The steepening of long, internal waves

By ROBERT R. LONG, The Johns Hopkins University, Baltimore, Maryland

(Manuscript received August 16, 1971; revised version January 18, 1972)

ABSTRACT

An investigation is made of the deformation of long waves in a stratified fluid as
influenced by the curvature of the vertical profile of density, by the terms neglected
in the Boussinesq approximation and by the vertical shear. In the continuous case
these are taken to be small effects and the results for waves with an even number of
nodal surfaces are as follows: (1) If the density profile is concave upward, a wave of
elevation tends to break in the direction of the propagation, i.e. the forward part of
the wave steepens; if the profile is convex upward, it tends to break backward. (2) The
terms neglected in the Boussinesq approximation cause a wave of elevation to tend
to break backward. (3) If the wave is propagating toward negative  and the fluid speed
along the z-axis increases with height, the wave of elevation tends to break forward.
To the first order there is no tendency for breaking if the waves have an odd number
of nodal surfaces. An analysis is also made of a two-fluid system. The same tendencies
exist in (1) above provided the concave-upward profile corresponds to a shallower lower
fluid. In (2) and (3) above the tendencies for breaking in the continuous system and

in the two-fluid system are opposite.

1. Introduction

Water waves of finite amplitude tend to break
forward! (in the direction of propagation) if
the waves are sufficiently long. This was first
discussed by Airy (Lamb, 1932) who showed
that a given wave height 7" above the undis-
turbed height A propagates at a speed, which,
to first order, is

— 3,
Vgh[l +3 ;77] - 0(a) (1)

where « =a/h and a is representative of the
wave amplitude. Thus the higher parts travel
faster than the lower parts and the wave tends
to break forward. It is not obvious from the
discussion in Lamb, but it may be shown that
(1) implies that gy<o where p =h?/A% and 1 is
representative of the length of the disturbance.
The basic purpose of this paper is to examine
the steepening of long waves in a stratified fluid.

1 In the text the term ‘“wave-breaking” is used to
denote a tendency for a long wave to steepen either
in its forward or rear portions as it propagates.
Whether the wave actually breaks in a manner
similar to the breaking of water waves will depend
on effects of higher order and on non-hydrostatic
pressures.

In one section, however, the method is extended
to the case of Rossby waves on a f-earth.

At first glance, it would seem natural to
investigate the stratified problem by con-
sidering long, finite-amplitude waves in a model
in which (1) there is a linear vertical density
gradient; (2) the Boussinesq approximation is
made; (3) the fluid is basically at rest. However,
we may show that long, finite-amplitude waves
of arbitrary form may propagate without change
of shape in such a model. Thus, assuming a
uniform current, under these conditions the
steady-state disturbance streamfunction v’
satisfies the differential equation (Long, 1953)

2
oy 2

+oy =0
oz’ v

where 2’ is the vertical coordinate and ¢ is the
constant ratio of the Brunt-Viisild frequency
to the speed of the current. This has a solution

’

. z
y =f{x') sin nn;l, ocH =nn

’

where n is an integer, &’ is the horizontal
coordinate, and we have assumed rigid surfaces
at 2z’ =0 and 2’ = H. Notice that f(x’) is arbitrary.
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Thus, this model is rather special and steepening
will depend on (1) curvature of the density
profile, (2) terms neglected in the Boussinesq
approximation, or (3) vertical shear. The im-
portance of these factors for the existence of
the solitary wave in stratified fluids was pointed
out by Long (1965) and Benjamin (1966).

In the following sections, we investigate
wave-steepening as affected by these factors.
Section 2 is concerned with a two-fluid system
while Sections 3, 4 and 5 contain diseussion of
the above three factors in a continuously strati-
fied fluid. Section 6 derives similar results for
long waves on a f-earth. In the final section
we mention briefly the effect of non-hydro-
static pressures.

