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ABSTRACT 

A hydrodynamic model of a long-range forecasting of planetary waves is described. 
In developing this model a priori meteorological information together with the theory 
of atmospheric instability was used. To solve the filtered multi-level model the spectral 
method of spherical harmonics was applied. The most large-scale harmonics of “cli- 
matic sources” were computed from the acquired data on the state of the atmosphere 
during a long period of time. Heating and dissipation were estimated with the help of 
considerable a priori information. Two series of 10-day forecasts based on real initial 
data are described with a truncated model with 15 (F-16) and 81 (F-81) spherical 
harmonics. Zonal wave numbers m = 0, 1 and 2 are involved in the first variant of the 
model while m=O, 1, 2, ..., 8 are used in the second. If during the time integration 
there occurs a loss of motion stability in respect to long waves, the F-81 model gives 
worse forecast errors than the F-15 does; in the other cases the F-81 model provides 
a better forecast of mean zonal motion and of the longest waves (in all the forecasts 
the first fifteen spherical harmonics were compared). For the forecasts in the stratosphere 
a model is given which allows the forecast errors of the mean zonal motion and ultra- 
long waves to be decreased in cases when the estimation of the nonlinear operator of 
the model by numerical integration shows that the forecast problem becomes condi- 
tionally correct, i.e. comnt only for the most large-scale perturbations. 

The present paper sums up the results of 
several investigations [Kurbatkin, 1970; Kur- 
batkin et al., 1971; Kurbatkin & Sinyaev, 19721 
devoted to the same purpose, i.e. to the devel- 
opment of a hydrodynamic model for a long- 
range forecasting of planetary waves. The mod- 
el is characterized by a wide application of a 
priori meteorological information. The model 
is based on the hypothesis that the range of 
predictability of processes of different hori 
zontal scale is not the same and that the rate 
of growth of forecast errors for the processes 
of the same scale depends on the whole spec- 
trum of the atmospheric motion. 

As small-scale systems call for a more deli- 
cate physical description and, nevertheless, 
the highest rate in the growth of the forecast 
errors lies in this part of the spectrum, we de- 
velop and test several variants of a hydrody- 
namic model with a truncated spectrum of the 
atmospheric motion. In each of these variants 
the “inner” large-scale dynamics of the pro- 
cesses, explicitly predicted by the given model 
makes it necessary to include a t  a certain mo- 
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ment smaller-scale systems for a short period 
of time or, on the contrary, exclude mean-scale 
systems a t  a certain moment and up to the end 
of the forecasting, or possibly to substitute 
them at a certain moment by some statistical 
structures. In developing the model a great 
amount of a priori meteorological information 
together with the theory of atmospheric in- 
stability is used. Such models of high deter- 
minancy are of limited precision, as many 
“random” small-scale processes (“random” in 
respect to explicitly predictable large-scale 
motions) are not predicted by the model. In  
this case a conscientious statistics of a series of 
forecasts with real initial data may prove more 
useful for ti deeper understanding of the nature 
of the atmospheric circulation. 

lo. The first variant of the model is prepared 
for a long-range forecasting of the longest at-  
mospheric waves. The equations of the model 
are as follows (Lorenz, 1960): 

a 
at - V’T,U+ Ifi + V(fVx) = Ffi 



500 0. P. KURBATKIN 

wD= - Aax (3) 

V2@ = - V(fVv) (4) 

P T =  - -  
R an (4) 

ZdP @=p, f=2w,cosO,  o = a  - 
dt ’ 

where the following notations are used: 

t time 
p pressure 
p ,  
I longitude 
0 co-latitude 
y~ stream function 
x 
@ geopotential 
T absolute temperature, 
T,,, mean temperature on isobaric surface 
ya dry adiabatical temperature gradient 
y temperature gradient 
a 
wo 

i, i 

Po 

PT rate of non-adiabatic heating. 

pressure at the sea surface 

velocity potential for the divergent, part 
of wind 

mean radius of the earth 
angular velocity of the rotation of the 
earth 
unit vectors directed to the east and to 
the south 
rate of eddy change due to the vertical 
and horizontal turbulent viscosity 

The spectral method of spherical harmonics 
wm applied for the solution of the model. The 
geopotential field was approximated by the 

truncated series expansion in the spherical 
functions: 

The longest atmospheric waves are known to 
consist of: (a) a slowly changing (climatic) 
component generated mainly by the earth 
surface heterogeneity and (6 )  a rapidly changing 
component generated mainly by the interac- 
tion of the waves of a mean cyclonic scale, the 
second component being not larger than the 
climatic one. Considering the nature of the 
longest waves paper (Kurbatkin, 1970) formu- 
lated a problem of calculation of the most large- 
scale harmonics of functions Fn(0, 1, p ,  t )  and 
PT(O, 1, p ,  t )  from the known data on the state 
of the atmosphere during a long period of time. 

