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ABSTRACT

The theoretical investigation of tropospheric wave motions in equatorial latitudes
carried out by Rosenthal (1965) is extended to include the vertical shear of the basic
current. It is shown that with the inclusion of this effect, the divergence decreases with
increasing wavelength, in agreement with the scale analysis of Charney {19863). In addi-
tion, the inclusion of shear leads to maximum values of divergence which are in much
closer agreement with the divergences in Palmer waves (L~ 2 000 km) than when the
basic current is invariant with height. The propagation speeds of meteorological waves
are also in closer agreement with observations when the shear is included than when it

is absent.

1. Introduction

In recent papers by Rosenthal (1965), Koss
(1967), and Matsuno (1966), the properties of
tropospheric wave motions in equatorial lati-
tudes were investigated theoretically. In the
work of the first two authors, the basic zonal
flow was considered to be a constant. Their
models reproduced many of the properties of
equatorial waves but both found the magnitude
of the divergence much smaller than that found
empirically by Palmer (1952). In Matsuno’s
(1966) paper, the transport terms were entirely
absent. Wallace (1969) presents evidence that
there exists a class of tropospheric wave disturb-
ances which are ‘“equivalent barotropic” in
nature, which have a period of 4-5 days, which
propagate westward with a speed slightly in
excess of the mean easterly flow, and have a
longitudinal length on the order of 3 000 km.
In many respects these waves resemble the
classical models of easterly or ‘equatorial’
waves.

The question of the source of energy for the
maintenance of equatorial disturbances remains
open. Some have argued that the mechanism
for the formation and maintenance of such
disturbances resides in the horizontal shear of
the basic current, especially across the Inter-
tropical Convergence Zone (ITCZ), ie. in a
barotropic energy source (Lipps, 1970). Riehl
(1967) and Yanai (1968) argue that the mecha-

nism may be associated with a baroclinic energy
source, due to the release of latent heat. Manabe
& Smagorinsky (1967) support this argument
by means of numerical calculations, which
indicate that tropical disturbances are main-
tained by the release of latent heat. Mak (1969)
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Fig. 1. Change of mean zonal wind U*(p) with height
at Canton Island during the period April through
July 1962 (solid): Theoretical mean zonal wind
profile computed from eq. (57) (dashed).
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nvestigates possible influences from middle
latitudes and finds some evidence that unstable
baroclinic disturbances from middle latitudes
drive tropical disturbances.

According to Yanai et al. (1968) zonal wind
profiles of the mean wind for the period April
through July 1962 show a definite variation
with height of the mean zonal flow (Fig. 1). It
would seem that, in a theoretical treatment, the
basic current should be a function of p rather
than a constant. In a sense, such & specification
provides a source of perturbation energy, and
perhaps simulates the latent heating produced
by organized convection in order to provide
realistic vertical motions and divergence.

In this paper, we re-examine the problem
considered by Rosenthal (1965), but generalize
it to allow the basic current to vary with pres-
sure.

2. The equations

The equations which govern nonviscous adia-
batic, quasihydrostatic beta plane flow, for a
beta plane tangent to the equator, are

ou* ou* ou* * ad*
—+u*———+v*—-+w*ai—ﬁyv*+i= 0
ot ox &y op ox
(1)
3,0# & * 3’0‘ F: * *
— +u¥— +v*—+w"—+ﬁyu*+i=
ot ox oY
(2)
2, % 2, % 2, %
2 9 [}
i+u*—f—+v‘ $ + o*w*=0 (3)
op ot op ex ap oy
0™ ou* ot
— = - (— + — 4)
op ox oy

Here ¢ is time, « is zonal distance y is meridional
distance measured positive northward from the
equator, p is pressure, u* is the zonal wind com-
ponent, v* ig the meridional wind component,
w* is the p-system vertical motion, ¢¥* is the
geopotential of isobaric surfaces,

°¢*  [c,\ 1og*
oF = z + (_1’) Z i
Cp/ P OP

is the static stability, § =df/0y =constant, and
f =By is the Coriolis parameter.
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We linearize the system (1)-(4) inclusive by
considering perturbations about a basic state of
geostrophic flow, in which the basic current
varies with pressure only, and in which the per-
turbations are sinusoidal functions of (z —ct)
and arbitrary functions of ¥ and p. Elimination
of all variables except ¢’(y, p), the amplitude of
the perturbation geopotential, leads to an equa-
tion of the form