2. Wave deformation in a
two-fluid system

Long (1956) derived some results related to
wave-steepening in a system of two super-
imposed liquids, but the investigation was
rather special and it is instructive to derive a
general result by another technique. The total
depth is H, the lower fluid has an undisturbed
depth h,, the height of the disturbance above
hy is o and subscripts “1” and “2” are used
to denote the lower and upper layers, respec-
tively. The basic equations, assuming hydro-
statics, are

’ ’
8u au o 1
P RRCATAEE =g BT (9
ot ar  0,0x
’ ! I
oUs ;. OUg 1 on
LU, +u) = -5 3
o (U, z)ax/ 0u20 (3)
o ' 8u'
i (U, +u1> ) =0  (4)
at’ ox
_@_ (U, + u' 8771
3t
au
+ (H=hy—m) xf—o (5)

where we have assumed rigid surfaces at 2" =0
and 2z’ =H; n’ is the pressure at the upper rigid
surface, g’ is modified gravity,

Tellus XXIV (1972), 2

7722897

g ==ty (6)
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and U,, U, are the basic currents in the two
fluids.

We now scale Eqs. (2)—(5) using the following
considerations: (1) The zero-order terms are
those corresponding to steady, long waves of
infinitesimal amplitude; (2) The time-dependent
tendency for steepening arises from the effect
of the non-linear terms in these equations.
Specifically, we assume that the first and
third terms in Eq. (2) are of the same order
of magnitude. We are thus led to the following
definitions:

’ ’ ’ 9
ur= Uy oy g = Uy atty, = apy, " = g, Uran

‘h
' =Ax,2' =h 2, t' = ty=gU;,s=g—2
1 (41
G, - -k a 7
r Ul’ hl ) & hl (

where « is considered to be small, but s, » and
R are of order one, Egs. (2)—(5) become

ou ou 0 2.

a =t (Ltou) 2 = —p B (g)
ot oxr ox ox

ou ou o:

Bt () =~ (9)
ot ox ox

a;‘+(1+ ul)-—+(l+arh)—=0 (10)
oy on, ou,

e e ) (R ) =0 (11
*at (r+ ey o (8 =omy) o an

We now assume expansions in «, for example,

uy = ui” +au’ + 0(a%) (12)
The zeroth-order equations may be integrated
directly. If we assume that the disturbance va-
nishes at great distances along the z-axis, we
obtain

u® +yp” + 87" =0 (13)
rug” + 7P =0 (14)
7O ru®=0 (15)
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~r®+ Bul® =0 (16)
Solutions are
o =fla,t) (17)
ul® = —~ fla, ) (18)
7

w? = i@ 1) (19)

0 rz
7= - 7 /@0 (20)

o
y-1-%=0 (21)

where f(z,t) is arbitrary. The equations of the
next approximation yield

au(ll) N 31](11) an(l)

——tg— =f,— 22
oz b4 o ox jt ffz ( )
ous’ etV r r°

r— + = ——fi—-— 23
oz oz th Rzﬁz ( )
o oud?
= 2ff — 24
ox ox fjx jt ( )
an(l” ould 2r
-r R =fht+t=f 25
2 ox ft R .fz ( )
These require that
s’
(1)
R
ft+6.ﬁz:0’ g= """+ (26)

sr
211+ —
(%)
This non-linear partial differential equation has
the general solution

=Gz —oft) (27)
where G is arbitrary, or, approximately,
M = M2 —on, b) (28)

If ¢ is non-zero, this yields a general tendency
for breaking. As examples, if 8 =0, o= —(3/2),
and we obtain the result in Eq. (1). If s=1
(Boussinesq approximation) and r=1 (zero
shear),

3(1-R)
°"T9r

It may be shown that this transforms to the
result of Long (1956). It reveals that waves
of elevation on a shallow lower fluid tend to
break forward as they propagate (¢ <0), while
waves of elevation on a deep lower fluid tend
to break backward (¢>0). In case the two
fluids are of equal depth, there is no tendency
to this order for the waves to break. This case
of (1) equal depth, (2) assumed Boussinesq
approximation and (3) zero shear, is analogous
to the special model discussed in Section 1,
1.e. a system of two fluids of equal depth cor-
responds, as we might expect, to a fluid with
linear density gradient in the continuous case.
Two other cases may be discussed. In the
first, we drop the Boussinesq approximation
and assume s =1 —¢ where ¢ is positive and small.
Then for equal depth and zero shear
o= —%¢ (29)
so that waves of elevation tend to break for-
ward as they propagate. In the second case, we
assume & slight increase of speed with height
so that » =1 + . Then with equal depth and with
the Boussinesq approximation,

3¢
o=

30
2 (30)
so that waves of elevation tend to break back-
ward as they propagate. With a decrease of
speed with height, they tend to break forward.