Functions Po and PT were divided into two 
parts each: 

F~ =*de, a, P, $1 + G c o .  a, P, t )  

FF = @T(O, 1, p, t )  + &(@, 1, P, t )  

Operation ( ) means averaging for some years 
on the same calendar day. Thus, f’n and 8, 
possess annual variation; they form and main- 
tain slow climatic changes of the longest atmo- 
spheric waves in our model (it is known that 
the basic climatic components are a zonal part 
and ultralong waves). 

Applying the boundary conditions 

withp=O: w = O  

where H is the height of the uniform atmosphere, 
E(0, 1) is the height of the mountains, and con- 
sidering equations ( 1 ) - ( 5 )  as diagnostic, total 
function of “climatic sources” was calculated 
according to the real data with a 24-hour in- 
terval as the first step 
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Q+ 

at ap 

where D ( A )  = V [ f V ( V - z A ) ]  and the stream func- 
tion y was calculated from the daily data on 
the geopotential with the help of the balance 
equation V z @  = V ( f V y ) .  

Equation (6) is a particular case of the po- 
tential vorticity equation. I n  the presence of 
viscosity forces and heat sources it was thor- 
oughly investigated in tha paper of A. M. 
Obukhov (1962). 

Then as the second step the tendency of 
geopotential (a /a t )  BCl due to the action of the 
total function of “climatic sources”, &, was 
calculated from the equation 

!?{!?[&D2%] at ap u 
+ v2@c,} = 0 

aa a result of conversion of the three-dimen- 
sional elliptic operator 

“Climatic” tendencies of geopotential a@,,/ 
at, equivalent to the resultant action of Pn 
and P, were calculated for 50 calendar days 
from December 1 to January 19 on the basis 
of the daily data for 5 years on the isobaric 
surfaces heights at 1 000 to 50 mb eight stand- 
ard levels for the Northern Hemisphere. 
a@,.,/at were calculated only for the first:fifteen 
spherical harmonics: m = 0 ,  1, 2; n =p(m) ,  
p(m) + 2, ..., q(m) + 8, where ~ ( 0 )  = 2, q(m+O) = 

m. It should be noted, however, that 8 1  spheri- 
cal harmonics m = 0, 1 ,  2, ..., 8;  n = q(m),  ~ ( m )  + 
2, ..., q(m) + 16 were considered in these calcu- 
lations in non-linear terms J n  and J,. 

After that 250 examples (50 examples x 5  
years) of daily forecasts with the time step 
6t = 24 hours in two variants were calculated 
using: 

(1) adiabatic model (1)-(5) without Pa and 
F,, and (2) the model with f?n and P, consider- 
ed. Only 15 first harmonics were forecasted, 
but in non-linear terms, J n  and J, ,  81 spherical 
harmonics were considered. The forecasts were 
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Table 1. Forecasting estimations according to the 
adiabatic model and the model with the “climate” 
considered 

Adiabatic 
Levels Adiabatic forecast + 
(mb) forecast “climate” 

50 0.94 0.83 
100 0.9 0.78 
200 0.78 0.7 
300 0.7 0.64 
500 0.73 0.62 
700 0.8 0.623 
850 0.88 0.624 

1000 0.97 0.631 

estimated according to the mean-square rela- 
tive errors: 

where (Piorecast is the geopotential field obtained 
as a result of forecasting a t  the time t ;  @:;$ 
is the initial actual field and @kal is an actual 
field at the moment t ,  where operator (-)s 
acting upon function @ = C,C’ @EYE is equal 
to 

Table 1 presents the mean forecast errors E 

from 250 examples for the two variants. The 
estimations were calculated without harmonics 
(m = 1, n = 1) and (m = 2, n = 2) as their fore- 
casting with a time step 6t = 2 4  hours gives a 
large error resulting from numerical instability. 

Table 1 shows that the addition of the 
“mean climatic sources” considerably improves 
the estimation for all the IeveIs, near the earth 
in particular, where the action of these sources 
is the most essential. 

