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ABSTRACT 

The evidence from observational calculations and a numerical simulation experiment 
point to the dominance of the baroclinic process over the non-linear cascade of kinetic 
energy in the spectral range 7 $m $ 15 in atmospheric flow (m is the wavenumber). 
It is therefore suggested that the power law governing this portion of the kinetic 
energy spectrum be derived using C,, the imaginary part of the phase speed commonly 
used in studies of baroclinic instability, Evidence is presented to  support this view. 

1. Introduction 

Kraichnan (1967) and Leith (1968) have 
shown that a two-dimensional fluid containing 
an inertial subrange between the wavenumbers 
at which kinetic energy is introduced into the 
system and the scales at which dissipation is 
dominant will obey a - 3 power law. That is to 
say that the kinetic energy per unit mass and 
wavenumber in this subrange may be written as 

K ( k )  = Ak-3 k,  < k < k,  (1) 

where K ( k )  is the kinetic energy per unit mass 
and wavenumber, k( = 2n/A) is the wavenumber, 
3, is the wavelength, A is not a function of 
wavenumber, k i  is the effective wavenumber a t  
which energy is injected into the system, and 
kd is the wavenumber a t  which dissipation be- 
comes dominant. 

Observational studies of the large scale atmos- 
pheric flow (Ogura, 1958; Horn & Bryson, 
1963; Wiin-Nielsen, 1967; Julian et al., 1970) 
have shown that the kinetic energy per unit 
mass and wavenumber may be written in the 
form 

K ( m ) = & K b  7 < m < 1 5  ( 2 )  

where m = k L / 2 n ,  L is the circumference of a 
latitude circle, and B is not a function of m. 

The exponent b has been found to vary be- 
t.ween 2.7 and 3.2 depending on the pressure. 
At a given latitude mlk is constant and the 
following relationship holds 

K(m)dm = K(k)dk  (3) 

Numerical simulations of the general circulation 
(Manabe et al., 1970) and of two dimensional 
turbulence (Lilly, 1969) have also yielded power 
laws for K ( m )  with exponents close to - 3  for 
the spectral range 8 < m  G 16. Steinberg (1971), 
in a numerical simulation of turbulence using a 
simplified quasigeostrophic model similar to 
Phillips (1956) found that the value of b varied 
between 1.7 and 3.4 depending on the amplitude 
of the heating function and the value of the 
coefficient of eddy viscosity. 

In  regard to the assumptions of isotropy and 
the presence of an inertial subrange of Kraich- 
nan’s theory observational studies of the large- 
scale atmospheric flow (Ogura, 1958; Saltzman 
& Teweles, 1964; Yang, 1967; Steinberg et al., 
1971) indicate the following: 

(a )  The assumption of isotropy in the two- 
dimensional turbulence theory is not observed 
in atmospheric large scale flow in mid latitudes. 

( b )  The existence of an inertial subrange in 
the spectral range under consideration is not 
substantiated. Indeed, at each wavenumber in 
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the range 7 < m  < 15 the baroclinic process of 
C(A,,  K , ) ,  the conversion of eddy available 
potential energy A,, to eddy kinetic energy, 
K,, is dominant compared to the non-linear 
transfers. The conversion of A,  to K,, however, 
is excluded from a two-dimensional theory. 
The large scale atmospheric flow may be con- 
sidered as two-dimensional with respect to 
velocity and acceleration but not energy trans- 
fers. 

Thcrefore, we have a theory whose prediction 
seems to correspond to observed behavior but 
whose assumptions to a large degree do not. 

2. An alternate theory 

We must therefore seek an alternate theory. 
The direction in which one must look (if indeed 
a theory exists) is indicated by Leith (1968). He 
observes that the - 3 power law may be derived 
on purely dimensional grounds simply by as- 
suming the dominant spectral parameter to  
have dimensions of time-l(t-’). One need not 
postulate an inertial subrange. 

From the above evidence it may be seen that 
the baroclinic energy transfer, C(A,, K,) ,  is 
the dominant factor in the growth of disturb- 
ances with 8 $ m  < 15. A candidate for the im- 
portant parameter having dimensions of t-’ 
would then be the inverse of the e-folding time, 
i.e., kC, where C ,  is the imaginary part of the 
wave speed commonly contained in baroclinic 
instability theories. 

3. Theoretical indications 

Both Yang (1967) and Pedlosky (1970), using 
a model similar to Phillips (1956), obtain the 
following equation for the equilibrium amplitude 
of the stream function 

where k is the wavenumber in the latitudinal 
direction, A(  00) is the equilibrium amplitude 
of the stream function and N is a function of 
the parameters of the model such as the coeffi- 
cient of eddy viscosity and the vertical wind 
shear. 

