressure coordinates, respectively, the sub-
scripts indicate differentiation, ¢ is time, « and
v the longitudinal and meridional component
of the velocity, respectively, w the individual
rate of change of pressure, a radius of the earth,
f the Coriolis parameter, g the acceleration of
gravity, 2 the height of an isobaric surface, and
F, and F, the longitudinal and latitudinal com-
ponents of the combined molecular and Rey-
nolds stress forces due to motions of scale smal-
ler than that ia question.

Deriving tn3 energy equation in frequency
domain, the following notations for the trans-
forms, as defined by (2-1) and (2-3), will be used

qt;p, M) |w v w u, v, F, F,
Qn;p, 4, 8) | UVWUG VGG, G,

where u, and v, are the longitudinal and lati-
tudinal components of the geostrophic wind
with

vy = ¥/ 2-13

‘\ ° facosg A ( )

91, (2-14)

w.= —2= -
(] fa [

. T ou 2nou
Since t/ = —t,—= — —.
2 ot T ot

Fourier transform of (2-11) and (2-12) gives

2n *© 1
—in Un)= - dm
T oo a cos ¢

+ i V(n—-m) Uglm)+ Win—m)

U(n—m) Usim)

X U,(m) — “{:—“‘ Vn-m) U(m)]
+HV()- VEm)+Gy(n)  (2-15)
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27 | *® 1
— inVn)= - dm
T oo a cos

+ i Vin—m) Vyim)+ W(n—m)

7 Un —m) Vi(m)

X Vyp(m) + ta%S Un-m) U(m)]

—flUn) - UG(n)} + Gy(n) (2-16)

Multiplication of (2-15) and {(T/2x)(1[in)x

U(-n)} gives the energy equation of zonal
component in frequency domain

T 4 had
Eyspn) = -———{—f dm U(—n)

27 n e

1
X
[a cos ¢

+ i V(n—m) Ugim)+ W(n—m) Uy(m)

U(n —m) Uy(m)
- t—a%‘—” V(n—m) U(m)] +1U(-n)
x[V(n)~ V&) + U(- n)Gl(n)}(2-l7)

Similarly, multiplication of (2-16) and {(T/2x) x
(1/in) V(-n)} gives the energy equation of me-
ridional component in frequency domain.

T+ o
Eyip(n) = "é—i{—f dm V(-n)

-0

X [ ! Un—m) Viim)
a cos ¢

+ (lz Vin—m) Vyim)+ Wn—m Vy(m)

tan ¢
+ - Un-m)Um)| —fV(-n)

X [U(n)- UG()]+ V(~n) G,(n)}
(2-18)

Egs. (2-17) and (2-18) will be used for the analy-
sis of nonlinear interactions of the large scale
waves near a jet stream.



114

II1. Data and computations

3.1. Source and type of data

The data used in this study were obtained
from the 12-hourly 500 mb height and stream
funetion analyses of the National Meteorological
Center. The values of height and stream function
were available over the portion of the Northern
Hemisphere north of 17.5° N. latitude on the
NMC octagonal grid with a grid interval of 381
km. The period from 0000Z 1 December 1963
through 0000Z 1 December 1964 was selected
because the data available for this year was far
more complete than the data available for other
periods.

The stream function data were computed at
the NMC through a finite difference solution of
the balance equation

o oy
Vrp—-f{v (D+2l:(8x8y)

where f is the Coriolis force, ® is the geopotential
height of a pressure surface and y is the stream
function. The balance equation is obtained by
first taking the divergence of the equation of
motion for nonviscous flow and then setting the
divergence and its total derivative equal to
zero. This permits us to define the stream func-
tion derived winds with

Bzw 321;)
— | — V¢V
ox” ay’ v/

(3-1)

V=kxVyp (3-2)
where k represents the unit vector in the zenith
direction.

The addition of divergent portion of the wind
would make the study more realistic, but the
velocity potential analyses was not immediately
available. However, since this analysis is made
at 500 mb, which is close to the level of non-
divergence, the use of the nondivergence wind
should be reasonable (Charney, 1948).

3.2. Computational form of kinetic energy
equations

The wind data used in this study are derived
from the stream function, and therefore repre-
sent only the horizontal part of motion. Further-
more, the vertical velocity resulting from the
large-scale atmospheric motion is generally
much smaller than horizontal motion (Phillips,
1963). Thus, for the computations involved in
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this work, the terms involving vertical velocity
are neglected, and the energy equations (2-17)
and (2-18) may be expressed

EUU(n)—Z{U(— );m cos ¢§U(n m) Uz(m)
(U1)

+ U(=m) -~ ZV(n m) Uy(m)

(U2)

= U-mi S V- m) U
(U3)

- U(—n);ff[V(n)— VG(n)]
(U4)

(3-3)

T 3
EVV(n)= —{V(— >mz U(n—m) Vi(m)
(V1)
[
+ V(—n);b;z Vin—m) Vg(m)
(V2)
+V(-n )z—n; > Um—m) U(m)
(V3)
+ V(—n);zf[U(n)— UGn)]
(V4)
~ 2y G,(n)} (3-4)
7
(V5)

The symbols below the terms on the right side
of the equations are for future reference. The

Tellus XXV (1973), 2
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Fig. 1. The distribution of average stream function in winter 1964.

summations over m are from —m, to m,, where
mg depends on the number of discrete time data
points used; m,; =90 cycles/(90 days) in this
study. Summation is used here in place of
integration with respect to m, as in equations
(2-17) and (2-18), because the transforms are
computed for integral values of frequency. This
is equivalent to assuming ¢(t) to be periodic over
the time period selected for the analysis.

