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ABSTRACT 

Sufficient conditions for stability of a linear inviscid two-layer model to nongeostrophic 
disturbances are derived. A bound on the growth rate of an unstable disturbance is 
also found. When the Rossby number R o e  1,  these conditions reduce to the results 
established by Pedlosky (1964) within the confines of quasi-geostrophic theory. The 
present analysis provides a theoretical framework for further investigations of fluid 
systems characterized by strong concentrations of horizontal momentum, such that 
R, < O (  1) .  Application to  atmospheric jet &reams and the Gulf Stream, for example, is 
suggested by observationally established characteristics of these flow regimes. 

1. Introduction 

The stability properties of oceanic and at-  
mospheric flows to nongeostrophic disturbances 
has attracted increasing attention of late. Much 
of this interest is prompted by the fact that 
significant deviations from geostrophy are an 
observable feature of atmospheric and oceanic 
current systems. Moreover, it is becoming in- 
creasingly clear that the transports of mass, 
momentum and energy in the atmosphere and 
oceans by nongeostrophic flows, particularly 
gravity waves, should not necessarily be neg- 
lected in comparison with geostrophic trans- 
ports. It has also been noted recently that 
energy dissipation in the free atmosphere is the 
same order of magnitude as dissipation near 
ground level. Current evidence indicates that 
this dissipation is the end product in the chain 
of events beginning with the unstable growth 
of gravity-type disturbances on an initially lami- 
nar flow (Kelvin-Helmholtz instability), fol- 
lowed by a secondary instability in which these 
perturbations do not grow indefinitely but ul- 
timately break down into smaller scales of 
turbulent motion. 

Although there are other sources for non- 
geostrophic perturbations, such as waves in- 
duced by flow over bottom topography, a sig- 
nificant contribution to the spectrum of these 

motions is thought to result from various in- 
ertial and convective instability mechanisms. 
As pointed out by Bretherton (1971), however, 
the evidence to associate clear air turbulence, 
for example, with Kelvin-Helmholtz instability 
is circumstantial, as yet not conclusively dem- 
onstrated by aircraft measurements. The same 
difficulty arises in the interpretation of oceanic 
microstructure, because various mechanisms 
responsible for the generation and maintenance 
of waves and localized patches of turbulence 
have not been clearly delineated. 

The present investigation considers the role 
of various physical processes in relation to the 
stability of hydrostatic perturbations in a ro- 
tating fluid medium. Although the characteris- 
tic spatial-and time-scales of these motions 
are larger than those that generally characterize 
intermittent turbulence, the association of these 
motions with instability mechanisms suffers 
from the same conjectural viewpoint noted 
above. Ageostrophic baroclinic and barotropic 
stability problems have been studied (e.g., 
Stone, 1966; Derome & Dolph, 1970; Sela & 
Jacobs, 1971; Blumen, 1 9 7 1 ~ ) .  However, the 
problem of the stability of a zonal flow with 
both vertical and horizontal shear to ageostroph- 
ic perturbations has apparently not received 
attention, with the exception of Orlanski’s 
(1968) study of frontal instability. Attempts by 
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i Hr L 
Fig. 1. Schematic representation of the two-layer 
model. 

the author to find sufficient conditions for 
stability of a continuously varying zonal flow in 
a stratified fluid have thus far not yielded re- 
sults as useful as those found by Pedlosky 
(1964) for a quasi-geostrophic model. Yet Ped- 
losky’s two-layer model can be extended to 
take nongeostrophic effects into account. Al- 
though this model certainly over simplifies the 
physical structure of atmospheric and oceanic 
flows, it has proved useful as a starting point 
in the formulation of many problems of geo- 
physical interst. 