2, 2, 62/

¢
a, (y,p)— + a,ly, + a,(y, p) —5
L > p) o 2y P) 2y o0p 3(¥> D) o

a ra a 7
+ ay(yp) ;t; " as@/,p)fy— + ayly,p) 7= 0
(5)

The coefficients a;(y, p) (¢ =1, ..., 6) depend
upon 8, y, U*, ¢ (dU*/dp), d*U*/dp?, &, k, 25/ap.
Here, ¢ is the (constant) phase speed, U*{p)
is the basic current and the bar denotes an
(x,t) average. In general, eq. (5) is not sepa-
rable. Recently, Wiin-Nielsen (1971) has treated
the special case of a basic state with no motion,
and has eliminated internal gravity waves, thus
leading to a separable version of the above
equation. Lindzen (1971) has considered a tro-
pical statospheric model in which the Richard-
son number was large, thus leading to a some-
what simpler version of eq. (5). However, his
resulting equation was still not separable, and
he proposed an approximate method for solv-
ing it.

In this paper, we are interested in studying
the effect of vertical shear in the basic current
on horizontally propagating tropospheric me-
teorological waves. To do so, we propose an
approximate method, which in essence consists
of the elimination of the p-dependence by verti-
cal integration. This method is reminiscent of
that used in the derivation of parameterized
numerical forecasting models (Thompson, 1953),
and of the momentum-integral method (Schlich-
ting, 1968) used in the study of boundary layer
flows. The method is such that the upper and
lower boundary conditions are satisfied, and the
flow equations hold for the mean flow in the
interior. We define the perturbations such that

u*(z, y, p, t) = U p) + F(p)d(z, y,t) (6)

v*x, Y, p, t) = F(p)i(z, y, ) (7



314

¥(z, Y, p, t) = G(p) d(=, Y, ) (8)
*(@,y,p, t)- $(0,p) - ﬁg— U*(p)
+F1(p$)(x: yv t) (9)

where

and p, = 1000 mb.

Thus f= =0= Flfl {/*=U = constant, so

that
%(x,y,t)z U-M';(x, Y, t) (1)
;;(x,y,t)=17(w,y,t) (12)
oy 1) = (e y, ) (13)
/\ ~ ﬁ 2
$*@y,t)=¢ — o U+ (a,y,1) (14)

where ¢ =constant.
We now substitute (6)—(9) inclusive into (1)-
(4) inclusive, and linearize, obtaining

~ ~

@ ~ - o6
FZ 5 (FU* o (GU*’)w—ﬂva+F1—¢ =0
ot ox ox

(15)

a0 2 - o
Fe 4y Frun ﬂyFu+Fl—¢ =0 (16)
ot ox oy

;6&)

28 A
o (F,, U*)éz_ (FU*)Byp +6G0=0 (17)

~ » 37‘;/ 31’;
Gw=—{p, + Fdp)|—+— (18)
Do ox ay
In deriving (17), we have assumed
G = constant (19)

While this assumption is not necessary, we do
so here for the sake of comparison with the
model of Rosenthal (1965).

Equation (18) was derived in the following
way. The boundary conditions on w* are

w*=0 atp =0

w*=w*(p,) atp =P, (20)
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Integrating (4), and using (6), (7), (20), we find
. . ow ev\ (P
a¥(p)=o™(p) — |+ — F(pdp  (21)
ox ay v Do

Applying (10) to (4) we obtain an expression
relating o*(p,) and

(au a0
+ -
ox oY
We eliminate w*(p,) between that expression

and (21), and make use of (8), to obtain (18).
We also find

[N e o

ie., (22)

Gip)=| — "

Applying the operator (10) to (15)—(18) in-
clusive, we find

o 8d
aiZ+ (FU*)aqu GUTY G- Byv + f—’- -0 (23)
v 84>
FU* + +--=0 24
" +( By o (24)
- F{E" ~ (?U\*) -
2 2 10 PR A
_tﬁ*( IA”‘)E—’";\ Py + w=0 (25)
ot F ax F[ F(

1

N

~ ~ ~ ~
P ou 8

— P+ Fdp) | —+ — (26)
Do ox ay

In the form (23)-(26) above of the cquations,
the coefficients are no longer functions of pres-
sure and it becomes possible to carry out the
eliminations. Strictly speaking, the functions
F(p) and F,(p) should come out of a complete