The interaction terms involving derivatives
with respect to longitude and latitude are
computed by a centered difference with A4 =10°
and A¢ =5°.

IV. Distributions of the mean stream
function and kinetic energy of mean
and turbulent motion

To provide a framework for the analysis of
the effect of a jet stream on the spectral struc-
ture of atmospheric waves, the distribution of
the mean stream function for winter 1964 in the
region, 20° N to 80°N and 0°W to 120°W,
which covers the American continent and the
Atlantic Ocean, is plotted in Fig. 1. In this
figure, letters A and B represent the center of
maximum kinetic energy for mean and turbu-

60°

Fig. 2a. The distribution of the kinetic energy for zonal mean motion, }?J*, in 104 cm? sec?, winter 1964.

Tellus XXV (1973), 2
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Fig. 2b. The distribution of the average kinetic energy for zonal turbulent motion, }1—4’_*, in 10% cm? sec~?,

winter 1964.

lent motion, respectively. It is observed that a
high stream function center occurred near 20° N,
65° W, and a low center was located at 70° N,
80° W. The center of maximum kinetic energy
of mean motion was located at 40° N, 60° W
whereas a center of maximum kinetic energy of
turbulent motion occurred in the region 50° N
to 55° N and 20° W to 40° W. The northeast
displacement of turbulent kinetic energy from
the center of maximum kinetic energy of mean

motion has also been observed by Kao & Hurley
(1962).

The distributions of kinetic energy of mean
and turbulent motion are plotted separately for
zonal and meridional components in Figs. 2
and 3. The maximum of kinetic energy of zonal
component occurred between 40° W and 80° W
near 40° N, while that of the meridional compo-
nent occurred between 40° W and 20° W near
50° N. The kinetic energy of the turbulent mo-

Fig. 3a. The distribution of the kinetic energy for meridional mean motion, }V’_, in 104 cm? sec—?, winter

1964.

Tellus XXV (1973), 2
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Fig. 3b. The distribution of the average kinetic energy for meridional turbulent motion, «}7’, in 10% cm? sec—3,

winter 1964.

tion of both components shows higher value to
the east of 80° W on 40° and 55° N with maxi-
mum located between 20° and 40° W near 55° N
for the zonal velocity and between 40° and
60° W near 40° N for the meridional velocity.

V. The linear and nonlinear interactions

5.1. General discussion

The nonlinear interaction terms Ul, U2, U3
in eq. (3-3) and V1, V2, V3 in eq. (3-4) involve
sums of products of transforms for various
frequencies in the form

> Qm—m)P(m).

m=—m,

It may be noted from these terms that, depend-
ing on the values of n, each term involves from
91 to 180 products of Fourier coefficients.
Each product may be considered and interaction
between a wave of complex amplitude @, fre-
quency (n —m) an a wave of complex amplitude
P, frequency m. For simplicity, we will say that
(n —m) interacts with m. If m is allowed to vary
over its entire range, the terms Ul, U2, U3 and
V1, V2, V3 represent the total contributions
from all possible interactions. It may be noted
that both (n —m) and m could be negative.
However, it can be shown (Appendix A) that
the interaction of two given waves of frequen-
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cies k and § (if £ >4) with their complex ampli-
tude Q(k) and P(j) would result in two waves:
one with frequency k +j, and with complex
amplitude @(k) P(f), and the other with fre-
quency k—j, and with complex amplitude
Q(k) P( —7). Therefore, the negative values of m
(or m —m) represent the interaction of |m]| (or
|n —m|) and n ~m (or m) and contribute to the
frequency n with the amplitude Q(|n —-m|)
P(—|m|) or Q(—|n—-m|)P(|m]). Since the
interaction of waves of frequencies & and j§
results in two waves of frequencies &k +§ and
k —j, we will say k interacts with j and & in-
teracts with —j to distinguish them.

For the convenience of presentation, we clas-
sify the frequency range into stationary (n =0),
low frequency range (n =1 to 10, i.e., period 9
to 90 days), intermediate frequency range
(n =11 to 30, i.e., period 3 to 9 days), and high

Table 1. Partition classification according to
frequency

Frequency, n,

“(cycles/ Period, p, Definition
90 days) (days) (frequency) Symbol
0 Zero 0
1to 10 9 to 90 Low L
11 to 30 3to 9 Intermediate I
31 to 90 lto 3 High H
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frequency range (n =31 to 90, i.e., period 1 to
3 days), as shown in Table 1. Since we use the
negative frequencies, this classification contains
7 frequency categories. The interactions are de-
signated by placing the frequency category
symbols side by side with an asterisk separating
them, for example, interaction between sta-
tionary and low frequency waves is denoted by
0*L.