In essence, a theoretical framework, for anti- 
cipated further investigations of the mixed 
barotropic-baroclinic stability problem, is pro- 
vided here by the establishment of sufficient 
conditions for stability of a two-layer model 
together with the determination of a bound on 
the growth rate of an unstable disturbance. 
The relative importance of higher order terms 
in a Rossby number expansion are displayed 
and physical interpretations of the mechanisms 
responsible for maintaining stability are con- 
sidered. 
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Since predictions of linear quasi-geostrophic 
Ekman-suction theory have recently been veri- 
fied reasonably well by Hart’s (1972) laboratory 
study, the present study is formulated in oy- 
lindrical geometry for possible application to 
rotating annulus experiments. However, no 
attempt is made to incorporate thin viscous 
boundary layers, interfacial tension nor im- 
posed temperature differences on the fluid 
system. 

2. Model 

The fluid model under consideration is shown 
in Fig. 1. Some variables and parameters ap- 
pearing in the text and in the Appendix are 
defined in Table 1. 

The horizontal scale of allowable disturbance 
modes is considered to be large compared to 
the fluid depth. As a consequence, it is assumed 
that the fluid is in hydrostatic balance and the 
motion is independent of depth in each layer 
separated by an interface at  height z = h i .  The 
upper surface a t  z = h  is free while the bottom 
boundary is z = by( r ) ,  where b =constant. It is 
further assumed that the density field satisfies 

In  layer 1, the equations of motion relative 
to a coordinate system rotating a t  constant 
angular velocity $2 satisfy. 

1 au 
r ( a e  

wl(h) -wl(hi) = - - -l + 2 ( h - h , ) .  

(3) 

Since the motion is hydrostatic, 

Pl(r ,  0, z, t )  =Pl(r ,  8, h, t )  + d h  -2). (4) 
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Table 1. Symbols not defined in the text  %+3%+v ?!-?!!-2au = - - - h + R Z r ,  a 
at r ae ar r ar 

Coordinates 
t time 

(9) 

a 
ar 

u,(h - hi) + - rvl(h - hi) 
r,  0, z radial, azimuthal and verti- 

cal coordinate axes 

Physical variables ( k  = 1, 2 )  
velocitv comoonents in the (6, v, w 

Parameters 

9 

direction of (6, r,  z )  

pressure Identical arguments applied to layer 2 lead to 

&orticity in layer 1 

perturbation potential 
vorticity in layer 2 

u av av ui 
at r 80 ar r 

a””+ 2 -2+ 2 , 2 -  - - 2au 
perturbation relative 
vorticity 

basic-state potential vorti. 
city, where Qk is dcfined 
in (21)  

gravity 

rcduced gravity 
(12) 1 a 

ar 
+ - rv,(hi - b y )  = 0. 

The following representation is introduced for 
the purpose of linearization: 

radii of the inner and h/H,= 1+H,-’[hl(r)+h,(r)+h;(r,8,t)l (13) 
outer cylinders 

At the free surface, 

Similarly, at the interface 

(6) 

I n  view of (4), (5) and (6), the equations for 
layer 1 become 

a u au au l a  
at r ae ar r r a0 
--u +--‘L+v-‘+U1ZI1. k 2av ,  = - - - gh, 

(7)  

wherc H ,  and H ,  represent the constant un- 
disturbed height of the free surface and inter- 
face respectively; hl(r) and h,(r) represent the 
slopes of these surfaces necessary to sustain a 
steady balanced relative motion; he, defined in 
Table 1, is the equilibrium slope of the isopycnic 
surfaces due to rotation of the fluid; and finally 
hi <Hl,  h; tH, are deviations due to the non- 
steady motion. 

I n  each layer the basic flow Ck, in gradient 
balance and independent of height, is given by 

.iii/r + 2aQk -dqk/dr = 0, k = 1,2 .  (15) 
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Consequently, the vertical shear is concen- 
trated discontinuously a t  the interface. We seek 
conditions for stability of this flow to disturb- 
ances governed by the linear system (k = 1,2):  

a l a  I d  1 84, -uk + ti, - - u, + v,- - ti, r + 2nv, = - - - , 
at r a6 r dr r a6 

l a  a 
at r a6 ar 
a"k + tik - - v, - 2tikuk/r - 2 ~ u ,  = - - +,, 

a l a  

at r a6 
- (h, - h,) + a,- - (h, -4 )  

) a 
(:r a6 

+-' - r v , @ l + - u l @ l  = O ,  (18)  

= 0 ,  

(19) 

where unprimed variables u,, vk and h, now 
denote perturbations and 

4, = gh,, (20 a) 

@, = H;*[H, + (h, - h,)], ( 2 1  a) 

aZ = Hi ' [H ,  + h, + he - bq]. (21 b) 

The results follow. However, the interested 
reader will find an outline of the development 
leading to the proof in the Appendix. 

