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ABSTRACT 
The preliminary results of an investigation of the rehtionships, on an ordinal scale, 
between particular measures of the “accuracy” (the validity measure) and “value” 
(the utility and expected-utility measures) of probability forecasts are described. For 
individual, comparable forecasts the validity measure represents an ordinal measure 
on utility and expected utility, i.e., the validity measure is able to order, or rank, fore- 
casters and/or forecast procedures according to the utility or expected utility of their 
forecasts. Although forecasts, in general, are not often comparable, all forecasts are 
comparable in two-state, i.e., “weather-no weather”, situations and, in addition, these 
relationships can he expected to hold in most situations in which forecasts are nearly 
comparable. For collectiom of individually comparable forecasts similar reIationships 
hold between average validity and average utility and expected utility in certain special 
situations. The nature of the relationships and scope of the results in both general and 
special situations are indicated by means of sample collections of forecasts. 

1. Introduction 

Meteorologists concerned with the problem 
of forecast evaluation have speculated, from 
time to time, about the existence of relationships 
between the “accuracy” and “value” of fore- 
cats in general and probability forecasts in 
particular (see, for example, Brier & Allen, 
1951; Johnson, 1957; Murphy & Epstein, 1967). 
Of course, the relationships, on an  absolute or 
even on an interval scale, between measures of 
the attributes “accuracy” and “value” can be 
expected to differ from measure to measure as 
well as from situation to situation. However, 
in comparative evaluation, in which meteoro- 
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logists are concerned with the relative “accuracy” 
and “value” of forecasts prepared by two (or 
more) forecasters or forecast procedures, the 
relationships, on an  ordinal scale, between 
measures of these attributes are of interest. 
Furthermore, in view of the difficulties inherent 
in any attempt on the part of meteorologists 
to determine the absolute or relative “value” 
of their forecasts directly, the relationships 
between the relative “accuracy” and relative 
“value” of such forecasts are of particular 
interest. 

The problem of concern can be described as 
follows: If two forecasters, A and B say, prepare 
forecasts for the same situations and if A’s 
forecasts are more “accurate” than B’s fore- 
casts, then what if any relationships exist, on 
an  ordinal scale, between the “value” of A‘s 
and B’s forecasts and what if any assumptions 
must be satisfied for these relationships to 
hold? 

The purpose of this paper is to  briefly 
describe the preliminary results of an investiga- 
tion of the ordinal relationships between partic- 
ular measures of the “accuracy” and “value” of 
probability forecasts. These and other related 
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results are discussed in greater detail by Mur- 
phy (1971b). Since we are concerned in this 
paper with the relationships between measures 
of “accuracy” and “value” in general, we shall 
not be concerned with the formulation or 
description of evaluation measures which may 
be measures of “value” in particular situations. 
For examples and detailed discussions of such 
measures, refer to Epstein (1969), Murphy 
(1966, 1969, 1970, 1971b, 1972), and Stael von 
Holstein (1970). 

In  Section 2 we identify a measure of “accu- 
racy’’, the validity measure, and two measures 
of “value”, the utility and expected-utility 
measures, which are appropriate when the 
meteorologist’s knowledge of the “values” of 
concern is complete and incomplete, respec- 
tively. The relationships, on an ordinal scale, 
between these measures are described in 
Section 3 for individual forecasts and collec- 
tions of forecasts in general N-state (N > 2 )  
and special two-state (N = 2)  situations. The 
two-state, i.e., “weather-no weather”, situation 
receives special attention because this situation 
is of particular interest to meteorologists and 
because certain ordinal relationships between 
these measures of “accuracy” and “value” hold 
in general in this situation. In Section 4 we 
present sample forecasts and consider both 
general and special situations which indicate 
the nature of the relationships and scope of the 
results. Section 5 consists of a brief summary 
and conclusion. 

2. Measures of “Accuracy” and “Value” 

We shall assume that the forecasts of concern 
are subjective probability forecasts defined on a 
set of N mutually exclusive and collectively 
exhaustive states {a1, ..., sN}. Then, a forecast 
is a vector r = ( r l ,  . . ., rN) ,  where rn 30 and 
Xnrn = 1 ( n  = 1, . . ., N), in which r,  expresses, in 
probabilistic terms, the meteorologist’s “degree 
of belief”, or judgment, that state s, will obtain. 
(Alternatively, the forecasts of concern could 
have been formulated by two or more “objec- 
tive” probability forecasting procedures.) 

