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ABSTRACT

The linear hydrostatic coastal boundary layers in a shallow lake were previously in-
vestigated by the author under the assumption of infinitesimal vertical Ekman num-
ber; overlapping layers of thickness E;}I and E%/E’% were found (Janowitz, 1970). In

this work the boundary layers are investigated for &y =0(1). The E;I/Eé layer is dis-
tinguishable, though thinner. The E%’{ layer is also present in a modified form; each

vertical component present has a different horizontal length scale, though each is
oE ;}). Numerical calculations of boundary layer thicknesses for B, = 0.1, 0.5, 1.0 were

performed.

Introduction

Linear vertical shear layers in almost rigidly
rotating homogeneous fluids have been known
for some years. Stewartson (1957) considered
the case of a fluid in a container of depth to
width ratio (H/L) of order one with uniform
viscosity, density, and infinitesimal Ekman
number (E). He found vertical shear layers of
(dimensionless) thicknesses E! and E%. Ped-
losky (1968) in considering oceanic flows con-
sidered a container with H/L <E! and with
horizontal and vertical Ekman numbers of the
same order of magnitude. He found, among
other results, that the E?¥ layer is replaced by
layers of thicknesses E? (hydrostatic) and H/L
(non-hydrostatic).

Janowitz (1970), in investigating lake flows,
considered the parameter range H/L <E} <
E} <1. Hydrostatic layers of thickness E} and
E },/E,,* were found. This work expands the
previous work to the case E, =0 (1). There are
two reasons for considering the finite vertical
Ekman number case. First, it completes the
theoretical description of linear vertical shear
layers in homogeneous rotating fluids over the
parameter ranges for Ky, H/L, and E, that are
likely to be of geophysical interest. Secondly,
the case of finite vertical Ekman number is
indeed encountered in some coastal regions.

The discussion of whether s linear homogene-
ous model is relevant for lake coastal flows is
postponed until after the calculations have been
presented.

The model

We consider the flow, in & basin of uniform
depth H and horizontal dimension L, of a
homogeneous fluid acted upon by a steady non-
uniform wind stress applied at the free surface.
The fluid is in a state of turbulent motion
characterized by uniform horizontal and verti-
cal eddy viscosities Ay and A4,. The local
Coriolis parameter, assumed constant, is f. The
motion is viewed from a cartesian reference
frame with the origin at some point on the coast
at the free surface, the 2z’ axis is positive up-
wards, the ' axis horizontal, normal to the
shore, and pointing into the lake, and the y’
axis horizontal, parallel to the coast, and coun-
terclockwise from the x’ axis (Fig. 1). The di-
mensional (mean) velocities in the (2’, ¥/, 2')
directions are (u’, v/, w’). The flow is driven by
the horizontal wind stress (z;, T;) applied at the
free surface. We non-dimensionalize the vari-
ables as follows.

(@, y)= (', y")L,z=2'|H
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1 -
Fig. 1. Geometry of the basin.

(w, v)=(u', v')|U, w=w'[(UH|L)

p=(p'+092')eUfL
(1)
Ty~ MAX[r, (', ¥'), 75(®, y')]

UETM/Q l Avf’ (Tz’ Ty)= (T::’ T;)/TM
£= U/fL’ EH=AH/fLR: E'u=‘4v/ﬂy2

Requiring that ¢<1, and H/L <EY%<1, non-
linear and non-hydrostatic terms may be neg-
lected and the governing equations are as fol-
lows.

2

P E,,vﬁ,u+E,a—’: (2a)
ox 0z
op v
u= - —+ EyViv+E,— (2b)
oy o2
ap
0= —-— 2¢
oz (2¢)
r-4
we —j (a—"+@)dz' @2d)
1\ 9y
where
t 2
14 ]
Vi="3
H axa P 2

The boundary conditions are as follows.

At
z=O,E,,*Z§=r,,E}Z—:=1, (38)

and
w=0 (3b)

At
z=-1, u=v=0 3¢c)

Tellus XXIV (1972), 5
27 — 722891

415

At the coast,

u=v=0 3d)
The solution can be broken into the interior
solution (¥ =0) and the boundary layer cor-
rection to the interior solution.

The interior solution

The interior solution was obtained by We-
lander (1957) for E, =0(1). His model allows
for a variable bottom topography, but we spe-
cialize it here to the case of uniform depth. We
summarize his solution briefly.