Those terms in energy eqs. (3-3) and (3-4) are
computed for the separate frequencies of each
category. The results for each frequency are
then summed over each category and presented
in block diagram form, as shown in Figs. 4-9.
In these figures, the total contributions of each
of the terms in (3-3) and (3-4) are shown in the
small blocks in the center of the diagram and
labeled with the symbols for the terms they
represent. The terms Ul and V1 represent the
nonlinear interaction due to the zonal advection
of the zonal and meridional components of
kinetic energy, U2 and V2 the nonlinear interac-
tion due to the meridional advection of the
zonal and meridional components of kinetic
energy, U3 and V3 the effect of the earth’s
curvature, U4 and V4 the effect of ageostrophic
winds. The ageostrophic terms represent contri-
butions to the energy through the rate of work
done by the pressure and Coriolis forces. They
do not involve nonlinear interactions. All of the
above terms are computed directly from the
available pressure and wind data. The terms
U5 and V5, however, cannot be computed
directly because no data concerning the eddy
stresses force of subgrid scales is available. The
sums of the quantities Ul through U4 and V1
through V4 are displayed below the appropriate
blocks. To the left of these sums are shown the
sums of the spectral energy over the category.
The difference between these two terms are
displayed to the right and labeled U5 + E, and
V5 + E,. These quantities contain, in addition
to the subgrid eddy stresses, the results of error
in the data and computational error. The large
blocks, connected with arrows to the small
blocks labeled Ul, U2, V1, and V2, contain
positive and negative interactions contributing
to the small blocks. A negative value for an
interaction combination is interpreted as extrac-
tions to the spectral energy. Positive values are
interpreted as contributions to the spectral
energy. The figures at the bottom of the large
blocks represent the total positive and negative
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contributions from all the interaction combina-
tions.

The interaction computations have been
made at the locations, 0°, 20°, 40°, 60°, 80°,
100°, and 120° W on 40° N for 500 mb, winter
1964 (Tsay, 1972). We will only discuss the
results at the locations near the jet stream (60°
and 40° W on 40° N).

5.2. The nonlinear interactions at locations near
the jet Stream (60° and 40° W on 40° N)

(a) Low frequency category, L (Figs. 4 and §).

Near the center of the maximum mean velocity
at 60° W, Ul is the largest interaction term for
the zonal component of energy equation. It
contains several interaction combinations of the
same order of magnitude: L ¥ ~L, 0*L, and
~L *L. The variability of the sign of interac-
tions in U2 causes it to appear smaller as com-
pared with Ul. The major interaction combina-
tions for U2 involve positive L *0, —1¥*I,
H* -I and negative I* —I, I *L. The term
U3 gives a positive contribution. The ageo-
strophic term, U4, and the friction plus error
term tend to counteract the large positive con-
tributions through Ul. For the meridional com-
ponent of energy, V3 is the major interaction
term. The small value of V1 is due to the can-
cellation of large positive interactions (L *0,
—L*L,I* -1, H* —H) and negative interac-
tions (0 *L). The term V2 has large negative
value because of the negative interactions of
—-H*H, 0*L, H* -H, and —I*I. The eddy
friction plus error term give positive contribu-
tion, while the ageostrophic term serves to
extract energy from the low frequency waves.

To the east of the center of maximum velocity
at 40° N, U2 and V2 are the most significant
interaction terms. Both U2 and V2 contain
several interaction combinations of the same
order of magnitude: positive L * —L, —L*L,
I*-L, -H *H and negative —I *I for U2 and
positive —L*L, L* ~L and negative —~I*I
for V2. Both U2 and V2 extract energy. —L *L
and L * — L are the major negative interaction
combinations for U2, while 0 *L is for V2. The
ageostrophic terms U4 and V4 give negative
contributions, while U3, V3, and U5+ E,,
V5 + E, give positive contributions.

(b) Intermediate frequency category, I (Figs. 6
and 7). At both locations (60° W and 40° W on
40° N) the interaction terms Ul and V1, con-
tributing to this category, are by far the largest

Teltus XXV (1973), 2
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L (40°N, 60°W)
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Negative Contributions Positive Contributions
L* L=-27.13 L*-L= 89.02
“H* H=-12.72 8 * t = Zg.gé
H*-H=- 8.80 - = 42.
I *-1=- 5,57 Ul -I* 1= 19.60
L* I=- 2.89 -I* H= 5.3
| 176.44 I*-L= 1.54
+
Total ~57.11 Total 233.55
u2
- = - * =
EE T e mre e EEEEE -
0* L =-18.87 + H*-I= 34.30
Ll . L
CH* H=- 7.00 30.09 L* 1= 3.9
L* L=- 2.55 +
Total -173.43 ua
otat =1/3. ~ 85.96 Total 184.26
EUU ! Us + E,
I 58.55 = l 131.40' + I -72.85 l
0* L =-93.28 t . E = gg-;g
- * = e - = .
E * E = - 2'}2 I*-1= 22.28
I* H=- 5.30 H*-H=20.01
* . = ) Vi -1* 1= 8.24
I*-L=- 4.68 .
L% I=- 1.22 é'"""_"'4::E:§:i§]<“““““' H*-1= 5.12
L*-L=- 0.75
+
Total - 120.48 Total 114.32
V2
“H* H=-15.18 I*-1= 8.04
0* L=-14.96 [K&—— -54.06 -L*'L= 5.8
H*-H=-14.15 " L* L= 1.20
I * I=-11.25 V3 -I* H=  0.88
-L* I=- 3.03 82.
L*-L=- 2.20 T
- V4
Total -69.50 T39.5] Total 15.44
Ev V5 + E,
25.77 = I -17.01 l + 42.78

Fig. 4. Linear and nonlinear contributions to the kinetic energy spectra in the low frequency range at
40° N, 60° W, 500 mb, winter 1964.
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L (40°N, 40°W)