~
w=
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solution of eq. (5). However, the approximation
we shall make consists of assigning reasonable
functional forms for these guantities. We also
need U*(p), and it will be shown later that this
function is derivable within the framework of

the model. Thus, we shall be able to calculate

B i T e

FU*, QU*, F,, FiU*, FU¥, j,,,,F dp, and so

obtain solutions to the eigenvalue problem.
We assume solutions of (23)—(26) inclusive of

the form

@, y, t) = Aly) sin k(z —ct) (27)
v (x, ¥, t) = B(y) cos k(x —cf) (28)
oz, y, t) = Wiy) cos k(x —ct) (29)
3@, y, t) = H(y) sin k(x —ct) (30)

Substitution of (27)—(30) into (23)-(26), and
eliminating all amplitudes except B(y) leads to

dB bA+(GU*') ab—A,) daB
[ = (Fl)ﬁ
dy‘ cgaA dy
- Mﬂﬁey2+<kz_g) L @)
Gal A} daA
N~ R
x[A+(GU*)a(dB-kAA)]B=0 (31)
where
N
A =FU*-¢
TSN
A, =F, U*F,-
i (32)
b =FU™|F,
D
a=- [po + f Fp’) d:v’]
Do
If U*(p)=-constant=U, then U* =0, A=A,,
b=0, and
2 /\/ /\, 2, 2
d B F k
[(—A—l)ﬂzy’+ (lc“ - E) - (h’lwA]Bq)
dy Ga A Ga
(33)
where A=U-¢ (34)

Rosenthal’s (1965) equation for B(y) is

Tellus XXIV (1972),4
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kzmzA

&'B [ﬂ_f 2 2+(kz_l§)
dy 5ﬂy A

”~
Thus (F1/5a) corresponds to (m?/5), which is the
reciprocal of the square of the speed of internal
gravity waves. If we set these two quantities
equal, we have the opportunity to fix the value
A

of the ratio (Fy/a).
Eq. (31) is of the form

]B 0 (35)

2

dB .
— t (a,,+boy)@+ (@, +b,y+c,y )B=0 (36)

F; s 2
= - (If - ‘—3—) - (A ) (A+GU" a)(bg -k AA,)
A galA

[bA+G'U“’ (b—-A)]

F =
- l)ﬁ gal
b,=0
__(F)(8,-b)
. GaA
The solution of (36) for B(y) is (see Murphy,
1960)
s (@, +2%) 1 (b, +4k*)
B - k*y . F 1 - [1] 2
w)=e {c‘ 1 1[2(b0+4k*)’ 2 2 Y
— (b + 4k™)| (a, + 2k*)
+°2[ 2 Yirls | o, + 4k%)
13 (b,+4k") ,
4o,y el 38
39 g Y (38)
where
r  ala+1)s*
Frlabsr)=1+- —+ ———
b1l! b(b+1)2!
and k* is given by
45c*2 + 2byk* +¢, =0 (39)

The parameter (a, +2k*)/2(b, +4k*) is an
eigenvalue of the problem and must be deter-

(37
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mined from side conditions imposed upon the
motion. If we restrict ourselves to flows in which
v is symmetric about the equator, then C, =0.
If in addition we require that v decay with
distance from the equator, then we must have

a, + 2k*
e (40)
2(b, + 4k*)
in order to have ,F,=1; and we must have k*
negative. Thus

N R
(W) =c, e F = p(0) ¢ K1Y (41)

In the case U*=U*(p), the requirement (40)

leads to

. 7 U* P

c"—[( : )+(GU*’)a+2(FU*)] ?
Fl

(i @03 £
+{(FU*) | (FU*) + (GU*’)a+2—

Fy

TN TS

(GU*’) (F, U*) (Zk* ) }
——a+ =~ —bAxprC
7 7K

FU)
i TN

¢ )(I*H U*)[(FU*)+( U*)a]

F1
o 2k*
+ (FU* aa(l - -T)

F k

I~ S~ ab
+ Anp | BFU*) +a(GU*) ~ < | =0 (42)