3. A curved density profile in a con-
tinuously stratified liquid

We simplify the analysis by assuming a
slightly curved profile of density in the form

(31)

N ¢
0=0,— T
g

g g

where & is related to the density perturbation.
The constant N? must be positive but C may
be of either sign. With the Boussinesq approxi-
mation and a uniform current U, the equations
are

Tellus XXIV (1972), 2



THE STEEPENING OF LONG, INTERNAL WAVES 91

ou’ au’ au’ ou’ apP’
+U—+w—t+tw— = -— (32)
atl axI awl azl axl
w’ aw’ ow’ ow’ P’
WL e S e (33
at’ ax’ ex’ oz 02’

AN L L e - w(N*+2C2') =0
Ex’ oz’

ot ox’
(34)
MLy (35)
x’ 8z’
where
25’2 2’3
P’=p’/go+gz'—N E-—C—g- (36)

and p’ is the pressure.

We non-dimensionalize Eqs. (32)-(35) by
taking as zero-order terms those yielding a
steady wave of infinitesimal amplitude in a
current U for a fluid with linear density gradi-
ent. As we have mentioned, such a steady
solution remains an exact solution of the full,
non-linear equations of the special model of Sec-
tion 1 even when the amplitude of the disturb-
ance is finite. As & result of this fact, we also
assume that the time-dependent term in (34)
is of the same order as the curvature term in
this equation. We take @ to be representative
of the amplitude of the disturbance and A and
h to be representative of the horizontal and
vertical scales. Then the above scaling assump-
tions suggest the following definitions:

alU
& =aN’¢, w=aNu, w = Tw, x’ = Az,

AN® .
2 =hz, t' = ——t

cu?
P'~aNUP, ¢=CUN"*, h=UN"", ¢ = 2,

R cu’

“TE T o )

Eqgs. (32)-(35) become
mau, +u, +oaun, +oawu, = ~F, (38)
moapw, + pw, + opuw, + apww,
- -P,-& (39)
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maé, +§&; +auf, +owé, —w(l +2maz) =0  (40)

U, +w, =0 (41)

We begin the solution by assuming that o
is small, that m is of order one and that
n <ol Thus we expand as!

u =ul® + qu® + oy + 0(a?) (42)
The zero-order solutions are governed by
uP+ PP =0 (43)
PP+ -0 (44)
u® +w’=0 (45)
2 -w”=0 (46)

In terms of the streamfunction, an appropriate
solution is

v =f(x,t)sinz, &¥=f(x,¢)sinz  (47)
where f(z, t) is an arbitrary function of « and #.
This solution satisfies the kinematic condition
at the bottom of the channel, 2’ =0. At the top,
2z’ =H, we must have p! =0 so that

(48)

This is the condition U must satisfy for the
waves to remain stationary in the current.
Conversely, in a coordinate system in which the
current is zero, the waves propagate to the left
at the speed U.