With B, =0, Welander solves for » and » in
terms of op/ox and gp/ey from equations (2a, b)
and satisfies conditions (3a, ¢). He finds

S =vH —ip, G (4)
where
S=u+w

T="T,+ 17y

op  .op

=<4+4q

o oy

Pn

1 sinh B(1 +2)

H=Hg+iH;= Vi osh §
% cos
. cosh Az
G=G0Qg+1G;= -1
cosh g
p=VilE,

The volume transport is given by
0 J—
M=M,+'iM,,=f Sdz= - VE,<L-p, N
-1

(5)

where

L =Ly +iL; =1—(cosh g)-!
N =Ny +iN; =tanh g/f -1

The last condition to be satisfied is (3b),
which can be written as

oM, oM, _
724 oy

0;
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or, from equation (5).

ot ot
N Vi~ VB 172 - )

ox oy
— o
_VE, Ll(a_fz N Lﬂ) . ©)
oxr oy

We note that as K, >0, Ng—> —1, N;—» ~ VEv/2,
Ly—1, L;—0. Equation (6) constitutes a govern-
ing equation for p{x,y}. As the boundary
condition on p(z,y) at the coast, Welander
requires that the normal volume flux into the
coast be zero. If (n, n,) is the normal to the
coast, then from equation (5), at the coast,

—_ o o
nz[VE,,(ry Lp+t, L))+ (a—y’{3 Ng+ ai; N,)]

— o o
+n,,[VEv (v, Ly—7, Lg) + (a—f/-’zv, - a—’;NR)] =0

(7)

Thus, equation (6) may be solved subject to
(7) and the interior pressure and velocities are
now assumed known. From equation (7), we
may then solve for gp/ay in terms of 7,, 7,
and ap/ex at each point on the coast, and from
equation (4), the velocity field at the coast is
completely specified in terms of 7, 7,, and
aplox.

The boundary layer solution

We must now satisfy the condition that the
horizontal velocity vanish at each point on
the coast for all z. We examine the flow in the
neighborhood of (0, 0, z), a typical coastal
region. The total velocity and pressure fields
in this region (7' subscripts) may be written
as follows.

ur(@, y, 2) = u(0, 0, 2) +a(®, y, 2) +O(E})

op(e, ¥» 2) = (0, 0, 2) +0(x, y, 2) +O(EL) (8)
wp(@, ¥, 2) = w(0, 0, 2) +W(x, y, 2)/EA +0(1)
pr(@, 9, 2) = p(0, 0) + Bl (=, 2) + O(Ey).

The solution with the overbar is the boundary
layer correction, which is assumed to vanish
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away from the coast. Letting % =wx/E};, the
governing equations for the boundary layer
solution, correct to order E} are as follows.

. #p da o'
— U= "55"‘6—2_;2 E,,—z‘ (9&)
i=0 5,70 9b
= s
B (9b)
op
0= -2 9
oz (9e)
9 2
e 2[e)
oxr _1

The boundary conditions on this solution are
as follows.

At
z=0, a—u=@=0 (10a)
z 0z
and
0
w=0(f adz=0) (10b)
-1
At
z=-1, u=v=0 (10¢c)
At
0,0,2), @i=-u(0,0,2), o=-v(0,0,z)
(10d)

To solve these equations for @, 4, and 9p/o%,
we seek solutions of the form:

(17/, o, 3_1?) = Z (Un(z)5 Vn(z), Pn) exp (iKn z)
ox Kn

(11)

where Im K, >0; the K, may be regarded as
eigenvalues to be determined below. We note
that a more general and more cumbersome
Fourier transform approach was initially used
to solve this problem. However, for conciseness
of presentation, at the suggestion of a referee,
the above approach was taken; the results are,
of course, identical. Substituting (11) into (9)

Tellus XXIV (1972), 5
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yields the following equations for V,(z) and
U,(2):

¢ v
E:dd_v:,, - 2E,K% dz,” + (1+Ky) V,=P,
¥4
(12a)
v,
U,,(z):E,d—z, -KyV, (12b)