The set R of all possible forecasts, where 

R =  { (v l ,  ..., vN) I rn> 0, z r ,  = 1; n = 1, ..., N} (1)  

represents a regular (N-1)-dimensional simplex, 
in which each point corresponds to a particular 

n 

forecast (and vice versa). A regular simplex 
is a unit line segment in two-state situations, 
an equilateral triangle in three-state situations, 
and a regular tetrahedron in four-state situa- 
tions (see Pontryagin, 1952, pp. 10-12; see 
also Murphy, 1971 b). Within the framework of 
the regular simplex R, the (euclidean) distance 
between two points r and r’ is D(r ,  T I ) ,  where 

Ln-1 J 

Note that if we assume that the vector d = 

(dl, ..., dN) ,  where d,, equals one if state s, 
obtains and zero otherwise, denotes an observa- 
tion, then the N vertices of the simplex R 
represent the N possible observations (as well 
as the N possible categorical forecasts). 

2.1. A measure of “accuracy” 
“Accuracy” is a general term which refers 

to the “correspondence” between forecasts and 
the relevant observations. When the forecasts of 
concern are probability forecasts, the term 
which describes the correspondence between 
forecasts and observations is validity (see, for 
example, Murphy & Epstein, 1967; Winkler & 
Murphy, 1968; Murphy & Winkler, 1970). At 
least two aspects of validity can be identified: 
(1) primary validity which refers to the corre- 
spondence between forecasts and observations on 
an individual basis and (2) secondary validity 
which refers to the correspondence between 
forecasts and observations on a collective basis 
(see Murphy & Winkler, 1970). I n  this paper we 
are concerned only with primary validity, 
which we shall refer to simply as validity. 

As a measure of validity, we consider only the 
validity measure V ( r , d )  (Winkler & Murphy, 
1968; Murphy, 1971b), where 

N 

V ( r ,  d )  = 1 - (1/2) 2 (T,, - d,)’ (3) 
n=1 

Note that the range of V ( r , d )  is the closed 
unit interval [0, 11 and that, if state a, obtains 
(i.e., if d, = l ) ,  V(r ,  d )  equals one when r, = 1 
(T  completely valid) and zero when T ,  = 1 ( i i j )  
( r  “completely” invalid). 

The measure V(r ,  d )  is equivalent, i.e., line- 
arly related, to the probability score PS(r, d )  
(Brier, 1950) and the quadratic scoring rule 
Q(r, d )  (see Winkler & Murphy, 1968). In partic- 

Tellus XXlV (1972), 6 



“ACCURACY” AND “VALUE” OF PROBABILITY FORECASTS 633 

ular, V(r,d) = 1 - (1/2) PS(r, d )  and V(r, d )  = 

(1/2) [ l  +&(r,d)]. Thus, the measure V(r, d )  
is a strictly proper scoring rule (Winkler BE 
Murphy, 1968). 

Within the geometrical framework of the 
simplex R, the distance D(r, d )  between r and d 
is a natural measure of validity. Note, from (2) 
and (3), that 

V(r, d )  = 1 - (1/2) Da(r, d )  (4) 

Thus, the measure V(r, d )  is also equivalent to 
the square of the distance measure D(r, d).  

2.2. Measurea of “value” 
As Fishburn (1964, p. 2) indicates, “value . . . 

has meaning only ... within the context of a 
decision situation”. The decision situations of 
concern in this paper can be described in terms 
of their primitive elements: a decision maker 
(DM); a set of M admissible actions {al, . . ., aM}; 
a set of N mutually exclusive and collectively 
exhaustive states {sl, ..., sN}; a set of MN 
consequences {oll, . . ., oMN} (consequence om, 
results when the DM selects action a ,  and state 
8, obtains); a matrix U =(urn,,) of the DM’s 
“values”, or utilities, on the consequences (the 
utilities express the DM’s preferences for the 
consequences); a vector p = (p l ,  . . ., pN), where 
pn 2 0 and &pa = f (n = 1, . . ., N), which express- 
es, in probabilistic terms, the DM’s judgments 
on the states; and a decision rule, according to 
which the DM selects the action am for which 
his expected utility u,, where 

N 

is a maximum. Note that we assume that the 
DM’s set of states is identical to the meteoro- 
logist’s set of states. We also assume that the 
DM adopts the meteorologist’s forecast r as 
his judgment p, in which case u, in (6) becomes 

N 

urn= C rnurnn ( 6 )  
n-1 

These decision situations can be depicted 
within the framework of the simplex R. Speci- 
fically, the set R is subdivided into M convex 
subsets R,, where 

R, = {(P~, ..., mN) I P, 
for all m’+m; m, m‘ = 1 ,  ..., M; n = 1, ..., N }  
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0 , x  rn = 1, U ,  > urn, 
n 

(7) 

The subset R, represents the set of all forecasts 
for which the DM prefers action a,,, to the 
other M - 1  actions. [Note that the set of fore- 
casts for which urn =urn., i.e., for which the DM 
is indifferent between actions a, and a,,, is 
not contained in subsets R, or R,.. Such sets, 
which represent (N-2)-dimensional indifference 
hyperplanes, are not of particular importance 
and are not considered in this paper.] Hereafter, 
r € R m  will denote that the forecast r “belongs 
to” the subset R,,,. 