2’. Proceeding ‘from the simple physical 
laws of turbulent friction and the “external” 
heating, we shall find Ph and P; in the follow- 
ing form: 
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0 -  

2 0 0 .  

(9) 
a 

aP 
with p = 0: k ( p )  - Vz( = 0 

/ I  

a 
ap 

with p = p,: k ( p )  - V'y" = - k,  V2y" (10) 

3 = 1 being over the sea and 3 = O  over the 
ground. Here ( )" is divergence from the mean 
climatic values; pn is horizontal turbulent fric- 
tion coefficient (we shall further consider pT =,un 
= const) k ( p )  is vertical turbulent friction coef- 

ficient; v ( p )  is parameter characterizing the 
heat influx due to non-adiabatic factors (tur- 
bulent heat conductivity, radiation, etc.) 

The second "inverse" problem involved the 
definition of coefficients ,uT =,un =const, k ( p ) ,  
k,, v ( p ) ,  vows, vOground with the help of equations 
(1)-(9) from the real data on the geopotential 
for large spans of time. 

mb. 

. .  1000 ' - 
3.0 6 .O 

F'ig. 1. Values of the coefficient k ( p )  tons'm-2 
s ~ c - ~ ) .  Five methods were used to calculate k ( p )  
with the following averaging spans: (1)  __ 1 day; 
(2)  --- 3 days; (3) - * - .  6 days; (4) .... 9 days; 
(5) 000 12 days. 

System (1)-(5) with (7)-(10) considered can 
be written as follows: 

a 
- V V 2 y + I n =  at - V ( j V X ) + @ n + q V ' y "  a 

a a 
ap ap 

+ - k ( p )  + -V2cyN 

w p =  -V2x 

V2@ = V ( j V y )  

a 
ap 

with p = O :  w = O ,  k-V'yff=O 
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I f  the vorticity equation is integrated in respect 
to the vertical coordinate with the help of the 
continuity equation and boundary conditions, 
then, with some simplifications made, we ob- 
tain an equation which can be solved alone 
irrespective of the hydrodynamics equation. 
From this equation the optimum values of 
parameters p n  and k, can be calculated. Then, 
excluding x and w, we obtain the equation to 
determine and v ( p )  together with vOgea and 

The optimum values of coefficients pn, k,, 
k ( p ) ,  v ( p ) ,  vosea, vOgpound were found by the least 
square method (with 15 harmonics in linear 
terms and 81 in non-linear terms). The coeffi- 
cients were calculated by means of five methods, 
partial derivatives with respect to time in the 
left-hand side of equations (1)-(5) (used here 
diagnostically) being substituted by finite dif - 
ferences with the time steps equal to 1 day, 3 
days, 6 days, 9 days and 12 days respectively. 
The results of the calculations are shown in 
Tables 2 and 3 and in Figs. 1 and 2. 

From Fig. 2 and Table 3 it is not difficult to 
determine the relaxation time of temperature 
disturbances due to the turbulent heat con- 
duction. l/v,,,, is about 2 days over the sea, 
l/vomound is about 10 days over the ground. The 
relaxation time of temperature disturbances 
due to the radiation is equal on the average for 
all the atmosphere, i.e. ( 1 / ~ ) , , , ~ ~  is about 10 
days. It should be noted that the numerical 
values of the parameters are also in good agree- 
ment with those generally accepted, obtained 
from certain theoretical considerations. Fin- 
ally it should be noted that in some cases the 
parameter v ( p )  proved to be negative in the 
calculations for the midtroposphere, though it 
was small in its absolute value. A qualitative 
explanation of the statistical result can be given 
if we study the model of the radiation heat 
influx in the atmosphere and take into con- 
sideration the real distribution of temperature 
and absorbing components in the atmosphere. 

vOground‘ 

Table 2. Values of the coefficients k ,  and pn 

Range of averaging 
days 

Coefficients 1 3 6 9 1 2  

k, (lo-* tons m-lsec-S) 1.3 1.5 1.6 1.5 1.4 
p n  (106 m sec-l) 1.6 1.1 0.9 1.6 1.7 

Table 3.  Values of the coefficients vosea and 

vn mound 

Range of averaging 
days 

Coefficients 1 3 6 9 1 2  

(10-6 sec-1) 1.6 4.4 3.7 4.2 3.6 
voeround (lo-* sec-I) 0.15 0.21 0.17 0.30 0.40 

3 O .  At last, after this big preliminary work 
was done, we began calculating experimental 
forecasts with real initial data. It should be 
noted here that all the experimental forecasts 
refer to the same 250 winter days for the past 
years, for which “Climatic sources” Fn and F, 
were calculated and parameters pn, k,, k ( p ) ,  
v ( p ) ,  vOgea, vOmound were optimized. 

