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ABSTRACT 

The terms expressing conversion between eddy kinetic and zonal kinetic energy and 
between eddy availablc and eddy kinetic energy are studied, in order to establish 
the contribution of barotropic and baroclinic processes respectively to  the increase of 
eddy kinetic energy in an amplifying disturbance, After specification of initial fields 
the tendencies 

at time t = 0 are solved analytically using the quasi-geostrophic equations of motion 
and the o-equation. Comparisons between this method, which depends on tho specifica- 
tion of initial fields, and the ordinary eigen-value method are made, and i t  is found 
that tho results arc similar. The problem of solving the combined barotropic-baroclinic 
caw is complicated using the eigen-value method, but investigation of the initial 
tcndcncies of the energy conversion terms gives an insight into this problem in an easy 
way. 

1. Introduction 

One of tho basic problems of dynamical 
meteorology is the instability of atmospheric 
motion. The instability problem is very difficult 
to  handle analytically in its complete form and 
because of this, it  has been common to split 
the problem into two parts. One part concerns 
the instability of a current having only horizon- 
tal wind shear (barotropic instability), and tho 
other part concerns the instability of a current 
having only vertical wind shear (baroclinic 
instability). Each of these has been the subject 
of numerous investigations. The most common 
way to  proceed has been to superimpose per- 
turbations on a zonal current, and to linearizc 
the equations governing the motion. 

The first studies of the barotropic problem 
based on this method concerned the stability of 
a parallel flow U(y)  bounded by rigid walls and 
disturbed by two-dimensional pcrturbations. 
Rayleigh (1880, 1913) showed that when un- 
stable disturbances exist, d2Uldyz must vanish 
somewhere between the walls. Tollmien (1935) 
showed that t,he condition dzU/dy2 = 0 is snffi- 
cient for instability for disturbances symmetric 
with respect to  the center of the flow. 

The application of this theory to the meteoro- 
logical condition-i.e. inclusion of the j9-effect- 
was done by Kilo (1949) and Foote & Lin 
(1951). Kilo showed, among other things, that  
the gradient of the absolnte vorticity must 
vanish somewhere in the current for instability 
to occur. His studies have been extended by, for 
example, Lipps (1962, 19G5) who investigated 
the stability of jets in a divergent barotropic 
flow, and also antisymmetric zonal currents. 
Jacobs & Wiin-Nielsen (1966) discussed the 
influence of static stability on a stratified baro- 
tropic zonal currcnt. Yanai & Nitta (1968) 
illustrated some of Kuo's results in an  insta- 
bility diagram, and they also examined the 
validity of finitc difference approximations in 
numerically solving the instability problem of 
non-divergent barotropic currents. 

The baroclinic instability problcm, on the 
other hand, was first investigated by Charney 
(1947), who studied a zonal current, linearly 
increasing with height, in a continuous model 
with no upper boundary. Eady (1949) included 
this upper boundary, but assumed that j3 = 0. 
Later investigat#ions (e.g. Green, 1960) showed 
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that taking the p-effect into consideration, the 
longer waves are stabilized, while the shorter 
become unstable, and the wavelength of maxi- 
mum instability is shortened somewhat. Numer- 
ical simulation of baroclinic instability in 
models with different vertical resolution has 
been made, from a two-parameter model 
(Phillips, 1951; Ogura, 1957) to multi-layer 
models (Hirota, 1968). 

For reasons of complexity, nobody has 
solved the general instability problem of a 
zonal current having both horizontal and 
vertical wind shear. Still, there have been 
several studies performed under various assump- 
tions concerning the basic flow. Charney & 
Stern (1962), for instance, investigated the 
stability of an internal jet (i.e. a jet where the 
meridional temperature gradients at  the ground 
vanishes). Pedlosky (1964) investigated the 
stability of particular flows in a two-dimensional 
model, and Brown (1969) computed the ampli- 
fication factors k .c i  numerically in a model 
where the zonal current contained both hori- 
zontal and vertical wind shear. 

Another approach to the problem was given 
by Platzman (1952). His method was based 
on studies of the energy conversion terms, 
which reflect the two instabilities. Platzman 
studied non-divergent barotropic flow, and thus 
could only consider the kinetic energy of the 
disturbances and of the zonal motion and 
energy conversions between these two forms of 
energy. By studying the direction of the energy 
transformation between eddy kinetic energy 
(K,) and zonal kinetic energy (K,)-that is, 
the sign of the conversion term C(K,, Kz)- 
Platzman was able to derive certain stability 
criteria dependent on the wavelength, the 
type of the disturbance and the zonal current. 
In the purely barotropic case this approach 
is straightforward, because a negative sign of 
C(K,, K,) implies instability. In  the real atmos- 
phere, on the other hand, potential energy 
must also be taken into account -that is, the 
conversion term C(A,, K,) must also be investi- 
ted. (Here A ,  denotes eddy available potential 
energy.) The same method has later been uti- 
lized for analytical considerations of the baro- 
tropic instability problem (Kuo, 1953; Fischer, 
1966), the baroclinic problem (Wiin-Nielsen, 
1962) and the combined instability problem 
(FischerkRenner, 1971). The aim of the 
present paper is to use this method in order 
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to contribute further to our understanding of 
the instabilities occurring in the atmosphere. 
Thus, a zonal current with horizontal and 
vertical shear is considered, on which disturb- 
ances, symmetric with respect to the center of 
the flow, are superimposed. The tendencies of 
the energy conversions 

at time t = 0 are then computed analytically and 
compared. In addition these quantities are 
combined in order to try to obtain some insight 
into the total instability. 