The boundary conditions (10a,c¢) become

8
Wal Vo asa
dz |z-0 dz" |s-0
d&*v
Vol coa=—7% =0 (13b)
2 Jz=-1

Note that the solutions to (12) under (13) are
not orthogonal and that (10b) has yet to be
satisfied. The solutions to (12) and (13) are

coshg_ 2z
V,- on(a‘i (_“_ - 1)

cosh o

sh
e (w _ 1)) (14a)
coshoa E=-Kqn
cosh o_2z
U,=—iC,|a’ -1
= ¥ "(a+( cosh g _ )
cosh
o (_ﬂ_z B, 1)) (14b)
coshe, KE=Kp
Pu=—2E,Cra’ o |k-x,
K44 K'-i
g _ A 7 2 = l4¢
“ B 'Y B e

The final condition to be satisfied is (10b),

i.e.,
0
f U,(z)=0
-1

Integrating (14b) and satisfying this condition
leads to the eigenvalue equation

D(K,)=0
Tellus XXIV (1972), 5
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tanha_ 1) s (tanha+ _ 1)
[- 4 [« 2%

(15)

where

D(K) =ai(

Hence, to find the boundary layer solutions
we must determine the zeros of D(K).

The zeros of D(K)

We first note that K =(+1+4)//2 although
zeros of D(K), do not contribute to % and &
since U, and V, vanish there.

Secondly we note that if K, is a zero of
D(K) (a,y=a (Kuy)) (2 p=a_(Ky)), then
—K% is also a zero and e, ~K:,) =asz,
a(—K%) =al - Hence after some algebra with
Kpy >0, we may write

4(&,2) = 3 Re | Dy oxp (iKE i(—"“h“'z—l
u(x,z)—xN e | Dy exp (:KZ) 7\ cosha_

).

= orre | 1 fcosha_z
o(T, z) = —g‘:va [DNeXp (¢KI) [z (c—cmh—u_— - l)

1 (cosha:+ z 1)]]

o5 \ cosha, EN
where Dy = Dyp +iDy,; are arbitrary constants.
We note that the terms in brackets also hold if
K,, is purely imaginary in which case the coef-
ficients of D, vanish identically and we take
Dy =0.

Now to actually find the zeros of D(K) for
finite E, requires & search of the complex K
plane. By examining D(K) for small E, our
search can be shortened.

If K is pure imaginary «_ =a%, and we must

satisfy
tanh e _
o

Furthermore, if K is small compared to one
tanha_~ 1 and we can readily show that for
E,—~0,

1 (cosh %42 (168)

o\ coshe,

(16 b}

K, = i(B,[2)Y1 + .15(E,[2)}) 17)
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We see that this corresponds to the (Ej)}/
(E,/2)} layer found by other means in Jano-
witz (1970). This result is a good approxima-
tion to K, for small E,. The exact results for
E,=0.1, 0.5, 1.0 are respectively K, =0.550,
1.12, 1.57, and the approximate results (17)
are 0.553, .97, 1.29.

Further, for E,—0, we also see that if «_=
(1), o’ (=0 +2i/E,) =0(1/E,). Thus, a_y,; =
—1iyy is a zero of D(K) to order E,, where yy
is the Nth positive, nonzero root of tan y, =
yuy1 <ye <...). Now a_y,; = —tyy, corresponds
to

Kyo=Vi-E,%

For infinitesimal E,, this corresponds to a
layer of thickness E 4. The effect of increasing
E, from zero is to split this one layer into in-
finitely many modes. As N increases the real
part of K, decreases and the imaginary part
increases. Physically viscous forces are be-
coming larger relative to the Coriolis term.

For finite E, we can proceed as follows. In
the neighborhood of a_ = —iy,, a small change
in «_ causes a large change in tanh «_ but only
small changes in «, and tanh o, (as long as
K=Vi-E,}

axis).

E,y% is not near the imaginary K
Hence, in D(K) =0, we let a_= —diyy

and o, = —y% + 2i/E, in all terms but tanh «_
and then solve for tanh «_ and so a new «_.
This will give us a good first guess at a_y.,.
This technique is sueccessful for B, <0.5.

We note that for a fixed E,, as N increases,
Im K, increases and Re K, decreases; for
N >N(E,) the roots occur as pairs on the
imaginary K axis rather than as mirror images
across the imaginary K axis. As FE, increases,
N(E,) decreases. For E,=1.0 all of the roots
corresponding to the splitting of the E}, layer
oceur as pairs on the imaginary axis.