At first a series of 10-day forecasts were 
estimated with the model F-15 (15 spherical 
harmonics) where m = O ,  1 and 2. The forecasts 
were estimated by the mean-square relative 
error 

The denominator of the formula has, instead 
of the actual tendency, an “error” of the five 
year mean value (“Climate”) in respect to the 
real value. Thus, if 8” < 1, then it should be 
assumed that the forecasting model gives in- 
formation supplementary to climatology. 

The model F-15 forecasts allowed us to draw 
the following statistical conclusion: 

En < 1 

a t  1 000, 850 and 700 mb 
in day-long forecasts, 

a t  500, 300 and 200 mb 
in three-day forecasts, 

at  100 mb 
in four-day forecasts, 

a t  50 mb 
in five-day forecasts. 

Figs. 3 and 4 illustrate the observed time 
variation of two spherical harmonics of the 
fields of isobaric surfaces heights (rn = 0, n = 2 )  
and (m = 1, n = 3) at 500, 200 and 50 mb. The 
dotted lines show their five-year mean values 
(“Climate”) and the thick continuous lines il- 

Tellus XXIV (1972), 6 



504 Q. P. KURBATKIN 

A( meters) 
50mb. 

-040 t 200mb. 

4 Acmeters) 500mb. 

..... *... . . ... : .. . . . 
.. ...., ........ ... 

n 
-280 

1011-65 2 0  I91 - l9bb 

Pig. 3.  Time dependence of bhe observed spherical harmonics (m = 0, n = 2) of the field of isobaric surfaces 
heights at 500, 200 and 50 mb levels. The dots show 5-year mean values (“Climate”), the solid lines- 
values for one concrete, 1965-1966, year. The zonal harmonic (7n = 0, n = 2) is represented by its Fourier 
coefficient a,”(p, t )  in meters. 

lustrate the values for one certain, 1965-1966, 
year from these 5 years. The zonal harmonic 
(m = 0 ,  n = 2 )  is given by its Fourier coefficient 
d(p, t )  in meters, or in the case of the five-year 
mean by ~ , “ ( p , t ) ;  the non-zonal harmonic is 
represented by the amplitude A:@, t )  in meters 
and by the phase angle &(p,  t )  in degrees, and 
in the case of a five-year mean k:(p, t )  and 

It should be kept in mind that in the basic 
variant of our model the “climatic” function, 
(a/at)  Qc1, changes from day to day; it must re- 
flect gradual changes of zonal harmonics fluc- 

8:(P, t ) .  

tuations and those of the ultralong waves of 
the geopotential field. In  Figs. 3 and 4 such 
changes and “climate” fluctuations are shown. 
A number of numerical forecasts have shown 
that substitution in this model of the gradually 
changing function by its monthly mean value 
results in a systematic error growth in the fore- 
cast of the zonal part and ultralong waves by 
about 5 % for the total forecast time interval 
beginning with the first day. 

Then a series of ten-day forecasts were car- 
ried out using the model F-81 with 81 spherical 
harmonics. This model includes forecasts of 
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Fig. 4. Time dependence of the observed spherical harmonic (m = 1, n = 3) of the field of isobaric surfaces 
heights at 500, 200 and 50 mb levels. The amplitudes Aj(p,  t )  are shown in metera and phase angles 6; (p ,  1) 
in degrees. The dots show 5-year mean values (“Climate”), the solid tines values for one concrete, 1965-1966, 
year. 
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IOIBt-65 20 30 QI 191-1966 

IOI l l -65 20 30 *I 101 - l96b 

Fig. 5. Real data time dependence of a measure of zonally averaged available potential energy P(10-3 
tons m-l sec-a) at the top and that of zonally averaged available kinetic energy K(10-3 tons m-1 sec-a) 
at the bottom. 

the medium-scale cyclonic waves, m =0, 1, 
2, ..., 8. Comparison of the first 15 harmonics 
in the forecasts of the two variants, F-15 and 
F-81, gives the following results: F-81 model 
forecasts are much better for the first 2-4 days, 
particularly a t  lower levels; later on estimations 
become much better at all levels with the F-15 
model. Additionally in some cases forecasts were 
computed using the F-45 model in which m = 

0, 1, 2, 3 and 4. 
We shall now describe one numerical experi- 

ment which is of great importance though it 
does not finally solve the question of para- 
meterization of cyclonic waves in the problems 
on the forecast of the longest waves. 