2. Basic equations 

For the computations we utilize the quasi- 
geostrophic equations in a pressure coordinate 
system. These are the vorticity equation, the 
thermodynamic equation, which we make use 
of assuming adiabatic flow, and the continuity 
equation. 

a5'+ v , v ( ~ + f ) + f v v = o ,  
at 

aw vv+--  = 0 
ap 

where 

V,=k xvy,  

c = V2Y, 

aP2 CP P aP 
a2z  c, 1 az u = - + - - - .  

The notations used are: 
x = west-east coordinate 
y = south-north coordinate 
u =west-east wind 
v = south-north wind 

y =stream function 
5 =vorticity 
w =vertical velocity 
p =pressure 

v = u . i  + v . j  

(3) 
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u =static stability 
a a  v = - i + - j  
ax ay 

f = Coriolis parameter 
t =time 
cD =specific heat of dry air at  constant pressure. 
c, =specific heat of dry air a t  constant volume 
i =unity vector in the west-east direction 
j =unity vector in the south-north direction 
k =unity vector in the vertical direction. 

Since we are going to deal with large scale 
dynamic systems, we have neglected vertical 
advection of vorticity and the twisting term in 
eq. (1).  For the justification of this see for 
example Lorenz (1960). 

In the equations we have furthermore 
assumed than when V occurs explicitly, it is 
replaced by the divergence-free part of the 
wind (4a). We have also neglected the non- 
linear terms in the balance equation, and we 
have assumed that the static stability u is a 
function of pressure alone (a = u(p ) ) .  

We intend to study a zonal current confined 
between two rigid walls, and assume that w' = 0 
a t  the boundaries of the current and that u' = 0 
at the top and bottom of the atmosphere, 
which may be expressed as 

where U refers to the zonal current and 

2 go 1 a0 s = a =  -__-  
f @ O f 2  ap 

Q and 8 are the zonally averaged density and 
potential temperature, and f the Coriolis para- 
meter. Furthermore we have introduced tho 
/?-plane approximation 

f = f o  +BY 

The conventional u-equation is obtained by 
applying the horizontal Laplacian operator to 
the vorticity equation, differentiating the 
thermodynamic equation with respect to p and 
subtracting the two equations 

a2u 1 a 
s2 V 2 u  -I- 7 = -- [V,V(V2y+ f ) ]  

a~ f ap 

I 

(5b) 

where 

D =the width of the current 
p ,  =surface pressure (constant in the pressure 

coordinate system). 

A prime is used for variables that refer to the 
perturbations, and is defined as 

that is, any variable is split into a zonal mean 
value and a deviation from it. 

By combination of eqs. (1) and (3) ,  introduc- 
tion of (6) and linoarizing, we obtain a linearized 
version of the vorticity equation. If we, in the 
same way, linearize the thermodynamic equa- 
tion and combine it  with this vorticity equa- 
tion, eliminating w ,  we obtain 

Eqs. (7)  and (8) will be referred to later in the 
computations. 

3. Energy conversion terms 

The expression for the conversion of energy 
between zonal and eddy kinetic energy is 
obtained by considering the equation of motion 
from which eq. (1)  was derived 

au au au a+ 
at ax ay ap  ax 
a" -k u- + u- -t u - = - - + f w +  F, (9) 

where F, is the frictional force. Note that u 
and v in the horizontal advective terms are 
considered non-divergent in the vorticity eq. 
(1). Note, furthermore, that 2, = 0. Combination 
of eq. (9) and the continuity eq. (3) yields, after 
applying the zonal mean 

ac a -  a -  - ~- - - - ( u v ) - - ( u u ) + F z .  (10) 
at ay aP 
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Multiplying eq. (10)  by $i and introducing the 
zonal kinetic energy 

K,- / D J o p s k Q ’ d y d p  0 

we obtain 

+ J o D ] o p ’ Q ~ d y d p .  (11)  

The two first terms on the right-hand side 
represent conversion of energy from eddy to 
zonal kinetic energy. The first of these measures 
energy transformation due to horizontal proces- 
ses, and the second transformation due to 
vertical processes. The last term in (11)  repre- 
sents dissipation of zonal kinetic energy. 

To be consistent with the neglection of 
vertical advection of vorticity and the twisting 
term in eq. (1) we neglect the second term on 
the right-hand side. 

Again utilizing the equations of motion and 
the continuity equation, it is possible to derive 
an equation similar to ( l l ) ,  for the eddy kinetic 
energy defined as 

It reads 

where the two first terms on the right-hand side 
as before represent conversion between eddy 
and zonal kinetic energy. The third term repre- 
sents conversion of energy between eddy poten- 
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tial and eddy kinetic energy (C(A,, KE)) ,  and 
the last one dissipation of eddy kinetic energy. 