Negative Contributions Positive Contributions
=L * | = - 43.19 L* L = 16.95
L*-L=-29.08 0* L = 9.46
H* -H=-10.59 -H* H= 6.03
I *-1=- 6.9 -L * = .
I*-L=- 2.42 Ul -1 * % = ?.3;
f;—"‘————]- 52 .57 k%——-————— -ﬁ : ? = é.;;
. .
Total - 92.24 Total 39.67
uz
I * I =-77.68 TTER T L*-L= 73.67
, | V68V | [« [ = 700s3
: + I*-L=30.54
: U3 -H* H= 20.04
H* -] = 19.22
| 4.96 | I*-I= 13.31
+ L * 1= 12.87
ua H*-H-= 10.23
Total - 86.59 I - 77.71 , Total 254.76
EUU il Us + E
54.15 j = i 42.85] + - 11.30
0* L =-114.23 -L* L= 42.75
L*¥ 0=-16.30 L* L= 21.92
L* L=~ 0,66 H*-H= 9.43
-1 * H=- 7.94 VI H* -1= 5.69
I *-1=- 2.07 I * L = 4.50
-1 * I =~ 0.88 &K&——-—} -063.1 ————] - X ] = 4.42
-H* H=- 0.73
+
Total -151.81 Total 88.71
-1 * I=-17.01 V2 -L* L= 40.07
L* L=- 6.5 [K— 50.91 &——————| L * -L = 17.45
H*-I=- 3.98 " Lx 1= 9.6
H -H =~ 2.52 1 -L = 7.06
I *-1=- 1.87 V3 -H* H= 6.37
* =
or s i
+
i
Total - 31.93 Total 82.84
| -26.44 | T
EVV I | 2
21.59 = -17.12 + 38.71 [

Fig. 5. Linear and nonlinear contributions to the kinetic energy spectra in the low frequency range at
40° N, 40° W, 500 mb, winter 1964.
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I (40°N, 60°W)

Negative Contributions Positive Contributions
L* L=- 1.8 0* I = 26.68
I*-L=- 0.3 -L* I= 1.48
L* I=- 0.2 L* H=  0.42
H*-L=- 0.19 I* L= 0.40

-H* H=- 0.18 ul H* -H= 0.40
-I* H=- 0,12 | 26.77 -1 * I = 0.25
Total - 2.9] * Total 29.68
u2
I*-L=- 2.16 I* 0= 2.46
I - I=- 1.65 £ a7 — 1% 1- 1.8
I* L=- 1.14 . L* L= 1.4
H*-L=- 0.88 L*x I= 1,37
-H* H=- 0.38 -I* H= 1.20
I* I=- 0.33 I 2.33 | H*-1I= 0.8
R -I*x I= 0.8
-L* H=  0.19
u4 :
Total - 6.61 | -23.33 [ Total 10.32
W e B+g
17.631 = L__;ggggm + 8.15
-L* I=- 16.83 0* I= 126.80
L* I=- 11.31 L* L= 2.48
-I* T=- 3,31 I* 0= 0.9
-I* H=- 3,15 H*-L = 0.44
-H* H=- 1.69 V1 H*-H=  0.36
H*-1=- 1,22 é_-é— I*-L= 0.3
L* H=- 1.18 21.49
I* I=- 0.75 +
Total - 39.86 Total 131.35
I *-1=- 3,58 V2 I* I= 1.61
H¥-I=- 2.8 -10.46 I* L= 1.3
L* L=- 2,03 H* -L = 1.09
I*-L=- 1.9 + I* 1= 0.74
-L * I = = ].83 V3
SH* H=-  1.42
L* =~ 0.71 4.26
0* I=- 0.5 +
Total - 15.29 | 14 Total 4.83
EVV — V5 + E,
| 49.12 = 39.56 + | 9.56 |

Fig. 6. Linear and nonlinear contributions to the kinetic energy spectra in the intermediate frequency
range at 40° N, 60° W, 500 mb, winter 1964.
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I (40°N, 40°W)

Negative Contributions Positive Contributions
I* L=- 1.49 0% I= 22.09
L* I=- 1.30 I*-L= 1.9
H*-I=- 0.63 L* L= 1.57
I* I=- 0.3 H* -H= 0.65
H* H=- 0.24 u I*-1= 0.6
SI* T=- 015 k—] 23.18 H—_ I* H=  0.37
H* L = 0.10 — L* I= 0.2]

Total - 4.22 ¥ Total _ 27.40
U2
[ *-L=- 12.42 L* I= 3.73
I+ 1=- o098 &——]| -7.22 } I* L= 1.48
H* H=- 0.78 N H* -H= 1.13
L* I=- 0.55 H* L= 1.11
I* I=- 0.49 U3 L* L= 0.78
0* I=- 0.35 0.45 | I* 0= 0.3
SI* H=- 0.24 : L* H= 0.28
H*-I=- 0.2 +
—_ua__ e
Total -16.10 | - 8.61 Total _ 8.88 |
EUU I U5 + E
| 17.00 | = 7-80 | 9.29 |
I* L=- 3,97 0% I= 67.93
L* I=- 3.15 L* L= 5.7
L* H=- 1.6 L*x T=  1.53
I* 0=- 1.3 H* IT=  0.77
1% H=- 0.92 V1 I*-L= 0.6
SH* H=- 0.22 67,42 J<— i * % - 822}
H*-L= 0.5
Total - 11.20 * Total 78.62
-1[*1=- 3.14 V2 I*-L=1.67
x L =- 266 <———~-<————-—m SI* 1= 1.45
H* H=- 1.46 : I*-1= 0.70
I* L=- 1.3 + H*-L= 0.64
L* I=- 1.05
0* I=- 0.9 |——‘L3—
H* -H=- 0.75 . 1.54 |
H*-1=- 0.56 +
Total = 1263 '——M——l Total 4.46
_'._29_529_ Vs + E

EVV i

2
| 4403 ] = + 12,03 ]

Fig. 7. Linear and nonlinear contributions to the kinetic energy spectra in the intermediate frequency range
at 40° N, 40° W, 500 mb, winter 1964.
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SPECTRAL STRUCTURE OF ATMOSPHERIC WAVES NEAR A JET STREAM

of the interaction terms. The primary interac-
tion combinations, for both Ul and VI, are
the interactions between waves of this category
and zonal mean motion 0 * I. The ageostrophic
terms U4 and V4 serve to counteract the contri-
butions through Ul and V1, respectively. U2
gives small positive contribution, while V2 gives
small negative contribution. Both U5 + E, and
V5 + E, give positive contributions. U3 and V3
are small.