Note that, within this framework for decision 
making, in which “value” is expressed in terms 
of utility, the consequence that results, and 
hence the utility of that consequence to the 
DM, depends upon the forecast r. Thus, the 
utility of the consequence of concern is a natural 
measure of the “value” of r to the DM. If we 
denote this utility measure by U(r, d ) ,  then 

where 

1 ifrER, 
0 otherwise 

6, = (9) 

m e n  r E R, and d, = 1, U(r, d )  is simply wmn.] 
Now, if we assume that the most arid least 
preferred consequences can always be identified, 
then the utility matrix U =(urn,,) can be tram- 
formed into a stundurd utility matrix U’= 
(uhn), in which 0 <uLn < 1 (see Murphy, 1972). 
Hereafter, we shall assume that the matrix 
U - (uma) is a standard utility matrix, in which 
case the range of the utility measure U(r,d) 
is the closed unit interval [0,1]. The measure 
U(r, d )  is a proper, but not a strictly proper, 
scoring rule (see, for example, Murphy, 1971b; 
Stael von Holstein, 1970). 

Since the measure of “value”, U(r, d) ,  involves 
the DM’s utilities, the meteorologist’s knowledge 
of these utilities must be considered. We identify 
two possible states of the meteorologist’s knowl- 
edge: (1) State 1-the meteorologist’s knowl- 
edge is incomplete and ( 2 )  State 11-the mete- 
orologist’s knowledge is complete. The specifica- 
tion of the appropriate meaaures of “value” 
for these states of knowledge can be described 
aa follows: (1) State I .  The meteorologist’s 
knowledge of the utilities is aasumed to be 
expressed in terms of a probability distribution 
P( U )  = P(ull, . . ., uMN). (The subjective inter- 
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pretation of probability, the interpretation to 
which we subscribe, prescribes that the mete- 
orologist can always express his knowledge of 
the DM’s utilities in probabilistic terms.) A 
natural measure of the “value” of the forecast 
r to the DM in this situation is the expected- 
utility measure E U(r,  d ) ,  where 

The range of the measure EU(r ,  d )  is, of course, 
the closed unit interval [0,1]. With regard 
to the “form” of the distribution F ( U ) ,  we 
identify two substates of this state of the 
meteorologist’s knowledge: (i)  substate (a) -  
F (  U )  “defines” a discrete probability function 
or a probability density function which is not 
strictly positive and (ii) substate (b)-F( U )  
defines a strictly positive probability density 
function. The measure EU(r ,  d )  is a proper and 
strictly proper scoring rule in substates (a )  and 
( b ) ,  respectively (see Murphy, 1971b). ( 2 )  
State I I .  The meteorologist’s knowledge of the 
utilities is assumed to be complete, i.e., the 
meteorologist is assumed to be able to specify 
the utilities. Thus, the State I1 situation is a 
special case of the State I situation, in which 
the probability distribution F( U )  is concent,rated 
at the “point” U =(urn,). In  such a situation 
the expected-utility measure EU(r ,  d )  “reduces 
to” the utility measure U(r ,  d ) ,  and the latter 
represents the appropriate measure of “value”. 

Heretofore, we have assumed, a t  least implic- 
itly, that the meteorologist’s forecast is 
utilized by only one DM and that, in this 
“one-on-one” situation, the distribution F (  U )  
expresses the meteorologist’s knowledge of the 
DM’s utilities. In “one-on-many” situations 
in which the meteorologist’s forecast is utilized 
by many DMs, the distribution F (  U )  (in State I) 
can be considered to represent the distribution 
of the different DMs’ utilities (see Murphy, 
1966; Murphy & Winkler, 1970). 

3. Ordinal Relationships: Results 

We shall denote the distance between A’s 
forecasts and the relevant observations, as 
measured by D(r, d) ,  by DA; the validity of A’s 
forecasts, as measured by V(r,  d ) ,  by VA; and 
the utility and expected utility of A’s forecasts, 
as measured by U ( r , d )  and E U ( r , d ) ,  by U A  

and E UA, respectively. Similarly, we shall 
denote the distance, validity, and utility and 
expected utility of B’s forecasts by DB, VB,  
UB and E U B ,  respectively. 

3.1. Individual forecasts 
The validity measure V ( r ,  d )  is, from (4), a 

strict& decreasing function of the distance 
D(r, d )  between r and d (see Section 4 and Figs. 
1 and 4 for the two-state and three-state situa- 
tions, respectively). That is, if D A  > DB, then 
V A  < VB.  (We shall consider only the situation 
in which D A  DB. I f  D A  < DB, then we can 
relabel the forecasters. Note that forecasts for 
which D A  = DB are not considered.) 