Neglecting friction, the budget equation for 
the eddy kinetic energy can be written as 
follows 

In  this chapter we have now defined the terms 
C ( K E ,  K,) and C(AE, KE), which with the 
assumptions above read: 

4. Description of method and initial fields 
If a zonal current is disturbed by small 

perturbations, instability is present if they 
grow in time. The usual way to investigate 
weather instability exists or not, is to utilize 
a perturbation stream function 

vt = A  &lr(r-ct)  

where 

c = c, + ic, is phase velocity of the perturbation 
c, =real part of c 
c1 =imaginary part of c. 

The amplitude A is a function of 2, p and t 
when investigating baroclinic instability, and a 
function of 2, y and t when investigating baro- 
tropic instability. This perturbation stream 
function is superimposed on a zonal current 
with only vertical wind shear in the former case 
and only horizontal in the latter case. The 
resulting eigenvalue problem is solved and 
instability occurs if c, > 0. The combined case of 
having a zonal current with both vertical and 
horizontal windshear gives rise to very compli- 
cated analytical expressions and it has not been 
solved satisfactorily. 

The method introduced by Platzman concerns 
the energy transformation terms in equation 
(13) .  If a zonal current is disturbed by small 
perturbations, the question of instability in 
this case reduces to an investigation of the sign 
of aKE/at, because if this time derivative is 
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positive, the kinetic energy of tho disturbances 
increase in time, and this is the definition of 
instability. 

By means of a Taylor-expansion we expand 
the quantity 

.& ( aKE) ~ I st: + 0(&') (15) 
at2 KE at ,, 2 

where subscript zero means that the derivative 
is evaluated at t = 0. The quantity ( l / K E )  (aK,/at) 
expresses the e-folding time, that is, the inverted 
value is the time required for the wave to 
amplify to e times its original amplitude 
(if (l/K,) (aK,/at) is positive). 

Eq. (15) is thoroughly discussed in the paper 
by Fischer & Renner (1971). To evaluate (15) 
we have to make use of (13), which consists of 
the energy transformation terms defined in 
(14a) and (14b). Therefore we next have to  
define the zonal current and the perturbations 
to be considered. 

Let us choose a zonal current which resembles 
conditions in the atmosphere at middle lati- 
tudes, viz. 

that is, we assume initially a divergence-free 
perturbation field. With the aid of (16), (17) 
and (18) it is now possible to evalnate equation 

Inserting (16) and (17) into (14a) and (14b) 
(15). 

we obtain 

C(A,, K,) = 0 because T' = 0 (barotropic per- 
turbations) 

C(K,, X Z )  = 0. 

This means that the time derivative of KE 
is zero at time t = O  and neglecting terms of 
order higher than two eq. (15) reduces to 

As seen, the question of instability is reduced 
to determining tho sign of the second derivative 
of K,. The term of interest is therefore 

U 
2 

U(y, p )  = -!!! (1 - cos 21y) sin ap (1 6) 

where a =7c/ps, 1 =n/D.  With this current we 
simulate a tropopause at p =p,/2, at which 
level the maximum wind U ,  consequently 
prevails. We notice that the current has the 
1 - eos (2n/D)  y profile, and thus if there is a 
certain relation between U ,  and D is B - U = 0 
somewhere in the current, thus satisfying the 
barotropic instability criterion. 

The disturbances are chosen to be initially 
barotropic. Tho disturbance stream function 
y'(x, y, t )  is defined as 

This expression consists of two terms. The 
first one may be considered to express the 
baroclinic instability and the second the baro- 
tropic instability. We have to coInpute the 
tendencies of each one of the energy conversion 
terms appearing in (20), and consider them 
together. 

Insertion of (16) and (17) into the time 
derivative of (14a) yields 

where k = 2z/L, L being the wavelength in the 
x-direction. T', is a constant which determines 
the amplitude of the perturbation. From (17) 
we obtain the perturbation velocities as 

All derivatives of y', except the time-deriva- 
tive ayl'/at, are known. Since the determination 
of the latter and the evaluation of (21) are 
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long but straightforward, we just give the final 
result. 

2a2 cosh y p s / 2  

y(a2 + 7') sinh y p s / 2  2 

where U ,  =maximum wind speed and 

y = 8 1 2 2 .  
We notice that the sign of the expression (22)- 

and thus the sign of the time derivative of the 
energy conversion term-is given by the sign of 

2 

(23)  
& 

9 
7 - ka + 31'. 

Now we solve for the time derivative of the 
other conversion term C(A,, ICE) ,  and the time- 
derivative of this is obtained from eq. (14b) 

since T' = 0 initially. In  order to evaluate this 
integral we need expressions for aT' /a t  and w'. 
The first of these quantities can be derived 
from the thermodynamic equation, utilized in a 
somewhat different form than ( 2 )  

: [ T ( F ) " ]  = O  (25)  

where p ,  is a constant and x = R/cP, R being the 
gas constant for dry air. As before we decom- 
pose an arbitrary variable x as follows 

that is, as a sum of a mean value and a devia- 
tion from this mean value. x stands here for 
u, v, o or T .  