(c) High frequency category, H (Figs. 8 and 9).
Again, the interaction terms Ul and V1 are by
far the largest terms and 0 *H are the major
interaction combinations for both Ul and V1.
U4 and V4 serve to counteract the large positive
contributions by Ul and V1, except that V4 at
80°W, 40°N gives positive contributions. Both
U5+E, and V5+E, are positive and quite
significant.

VI. Spectral structure of atmospheric
waves in the region near maximum

mean motion (40° N, 60° W)

6.1. Distributions of the kinetic energy of the
mean and turbulent motions

The distributions of the kinetic energy of the
zonal and meridional components of the mean
and turbulent motion at 40° N, 0°, 20°, 40°, 60°,
80°, 100°, and 120° W for winter 1964 are shown
in Fig. 10. The order of magnitude of the kinetic
energy of the maximum mean zonal velocity
is about five times that of the zonal and meri-
dional eomponents of the turbulent motion,
and is about forty times that of kinetic energy
of the mean meridional velocity.

The kinetic energy of the mean zonal motion
has a maximum at 40° N and 60° W, where a
jet core at 500 mb is located. The kinetic energy
of the mean meridional velocity also shows a
relative maximum at 40° N and 60° W, with
a relative minimum located at 80° W.

The distributions of the kinetic energy of the
zonal and meridional components of the turbu-
lent motion are very similar. Both have a
relative maximum near 60° W, then remain
almost constant toward 0° W. It may be interest-
ing to note that while the kinetic energy of the
mean zonal and meridional components of the
mean motion decreased from 60° W toward
0° W, the kinetic energy of the turbulent mo-
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tion remained practically constant over the
same region. This fact will be used for the discus-
sion of the energy conversion in the next see-
tion.

6.2. Distributions of the energy specira in
various ranges of frequency

The distributions of the energy spectra of the
zonal and meridional components of the turbu-
lent motion at 40° N in the ranges of high, inter-
mediate, and low frequencies for Winter 1964
are shown in Figs. 11a and b, respectively. It is
seen in Fig. 11a that the energy spectrum of
the zonal component of the turbulent velocity
in the low frequency range shows a minimum
at 100° W, then generally increases toward
0° W, whereas the energy spectra of the zonal
component of the turbulent velocity in the
intermediate and high frequency ranges shows
similar distribution with a maximum at 80° W.

It is seen in Fig. 11b that the energy spectra
of the meridional component of the turbulent
motion in the ranges of high and intermediate
frequencies show a similar distribution with a
maximum at 60° W, whereas the spectrum of
that in the low frequency shows a minimum at
80° W, then increases toward 0° W with a rela-
tive maximum at 60° W.

It may be interesting to note that the energy
spectra of the zonal and meridional components
of the turbulent motion in the high and inter-
mediate frequency ranges decrease from 60° W
to 0° W, whereas those in the low frequency
range increase in the same region. Yet, the
total kinetic energy of the turbulent motion
remains practically constant in the same region
as shown in Fig. 11. This suggests that a transfer
of kinetic energy of the turbulent motion from
the high and intermediate frequency ranges to
the low frequency range may occur in the region
between 60° and 0°W. One may, therefore,
infer that as waves travel eastward from the
center of maximum kinetic energy of mean
motion, the amplitude of the long waves grows
at the expense of energy of the short waves.
Further discussions will be made on this point
in the next two sections on the contributions of
nonlinear interactions. The growth of inter-
mediate and high frequency waves agrees with
the instability theory on the amplifying baro-
clinic waves between 80° and 60° W and damp-
ing barotropic waves from 60°W eastward
(Phillips, 1954).
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H (40°N, 60°W)

Negative Contributions Positive Contributions
%* =
ERE— 0F A= 0.5
-L* H-= 0.49 _ ’
Lohe I1* L= 0.17
E{*”:’ 0.11 L* H= 0.12
AP n_ Hy 1z 0.8
I *x H=- 0.04 & I 10.34 H* H - Ogg
I* I =- 0.04 ] '
Total - 1.30 ¥ Total 11.64
' - H* 0= 1.25
H* L=- .65 <  3.28 H* L= 0.8
H 'I - = ].09 + _L * H - 0.78
I* I= 0.70
0* H-= 0.66
| 0.1 L* H=  0.6]
+ L* I= 0.44
. 1Y Hs o 0.4]
Total - 3.15 L_' 5 16 ! Total 6.43
EUU i us + E]
420 | = | __eo7] o+ |52
H* -L =- 0.72 0* H= 42.68
I* L=~ 0.58 -L* H= 0.89
L* I =- 0.49 L* H= 0.53
I* H=- 0.48 H* 0= 0.48
I* I=- 0.4 V1
H* L=- 038 | IR —
H* -1 =- 0.32 40.71
H* -H=- 0.20
. + S
S TTARERIY Total 44.6]
-L* H=- 0.89 V2 I* I-= 1.28
I* L=- 0.8 | - k| L* H= 108
e T-- 070 S |- 0.97 1 H* 1= 0.50
=-H * = - -
R e R : He LD o
* - V3 - .
0 H=- 0.28 H* -H = 0.05
H* -L = - 0.17 1.31 I * H= 0.02
H* H=- 0.05 +
- V4
Total - 4.52 Total 3.55
-18.20