The utility measure U ( r ,  d ) ,  a step function 
in N-1 dimensions, is not, in general, a decreasing 
(or an increasing) function of the distance 
D(r ,  d ) .  [This statement and other similar 
statements in this section have been proved by 
Murphy (1971b).] Specifically, if D A  > DB, then 
either U A > U B  or U A G U B .  However, the 
measure U ( r ,  d )  is a decreasing function of 
directed distance (see Section 4 and Figs. 3 and 
6 for examples in the two-state and three-state 
situations, respectively). The directed distance 
is the (euclidean) distance D(r, d )  between r and 
d on the line segment through r and the vertex 
of the simplex R which represents d.  We shall 
refer to two forecasts as cornparable if they 
correspond to points on the same line segment 
through the vertex which represents d.  [When 
two forecasts are comparable certain relation- 
ships exist among the ratios of the components 
of the forecasts. For example, in a three-state 
situation in which state s, obtains, i.e., in 
which d,  = 1, the forecasts r A  and rB(rA+rB) are 
comparable if $/r: = rt /r:  = ( 1 - $)I( 1 - ry ) ( i ,  i, 
k = 1, 2, 3; i+k ;  i, k+.j).] Thus, if A’s and B’s 
forecasts are comparable and if D A  >DB,  
then U A  < UB. 

The expected-utility measure EU(r, d ) ,  in 
substate I(a), is also a decreasing function of 
directed distance. However, in substate I ( b ) ,  i.e., 
when the distribution F ( U )  is such that a 
strictly positive density function exists, the 
measure EU(r ,  d )  is a strictly decreasing function 
of directed distance. That is, if A’s and B’s 
forecasts are comparable and if D A  > D B ,  
then E U A  < EUB.  

The relationships, on an ordinal scale, between 
the measures of concern are summarized in 
Result 1. 
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Result 1 ( N  States, One Foremt)  
Assumption. A’s and B’s forecasts are compar- 

able. 
Resulte. (1) State I :  (i) substate (a)-If VA > 

VB, then E U A > E U B .  (ii) substate (b)-If 
VA > VB, then EUA > EUB. (2) State 11: If 
VA VB, then UA > UB. 

Thus, for individual, comparable forecasts, 
the validity measure V ( r ,  d )  represents an 
ordinal measure on utility and expected 
utility, i.e., the measure V(r ,  d )  is able to 
order, or rank, forecasters according to the 
utility or expected utility of their forecasts. 

Unfortunately, A’s and B’s forecasts are not 
often comparable. However, on many occasions 
the forecasts may be “nearly” comparable, 
i.e., the forecasts may correspond to points on 
two line segments which are “close” to one 
another. On such occasions the measure V ( r ,  d )  
represents an ordinal measure on utility and 
expected utility for most, but not all, decision 
situations and states of the meteorologist’s knowl- 
edge (or distributions of the DMs’ utilities). 

Note that in two-state ( N  = 2 )  situations, in 
which the utility measure U(r ,  d )  is a step 
function in one dimension with M-1 steps, the 
simplex R is a (unit) line segment and, as a 
result, distance and directed distance are 
identical. Thus, all forecasts are comparable in  
two-state situations. Therefore, the relationships 
under Result 1 hold, in general, in two-state 
situations. (Since strictly proper scoring rules 
are strictly decreasing or increasing functions 
of distance in two-state situations, this result 
holds for all such scoring rules. If the scoring 
rule of concern is a strictly increasing function 
of distance, then certain inequalities in Result 1 
must be reversed.) 

3.2. Collections of forecasts 
For collections of K ( K  > 1 )  forecasts, we shall 

be concerned with the relationships, on an 
ordinal scale, between the average “accuracy” 
and average “value” of the forecasts. 

Although the validity V(r, d )  represents an 
ordinal measure on the utility U ( r ,  d )  and 
expected utility EU(r ,  d )  for individual, com- 
parable forecasts, the average validity v ( r ,  d )  
is not, in general, an ordinal measure on the 
average utility o ( r ,  d )  or average expected 
utility EU(r, d )  for collections of individually 
comparable forecasts. However, we can identify 

Tellus XXIV (1972), 6 

two special situations, in which, under certain 
assumptions, average validity is an ordinal 
measure on average utility and average expected 
utility: (1) Situation 1-K forecasts for K 
(different) decision situations and (2) Situation 
2-K forecasts for one decision situation (i.e., 
K forecasts on K different occasions for the 
same decision situation). 

The relationships, on an ordinal scale, 
between the measures of concern in Situations 
1 and 2 are summarized in Results 2.1 and 2.2, 
respectively. 

Result 2.1 ( N  States, K Forecasts, K Decision 
Situations) 

Assumptions. (1) VA, > VB,for all k (k = 1, . . ., 
K )  and (2) A’s and B’s forecasts are individually 
comparable. 