Inserting x, into (25 ) ,  remembering that 

In deriving (26 )  we have also assumed that 
initially 0 =0,  which can be shown by solving 
the o-equation ( 8 )  for the zonal motion. 

Insertion of (26 )  into (24 )  yields 

The inner parenthesis can be simplified as fol- 
lows 

This simplification is consistent with the 
assumption of constant static stability across 
the jet. For further treatment we suppose that 
(p , /p)"(ad/ap) ,  which we will denote by 8, is 
constant with height. 

Furthermore we need the y-derivative of the 
temperature, obtainable from the thermal wind- 
equation and eq. (16).  

-=- zJT j 0  umr%(l-cos 2Zy)p cos xp.  (28 )  
ay 2R 

Next we need an expression for w'. Initially 
o' + O  due to the existence of perturbations. 
These are given by (17 )  and (18 ) ,  and thus we 
have a wind field without divergence, but the 
quasi-geostrophic assumption implies that there 
is a field of vertical velocities necessary to main- 
tain the quasi-geostrophic character of the 
flow. It is obtained from the o-equation (8). 
The solution of o' and the evaluation of (24 )  
are omitted because they are somewhat lengthy. 
The result is 

cos u p  D V m  fox urn 
- - (3P, - 2 P 2 )  __ ~~ 

8 21 2R 

where 
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- k' + 31' (32) 

3Q P ,  = 

P,  = 

2f,[aa + sz(k2 + 

Q 
2f,[a' + 8'(k2 +91')] 

k 
21 

Q =  U,a V,,- (k'+Zla). 

For simplicity eq. (29) was integrated numeri- 
cally. The integration was made with Romberg's 
method, which is a generalisation of Simpson's 
rule by successive Richardson extrapolations. 
It was performed up to 100 mb. 

The kinettic energy of the perturbations can 
be calculated from (17) 

.KE = IoPs (ur2 + d') dy d p  
2 

v; 
= - D( 1 + k'/P)p,. (30) 32 

Now it is possible to consider equation (20). 
Inserting (29) and (22) into (20) we obtain 

(l/KE) (aK,/at) as a function of k a  and 1' at a 
certain time increment at. In the next chapter 
we will do so and discuss the result. 

5. Discussion of results 

5.1. A barotropic atmosphere 
After having solved for the time-derivatives 

of the two conversion terms C ( A E , K E )  and 
C(KE,  K z ) ,  it is possible to evaluate eq. (20). 
However, before this is done, it may be inter- 
esting to see what results our method yields in 
a purely barotropic and a purely baroclinic 
atmosphere. When treating a barotropic atmos- 
phere the pressure-dependent terms have to be 
excluded, which means that the zonal current is 

(1  - cos 21y). (31) 
U?n 

U(Y) = 

In  eq. ( 7 )  the p-derivatives are zero. This is 
obtained by letting s2 --f 00. The solution of (21) 
is now simplified. We obtain an expression 
similar to (22), but simpler. The sign of this 
expression is determined by 

which also (23) yields letting s2 + 00. 

Consider the case of an amplifying distur- 
bance in a non-divergent barotropic flow. Then, 
by definition, there is no vertical velocity, and 
C(AE, KE)  is identically zero. Therefore the 
disturbance receives its energy from the zonal 
flow, and this disturbance has, since the expres- 
sion (32) must be positive to fulfill the criterion 
L t 1.15 D. In the work of Platzman (1952) we 
also find this result for the type of disturbance 
described by equation ( 1 7 ) .  The criterion 
L > 1.15 D has no restrictions on the maximum 
wind, which means that the criterion @ - U" = 0 
need not necessarily to be fulfilled. However, 
Kuo has shown that this certainly should be so. 
This discrepancy between the perturbation 
method and the method if initial tendencies of 
the energy conversion terms, which already 
Platzman found, has not been explained. The 
reason may be that we for evaluation of ( l / K E )  
(aK,/at) neglected the higher time derivatives 
in eq. (19). For the barotropic case, the third- 
derivative is zero and we have to go to higher 
order terms in order to possibly extend our 
criteria. 