3. Results 

The results are displayed most conveniently 
in nondimensional form. Set 

r = Rr,, t = Rt,/U, 

U k ,  vk = u(u*k ,  v*k), k = 1 ,  2 

g(h, + h , )  =2RUR(h*,  +h*, ) ,  

g*(hz +h,)  =2nUR(h, ,  +h, , ) ,  ( 2 2 )  

where R denotes the annulus width, U is a 
characteristic amplitude of the basic flow and 
the subscripted asterisk, which will be dropped 
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hereafter, indicates a nondimensional quantity. 
Nondimensional parameters, appearing in the 
analysis, are: 

R, = U/2!2R Rossby number 

r, = 4WR2/g*Hk Internal rotational 

y, = 4n2Re/gHk External rotational 

P ,  = Rirk = U2/g*Hk Froude number 

Froude number 

Froude number 

(23)  

As before, k is an index symbol. 
Basic state variables satisfy 

Roiii/r i- ti, - d;,/dr = 0,  k = 1,2, (24)  

and the potential vorticity of the basic flow is 
given by 

where (21 a, b) may be expressed as 

a, = Hi'H,( 1 + Ro(y, h, - I?, E , ) ]  = H i ' H ,  5,, 
(26) 

= H;' H ,  5,. ( 2 7 )  

The development in the Appendix provides the 
expression 

H + p1 y,(h, + R, ti, u,y 
HO 

1 H ,  
2 HO 

+ - - r,[(h, - 212, ti, u,)' 

+ (h, + 2R0 ti, u$] 
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where the nondimensional quantities are de- 
fined above. 

If all the coefficients in (28) are positive the 
pcrturbation energy may increasc initially at  
the expense of the remaining terms but it 
must remain bounded for all time. As a conse- 
quence, stability of the flow (24) is assured if 

R,a,l (dq,ldr) ' 0, (29 a )  

- bq/H,] < i. (29 d )  

Note that the derivation leading to (29) re- 
quires a t  least one of .ii,+O. 

Beforc we consider the range of parameters 
encompassing some realistic geophysical fluid 
flows, it is instructive to consider some par- 
ticular cases covered by these criteria (29). In 
quasi-geostrophic flow R, < 1 ,  rk = O( l), yk < 1 ,  
F ,  < 1.  The stability criteria reduce to Pedloskys 
(1964) results, without the B term present, 

Cl/(dh/dr) > 0, (30 a) 

(31 a) 

(31 b) 

The absence of gravity waves as allowable 
disturbance modes is made evident by the 
omission of (29c, d )  in the present case. (These 
additional terms will be considered later.) 

The reader is referred to Pedlosky's paper 
for further discussion of the quasi-geostrophic 
model. 

In general, four principal features affect the 
stability of the basic flow: horizontal and ver- 
tical shear of C, the stretching of vortex tubes 
due to the non-uniform slope of the interface 
and free surface and the relative magnitude of 
the ratio of la,[ to the phase speed of internal 
gravity waves that may propagate in each fluid 
layer. 

The form of the stability condition expressed 
by (29a, b) or (30a, b) is a more general re- 
presentation of the classical Rayleigh-Fjartoft 
inflection-point theorem for the stability of 
homogeneous, rectilinear, two-dimensional shear 
flow 

C/(d2.ii/dy2) > 0 (32) 

where y is the cross-stream coordinate. The 
physical interpretation of the criterion in terms of 
the momentum transfer by the Reynolds stress 
is discussed, for example, by Taylor (1915) 
and Drazin & Howard (1966). It is well-known 
that the same consideration applies when this 
interpretation is applied to the potential vor- 
ticity, which takes into account the first three 
features of the basic flow noted above. However, 
two limiting cases are worthy of emphasis here. 
In  homogeneous shear flow barotropically un- 
stable disturbances may grow only a t  the ex- 
pense of basic flow kinetic energy, when either 
(32) or in our cylindrical geometry 