Results. The relationships under Result 1 
hold for average validity, average utility, and 
average expected utility. 

Result 2.2 ( N  States, K Forecasts, One Decision 
Situation) 

Assumptions. (1) VA,,, > VB,,, for all k (k = 1, 
..., K ) ,  where VA,,, and VB,,, represent the 
order statistics (Wilks, 1962, pp. 234-245) of 
the validities of A’s and B’s forecasts, respec- 
tively, and (2) A’s and B’s forecasts are indi- 
vidually comparable. (Note that in this situa- 
tion the forecasts are assumed to be comparable 
after the order statistics have been obtained.) 

Results. The relationships under Result 1 
hold for average validity, average utility, and 
average expected utility. 

Thus, for collections of individually compar- 
able forecasts, the average validity r ( r ,  d )  
represents an ordinal measure on the average 
utility o ( r ,  d )  and average expected utility 
EU(r ,  d )  in these two special situations. 

The assumption that VAk>VB, for all L, 
which yields Result 2.1, is, of course, a very 
restrictive assumption. That is, collections of 
A’s and B’s forecasts will not often satisfy this 
assumption. The assumption that VA,,, > VBIk, 
for all k, which yields Result 2.2, is somewhat 
less restrictive. However, in this special situation 
we also assume that the forecasters are con- 
cerned with the same decision situation on the K 
occasions (and that the forecasts are comparable 
after the order statistics have been obtained). 

Recall that all forecasts are comparable in 
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Fig. 1. The validity memure V ( T ,  d )  in the two-state 
situation. The solid (dashed) curve denotes V(r, d )  
when state sl(ss) obtains [i.e., when d,(d,) = I]. 

two-state situations. Thus, the relationships under 
Results 2.1 and 2.2 hold under somewhat less 
restrictive assumptions in such situations. 

4. Ordinal Relationships: Illustrations 

In this section we present sample forecasts 
and consider general and special situations which 
illustrate the nature of the relationships and 
scope of the results described in Section 3. For 
the purposes of this presentation, we consider 
two-state ( N  = 2 )  and N-state ( N  > 2 )  situa- 
tions separately in 4.1 and 4.2, respectively. 

4.1. Two-state ( N  = 2) situations 
Recall that in two-state situations all fore- 

casts are comparable (see 3.1). 
In Fig. 1 we depict the validity measure 

V ( r ,  d )  in the two-state situation. [The coordi- 
nate system used to depict forecasts in Fig. 1 
is a “length” coordinate system, in which the 
distances between the point which represents a 
forecast and the end points of the unit line 
segment are the two components of the fore- 
cast. In  N-state situations the length coordi- 
nate system becomes a “content” coordinate 
system, in which the distances between the 
point which represents a forecast and the 
“faces” of the ( N -  1)-dimensional simplex are 
the N components of the forecast (see Springer, 
1964, pp. 119-122).] Note that, as indicated in 
3.1, the measure V ( r ,  d )  is a strictly decreasing 
function of the distance D(r ,  d) .  That is, 

a3 113 2/3 u3- (1/3)r1+ (2/3)r2 
Probability 

vector 2 ‘1 ‘2 

Expected-Utility Decision Rule 

al i f  r e R1 (i.e., i f  rl> 2/3) 

a2 i f  ‘e R2 (i.e.- i f  112 < rl< 213)  

a i f  E R3 ( 1 . e . .  i f  rl< 112) 

Simplex Representation 

R 

R3 

O(1) 1/2(1/2) 2/3(1/3) l(0) 
r1(r2) 
dl(d2) 

Fig. 2. A particular three-action-two-state decision 
situation, the expected-utility decision rule in this 
situation, and the simplex representation of this 
situation. 

V ( r ,  d )  decreases as the distance between r 
and d increases. 
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Table 1. Sample collections of ten forecasts prepared by forecasters A and B, the relevant 
observations, and the distances, validities, and utilities of the foremats according to measures 
D(r,  d) ,  V(r ,  d) ,  and U(r,  d) ,  respectively, for two-state situations (the untilies relate to the deciaim 
situatbn depicted in Fig. 2 )  
~~ ~~ ~ 

Distance Validity Utility 
Fore- Forecasts Obser- meesure measure measure 
cast z = (r,, r9) vation D(r, d )  V(r, 4 U(r, 4 
no. d = (4, 4)  
k e e ‘k DAk DBk VAk vBk UAk UB, 

1 
2 
3 
4 
6 
6 
7 
8 
9 

10 
Ave 

(0.20, 0.80) 
(0.35, 0.66) 
(0.80, 0.20) 
(0.60, 0.40) 
(0.90, 0.10) 
(0.25, 0.75) 
(0.06, 0.95) 
(0.15, 0.85) 
(0.86, 0.16) 
(0.40, 0.60) 