When dealing with instability of a barotropic 
current, it is possible to illustrate some of 
Kuo's results in an instability diagram. For 
disturbancies, symmetric with respect to the 
center of the flow, superimposed on a current 
with a 1 -cos (2nlD) y profile, it is possible to 
derive an instability diagram shown in Fig. 1.  
The criterion /? - U" = 0 somewhere in the 
current, corresponds to the minimum value in 
the unstable area. Kuo also showed that the 
existence of a critical point in the current, where 
/? - u" = 0, ensures the existence of a neutral 
wave with a phase velocity equal to the veloc- 
ity of the zonal current in the critical point. If 
this wave has a wavelength L,, all waves with 
wavelength longer than L,, are amplified. 
Utilizing this and making use of the barotropic 
vorticity equation it is possible to derive the 
criterion L > 1.15 D for unstable symmetric 
waves, which corresponds to the left straight 
line in Fig. 1 (Following Yanai and Nitta (1968) 
it is possible to derive the line that limits the 
unstable area to the right. It is obtained by 
putting c = U,,, = 0, c being the phase velocity of 
the wave and Umin the minimum velocity of the 
zonal current and inserting this into the baro- 
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Pig. 1.  Critical curves for barotropic instability. 
The curves L J D  and L,/D show the limits of the 
wavelength interval between which symmetric 
disturbances superimposed on & velocity profile of 
the type 1 -cos (2n /D)  y are unstable. The dotted 
line shows the influence of stratification on the 
curve LJD. The parameters for this line are 8 8 =  
1.5 x 10* and Urn = 60 m/s. 

tropic vorticity equation. Then we are using 
the property that c < U ,  and that c may be 
less than Urnin, also shown by Kuo.) 

Comparing Fig. 1, which is derived with the 
eigen-value method, and our results we see 
that it is possible to derive the left vertical line 
with our method. 

In  a divergent barotropic atmosphere there 
are possibilities for conversion between eddy 
available potential energy and eddy kinetic 
energy. Since there are no horizontal tempera- 
ture gradients in a barotropic atmosphere 

is negative according to eq. (27), which implies 
that C(AE, KE)  < 0 a t  time 6t because C(A,, KE) 
= 0 a t  time t = 0. This is damping due to the 

stable stratification. Thus for an unstable 
wave in a barotropic atmosphere C(K,,K,) 
must be negative whether divergence is con- 
sidered or not. The conditions obtained above 
explain why amplifying disturbances have a 
smaller growth-rate in a divergent model than 
in a non-divergent model. Jacobs & Wiin- 
Nielsen (1966) introduced stratification in a 
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Fig. 2a.  The quantity 
l a  
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for a purely barotropic atmosphere. Urn = 60 m/s. 

rnax 0.1 

D.103krn 
m 1  0.5 

1 2  3 4 5 6 7 8 9 10 

Fig. 2b .  Legend same &s for Fig. 2a,  but stratifica- 
tion is introduced. 5* = 1.5 x loa. 
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Fig. 2c.  Barotropic instability diagram according to 
Brown expressed as e-folding time in days for the 
zonal current U = 30[1- cos (2n/D) y]. 
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1 

barotropic divergent atmosphere, and they 
found similar results. They also showed that the 
maximum instability occurs at somewhat 
longer wavelengths and that the growth-rate is 
modified in such a way that the disturbances 
become less unstable because of the stratifica- 
tion. This is a,lso possible to investigate in our 
case. Illustrating the conversion of energy be- 
tween zonal and eddy kinetic energy, it is 
convenient to give 

L 

(i.e. with a minus sign in front of it), in order 
to have positive values for increasing eddy 
kinetic energy in the figures. For St = 1 day the 
unit is day-l, which means that the inverted 
value is the e-folding time. This unit is chosen 
in the figures. 

Fig. 2 a  shows 

in a purely barotropic atmosphere, and Fig. 2 b 
shows the same quantity in a stratified baro- 
tropic atmosphere for a normal stratification. 
The area containing unstable waves is larger in 
the latter case. This will be discussed in more 
detail later. 

The most unstable waves in the barotropic 
atmosphere, that is, those of wavelength 2-3 000 
km, bccome less unstable when stratification is 
introduced, and we obtain two areas of maxi- 
mum instability; one area for wavelengths 
2-3000 km, the same as before, and one for 
wavelengths around 10 000 km. 

Brown (1969)  computed the amplification 
factors k c ,  of the amplitude of the wave 
numerically, in a modcl where he was able to 
choose various horizontal and vertical profilcs 
of the wind. For the same profile as ( 3 1 )  and a 
maximum wind of 60 m/s, he obtained results 
similar to those in Fig. 2 a .  These results are 
shown in Fig. 2 c ,  where necessary adaption of 
the coordinates has been done for the compari- 
son, and also the fact is considered that the e- 
folding time of the amplitude is two times the 
e-folding time of the energy. As seen the con- 
sistency bctween the eigenvalue method and the 
method of investigating the initial tendencies of 
the energy conversion terms is good concerning 
a barotropic atmosphere. 

shear m/s/100 rnb 

0.5 

1 

2 

L 

in a baroclinic atmosphere with a linearly increasing 
vertical wind profile expressed as e-folding time 
in days for s2 = 2 x lo2. 

1 2  3 L 5 6 7 8 9 10 

Fig. 3b .  Baroclinic instability diagram according to  
Derome and Wiin-Nielsen showing the variation 
of the e-folding time as a function of the vertical 
wind shear and the wavelength. The stratification 
is a normal one and = 0. 