Fy

where Ayp=g/k"
When U*= U =constant, the frequency equ-
ation becomes

2 ~ \3
a

¢ — 30U+ [3U2 aXa_ (C/L\) AND]G
F; \F,

2 2 2\ 3
oa oa ga

+x U~ XA~D+(7\) AypU~U’=0 (43)
! 1

Rosenthal’s (1965)
U = constant, is

frequency equation, for

LOUIS BERKOFSKY

¢~ 3Uc + (BU* ~y" —y Ayp) e+ U —y*Awp

+yAyp=U'=0 (44)
A

We see that (5a)/F, corresponds to y2, the

square of the speed of internal gravity waves,

as indicated earlier in connection with the dif-

ferential eqs. (33} and (35). Therefore, we will set

sa\t
T/ =Y
Pl

in equations (42) and (43).
In order to solve (42), we need k&*. Making use
of (37) in (39) and using (45), we find

(45)

k*zﬁﬂﬁ {[bA a/U\*’) (A, -b)]
4°A e

TN
+V oA - ai@U™) (A, — ) +487%(8, ~ )} (46)

Since, from (32) A and A, are both functions of
¢, the substitution of (46) into (42) would lead
to a very complicated equation for ¢c. However,
in the case of U =constant, we find

R (47)
2y
We approximate the value of k* in (42) by

using the negative value from (47). This is done
in order to obtain approximate roots of the
frequency equation. Once these are obtained,
the value k* for use in eq. (44) will be obtained
by obtaining a second approximation to k*
from (46) using the values of A and A,, obtained
from the first approximation for c.

Thus, eq. (42) becomes?

! In a primitive equation model with non-zero
vertically integrated divergence the frequency equa-
tion must yield two additional eigenvalues corre-
sponding to external gravity waves. In a vertically
parameterized model, however, it is possible to
eliminate explicit reference to such solutions by
using the modelling assumptions to eliminate w(p,)
from the equations. Any reference to the non-zero
integrated divergence is then tied in with the form
of the function G(p), which in turn depends upon
F(p). Alternatively, it is possible to formulate the
system so that solutions corresponding to external
gravity waves are obtained. As we are primarily
interested in the meteorological root, we have pre-
ferred to solve the simpler system here.
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and, with the use of (45), eq. (43) becomes
identical with (44). We seek solutions to (44)
and (48). For the solution of (48), we require
the functions of pressure U*(p), F(p), F.p),
G(p).

3. The functions of pressure

(a) The function U*(p)
If we use
o*=§+g
and ¥ =g +¢
then these, together with the definition of o*,
give

dZ _ 2
ély, p) = i [¢>(o,p) - ,973, U*(p)]

ﬁ’l_i n _ﬁ_yz *
+cppdp [¢(0,p) 9 U (p‘] (49)

We define a mean value with respect to y

1 D
( =ﬁf_0( )dy

where D is the half-width of the current. We
apply (50) to (49), recalling that, by (19) we
have constrained & to be constant. We solve
the resulting equation for ¢(o, p) to find

(50)

*) T s
- (F1 U"‘)[(FU*)+(GU*’)a]+(FU*)y . .
- gD ap 1?7
P plo.p) == UMp) + ZE—+ 2 e, (51)
S~ ) 2(2-6) )
+(FU") yAxp+Anp
Sy~ o where 6 =1-c,/c,, and ¢, and ¢, are arbitrary
{(F;J ) [(FU*) +a(GU*)] -7 } ~0 (48) constants, to be determined from boundary
1 conditions.
Table 1. Roots of the frequency eqs. (67) and (68)
Values are in m sec™. Ay, =f/k?
No-shear Shear
Difference
L{km) Ayp ¢y C3 C3 ¢ €y C3 '(Ca)s;l - (Cs))vsl
1 000 0.58 —-55.2 55.4 - 0.75 —-50.8 60.2 - 3.6 2.85
2 000 2.3 —55.2 57.0 - 2.4 —-50.9 61.9 - 5.3 2.9
3 000 5.2 —55.2 59.6 - 5.0 -50.9 64.6 - 7.9 2.9
5 000 9.3 —55.2 62.9 - 8.3 —-50.9 68.1 —-11.4 3.1
4 000 14.4 —55.2 66.7 -12.0 —51.0 72.1 -15.3 3.3
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Table 2. Roots of the frequency egs. (67) and (68) in terms of (U —c), for comparison with Rosenthals
(1965) results