The equations of the next approximation may
be reduced to the following if we make the
assumption that the disturbance is localized
or that the fluid is undisturbed at |z| =oo:

(1)

w32 + ¢V = 2mf, sin z — 2maf, sin 2 (49)

Eq. (49) and the kinematic condition at the
bottom are satisfied by

p'V = —mf,z cos z + dmz?f, cos z

—imf,zsinz +g(x, t)sinz (50)

1 'We may mention here a paper by Benney (1966)
which contains a general discussion of long waves
in a stratified fluid. Benney emphasized waves of
permanent form and did not expand his solutions to
high enough order to obtain the phenomena dis-
cussed here.
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The condition at the top yields the form

=+ innt) (51)

so that to the zeroth-order the disturbance
propagates toward the left without change of
shape at the dimensional speed U(l — nama).
To obtain a tendency for steepening, we must
obtain information about g(x,t) and this re-
quires one more term in the approximation.
Using (47), (50) and the following equation
for £,
£V = +3mf'z sin 2 — ymnaf’ sin 2z

~imnnf'z cos z + §z2mf’ cos z +gsinz  (52)

the equations of the next approximation are
woar + 98 = §minaf 'z sin z - $m*n’a’f sin 2
—~3m*n’7"f"z cos 2 + m*naf” cos z — mip
x €08 2 + m’2"f"’ sin z + 2m(1 - cos 22) f'f’
+ 2mg, sin z — 2zg, m sin z (53)
with solution

WP = ~mg,zcos 2 2mg, S, + 2mf’f"’

+§mf'f cos 22+ §m n’n’f 'z cos 2
+3m’nafS, - ym*n’2’ {70,
+3mnaf’Cy—f'm*C + m*f"'S,
+h(x, t)sin z + k(x, t) cos 2 (54)

where

2 z z
S,= ——cosz+—-sinz+-cosz
6 4 4

3 2

z . z z .
C,=—-sinz+—cosz——sinz

6 4 4

4 3

z . z 3, .
C,=—sinz+—cosz——2z sinz
* 8 8

— —zZCOBz2

(55)

Imposing the two conditions at top and bot-
tom, we obtain

gy — dnng, = M(x + } nat) (56)

where

8 4
M=+4”
3 nn

D" 1]+ Dmf = S mntatp (57
[(= D)7~ 1)+ Smf”” = Zmn a'f” (57)

Eq. (56) has a solution

g=tM (58)
We may interpret the solution by finding first
an expression for the elevation of the wave.
Thus we may write

E =N —20)+ 0" -2 (59)
where zg is the height of the density surface in
the undisturbed region. This may be rearranged
to yield

@ -z)

o= P 2mae’t + 0(a”) (60)
This is of the form
d = af’ sin z + «*P(x + }nat, 2)
+ oM sin z +0(a®) (61)

Defining the speed of propagation of a given
height 6 by the equation

80 20
J— + c— =
at ox
we obtain,
M
o= —4nm - °; + 0(a?) (62)
or
8 uf’
¢=constant — 3 of [(-1)"=1]1+0(") (63)

nn

The dimensional speed of propagation ¢’ is giv-
en approximately by

, 8 CaH "
c =00nsta,nt—§n,n—2Nf[(—l) - 1]

Thus there is no tendency for breaking if » is
even. If n is odd, the waves will tend to break.
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The direction in which they break depends on
the curvature. If the density profile is concave
upward, waves of elevation tend to break for-
ward. If the density profile is convex upward,
they tend to break backward. As we have
mentioned, this is exactly the behavior of the
two-fluid model if we associate the curvature
of the density profile with the depth difference
of the two fluids.

Notice that the approximation we have ob-
tained is valid only for small times, i.e. for

, 3ANR’x"
<L

16 Cah

It may be useful to introduce values of the
various constants appropriate to disturbances
in a laboratory channel. We envisage a total
fluid depth, H =30 cm, an amplitude a =1 cm,
and a wave length 1 =300 cm. With n =1, we
then have k10 cm. The conditions u<e?,
x<1 are satisfied by these values. With density
variations of the order of ten percent over the
fluid depth, reasonable values of N? and C
may be N%=3 sec~2, C =10-%cm~? sec~2 Then
U =17 cm sec! and ¢ =%. We compute that
the solution is valid for t'<10? sec, approxi-
mately. The distance from ridge to trough
changes by ten percent in a time interval of
7-8 sec.