5.2 .  A baroclinic atmosphere 
I n  order to examine the behaviour of our 

method in a purely baroclinic atmosphere we 
consider a zonal current with no latitudinal 
variation, and assume that the perturbations 
have no y-dependcnce. Consequently there is 
no conversion of energy between zonal and eddy 
kinetic energy in such an atmosphere, and the 
criterion for instability is that  C(AE, KE) > 0. 
The vertical variation of the zonal current ( 1 6 )  
can indeed be used in this baroclinic atmosphere. 
However, since investigations of baroclinic 
instability mostly deal with zonal currents 
having a linearly increasing vertical profile, we 
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choose the following expression for the zonal 
current 

u = u, (1 - ;) 
and for the perubations 

V 

2 
y ’ ( x , p ,  0 )  = 2 sin kx. 

Using this profile it is easier to compare the 
results with those obtained by the eigen-value 
method. 

The solution of (27) in this case looks like 
(29), but there are some modifications due to 
the different type of vertical profile. Further- 
more there is no contribution from any integra- 
tion over y. The integration over p was also in 
this case made numerically. The result is shown 
in Fig. 3a,  where the instability is given as e-  
folding time for a normal stratification. The 
vertical shear is expressed in m/s/100 mb. We 
notice a cut-off for the short waves. The influ- 
ence of stratification was studied by varying 
the value of the static stability. A more unstable 
stratification yields a cut-off at a shorter wave- 
length and the waves become more unstable, 
while a stable stratification yields a cut-off at a 
longer wave-length and more stable waves. 

For the derivation of these results we had to 
assume that the Coriolis parameter is constant, 
that is j3 = 0. Eady (1949) obtained a similar 
short wavc cut-off of the unstable area using a 
continous model with no latitudinal variation of 
the Coriolis parameter (i.e. with j3 = 0). 

The effect of including j3 in a continuous 
model has been shown by Green (1960). He 
shows that unstable waves appear on the short 
wavelcngth side of the Eady cut-off. These 
waves are however more stable than those 
which earlier were the most unstable-the 
wavelength of maximum instability is only 
shortened a little, when j3 is included. This 
appcarance of short unstable waves has been 
discussed by Rretherton (1966), who explained 
the existence of these waves. The solution to 
the eigen-value problem degenerates when the 
phase velocity of the disturbance is equal to the 
velocity of the current. This layer he calls a 
“critical layer”. The proper solution can be 
obtained by considering the viscous equations 
at the critical laycr. The two-layer models of 
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the atmosphere give a similar short wave cut- 
off as obtained by Eady, but apparently not 
for the same reason (since j3 is included). Multi- 
layer models, however, such as Hirota’s (1968) 
30-layer model, show no Eady cut-off. 

The effect of j3 and the static stability in a 
continuous model with no critical layers has 
clearly been demonstrated by Derome & Wiin- 
Nielsen (1966). 

They also used a continuous model. For j3 = 0, 
a constant vertical wind shear and a normal 
lapse rate they, just like Eady, obtained a short 
wave cut-off. The result, translated to e-fold- 
ing time of the kinetic energy, is shown in Fig. 
3b.  Since we also make use of a continuous 
model with j3 =0, it is possible to compare the 
results. As seen the results obtained here are in 
good agreement with those obtained by Der- 
ome & Wiin-Nielsen. Not,e that the vertical 
shear is expressed in different units in Figs. 3a 
and b. A value of for instance 5 m/s/km means a 
somewhat greater vertical shear than 5 m/s/mb, 
which must be borne in mind when comparing 
the two diagrams. From Fig. 3 we see that 
it is possible to derive results similar to those 
obtained by the eigen-value method by studying 
the tendencies of the energy conversion in a 
purely baroclinic atmosphere. 

5.3. A combined barotropic-baroclinic 
atmosphere 

In the real atmosphere there exists both 
horizontal and vertical wind shear. Thus the 
eddies may gain t,heir kinetic energy from both 
the available potential energy of the eddies and 
the kinetic energy of the zonal motion. In  this 
case, the criterion for instability of the motion 
is that, a t  time S t ,  one of the conversion terms 
C(Kz ,  ICE) and C(AE,  K E )  is positive, and that 
the other also is positive or has smaller negative 
value than the first one. It is an implicit assump- 
tion that these conditions will remain for some 
time, sufficiently long for a significant ampli- 
fication to develop. Usually the process is self- 
maintaining; once it has started it continues 
with increasing rapidity. 

Let us first focus attention on the contribu- 
tion of the barotropic processes to the ampli- 
fication of KE. From the solution of (22) and 
(23) we find that 
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Pig. 4. The area to  the right of a curve contains 
waves having negative sign of the conversion term 
C(K,, K z ) .  The thin line shows a less stable strati- 
fication, the thick line a normal and the dash- 
dotted a more stable stratification. The dashed line 
is the special case of a barotropic atmosphere. 

for a positive sign of (23). Thus, the barotropic 
processes alone are unstable if 

2 

~ - k 2 + 3 1 2 > 0  
S 

giving 

To illustrate this relation between L, D and s, 
we choose some typical values of the parameters 
as follows (in SI-units) 

a =nips 

p s  =the surface pressure we put equal to 106 
s* = 1.5 x lo2 (defined in section 2) 

2 

= 6.6 x 
S 

s2 = 0.75 x lo2 
s2 = 1.5 x lo2 normal 
s2 = 3.0 x lo2.  