V5 + &,

EVV . .
Cuwl - (zsl + [

Fig. 8. Linear and nonlinear contributions to the kinetic energy spectra in the high frequency range at
40° N, 60° W, 500 mb, winter 1964.
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H (40°N, 40°W)

Negative Contributions Positive Contributions
H* L=- 0.26 0* H=  3.98
I* H=- 0.18 : L* H=  0.38
-I* H=- 0.09 I* I= 0.3
H* -H=- 0.06 H* -L = 0.29
-L* H=- 0.03 Ul I* L= 0.09
H* I=- 0.02 e————{ 4.48 H*-T=0.03

H* H=  0.03
Total - 0.64 ' Total 5.12
H* L=- 0.6 uz I* L= 1.12
-I* H=- 0.5 [;_Q—_ZO_] H* I = 0.3]
L* H=- 0.5 % U -
+ L H 0.29
-H* H=- 0.32 L*I= 0]6
_ U3 .
H*-I=- 0.3 H* 0 = 0.15
I* I=- 018 &~ o5 K—— ,
H*-L=- 0.15
H*-H=- 0.04 *
Total - 2.73 Total 2.03
EUU ! us +
9.86 = l 2.77 |+ 7.09
H* 0=- 0. 0* H= 26 36
H*-‘L- 833 L* I= 0.8
H* I=- 0.2 -L * H= 0.27
H* - = - 0:22 -H* H= 0.27
I* H=- 0.16 S} B 3
< « 1% L= 0.1
[._26.94 | L* H= 0.12
H* L= 0.1
Total - 1.62 + Tota] 28.56
I* H=- 0.90 Vo -L* H= 0.73
H*-L=- 0.63 -H* H=  0.55
I* L=- 0.4 <—D0-44 ' H* L= 0.48
L* H=- 0.3 + I* H=  0.30
H* I=- 0.20 V3 L* I= 0.3
0* H=- 0.09 H*-I= 0.26
H* H=- 0.08 0.91 I* I=  0.25
N H* H=  0.19
Total - 2.62 —-———II\M Total  3.06
0otal - . ota .
EVV I Vs +E

Fig. 9. Linear and nonlinear contributions to the kinetic energy spectra in the high frequency range at
40° N, 40° W, 500 mb, winter 1964.
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Fig. 10. Kinetic energy distribution on 40° N,
8500 mb, in winter 1964. They are in the unit of 10¢
cm? sec—2.

6.3. Contributions of the nonlinear interactions
to the energy spectra of the zonal component of the
turbulent motion

The distributions of the contributions of the
nonlinear interactions, among waves of various
frequency ranges, to the energy spectra of the
zonal component of the turbulent motion are
shown in Figs. 12a, 134, and 14a. For conveni-
ence of discussion, only the spectral values of
the interaction between the mean zonal motion
and waves of various frequency ranges, denoted
by (0*L), (0*I). (0*H), and the spectral
values of the difference between the energy
spectra in a certain frequency range and interac-

~0
[ EU(n) _o-—"
b o ne=|L e
/'-L\_‘ ’d
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so | A pey -
7
’
’
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~ /
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T e T
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[ e . I SN
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) 1 A L L d i |
120 100° ® Ty «’ 20 o'w

Fig. 11a. The distributions of energy spectra for
zonal component of turbulent motion, EUU(n),
in 10¢ cm? sec—8, on 40° N, 500 mb, winter 1964.
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Fig. 11b. The distributions of energy spectra for
meridional component of turbulent motion, EVV(n),
in 10% em? sec—3, on 40° N, 500 mb, winter 1964.

tion between the mean zonal motion and waves
of that frequency range, denoted by Ul (H) -
(0 *H),, U2 (L)-(0*L),, etc., are shown in
Figs. 12a, 13a, and 14a. The subscripts, 1 and
2, refer to the terms Ul and U2 respectively.

It is seen from Figs. 12a, 13a, and 14a that
in the region from 80° W to 20° W, the order of
magnitude of Ul is generally greater than that
of U2, except for U2 (L) —(0*L), which has
energy greater than that of Ul (L) at 40° and
20°W. It may be noted that interactions,
(0*L),, (0*I),, (0*H), and Ul (L) —(0*L),,
have their maxima located between 60° and 80°
W, whereas U2 (L) — (0 * L), shows its maximum
at 40° and 20° W. The interactions U2 (L) —
(0 *L), give secondary contributions at 80° W
and Ul (L) — (0 *L), at 20° and 0° W. Interac-
tions of other categories are small and may be
neglected.