)rage 

(0.25, 0.76) (0,l) 
(0.30, 0.70) (0,l) 
(0.60, 0.40) (1,O) 
(0.65, 0.36) (0,l) 
(0.86, 0.15) (1,O) 
(0.20, 0.80) (0,l) 
(0.10, 0.90) (0,l) 
(0.20, 0.80) (0,l) 
(0.76, 0.25) (1,O) 
(0.45, 0.55) (0,l) 

0.20 0.26 
0.36 0.30 
0.20 0.40 
0.60 0.65 
0.10 0.15 
0.26 0.20 
0.05 0.10 
0.15 0.20 
0.16 0.25 
0.40 0.46 
0.246 0.295 

0.98000 
0.93875 
0.98000 
0.82000 
0.99600 
0.96876 
0.9 9 8 7 5 
0.98876 
0.98876 
0.92000 
0.95788 

0.96876 
0.96600 
0.92000 
0.78875 
0.98876 
0.98000 
0.99500 
0.98000 
0.96875 
0.89876 
0.94438 

213 
213 

113 

213 
213 
213 

213 

1 

1 

1 

0.733 

213 
213 
213 
113 

213 
213 
213 

213 

1 

1 

0.700 

In  Fig. 2 we depict a particular three-action- 
two-state decision situation. The utility meas- 
ure U(r ,  d )  in this decision situation is depicted 
in Fig. 3. Note that, as indicated in 3.1, the 
measure U(r, d ) ,  a step function with two steps, 
is a decreasing function of the distance D(r, d) .  
That is, U(r ,  d )  is constant or decreases as the 
distance between r and d increases. 

I n  Table 1 we present sample collections of 
forecasts prepared by forecasters A and B for 
two-state situations. Consider A’s and B’s 
forecasts on the first occasion (k = 1). Note that 
VA, z VB,. Thus, U A ,  > UB, for all decision 

situations. In  particular, for the decision situa- 
tion depicted in Fig. 2 ,  UA, = UB, ( -213). 
Now, consider A’s and B’s forecasts on the 
third occasion (k = 3 ) .  Since V A ,  > VBs, UA, 2 
UB, for all decision situations. For the decision 
situation depicted in Fig. 2, UA, ( = 1) r UB, 
( = 2/3). Thus, as Result 1 indicates, the validity 
measure V(r,  d )  represents an ordinal measure 
on utility for individwll (comparable) fore- 
casts. A similar relationship holds for expected 
utility (in which case the utilities in the decision 
situation of concern are assumed to be random 
variables with a joint probability distribution). 

Table 2 .  The validities and utilities of the forecasts presented in  Table 1 depicted in terms of the 
order statistics of the validities 

A’s forecasts B’s forecasts 

Order Forecast Forecast 
statistic no. Validity Utility no. Validity Utility 
(k) k v A ( k )  uA(k)  k V B ( k )  U B ( k )  

7 0.99500 213 

213 
8 0.98000 213 
1 0.96876 213 

2 0.95500 213 
213 

10 0.89875 213 
4 0.78875 113 

5 0.98875 1 
6 0.98000 

1 7 0.99876 213 

3 8 0.98876 213 

5 1 0.98000 213 

7 6 0.96876 213 
8 2 0.93875 213 

10 4 0.82000 113 

2 5 0.99500 1 

4 9 0.98876 1 

6 3 0.98000 1 

9 10 0.92000 2/3 

9 0.96875 1 

3 0.92000 

Average 0.95788 0.733 0.94438 0.700 
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(0.0, I1 

Fig. 4.  Th- validity measure V(r ,  d )  in the three-state situation when state sI obtains (i.e., when d, = 1). 

Now, consider the forecasts presented in 
Table 1 as two collections of forecasts. Note that 
VAk+ VB, for all k ( k  = 1, ..., 10). Thus, if we 
are concerned with Situation 1, i.e., ten fore- 
casts for ten different decision situations (see 
3.2), then either UA UB or 8 A  4 UB (even 
though VA > VB). In  Table 2 we present the 
validities and utilities of A’s and B’s forecasts 
in terms of the order statistics of the validi- 
ties. Note that VA,,, 7 VB,,, for all k (k = 1, . . ., 
10). Thus, if we are concerned with Situation 
2, i.e., ten forecasts for the same decision 
situation (see 3.2), then U A  > UB. In  particular, 
for the decision situation depicted in Fig. 2, 
UA ( =0.733) > UB( =0.700). Thus, as Results 
2.1 and 2.2 indicate, the average validity 
V ( r , d )  represents an ordinal measure on the 
average utility U ( r ,  d )  [and average expected 
utility EU(r ,  d ) ]  for collections of (individually 
comparable) forecasts in these two special 
situations. However, as indicated in 3.2, 
collections of forecasts, even in two-state 
situations, do not often satisfy the assumptions 
which yield Results 2.1 and 2.2. 