Letting s2 + 00 implies, as discussed before, 
that the atmosphere is barotropic. A line 
corresponding to this case is also drawn in the 
figure, and has the equation L = 1.15 D .  When 
the atmosphere is considered non-divergent 
barotropic, we have a two-dimensional flow 
without vertical velocities. I n  the real atmos- 
phere the flow is three-dimensional and the 
term a2 /s2  in (23) appears as a destabilizing 
term, which we realized already in Fig. 2 b. In- 
creasing the static stability means that a2/s2 

20 

:v/ L 1 0 % ~  ~ 

1 2 3 4 5 6 7 8 9 1 0  

Fig. 5a. The quantity 

expressed as e-folding time in days for g2 = 2 x lo2 
and U ,  = 5 m/s. 

D .  103km 
9 00 1 0.5 

According to Gates (1961) a normal value for 
- l/O(aO/ap) in winter, is 2 x db-l = 2 x 10-6 

(SI-units). With the values f = 10-4 sec-1 and 
e = 1.3 kg/m3 (density of dry air), we arrive at 
the value s2 = 1.5 x 1 0 2 .  

I n  addition to the normal value of s2, one 
value less than that, and one value greater 
than that have been chosen. Fig. 4 shows the 
relation between L and D for different static 
stability values. We have chosen 

5 - stable 

/ 
L.103km 

V 
I I I I I I I I I  > 

Pig. 5b .  Legend same as for Fig. 5a but U ,  = 30 m/s. 
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Fig. 6a.  The quantity 

expressed as e-folding time in days for aa = 2 x lo2 
and U , = 5  m/s. 

00 2 

7i' 6 

0 
3 

2 1  

LL 3 

L5 
1 

L ' 1 0 % ~  
I l l  I 1 1  1 1  1 1  

- 1 .  2- 3 L 5 6 7 8 9 10 
> 

Fig. 6b. Legend same as for Fig. 6a  except that 
U, = 30 m/s. 
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Fig. 6c .  Legend same as for Fig. 6a  except that 
U ,  = 60 m/s. 

tends to zero, and we obtain a case similar to 
the barotropic. It is remarkable that some of 
those waves which are stable in the two-dimen- 
sional flow become unstable in the three- 
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dimensional flow, even in the case of high static 
stability. The main feature of the results 
summarized in Fig. 4 is that, if stability is 
introduced aa a parameter in a stratified baro- 
tropic atmosphere, we find that the less stable 
the stratification is, the shorter are the wave- 
lengths that are barotropically unstable. This 
establishment can be illustrated by extending 
the barotropic instability diagram in Fig. 1 to 
a stratified barotropic atmosphere. The line 
L = 1.15 D will move to the left in this case. It 
is necessary to draw a line for every value of 
Urn, since the magnitude of the ordinate is 
Um/Da.  A line for Urn = 60 m/s and 9 = 1.5 x loa 
is shown in Fig. 1.  

Results from the evaluation of (22) is given in 
Fig. 5, where 

l a  
KE at 

- - - [C(K,, K z )  at 

is shown for 6t = 1 day. In Figs. 5a and b U ,  
are 5 and 30 m/s respectively, and Fig. 2 b  
shows the same quantity for Urn = 60 m/s. An 
increase of the vertical shear yields more 
unstable waves. This is more pronounced in- 
creasing the maximum velocity from 5 m/s to 
30 m/s, than increasing it from 30 m/s to 60 m/s. 
It would have been advantageous to be able 
to illustrate Fig. 5 in a diagram with the vertical 
shear and an effective wavelength L,, = 

J/L2 + D2 as axes, just as usually is done in the 
ordinary baroclinic instability diagrams, but 
this is not possible because then L =L, and 
D = D ,  should yield the same value as L = D ,  
and D =L,, which is not true in our case. The 
reason is possibly that taking the latitudinal 
variation of the pertubations into consideration 
in the baroclinic instability theory, it is com- 
mon to superimpose pertubations infinite in the 
y-direction. In our case we have a finite exten- 
sion of the disturbances in this direction. 

To discuss the total instability we also con- 
sider the contribution from the baroclinic 
processes, and then it is convenient to illustrate 
the results in the same sort of diagram as is 
used for the barotropic processes, in order to be 
able to compare with the conversion term 
C(K,, K z ) .  Results from evaluation of (29) are 
given in Fig. 6. The quantity 
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is shown in Fig. 6, for the same stratification as 
for Fig. 5 .  The effect of vertical wind shear on 
this term is about the same as on the former 
one. It is interesting to notice that for weak 
winds (Figs. 5 a  and b )  the barotropic instability 
is stronger than the baroclinic instability, 
while for stronger winds they are comparable. 
The most unstable baroclinic waves are those 
of wavelengths 5-6000 km while the most 
unstable barotropic waves are those of wave- 
lengths 2 000 km and 10 000 km. However, the 
wave of 2 000 km wavelength needs an extrem- 
ely narrow jet in order to be barotropic un- 
stable, and this jet hardly exists in the atmos- 
phere. 