No-shear Rosenthal Shear
L (ko) (U= (U~e)y (U~cly (U—ch(U—cly (U~cly (U-eh(U—ch (U0l
1 000 0.58 55.0 -55.6 0.73 55.0 - 55.6 0.55 50.6 —-60.4 3.4
2 000 2.8 55.0 —-57.2 2.2 55.0 —57.2 2.2 50.7 —62.1 5.1
3 000 5.2 55.0 —59.8 4.8 55.0 —59.7 4.7 50.7 —64.8 7.7
4 000 9.3 55.0 —63.1 8.1 55.0 —63.0 8.0 50.7 —68.3 11.2
5 000 14.4 55.0 —66.9 11.8 55.0 —66.7 11.8 50.8 —-72.3 15.1

We may derive an alternate expression for
#(0, p). By the hydrostatic equation

d.- _ _RT,p)
dp¢(0, P) — (52)

Differentiating (52) with respect to p, applying
(49) at y =0, and using the result together with
(52) leads to

w "gl)

d 8
75, To:p) = ~T(o,p) = = (53)
P p

The solution of eq. (53) is

8 5 ’
T(o,p) = (%) T(o,p,) + —]ﬁ [pﬁ(:%) - p{l

(54)

Substituting into (52) and integrating with res-
pect to p, we find

- R -p) .
$(0,p) T T(o, p,)

el Al)] e
22 0) (7 P\p,

which is the required expression. In Fig. 1 we
show a graph of U * for a case where U*(400) =0,
and where the shear U — U*(p) approximates
that of an observed profile, as given by Yanai
et al. (1968). Clearly, the profile for U*(p) may
be adjusted to conform to a variety of observed
profiles, as for example, those obtained from
the mean zonal wind charts of Wallace & Chang
(1969).

(b) The functions F(p), C(p) and F,(p)
For F(p) we assume

_2Ap-p")

F(p)
Do~ 2p*

(58)

N

so that F =1, F(p*)=0, and we choose p* =
400 mb. The expression (58) together with the
equation of continuity (4) and the modelling
assumptions (6) and (7), implies that the diver-
gence goes to zero at only one pressure surface,
i.e., when p =p*. This means that the value
of y? (see eq. (45) which we select should cor-
respond to Rosenthal’s value for n =1. Using
that value, ie., »=55x102 e¢m sec-!, and
a =10%/3 mb (see eq. (32), then, with & =3x102
cm? sec—? mb~2, we find

~

- ~ 2
where we have set ¢(o, p) = 0. F,= ﬂ: =0.331 x 10 2 mb~ ! (59)
Equating (51) and (55) and using the condi- 7
tions
T We also find, using (58) in (22), that
U*(p) = U = constant
U*(p) = U*(p,) at p = 56 30"~ 2p*p)
(p) {(po) &t p = po (56) G(p) = ———— (60)
Po (po - 3p*)

to fix the constants, we find

* 4
U*(p)=U + [gié(’i)] [1_(1+5) (g) ] (57)

We still need an expression for F\(p). By
using ¢*=¢ +¢’, 0*=5+0’, and the definition
of ¢* and &(y, p) from eq. (49) we find

Tellus XXIV (1972), 4
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Table 3. Values of the maximum magnitude of the
vertically integrated divergence as computed from

eq. (72)
Ratio,
L (km) No-shear  Shear Shear/No-shear
1 000 2.2x10-%  3.7x10-7 16.8
2 000 7.5 x10-% 3.2 x1077 4.3
3 000 1.6 x1077 2.5 x 1077 1.6
4 000 2.6 x1077 1.6 x1077 .6
5 000 3.4x1077 0.9 x1077 .3

" " I:d217’1 N (cv) 1 dFl] 3 (1)
o'\, Y, p, = ) x,Y,
dp*  \¢,/ p dp

The simplest assumption, more or less consistent
with our assumption & =constant, that may be
made about o’(z, y, p, t) is

a'(x,y, p, t) =0 (62)

This assumption, together with the two condi-
tions

D
Il

=
]
=

and the differential equation

d°F, , (_) 1ar,
2z
dp ¢/ pdp

(64)

leads to the solution

o 1-4 2

ga (p éa p
Fl(p)=—2p(—") +l-—

y p y 1+6

(65)

Fig. 2 shows a graph of F,(p) for the values of
(5a)/y® used here.