4.2. N-state ( N  >2) situations 
Recall that forecasts are comparable in 

N-state situations only if the forecasts corre- 

spond to points on the same line segment through 
the vertex of the simplex R which represents 
the observation d (see 3.1). We shall consider 
only three-state ( N  = 3) situations. 

In Fig. 4 we depict the validity measure 
V ( r ,  d )  in the three-state situation when state 
.sl obtains (i.e., when d, = 1). (The isopleths of 
validity are, of course, arcs of circles whose 
center is the vertex for which d ,  = l . )  The 

Decision Sltuatlon 

Utility Matrix 

States Expected Utility 

61 82 83 Y 

al 1 0 1/3 ul- rl+ (113)r3 

a4 116 113 213 u4- (1/6)r1+ (113)r2+ (2/3)r3 
Probability 
vector r ‘1 ‘2 =3 

Expected-Utility Decfelon Rule 

a i f  = E R- (m-1.2.3.4) 

Fig. 5. ( a )  A particular four-action-three-state de- 
cision situation and the expected-utility decision rule 
in this situation. 
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Fig. 5. ( 6 )  The simplex representation of the decision situation depicted in Fig. 6 a and the utility measure 
U(r ,  d) in this situation. 

memure V(r ,  d), as indicated in 3.1, is a strictly 
decreasing function of the distance D(r, d) .  
Since the measure V ( r , d )  is a symmetric 
function, V ( r ,  d )  when d8(d,) = 1 can be deter- 
mined from Fig. 4 simply by interchanging the 
labels on the vertices corresponding to states 
8,  and 8&,). 

In  Fig. 5 a  we depict a particular four-action- 
three-state decision situation. The simplex 
representation of this decision situation is 
depicted in Fig. 5 b. The utility measure U(r ,  d )  

in this situation, a “plateau” function on the 
set R, is “depicted” numerically in Fig. 5b. 
If, for example, state a1 obtains (i.e., d, = l ) ,  
then the “height” of the plateau is 1, 213, 113, 
and 1/6 in subsets R,, R,, R,, and R,, respec- 
tively. Note that the measure U(r ,  d )  is adecreas- 
ing function of directed distance, i.e., U(r, d )  
is constant or decreases as the distance D(r ,  d )  
between r and d on any line segment through d 
increases (see 3.1). 

In  Table 3 we present sample forecasts pre- 

Table 3. Sample forecasts prepared by forecasters A and B, the relevant observations, and the 
distances, validities, and utilities of the forecasts according to measures D(r ,d ) ,  V( r ,  d),  and 
U(r ,  d ) ,  respectively, for three-state situutions (the u t i ldks  relate to the decLion eduatwn depicted in 
F@. 5 )  

~~ 

Distance Validity Utility 
Fore- Forecasts Obser- measure measure measure 
cast r = (r,,  r8, r,) vation d = D(r, d )  V(r ,  4 U(r,  4 
no. (dl9 dm 4) 
k e  e d k  DA, DB, VA, VB, UA, UB, 

1 (0.06, 0.40, 0.66) (0.30, 0.16, 0.66) (0, 1, 0) 0.8166 1.0669 0.6676 0.4426 6/6 6/6 
2 (0.16, 0.80, 0.06) (0.30, 0.60, 0.10) (0, 1, 0) 0.2660 0.6099 0.9675 0.8700 6/6 6/6 
3 (0.16, 0.70, 0.16) (0.20, 0.60, 0.30) (0, 1, 0) 0.3674 0.6164 0.9326 0.8100 2/3 6/6 
Average 0.4793 0.7274 0.8668 0.7076 0.778 0.833 
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Fig. 6. The representation of the forecasts presented in Table 3 within the framework of the simplex R 
and the decision situation depicted in Fig. 5.  

pared by forecasters A and B for three-state 
situations. Consider A’s and B’s forecasts on the 
first occasion (k = 1). Note, in Fig. 6, that the 
points rf and r r  do not lie on the same line 
segment through d ( d ,  = 1). Thus, A’s and B’s 
forecasts on this occasion are not comparable. 
Therefore, in general, either UA,>UB, or 
UA, < UB, (even though VAl > VB,). In partic- 
ular, for the decision situation depicted in Fig. 
5, UA,  ( = 213) < UB,( = 516) even though VA, 
( = 0.6675) > VB, ( = 0.4425). Now, consider 
A’S and B’s forecasts on the second occasion 
(k = 2). Note, in Fig. 6,  that the points rf and 7,” 

lie on the same line segment through d (d, = 1). 
Thus, A’s and B’s forecasts on this occasion 
are comparable, and, since VA, 3, VB,, UA, 
UB, for all decision situations. For the decision 
situation depicted in Fig. 5, UA2 = UB, ( = 5/6). 
Thus, as indicated in 3.1, the validity measure 
V ( r , d )  represents an ordinal measure on 
utility for individual, comparable forecasts. A 
similar relationship holds for expected utility. 
Unfortunately, as indicated in 3.1, forecasts are 
not often comparable in N-state situations. 
However, if the forecasts of concern are nearly 
comparable, then these ordinal relationships can 

be expected to hold in most situations. For 
example, A’s and B’s forecasts on the third 
occasion (k = 3) correspond to points on two 
line segments through d which are close to one 
another. Thus, since VAs > VB,, UA, 2, UB, for 
most, but not all, decision situations. 