We first studied energetics of real atmospheric 
processes. This allowed us to select the dates 
for experimental forecasts to be discussed later 
on. We paid attention to the processes when in 
the midtroposphere there was intensive con- 
centration of barotropic and baroclinic energy 

of instability in the mean zonal motion. These 
processes can be estimated by the integrals: 

P -  e m  e m  J+I:;: r'' 
@700 - p300 0 

K -  emean j:::: Y'' 
( p 7 0 0  - p300) 0 

[-3&-)60] a sin de d p  

emesn is mean density! of the air at 500mb 
level, 
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For illustration in Fig. 5 are shown diagrams 
of values P and K for one of the five 50-day 
intervals, December 1, 1965 through January 
19, 1966. 

The dates from the 7th to 17th of December, 
1965 were the first object for the numerical 
experiment. A complicated atmospheric in- 
stability process began on the 10th of Decem- 
ber, which was confirmed by the F-81 forecast. 

The F-81 forecast with the initial data for 
the 7th of December gave rise to a wrong 
development: already after two day, on the 
9th of December, there began a wrong increase 
of harmonics m = 3, later-that of harmonics 
m = 7,8. 

Analysis was made of instability of the linear 
operator of the problem. However, interruption 
(at these moments) of a continuous, on the 
whole, non-linear meteorological evolution pro- 
cess and passing on to the linear problem in 
order to investigate the linear operator insta- 
bility with arbitrary real zonal velocity profiles 
used as time independent parameters did not 
yield more accurate information on observed 
unstable waves than the non-linear spectral 
model F-81 forecast. 

Thus in solving the forecast problem with 
initial data of December 7, 1965 one can see 
that approximately on the 9th of December 
there began a process of non-stationary genera- 
tion of the above-mentioned waves. From this 
moment on our problem became conditionally 
correct. As before it was correct for the most 
large-scale disturbances and incorrect for non- 
stationary disturbances. If the forecasting 
problem were a linear one, then following the 
general solution methods of conditionally cor- 
rect problems (Marchuk, 1960), we should have 
to proceed with time integrating after De- 
cember 9 only for the most large-scale disturb- 
ances. However, both barotropic and baroclinic 
instability processes are the most important 
energy distribution mechanisms among the 
most large-scale and mid-scale disturbances. 
Hence, in the non-linear problem on the fore- 
cast of the most large-scale waves it is reason- 
able, after the loss of stability, to pass on from 
the model F-81 to F-15 (or F-45) after some 
time t. In this problem t is a priori parameter. 

In  Fig. 6 are presented mean square absolute 
errors (the numerator of the formula for e l )  in 
the forecast of isobaric surfaces heights for 
the three model variants. Only the first fifteen 
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harmonics were estimated. In  all the three 
examples we used December 7,  1965 as the 
starting date. Ten-day forecasts were calculated. 
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5Omb. 

10 *I1 

- 
20an -1966 

- 

- 
2oal1- 19c5 

Fig. 6. Mean square absolute errors (the numerator 
of the formula, for E ” )  in the forecast of isobaric 
surfaces heights for three model variants. Decem- 
ber 7, 1966 is the starting date. The solid lines indi- 
cate the model F-15 forecast errors; the dashed 
lines-the model F-81 forecast errors. Dots and 
dashes correspond to errors of the continued fore- 
cast by the model F-15 after the 4-day forecast by 
the model F-81. The dots indicate the “errors of 
the Climate” (denominator E”).  
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-160 . 

-200 . 

(m=O,n=4j 

50nb. 
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I 
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- 2 8 0 .  
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Fig. 7. The actual time dependence of the harmonic 
(m = 0, n = 2) at 500, 200 and 50 mb levels is shown 
by the thick continuous lines. The model F-15 fore- 
cast is shown by thin continuous lines, the model 
F-81 forecast-by dahsed lines; the continued model 
F-15 forecast after 4-day model F-81 forecast is 
shown by dots and dashes. 