C/"( '"ra)  dr r dr > o  (33) 

is not satisfied. On the othcr hand suppose Cl 
and 6, are constants, independent of r ,  y,, 
y z < l ,  b = O  and curvaturc of the flow is ig- 
norod. Thcn (29a, b) reduce to 

Cl/(C2 -C1) > 0, (34 a) 

CZ/(C1 -Cz) > 0. (34b) 

Thew conditions, expressed by (34), cannot be 
satisfird simultaneously by any preassigned 6, 
and a,. Thus a necessary condition for instability 
is met which is, in fact, a sufficient one (e.g., 
Huppert, 19G8). This case is usually referred 
to as baroclinic instability in quasi-geostrophic 
theory or Kelvin-Helmholtz instability, when 
gravity-waves are allowable disturbance modes. 
In either case, the store of available potential 
energy in the basic flow maintains the unstable 
disturbances. 
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The conditions expressed by (29c, d)  show 
that stability is only assured, assuming (29a, b) 
are satisfied, if I Q k l  < (FG15,/2)+.  

However, if either Q, or Q, is zero, (8 ,  or 
41 = 0), then inspection of (A3) shows that there 
is stability if 

- 

ROQll(dq1ldr) ' 0, (35 a) 

FIQ;/gl < 1 (35 b) 

or RoQ,l(dq,ldr) ' 0, (36 a) 

Fp.ii;/5, < 1. (36 b) 

Moreover, analyses of stably stratified layered 
models usually establish (35b) or (36b) as an 
inertial stability criterion (e.g., Stommel, 1965, 
pp. 129-130) or as a condition that must be met 
to avoid the possible occurrence of an internal 
hydraulic jump (e.g., Long, 1954). It is not 
clear, from physical considerations, why rela- 
tively arbitrary depth variations, hl(r )  and 
h,(r) ,  in both layers lead to the more stringent 
conditions expressed by (29c, d). It is noted 
however that a reduction in the critical internal 
Froude number does occur in Long's analysis 
when depth variations due to bottom topo- 
graphy are permitted. 

It seems that little more can be concluded 
about the stability characteristics of the present 
model. Computations of the unstable eigenval- 
ues for particular flows must be accomplished 
before the role of both the nongeostrophic baro- 
tropic and baroclinic mechanisms becomes 
clarified, particularly in relation to the relative 
magnitude of P,fi,/g,. 

In spatially continuous flows of a stratified 
fluid described by, say, a Boussinesq model, the 
gradient Richardson number 

J = N2/ (d f i /d z )2 ,  (37) 

where N2 = -gd In &dz, rather than F,Q,/$, 
appears as a relevant parameter in stability 
analyses. At present, one may only speculate 
whether or not the criteria for stability may be 
expressed simply, as in (29), by a restriction on 
the vorticity distribution together with a critical 
value of .I or if stability conditions depending 
only on basic-state parameters can, in fact, be 
established. Computations of the instability 
characteristics of flows in a nonrotating Bous- 
sinesq model, introduced previously (Blumen, 
1971b) are currently underway with these 
questions in mind. Extension to the present 
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2 - m a 9 4  

model and, ultimately, to continuous flows 
and density stratification is anticipated. 

Characteristics of the mid-latitude jet stream 
and the Gulf Stream, between the Florida 
straits and Cape Hatteras, have been presented 
by Newton (1959) and Stommel (1965) re- 
spectively. Typical parameter values are simi- 
lar in both systems, with 

R 0 ~ 0 . 4 - 1 . 0 +  

rl, rz = o(1) 

Y19 Ya<l 

where the higher values are usually more char- 
acteristic of the jet stream. Nonetheless, Stom- 
me1 has indicated that internal Froude numbers 
close to "critical" values ( F l ,  F ,  = 1)  may be 
attained in the Gulf Stream. It is in flow re- 
gimes with these characteristics where the 
present results should be most applicable. 