The effect of the stratification on this con- 
version term can be studied by evaluating eq. 
(29) for different values of the stratification. 
The influence on the neutral line is shown in 
Fig. 7. The evaluations show that the absolute 
values of the maxima moves in accordance with 
the neutral line, and that an unstable stratifica- 
tion yields more unstable waves than in Fig. 6 ,  
and a stable one yields more stable waves. 

To illustrate the instability in a diagram with 
L and D as axes for different values of the 
vertical shear, is somewhat unsatisfying, be- 
cause it is not easy to see the influence of the 
vertical shear. Due to this 

D. lo3 km 

I 
I I I I I I I I I  > 

1 2  3 L 5 6 7 8 9 10 

Fig. 7 .  Graph showing the influence of static 
stability on the energy conversion term C(A, ,  K,). 
The thick line represents a normal stratification 
(s2 = 2  x loa) ,  the thin line a less stable stratifica- 
tion (s2=  1 x lo2) and the dash-dotted a more 
stable stratification (s2 = 3 x lo2). 

um mls 

25 

5 
~ . 1 0 ~ k ~  

I I I I I I I I I I  
1 2  3 L 5 6 7 8 9 10 

Fig. 8. The quantity 

expressed as e-folding time in days for D = 3 000 
km and s2 = 2 x lo2. 

is shown in Fig. 8 as a function of L and the 
vertical shear for a normal stratification and a 
certain value of the width D of the zonal current. 
This diagram is more easy to compare with the 
ordinary one given in Fig. 3. 

From the evaluation of equation (29) we have 
found that for increasing vertical shear the 
conversion term becomes stronger, and for 
decreasing stratification shorter wavelengths 
become baroclinically unstable; two features 
which are well-known. 

Lowering of the maximum wind of the zonal 
current, causes the conversion term C(A,, KE) 
to decrease, due to the fact that m' depends on 
Urn. The neutral line in the instability diagram 
is the same for strong and weak maximum 
winds. Consequently we find weak unstable 
waves for small Urn. 

Finally we add the two terms 

l a  
K E  at 

- ~- - LC[K,, K,)] at 

in order to have a picture of the total insta- 
bility (l/K,) (aK,/at). This is done in Fig. 9 for 
three different values of the vertical shear. I n  
some regions the barotropic and baroclinic 

Tellus XXV (1973), 1 



ENERQETICS OF A DEVELOPING WAVE I N  THE WESTERLIES 33 

instabilities coincide and this is most pro- 
nounced for waves of length 5-6 000 km and a 
width of the current of 3-5 000 km. In  Fig. 10 
the instability is shown as a function of the 
vertical shear and the wavelength L for the 
same value of D as in Fig. 8. 

The most significant feature noticed, when 
comparing the instability diagrams, is that the 
most unstable waves have wavelengths of 
about 6 000 km, and that this is also the most 
unstable baroclinic wave. The most unstable 
barotropic waves-those of wavelength 2 000 
km and a width of 1 000 km of the zonal current 

1 2  3 L 5 6 7 8 9 10 -do scarcely not exist in the atmosphere, why 
I 

Fig. ga .  ( l / K E )  (aK,/at) expressed 8 s  ,+folding the waves may be 'Onsidered to repre- 
time in days for s* = 2 x lo* and U- = 6 mls. sent the most barotropic unstable. 

3 

2 :1 
14 

N' 

When comparing t h e  two instabilities it 
should be born in mind that the specification of 
initial fields affects the results. For example, a 
zonal current which does not have a point 
where /I - (azu/ayz) = 0, would most likely give 
an other picture of the barotropic instability. 

6. Summary 

By the method of analysing the initial tenden- 
cies of the energy conversion terms it is possible 
to obtain a good picture of the stability of 
atmospheric motion. The stability depends on 
both the wavelength, the stratification and 

0.5 

1 

1 1 , , , , , , , , ,  L'103km> vertical shear. We have seen that the static 
1 2  3 L 5 6 7 8 9 10 stability affects both baroclinic and barotropic 

processes such that, for decreasing static sta- 
bility, shorter wavelengths become unstable. 

The barotropic and baroclinic instability 

Fig. 9b .  Legend same as for Fig. 9a except that 
Urn = 30 m/s. 

\ / 0.25 
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Pig. 9c. Legend same as for Fig. 9a except that Fig. 10. ( l / K E )  (aKE/at) expressed as e-folding 
Urn = 60 m/s. 
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time in days for D = 3 000 km and s* = 2 x lo*. 
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theories are also contained in the method and it 
is possible to elucidate the difference between a 
divergent and a non-divergent barotropic at- 
mosphero. As mentioned, the meridional profile 
of the zonal flow, and the form of the perturba- 
tions are of importance for the development. 

than two, to try to find those criteria we were 
not able to find, for example the requirement of 
having a critical point in the zonal current, 
where tho gradient of the absolute vorticity 
vanishes. 

These aspects are not considered in this paper 
but it is possible to extend the investigation by 
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