Solid lines in Fig. 6 correspond to absolute er- 
rors in the model F-15 forecast; dashed lines- 
the model F-81 forecast; dots and dashes cor- 
respond to errors of the continued foreacst by 
the model F-15 after the four-day forecast by 
the model F-81 (when instability of the problem 
was examined the beginning of long waves in- 
stability was fixed on December 9 and two 

200mb. /-, .f 

4o Acmeters) 
500nb. t 

Fig. 8. The same as in Fig. 7, only for harmonic 
(m=O, n=4) .  

days later long waves rn = 3,4 and medium 
waves rn = 5 ,  6, 7, 8 were excluded). 

It is easy to see that a noticeable improvement 
in the forecast took place with the third variant 
of the model. It will be noted that in this case 
the model F-45 forecast where rn =0 ,  1, 2, 3 
and 4 did not practically differ from F-81, i.e. 
medium waves, in fact, were not of great im- 
portance. 

“Errors of the Climate” for every day (the 
denominator of the formula for) are shown by 
dots in Fig. 6. It has been mentioned that fore- 
casts yield additional climatological informa- 
tion only when the absolute error is less than 
“errors of the Climate”. It is hoped, however, 
that our model as reserves for the improve- 
ment of forecasts. For example, the time in 
the given experiment is not optimal yet, etc. 

Figs. 7-15 show forecasts according to the 
three above-mentioned variants of the model 
for the 9 most important harmonics. The thick 
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(m=O.n=6) 
A(meters) 

aa t 50mb. 

10," 20rrl965 

2CQmb. 

10." 2.0," . I S 5  

1 A b a t e r s )  
500mb. 

10 .I Zoil-19bS 

Pig. 9. The same as in Fig. 7, only for harmonic 
(m=O, n=6) .  

continuous lines represent the actual time de- 
pendence of amplitudes A in meters and of 
phase angles 6 in degrees at 500, 200 and 50 
mb levels. The thin continuous lines represent 
the model F-15 forecast, the dashed lines-the 
model F-81 forecast, the dots and dashes in- 
dicate the forecast continued by the model 
F-15 after a 4-day forecast by the model F- 
81. One can see now that the harmonics (m = 1, 
n =l) ,  particularly (m =2,  n =2) ,  yield the 
greatest errors. 

Finally, Fig. 16 lists absolute F-15, F-81 
forecast errors of the first 15 harmonics as 
compared with the "errors of the Climate" for 
an ordinary example without the process of 
concentration of the energy of instability and 
the subsequent loss of stability. One can see 
that the estimates are fairly good and the F-81 
forecast is much better for the whole time in- 
terval. 

If the above model is brought to qualities 
meeting the requirements of routine forecasts 
such a model, which can end with forecasts of 
the most large-scale disturbances, will probably 
be valuable for the upper stratosphere where 
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Fig. 10. The thick continuous lines show the actual 
time dependence of the amplitudes A in meters and 
phase engles 4 in degrees of harmonic (m = 1, n = 1) at 
500, 200 and 50 mb levels. The thin continuous lines 
show the F-15 forecast, the dashed lines the F-81 
forecast, the dots and dashes indicate the contin- 
ued F-15 forecast after 4-day model F-81 forecast. 
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great extent we concern ourselves with traits 
of the circulation which on the average are al- 
ways present. 

Numerical experiments, similar to those de- 
scribed above but with a more sophisticated 
model, can be performed to study the atmo- 
spheric predictability problem. The experiment 

160. 

120 ' 

S O .  

1 

\ 
iao' 

Fig. 11. The same as in Fig. 10, only for harmonic 
( m  = 1, n = 3). Acmeters) 

i mean zonal motions and ultralong waves are 
predominant. 

So far our attention was concentrated on the 
first 15 most large-scale spherical harmonics and 
the success of their simulation was evaluated E 

LO u. Zolr-1965 
O 

''0° 

as compared with the "errors of the Climate" 00 \ 

( E " ) .  ThO fact that a t  lower levels E" becomes 
more than unity does not signify yet that our 

forecasts in the 
troposphere. It only signifies that here to a ( m = 1 ,  n = 5 ) .  

\ .--- 
yields bad Fig. 12. The same as in Fig. 10, only for harmonic 
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Fig. 13. The same as in Fig. 10, only for harmonic 
(m=2 ,  n=2) .  
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Fig. 14. The same a8 in Fig. 10, only for harmonic 
(m=2,  n = 4 ) .  
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ultralong waves. But in this cme, too, it is 
possible to develop a mathematically substan- 
tiated method with which we can widely use a 
priori estimates and calculate longer term fore- 
casts. 
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