In laboratory prototypes of atmospheric and 
oceanic flows as exhibited by Hart (1972), for 
example, some of the external parameters are 
constrained to the extent that the free surface 
should not intersect the interface nor should 
the interface intersect tho bottom boundary. 
Some limiting values may be estimated from an 
inspection of (26) and (27). 

Finally, a bound on the growth rate follows 
directly from eq. (A 1). We assume 

a/at -+ 20, 

a/a8 + im (38) 

where u, denotes the growth rate and rn is the 
azimuthal wave number, a positive integer. 
We make use of the inequality 

21211 1 2 2 1  I z 1 l Z +  I z z l B  (39) 

and obtain, in nondimensional terms, 

xmz(e) u: + v; + r o l y l  u -u 

max 
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where yo and ro are defined in ( 2 3 )  by k = O .  
Consequently, 

I n  rectilinear flow mlr is replaced by a ,  the x- 
wave number, and the r-1 terms do not appear. 
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Appendix 

The method of proof is a straight-forward 
extension of the Drazin-Howard (1966) deriva- 
tion of the Rayleigh-Fjmrtoft inflection point 
theorem for homogeneous shear flow. Follow- 
ing the established procedure with the pertur- 
bation equations ( 1 6 1 9 )  while making use of 
the assumption g*<g, we obtain the energy 
equation 

h, 1 ah + @2~,~,rz- :) + ( t i - 6 , ) g -  H , r  - _p a0 

as well as the desired form of the potential 
vorticity equation 

where variables are defined in Table 1 .  
Note that 

1 
- (Srh: + 26,  u1 h,] + g*[hi + 2(.ii, u2 - 6, u,)] 
2HO 

% i 2HO (B(h, + u-)' + Jg*[ (h* - 2 3 ,  

+ ( h 2 + 2 y ) 2 ] }  - S*H, ~ (Q::U;"+Q;U;).  
1 

Then the addition of ( A l )  and (A2),  noting 
(A3) ,  yields the integral relation (28),  which is 
expressed in nondimensional form. 
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YCTOmW4BOCTb ABYCJIOmHOm MOAEJIU XMAKOCTM IIO OTHOIIIEHUIO 
H: HEI’EOCTPO@BYECKUM B 0 3 M Y w E H B R M  

BMBO~~HTCH AOCTaTOYHbIe yCJI0BAH YCTOfiYH- 
BOCTM JlMHefiHOfi HeBH3HOfi  ABJ’CJIOfiHOfi MOfieJIM 
OTHOCMTeJlbHO H e r e O C T p O ~ M 9 e C K H X  B03MYIUe- 

CKOPOCTA P O C T a  HeyCTOf iqHBbIX B 0 3 M Y Q e H H f i .  

CBOfiHTCH K p e 3 y J l b T a T a M ,  yCTaHOBJleHHbIM neg- 
JIOCKM (1964) B P a M K a X  KBa3HreOCTpO@WfeCKOf i  

HHB. HaXOAMTCR T a x m e  npenenmoe 3 ~ a q e ~ ~ e  

Horfia w m o  P O C C ~ A  Ro<l,  BTM YCJIOBAH 

T e o p H u .  H a c T o m q a i i  a H a x m  0 6 e c n e s a ~ a e ~  T e o -  
p e T M 9 e C K y m  OCHOBY AJIH AaJ IbHef i I l IAX HCCJIeaO- 
B a H U f i  IIOTOKOB, X a p a K T e p H 3 y e M b I X  CMJlbHOfi 
K O H q e H T p a q M e f i  r O P H 3 0 H T a J I b H O r O  HMIlyJ IbCa ,  

CTAKH aTMOC@epHbIX C T p y f i H b I X  TeYeHHf i  M 
r O J I b @ C T p H M a  HaBOAHT H a  MbICJIb 0 IIpAMeHM- 

K o r A a  Ro Q O( 1). Ha6nm~ae~b le  x a p a K T e p M -  

MOCTA K HAM ~ a n a r a e ~ o f i  T e o p m .  
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