With regard to collections of forecasts, the 
forecasts presented in Table 3 indicate that, 
unless the forecasts of concern are individually 
comparable, average validity is not an ordinal 
measure on average utility (and average 
expected utility). Note that the forecasts on the 
first and third occasions are not comparable. 
Thus, even though VAk > VBk for all k(k = 1, 2, 
3) (and, as a result, VA> VB), in general, 
either UA>,UB or UA<UB.  In particular, 
for the decision situation depicted in Fig. 5, 
UA( = 0.778) C: UB( =0.833). 

5.  Summary and Conclusion 

We have described the preliminary results of 
an investigation of the relationships, on an 
ordinal scale, between particular measures of 
the “accuracy” (the validity measure) and 
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“value” (the utility and expected-utility meas- 
ures) of probability forecasts. The results indi- 
cate that  the validity measure represents an  
ordinal measure on utility and expected utility 
for individual, cornperable forecasts. That is, 
the validity measure is able to order, or rank, 
forecasters or forecast procedures according to 
the utility or expected utility of their forecasts 
for individual, comparable forecasts. Although 
forecasts in N-state (N > 2) situations are not 
often comparable, this result can be expected 
to hold in most situations in which the fore- 
casts are nearly comparable. I n  addition, all 
forecasts are comparable in two-state (N = 2) 
situations. For collectiolzf, of comparable fore- 
casts the average validity is an ordinal measure 
on average utility and average expected utility 
in special situations, in which certain rather 

restrictive assumptions concerning the relative 
validities of the individual forecasts in the 
collections are satisfied. 

We are presently investigating (1) whether 
such results can be obtained in these and other 
situations under less restrictive assumptions, 
(2) the extent to which the relationships, on an 
ordinal scale, between other measures of 
“accuracy” and “value” differ from those 
described herein, and ( 3 )  the nature of the 
relationships between such measures on scales 
other than an  ordinal scale. 
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IIOPFiaKOBbIE COOTHOIIIEHHR M E X n Y  MEPAMH (cTOZ1HOCTBa €4 ((IJEHHOCTB, 
BEPOFiTHOCTHbIX IIPOI’H030B. IIPEABAPHTEJIbHbIE PE3YJIbTATbI 1 , 2 , 3  

OIIHCbIBaIOTCR I I p e A B a p H T e J I b H b I e  p e 3 y J I b T a T h I  JIe3HOCTM M OHcMAaeMOfi nOJIe3HOCTM) B e p O R T -  
MCCJEAOBPHHH COOTHOlUeHHP B IIOpRAKOBOM HOCTHMX n p O r H O 3 0 B .  AJIR H H A H B H A y a J l b H b l X  
M a C m T a 6 e  Me?KAj’ M e p a M M  UT09HOCTM) ( M e p a  CpaBHMMbIX I I p O r H 0 3 0 B  M e p a  O l I p a B A b l B a e M O C T H  
OIIpaBAbIBaeMOCTH) M UqeHHOCTMb ( M e p a  IIO- I l p e A C T a B J l I l e T  ~06010 IIOPRAKOBYIO M e p y  IIOJIea- 
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HOCTH A o m n A a e M o t i  ~ O J I ~ ~ H O C T H ,  ~ . e .  M e p a  
OIIpaBAbIBaeMOCTH c n o c o 6 ~ a  Y n O P H A O s H T b  HJIU 
PaCCTaBEiTb  no p a H r y  n p O r H 0 3 M C T O B  Ei (HJIR) 
I I p O r H O C T H s e C K H e  l T p O q e n y p b I  B COOTBeTCTBMH C 
IIOJIe3HOCTbIO RJIH O m H n a e M O f t  nOJIe3HOCTbIO 

'4aCTO CpaBHHMbI ,  BCe n p O r H 0 3 b I  CpaBHHMLd no 
~ P O ~ H O ~ O B .  XOTR n p o r H o a M  B o 6 w e ~  cnysae H e  

~ B Y M  COCTOHHHRM, T. e. no cmyaqmm ccnoroga- 
H e n o r o n a a .  K TOMY me MOXHO O m H n a T b ,  w o  ~ T H  
COOTHOUleHHH BbInOJIHHIOTCR B 60JIblIIEiHCTBe 
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