Comparing the distributions of the contribu-
tions of the nonlinear interactions with the
distributions of energy spectra, one may infer

200

e EUU(L)
4 (on), & (L) - (0L} o
o (0% - (o) 4 ~o
(o), o w2(L) 2, <
0 - Y /S
’ ~a ‘K\‘ /’ \\(f/'.
V4 / -
’ ’_7/_4*\-—--—— /A)A
t~\§ J’” J-/ __c/ \\\ V4 o
~, -
° F&:‘-_&-’-{)(ﬁ”/\\ ,4\\)”—“"1/* -
- Zga 4 \ ‘/.#
- 100 4 1 1 L ‘]K’ I} J
120° 100° o' ) a0’ 20° ow

Fig. 12a. The distributions of the contributions of
the nonlinear interactions to the kinetic energy
spectra of zonal component of turbulent motion in
low frequency range for 40° N, 500 mb, winter 1964.
(Unit in 10* cm? sec™2.)
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Fig. 12b. The distributions of the contributions of
nonlinear interactions to the kinetic energy spectra
of meridional component of turbulent motion in
low frequency range for 40°N, 500 mb, winter
1964. (Unit in 10% cm? sec—2.)

that the mechanism for the distribution of the
kinetic energy of the zonal component of the
turbulent motion in the high and intermediate
frequency ranges is essentially due to interac-
tions of the mean motion and waves of high
and intermediate frequencies, respectively.
However, the mechanism for the distribution of
the kinetic energy of the zonal component of
the turbulent motion in the low frequency range
in the region from 60° to 0° W is due to the
interactions of Ul (L) -(0*L) and U2 (L) -
(0 *L),, i.e., contributions from interactions of
motion in various frequency ranges. These
results further illustrate that the long waves
grow at the expense of energy of the short waves
as they travel eastward from the center of
maximum Kkinetic energy of mean motion. A
detailed account of the interactions may be
found in the diagrams of linear and nonlinear
interactions.

o'w
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6.4. Contributions of nonlinear interactions to the
energy spectra of the meridional component of the
turbulent motion

The distributions of the contributions of the
nonlinear interactions among waves of various
frequency ranges to the energy spectra of the
meridional component of the turbulent motion
are shown in Figs. 125, 13b, and 14b. It is seen
from these three figures that the order of magni-
tude of V1 isgenerally greater than that of V, ex-
cept for V2 (L) — (0*L), which hasenergy compar-
able to that of V1. It may be noted that the inter-
actions, V1 (L) —(0*L),, (0*I), and (0*H),,
show their maxima at 60° W, whereas (0 *L),
and V1 (I) — (0 *I), show their minima between
40° and 60° W,

Comparing the distributions of the contribu-
tions of the nonlinear interactions with the
distributions of energy spectra, one may infer
that the mechanism for the distributions of the
kinetic energy of the meridional component of
the turbulent motion in the intermediate and
high frequency ranges is essentiaaly due to the
interactions (0 *I), and (0 * H),, respectively,
whereas that in the low frequency range from
60° to 0° W is essentially due to the contribution
of the interactions V1 (L) — (0 *L), and V2 (L) —
(0 *L),. This indicates that the kinetic energy
of the meridional component of the turbulent
motion in the high and intermediate frequency
ranges is primarily associated with the mean
motion, whereas that in the low frequency range
does not associate with the mean motion. The
fact that the kinetic energy of the low frequency
waves does not associate with the mean motion
and that it increases as waves travel eastward,
as shown in Fig. 11b, indicates that the growth
of the kinetic energy of the low frequency waves

Fig 13a. The distributions of the contributions of the nonlinear interactions to the kinetic energy spectra
of zonal component of turbulent motion in intermediate frequency range for 40° N, 500 mb, winter 1964.

(Unit in 104 em3 sec—3.)
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Fig. 13b. The distributions of the contributions of the nonlinear interactions to the kinetic energy spectra
of meridional component of turbulent motion in intermediate frequency range for 40° N, 500 mb, winter

1964. (Unit in 10* em? sec—2.)

is at the expense of the kinetic energy of waves
of higher frequencies.

VII. Summary and conclusions

In the investigation of the spectral structure
of atmospheric waves near the center of max-
Imum mean motion, it is found that interactions

®  EUU{H)
4 (o),
20 - ’\ Y (O'H)Z
5 , \\\
o ~
- l’ﬁ\ \IN
/7 / SN S
B ‘s > RS
10 Iy s ‘\\ =
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of waves of low frequencies (L* -L, -L*L,
and L *L) and between zonal mean motion
and waves of low frequency contribute most to
the zonal energy spectrum in low frequency
range. However, interactions between zonal
mean motion and waves of frequency range in
question contribute most to the zonal energy
spectra in intermediate and high frequency

& UI(H) - (0*H),
o u2(H) - (0*H),

Fig. 14a. The distributions of the contributions ofthe nonlinear interactions to thekinetic energy spectra
of zonal component of turbulent motion in high frequency range for 40° N, 500 mb, winter 1964. (Unit in

104 cm? sec™?.)
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Fig. 14b. The distributions of the contributions of the nonlinear interactions to the kinetic energy spectra
of meridional component of turbulent motion in high frequency range for 40° N, 500 mb, winter 1964.

(Unit in 10* cm? sec—2.)

ranges. The geostrophic term (U4) serves to
counteract the positive contributions by the
nonlinear interactions. The sphericity term
(V3) and Reynolds stress plus error term (V5 +
E,) are the major contributions to the meridio-
nal component of kinetic energy in low fre-
quency range, while the nonlinear interaction
term arising from the zonal transport of meri-
dional kinetic energy (V1) is the largest term
contributing to the kinetic energy of the meri-
dional velocity in the intermediate and high
frequency ranges. The nonlinear interactions
involving the zonal mean motion and the waves
of frequency range in question have large contri-
butions to the meridional kinetic energy in inter-
mediate and high frequency ranges. However, it
serves to abstract the energy in low frequency
range.