The equilibrium kinetic energy per unit wave- 
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number and mass on dimensional grounds may 
be written as 

K(k)=IA(m)IPk  

ct = -  
N (5) 

This is written in terms of the nondimensional 
wavenumber m as 

dk 
K(m)  = K(k)  - 

dm 

where 4 is latitude and a is the earth’s radius. 

we write 
Taking 4 = q40 = 45” and letting D = (a cos & - l  

DCi K(m)  = -- 
N 

Thus, there is theoretical evidence linking the 
spectrum of K(m)  and C,. If C ,  and N can be 
evaluated for a range of wavenumbers, e.g. 
7 < m  < 14 then (6) and (2) can be compared 
and a definitive statement made. However, for 
reasonable values of the static stability, u, and 
the vertical wind shear, S, the studies of Yang 
and Pedlosky have a “short wave cutoff” at 
m =9, 10. Their values are therefore not useful 
in verifying the hypothesis. 

Suppose that Ci and N may be written in the 
form 

C i = E l m - c  

N = E , m - d  (7) 

where E l  and E ,  are not functions of m. A 
posteriori, N should be a weak function of m 
so that -0.5 < d  40.5, depending on the case 
considered. 

Inserting (7)  into (6) we have 

K(m)  = = Em-b (8) 

where E = ( D E , / E , )  and the exponent in the 
formulation for N is like b -c. 

Numerical values for C ,  are easily obtained 
from a recent study by Wiin-Nielsen (1971). 
With the use of a quasi-geostrophic inviscid 
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adiabatic multilayered model Ci was calculated 
as a function of m. There is no shortwave cutoff 

The values of Ci for 7 Q m  < 14 are reproduced 

km-l, respectively. These are for the case of the 

While the model of Wiin-Nielsen is inviscid 
the models used by Yang & Pedlosky are not. 

a They include frictional dissipation through 
horizontal eddy diffusivities both in the mo- 
mentum and thermal equations. The form of 
IA( m) I given in (4) will depend on the inclu- 
sion of these terms as shown by Pedlosky. 

These effects were included in  Wiin-Nielsen's 
model with values of both K,, the eddy diffu- 

- - 
- - in this model. 

a 

- - in Figs. 1, 2 and 3 for S = 2, 4 and 6 m sec-1 
a 

- derivative lower boundary condition. 
a 

- 

- - 
a 

a 

' I I ' " ' l ; l l l l l  



POWER LAW FOR THE KINETICl ENERGY SPECTRUM 

5 

291 

- 
10 15 20 

10 -1 

Ci  

lo-; 

I I I I I I 1 1 1 1  

a 

a 

. -  
I I I I I r I "  

a 

a 

a 

L 

The values of Ci were then calculated and the 
results are shown in Figs. 4, 5 and 6 for wind 
shear values of S =2,  4 and 6 m sec-l km-1, 
respectively. 

It is interesting to note that for 7 < m  Q 14 the 
values of Ci are well fitted by a power law 
representation. In  each case the exponent was 
evaluated by the least squares method and is 
presented in Table 1. The values are surprisingly 
close to exponents obtained from the power laws 
governing the kinetic energy spectrum except 

Table 1 

Values of c in C ,  = Elm-C 

S (m sec-l km-l) 

2 2.5 3.3 
4 3.0 3.8 
6 3.8 5.4 

K ,  = K ,  = 0 Kv = K ,  = 
lo6 ma sec-l 
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Fig. 5. C,  versus tn, B = 4 m see-l km-', c = 3.8. 

for the case of S = 6 m sec-l km-' including dis- 
sipation. 

It should be pointed out that N has not yet 
been accounted for and it remains to be seen 
if the assumption made in (7) is correct. 

4. Conclusions 

Evidence has been presented pointing to the 
use of C ,  as a basis for explaining the shape of 
the kinetic energy spectrum of large scale atmos- 
pheric flow (7  < m  < 15). 

It remains to investigate the shape of the 
function N .  For the formulations of Yang& 
Pedlosky N is a slowly varing function of m in 
the range between m = 7 and the cutoff point 
which unfortunately is around m = 9. Formulat- 
ing an equation analogous to (4) for a multi- 
layered model would permit a better test of the 
theory presented here. 
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m-wovenumber 
Eig. 6. C, versus m, S = 6 m sec-' km-', c = 5.4. 
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