We find for E, =0.1, K, =0.550i, K, =.319 +
1.48i, K,=.200+247i, K, =.142+3.4Ti,
K,=.111 +4.46i. For E,=05 K,=1.12i,
K,=.122+3.261, K,;=.0766+5.5091, K,=
0552 +7.743i, K, =.0430 +9.97i. For E,=1.0,
K, =157, K,—4.57i (4.64i), K, ="17.781 (7.80i),
K,=10.94i (10.96i), K, =14.10i (14.11i). These
results were arrived at by scanning the com-
plex K plane.

Now that we ean consider the roots found for
any E, we must show how to find the constants
D,

G. 8. JANOWITZ

The values of D,

Condition (10d) remains to be satisfied. To
satisfy this we require

oo

2 [Dyg Uyg(z) + Dy Upy(z)] = — Re[vH ~ip, G]
N=1

(18a)

o0
Z [Dyg Vr(2)+ Dyp Vil2)] = = Im[vH —ip, G]

(18 b)
U U 1 {cosha_z 1
_—@ _—
NR NIT 2 cosh o Ky
1 (cosh
+ —2(;“*5— 1) (18c)
o \ cosha,y KN
. 1 [cosha_z
Vyr+iVyp=~ 3| ——— "1
- \ cosha_ Ky
1 {cosh
+ (4{"+2 - 1) 8d)
oy \ cosha, KN

On the right hand side of (18a, b) ap/dy is
expressed as a linear combination of 7, 7,
apjox. To obtain the Dy, we expand Upypg,
Uxpyr Ve Vi u(0, 0,z) and -v(0,0,z)
(the right hand side of (18)) in the series of
functions {cos (2(2M —1)#/2)} and then equate
coefficients. We note that

% cos Mz {coshuz sin M
T\ T )de= - o
1 o cosh o M +M")
o inh 1 1
cos Mz ﬂ(1+z)dz=— 5 3
-1 cosh g p(p +M)
if M=2m-1)n/2 (m=1,2,3,..). Hence the

coefficients are easy to compute. More directly
we can multiply (18a, b) by cos nz/2 and inte-
grate over z to obtain two equations. We then
multiply through by cos (372)/2) and integrate
over z to obtain two more equations. We trun-
cate this process after cos ((2L —1)nz/2) and so
have 2L equations to solve. We set Diy.sps
D(y1y; =0 for N >L, and so have 2L unknowns
to solve for. Hence we can obtain all the con-
stants. We demonstrate this technique in the
next section.

Tellus XXIV (1972), 5
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u(0,0,2) —
--04 _3(02)——

--05
--06
07
--0.8
--09
F-10

Tx
Fig. 2. Comparison of interior velocities at coast

and boundary layer corrections for (7, 7,, 0p/ox)
={1, 0, 0).

A numerical example

We consider the case E, =0.5. For this case

a+1=.593 +1.69i,
o +2=.389 +4.62i,
o« +3=.237 +7.79,

o —1=.593 —-1.69i;
o~ 2 =.0446 - 4.60i;
o —3=.0200 —7.79i.

Near the origin n, =1, n, =0 and hence from
(7) we find that

ap
— (0, 0)=1.307,(0,0
ay( ) 7,(0, 0)

+1.107,(0, 0)-1.262Z (0, 0)
o

The series expansions for -u(0,0,2z), —v(0,
0,z) were truncated after cos (3nz/2), leaving
four equations in D,,. D,p, Dy, Dsp to be
solved; the other values were taken to be zero.
Three cases of (z,, 7, op/ox) =(1, 0, 0), (0, 1, 0),
(0, 0, 1) were considered. For (1, 0, 0,) we ob-
tained for (D,p, Dsp, D, Djp) the values
(1.08, —.408, ~-.0076, —.084). For (0, 1, 0),
we obtained (.0039, .0084, .504, .008). For

(0, 0, 1), we obtained (-1.014, .011, -.151,
+.020). These values for the Dy’s were substi-
tuted into equations (16) to obtain @(0, 0, z)
and 3(0, 0, 2). From equations (4), we obtain
(0, 0, z), »(0, 0, z) and plot the results together

Tellus XXTV (1972),5
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+-09
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Fig. 3. Comparison of interior velocities at coast
and boundary layer corrections for (z,, 7,, dp[oz)
=(0, 0, 1).