It is found that the kinetic energy of turbu-
lent motion to the east of maximum mean
motion of the quasi-stationary polar-front jet
stream remains constant and is greater than
that to the west of it. It is also found that as
waves travel eastward from the center of
maximum mean zonal motion, the velocity-
amplitudes of waves of low frequencies grow
at the expense of the kinetic energy of waves of
higher frequencies. This suggests that the center
of maximum mean motion of the jet stream

Tellus XXV (1973), 2

tends to excite wave motion of high frequencies
and that the kinetic energy of these waves is
transferred to waves of lower frequencies
through nonlinear interactions as waves travel
eastward.

Appendix a. Interpretation of nonlinear
interactions

Let two waves, ¢ and p, be expressed by

q=Acosk(t—t), p=DBcosjt—t), k>j
where A and B are the wave amplitudes, k and §
are the frequencies, and ¢, and ¢, are phases of
the waves.

Furthermore, let @ and P be the Fourier
transform of ¢ and p respectively. Thus, by

(2-1)

Q,(k) = + A cos kt,
P.(j) = § Beosjt,

Qik) = — % A sin kt,
Pyj) = —t Bsinjt,

where
Qk) =@, (k) +1Q (k) P(j) = Puj) +i Py(j)

Since



130

gp=A Bcos kit —t,)cosj(t—t,)
=2[Q, (k) P,(j) —Q(k)Py(j)] cos (k +7)¢
= 2(Q (k) P,(j) +Q, (k)P (7)) sin (k +7)¢
+2[Q, (k) P,(j) +Q (k) Py(j)] cos (k —j)t
= 2[Q(k) P,(7) ~ Q,(k) P (j}] sin (k ~j)¢
the interaction of waves ¢ and p with frequencies
k and 7 will result in two waves with frequencies

(k +j) and (k—j). The wave with frequency
(k +7) has its complex amplitude (2-1)

CHING-YEN TSAY AND S. K. KAO

QAR P,(j) ~QuR)Py(j)] +i[Q (k) P, (j) +
Q,(k)Py(5)] = Q(k) P(f)

whereas the wave with frequency (k —7) as its
complex amplitude (2-1)

[@AR)P(5) +Q (k) P (j)] +4[Q,(k) P, (j) —Q, (k)
P.(j)] = Qk) P( 7).
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UCCIEJOBAH UE CIEKTPAJIBHO!N CTPYKTYPbBI ATMOCO®EPHBIX BOJIH
BBJIU3U CTPYNHOIO TEYEHHUA

HccenegoBanne HeJduHEeWHRIX BaauMmomeiicTBuit
BOJMBM IeHTPA MaKCHMYMa CpefHelt ckopocTH
CTPpYHHOro TeYeHMA YHKA3HIBAET, UTO B3ANMO-
IelCTBUA BOJIH HUBKMX YACTOT MeXAY coboit u co
CpefHUM 30HAJBLHHIM IOTOHKOM JalOT HauboJb-
MK BKJAM B HUBKOYACTOTHYIO YacTh CIEKTpa
3HEPTMM 30HAIBHON KOMMOHEHTH TypOynaeHT-
HOTO JIBHM)KEHHA, B TO BpeMA KakK 3PPerTH cde-
pUYHOCTM M HanpsskeHMA Peltmoasbaca paior
HauOOdbIIMA BKIAL B HUBKOYACTOTHYIO 4acTh
CMIEKTPOB MEPHOAMOHAJAbHON KOMIIOHEHTHL TYp-
6ynaeHTHOroO [BH;ieHHA. B wuHTepBadax mnpo-
MEHYTOUHLIX M BBICOKMX 4aCTOT B3aMMOJECTBIA
MMy CPeAHUM 30HAJBbHEIM ABHKEHHEM M BOJI-
HaMH paccMaTpUBAaeMHIX YacTOT AAIOT HamboJb-
muit BKJIAK B COOTBETCTBYWIIME cneKTpH. [Ipu
MCCIE0BAHUM CIEKTPAJAbHON CTPYKTYPH aTMO-
cdepHHX BOJIH B6IM3M CTpYUHOrO TeueHMA Hall-
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JeHO, 4YTO B 06IAaCTH MAKCHMAJBHOTO B0HAJb-
HOrO CpeIHero ABUMEHNA KUHETHYeCHKaA 3Hep-
TUA 30HAJIBHON U MEPHAMOHAJIBHON KOMIOHEHT
TypOyIeHTHOr0 ABW;KeHHA OGHIYHO IOAKEpHKM-
BaeTCA HeJJMHeHHIMH BR3aNMOJeHCTBUAMH MEKAY
BOJIHAMM PABHERIX YACTOT U 30HAJNBHLIM [IOTOKOM.
Haligeno Take, 410 10 Mepe pacnpoCTpaHeHUA
BOJIH Ha BOCTOK OT IIEHTpA MAaKCMMYyMa CpegHero
30HAJILHOT'O NOTOKA AMIIJIUTYAB CKOPOCTH BOIH
HH3KHX 4YaCTOT pacTyT 3a CYeT KHHETHYeCKOMH
aHepruM BoJIH Gosee BhICOKMX uyacroT. Orciona
MOKHO CHellaTh BHIBOJ, YTO LIEHTPAJIbHAA YaCTb
CTpyRHOTO Te4yeHHA CTpeMHUTCA BO3OYAUTH BOJI-
HOBOE JBMKEHME BBICOKMX 4aCTOT M 4TO KHHe-
THYeCKaA 9HEePI'MA 9THX BOJH IOCPEACTBOM He-
JMUHeHHBIX B3aMMOMEHCTBUI IEePEHOCHTCA K
BOJIHAM 60jiee HUBKHMX YacCTOT.