We are now in a position to evaluate the
coefficients in (42). We find

Table 4. Values of R,, computed from eq. (73)

L(km) No-shear Shear
1 000 .01 .01
2 000 .04 .05
3 000 .08 .09
4 000 .13 .15
5 000 .18 21

Tellus XXIV (1972), 4
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I’{lj\*= U—[U— U*( )] ____Q&__.
Pl (24 6) (p, - 20%)

_r* *
Fuv - U= U ) [a—(1+a) (p—)]
o(p, - 2p™) Py

Gov - - AU-Up) [ 66)
(2+6) {p,— 3p™)
&k
x [(1+6)—2(2+6) (’i)]

Do

o~ 3a{ <1—a)}

F\U* =5 U+U-U*p)~——

y 26

4. Discussion of solutions

To simulate a typical profile, we choose
U*(p) = =5 m sec-!. Then, if we require that
U#* (400 mb) =0, we find, from eq. (57) that,
U = —0.18 m sec-1. With these values, and the
values of & and y stated earlier, we obtain the
numerical forms for (47) and (48).

¢® +0.054 x 105¢? — (30-250 +0.55| Ayp|) x 10%¢
—(0.545 +3.035| Ayp|) x 10° = 0, U = const.(67)

c? —0.580 x 103¢% - (30-577 +0.653 | Ayp|) x 10%¢

—(9.079 +3.267)Ayp ) x 10° =0, U* = U*(p)
(68)

Here |[Ayp| =0.58, 2.3, 5.2, 9.3, 14.4, corre-
sponding to wavelengths L =1 000, 2 000,
3 000, 4 000, 5 000 km.

The solutions to (67) and (68) are given in
Table 1. To facilitate a comparison between
these results and those of Rosenthal, we re-
state them in terms of U-c, in Table 2. We see,
from the latter table, that our no-shear results
and Rosenthal’s results are virtually identical.
Any differences are on the order of 0.1 when
rounded to the nearest tenth. These are traceable
to the magnitude of U.? If that value is doubled,
for example, the differences between our results
and Rosenthal’s disappear.

The major differences are between the magni-
tudes of the phase velocities of the meteoro-
logical waves, c;, in the no-shear and shear

2 The absence of baroclinically unstable modes in
our model, as well as in Rosenthal’s, is due to the
choice of base state.
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Table 5. Values of R, computed from eq. (74) when U =const.

Lat. L (km) Ry, Lat. L (km) Ry, Lat. L (km) Ry,
i 1 000 194.9 5 1000 7.98 25 1000 31
2 000 195.1 2 000 7.80 2 000 31
3 000 195.1 3 000 7.80 3 000 31
4000 195.1 4000 7.80 4000 31
5 000 195.1 5 000 7.80 5 000 31
2 1000 48.7 10 1000 1.94 30 1 000 22
2 000 48.8 2 000 1.95 2 000 .22
3000 48.8 3 000 1.95 3000 .22
4 000 48.8 4000 1.95 4000 .22
5 000 48.8 5 000 1.95 5 000 .22
3 1000 21.7 15 1 000 .87
2 000 21.7 2 000 .87
3 000 21.7 3 000 87
4000 21.7 4000 87
5 000 21.7 5 000 .87
4 1 000 12.2 20 1000 49
2 000 12.2 2 000 49
3 000 12.2 3 000 49
4000 12.2 4000 49
5 000 12.2 5 000 49

cases as secn in Table 1. The inclusion of the
shear has increased the speeds of waves. The
difference is larger for longer wavelengths. An
interesting result is that the 3 000 km waves
propagate westward at 7.9 m sec~! indicative
of a 4.4 day period. This is in agreement with
estimates based on cross-spectrum analysis by
Wallace & Chang (1969) of the wavelength
and period of observed easterly waves. The
divergence is given by

ow dG

- — = =~ W(y) cos k(z—ct)
dp

op (69)

The amplitude of the vertically averaged value
of the divergence is then

o 3Py (Do — 20%) <N iaios
D - _JQMaU(O)e*“‘ lv
Do(p, — 3p™)

[ b s
/3(1 ~ -) + 2|k*|a (GU*’ - —)]
A, al,

I~ yz
A+GU¥a——

1

x

(70)
/N
D reaches its maximum magnitude at

1\?
—+f—
y“mc*)