with ~4(0, 0, z), —#(0, 0, 2) in Figs 2, 3, and
4 for the three cases of (z,, T, 9p/ox) considered.
Considering the fact that the series representa-
tions for 4 and v were truncated after only two
terms, agreement is quite good except for u
in (1, 0, 0) and v in (0, 1, 0) near z =0. This is
not unexpected since the interior flows have
nonzero slopes at z =0, and the series represen-
tation of u for (1, 0, 0) and » for (0, 1, 0) are
not accurate at z=0. To get a better repre-
sentation near z =0 would require using more
terms in the expansion for u and v while changing
D,g, ... Dyp only slightly; however, since the
small scale (vertical) features of the boundary
layer solution decay most rapidly away from
the coast, it is only near (0, 0, 0) that the flow
given with the values of D,z D,p, Dy5 Dyg
obtained here are in error. In this region, a
non-hydrostatic boundary layer of thickness
H exists which brings the vertical motion to
rest and induces horizontal motions of order
(H/L)/E}, ( <1). Thus, since the flow as pre-
dieted will be in error in this region, it makes
little sense, physically to use more terms in the
expansion.

Final remarks

The question clearly arises as to the applica-
bility of our model to real lakes since we have
neglected inertial, and bottom topographical
effects as well as stratification.

First to estimate inertial effects we compute
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7

b
‘{O/ 4 u(0,0,2)
-0(0,3)

7z
L .04 v{0,038)
-¥(0,2)

L-05 F-05
- -06 1 r-os
- -07 ‘\ F-07
- -08 F-08
L -09 L 09
L-10 L.10

Ty

Fig. 4. Comparison of interior velocities at coast
and boundary layer corrections for (v,, 7,, Op/dx)
=(0, 1, 0).

a Rossby number based on the boundary layer
thickness and on %’ the velocity normal to the
coast in the boundary layer. This number is
@[V Ayf. If Ay~10% cm?/sec, then we must
require that @’ <10 cm/sec for inertial effects
to be small. Now in the interior of the lakes
horizontal velocities of the order of 10 cm/sec
do occur. Near the shore, however, the pres-
ence of the coast generally constrains @’ to

G. S, JANOWITZ

be small compared to typical interior velocities
(see Figs. 2, 3, and 4) and hence inertial effects
are probably not dominant in the boundary
layers considered here.

We have considered the depth to be constant
across the boundary layer. If the bottom has
a slope of order H/L vertical velocities (dimen-
sionless) of order one are induced. Vertical
velocities of order Eg//E},(>l) are present in
these boundary layers and hence bottom topo-
graphic effects are also secondary in the coastal
boundary layers.

Finally, the effects of stratification are cer-
tainly important during much of the year.
Lakes in the northern United States are some-
times ice-covered in the winter and may have
very pronounced thermoclines in the summer.
However, in late spring and fall virtually homo-
geneous conditions may apply in some lakes
(e.g. Lake Erie). Thus the assumptions of our
model should be fulfilled for at least a portion
of the year and our results applicable then.
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BIUAHUE KOHEUHOTO BEPTHKAJBHOTO YUCJAA DKMAHA HA NIPUBPEMHBIN
HOTPAHUYHLIA CJION

JluneltHEle rUApoCTATHUECKNe NMPUOpPErKHBIE MO-
rpaHuyYyHbIEe CJIOM B MeJKOM ozepe OBIIM paHee
u3ydeHe aBTopoMm (finoBuu, 1970) B npen-
MOJIOKEHNN GeCKOHeYHOW MaJIOCTH BepTHKANb-
HOTO 4YHCIA OJKMaHa; OblIM HAWlJeHH Helpe-
PHIBHEIE NePEKPLIBAIOIIMECH CJIOM C TONIMHAMH
nopanxa EY2 u EL%/EL4. B maunoi pabore no-
rTpa HUYHBIE CJoM ucciaeaylotca npm E, =0(1).

Caoit mopanka EL2/EL/4 pasaninM, X0Ts CTaHO-
Burca Tonbuie. Caoll EL? Taxike NpHCYTCTBYET,
HO B MOAu(pUIMPOBAHHOM BUAE; Kawgad BepTH-
KaJbHAA KOMIIOHEHTa, MMEIIAACA 31eck, obma-
7aeT pasHHIMH TOPH30HTAJBHBIMI MacluTabamMu
BAnHB, XOTA Bce oHM mopspka O(E12). Ilpo-
JleJJaHBl YNMCIEHHHE pacyeThl TOJIIMH TOTpa-
HUYHBIX cio0eB aaa K, =0,1, 0,5, 1,0.
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