(71

- 2|k*| by

If we use the negative value for k* from (47),
we find, for the meteorological root,

39,0~ 20%) = (By\*
pi(p, — 3p*) a(0) (e)

—(1+(GU* |y)c,+ F1U*|F)

S
% (1 +a((GU*’)/y)—b—y

N\
|Dmax|= PN e
A —[FU*+ (FiU*)/F1+GU"alc,

LTS A, N T 2
+((FLUY/F) (FU*+ QU a)-y
(72)

N\
Table 3 gives |D max| as a function of wave-
length, for p* =400 mb, and the other constants
as previously computed. The values in the no-
shear case are almost exactly the same as
Rosenthal’s. In this case, the divergence in-
creases with increasing wavelength. Just the
reverse is true when shear is present. This is in
agreement with Charney’s (1963) analysis of
the divergence of low-latitude motions, which
shows that the divergence decreases with in-
creasing wavelength. At short wavelengths, the
shear increases the divergence considerably,
while at longer wavelengths (L =4 000, 5 000
km), the effect is to decrease the divergence.
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At L =3 000 km, there is very little effect of the
shear on the divergence.

We may examine the effect of the shear on
the extent of geostrophicity of the perturbation
velocity components. We define

M > ol N
ZLFUHE + (GUM) 6
ot ox

Byv
_ I _U-q

Raz =

, U=const.

U—ca+'y
/1\ /\, TN /\’
{(FLU*|F{~ FU*|F; -c,)
N
+[aGU* [y

T

x (F1 U*|Fi—¢,) 9]}
s N

x[(FU*-¢,)+GQU* a]

= - a
or Py —

AN
UFU*-c,) (FIU*|F; =c,) 4

S
Gut/

S
+GUY a(F U*|Fy —c;)—"]

U*=U*(p)
(73)
P
Zrirvh®
ot ox
By=|——F—>
By
—U—e)U-~
= ( csl( %*y) , U =const.
By Anp
. o
—(FU*-¢,)[(FU*-¢,)
(74)
AN AN, ErEnAY
x (P U*F;—¢,)+ F1 U*|Fy
I~
x@U¥a-QU*qc,~y"
2 Py,
BY Anpl(L+aGU™|[y)
Ry, = T,
x (F\U*[F1—¢,)~b-y]
U*=U*p)

Small values of B, and R, correspond to near
geostrophic flow, while large values indicate
highly ageostrophic motion. Table 4 shows that
R,, increases slightly at the longer wavelengths.
Therefore, the shear tends to reduce somewhat
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the geostrophic character of the N—8 perturba-
tion velocity component, especially at longer
wavelengths. Table 5 shows R, when there is
no shear. This table shows that « is markedly
ageostrophic, and only begins to approach
geostrophicity in subtropical latitudes. Table 6
shows R,, in the presence of shear. Again u is
markedly ageostrophic for all wavelengths, and
into subtropical latitudes. The effect of the
shear is to increase the ageostrophic character
of u somewhat at short wavelengths at all
latitudes. However, at longer wavelengths, i.e.
3 000-5 000 km, the effect of the shear is to
decrease the ageostrophic character of «.

5. Concluding remarks and summary
of results

We have investigated the effects of vertical
shear in the basic current in a linearized equa-
torial tropospheric wave model by considering
a vertically integrated system of equations.
Strictly speaking, the equations which we have
treated, i.e., the linearized equations of motion
with shear in the basic current, are not separable.
By parameterization of the perturbations with
respect, to pressure, and their subsequent intro-
duction into the vertically integrated equations,
we are led to the linearized system (23)—(26)
inclusive, in which the coefficients are constants.
By assuming solutions of the form (27)-(30)
inclusive, we finally derive the differential eq.
(31) for the amplitude of the perturbation of
meridional velocity. It is seen, from the above
‘“‘quasi-separation™ procedure, that the vertieal
variation of all quantities now resides in the
constant coefficients. Since these depend upon
F(p), the solution for B(y) will depend upon the
choice of this function. Nevertheless, reasonable
choices for F(p) lead to little variation in the
constants, and in the solution for B(y). For this
reason, and because the only cases in which it
has been possible to separate the linearized
equations were those in which the basic current
was constant (or zero), it is felt that the pro-
cedure used here is justified, for the problem at
hand. While there may be other aspects of the
flow which are not delineated by this method,
the effect of variable basic current appears to
be clearly discernible. We find that

(a) The presence of the vertical shear of the
basic current causes the divergence to decrease
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Table 6. Values of R, computed from eq. (74) when U* = U*(p)

Lat. L (km) Ry, Lat. L (km) Ry, Lat. L (km) Ry,
1 1 000 220.2 5 1 000 8.81 25 1 000 .35
2 000 199.0 2 000 7.95 2 000 .32
3 000 193.9 3 000 7.76 3 000 .31
4 000 190.6 4 000 7.63 4 000 .31
5 000 187.3 5 000 7.59 5 000 .30
2 1 000 55.0 10 1 000 2.20 30 1 000 24
2 000 49.7 2 000 1.99 2 000 .22
3 000 48.5 3 000 1.93 3 000 .22
4 000 47.7 4 000 1.91 4 000 .21
5 000 46.8 5 000 1.87 5 000 21
3 1 000 24.5 15 1 000 .98
2 000 22.1 2 600 .88
3 000 21.5 3 000 .96
4 000 21.2 4 000 .85
5 000 20.8 5000 .83
4 1 000 13.8 20 1 000 .55
2 000 12.4 2 000 .50
3 000 12.1 3 000 .48
4 000 11.9 4 000 .47
5 000 11.7 5 000 47

in magnitude with increasing wavelength. This
result is consistent with that obtained by
Charney (1963) by means of scale analysis of
low latitude wave motions. Further, the pres-
ence of shear changes the maximum amplitude
of the vertically integrated divergence to near
observed values. In particular, the model di-
vergence for Palmer waves (L ~2 000 km) 18
3.2 x10~7, which 1s closer to the value of 10-¢
typical for such waves than that calculated
when the shear is absent.

(b) The presence of vertical shear in the basic
current increases the speed of all wavelengths
of meteorological waves, with the increase be-
coming larger at longer wavelengths. We find
that the 3 000 km wave propagates westward

at 7.9 m sec~?!, indicative of a 4.4 day period,
in agreement with estimates based on observa-
tions. It is conceivable that these results could
lead to the formulation of an empirical rule
relating vertical wind shear and velocity of
propagation.

(¢) The presence of vertical shear in the basic
current decreases the geostrophic character of
the v-component of the velocity slightly, with a
greater decrease at longer wavelengths.

(d) The presence of vertical shear in the basic
current tends to increase the ageostrophic
character of the u-component of the velocity at
short wavelengths, but to decrease it at longer
wavelengths.
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BOJTHOBBIE ABIKEHUA B TPOIIOCOEPE 9KBATOPHUAJIBHBIX HINPOT
P HAJINYNN BAPOKJMWHHOTO BEAYIIEI'O IIOTOKA

06o6maiTca TeopeTudecKie NCCIeqOBAHNA BOJI-
HOBHIX J[BHKeHMit B Tpomocdepe 3KBATOPUAIb-
HBIX IIUPOT, BHIMONHeHHbIe Posenranem (1965),
Ha cjayyali BepTHKAJBHOTO CIBUIa CKOPOCTH B
BexyueM notoke. [Tokasano, uTo Npu BRIOYEHUHK
storo 5PdexTa AUBEPreHLUA YMeHBIIAeTCA C
POCTOM JNUHBI BOJHBE B COOTBETCTBUM C MAac-
mTaGHbIM aHandudom Yapuu (1963). K Tomy e,
y4eT CABHIa CKOPOCTH NPUBOZUT K MaKCUMAaJb-

Tellus XXIV (1972), 4

HBIM 3HAYEHNMAM AMBepreHUNd, KOTOPHIE 3HAYU-
TeJBHO JydlUle COTJIACYIOTCA C JHUBepreHiueil B
poaHax Ilanemepa (x ~2 000 xu), ueM B cayyae
BeAyulero INOTOKA, HEM3MEHHOTO IO BHICOTE.
CropocTn pacOpoOCTpaHEHMA MeTeopoJorude-
CKHUX BOJH TaKie 3HAUYMTEJBHO JIydIle corja-
CylTcd ¢ HaOMWAEHUAMH, KOrJa YYMTHIBAETCH
CABUI MOTOKA 10 BHICOTE, YEM B €ro OTCYTCTBHE.