4. The effect of terms neglected in the
Boussinesq approximation

In this section we assume a zero shear and a
linear density gradient (Eq. (31) without the
curvature term), but we do not make the
Boussinesq approximation. The scaled differ-
ential equations are now

(1 —maz + ma2f) (moau, +u, + auu, + awu,)

=-P, (64)
(1 —maz +ma®) (mopw, + pw, + apuw,
+tapww,) = —P,-& (65)
mag, +&, +aul, +aws, ~w =0 (66)
u, tw, =0 (67)

where
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aU
u =aNu, w’ = 7 w, §’=aN’§, z’' =xA,

2'=zh, t' =

A
k]
UN"h

P =aN°hP, a=~, h=UN7', = i

a
h
E=—), ——=m (68)

Again, we consider « small, m of order one and
n<al

The procedure is now identidal to that of
Section 3 and we will omit the details. The
zeroth-order approximation is the same:

p'® =f'sing, £&9 =fsinz (69)
where now
f = f(x + innt) (70)
and again
HN _ -
G T nm (71)
The first-order approximation yields
n ’
= - fmj’z cosz+m> zsinz
+ m 2’ cosz+g(x,t)sinz (72)

, ’

ay _ 7T , . 2
£ = —szzcoszﬂ‘-m;zsmz#»mzz cos z

- }namf sinz+g(x,t)sinz (73)

The second-order approximation yields
y;(f) =h(z, t)sinz+ k{z,t) cos z—mg,z CoB 2
240s 1 3.2 2 gr .
—-m’f’zcosz(g—gsn A )+m§zsmz

R, s
—Emf zsinz—-mg, S,

m
+ 7 1 cos 2z + ymf'f’
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7 WA
+ (; s f”m202+%nnm2;‘"82

+3m’f a0, ~3m’ f7S, - Im’ C,  (74)

The two conditions at top and bottom now
yield

(75)

80 that
g=M: (76)

where M is

I

nr

M=

1 n2ﬂ2
(= 1)"— 1]+ mf" (E‘z + ?) (77)

The wave speed is now

nx oM .
- - 0 78
(@) (78)
or
le/ n 2
c¢=constant — — [(-1)"-1]+0(a)  (79)
nm

Again, if n is even there is no tendency to this
order for the waves to break. If n is odd, how-
ever, the waves tend to break backward as they
progress. Surprisingly, this is the opposite of the
behavior in a two-fluid system. In both cases the
variable component of the dimensional speed is
proprtional to
phea
0 h

and we would have expected a similar behavior
for the wave steepening.

5. The effect of shear

We now investigate the effect of shear. We
adopt the Boussinesq approximation and as-
sume a linear, basic density gradient (Eq. (31)
without the curvature term). The basic velocity
is U +Cz where C is of either sign. The scaled
equations become

Maty + Uy + Ma, Z + Uy + qwi, + maw = — P,
(80)

Mo pw, + P, + PMaw, 2 + e, + apuww, = — P, — &
(81)

mak, + &, + mazk, + aub, + awl,—w=0  (82)
u,+w,=0 (83)
where
N°h N°A?
’:aU u, w’=?—ﬁw, P’ =aN’hP,
&=aN€, o'=x), 2’=zh, t A t
=a. ’ = > = ) =—_=1
' =x4, 2’ =2 oh
Bt U’ K Ch a CH?
= — = = =-,m= -
N’ # FEkd £ U’ x A Ua
(84)

Again the procedure is identical to that of Sec-
tion 3 and we omit the details. The zeroth-
order approximation is the same:

p@=f'sinz, £”=f"sinz (85)
where
ns
= - —t (86
f-1 (x 5 ) )
and again
HN (87)
—=n
U 7

The first approximation yields

mnmx .
a _ Tf/z cos z— § f'm(z” cos z — z sin z)

+g(x,t)sinz (88)

mnn .
£V = 2 f'z cos z—hmf'zsin z—kmf'2" cosz

mna | .
+ T f sinz+g(x,t)sinz (89)

The second-order approximation yields
yyf) = h(x, t)sin z + k(x, t) cos z - mg; z cos 2

2 2
n
+ 2mg, S, - Tn Fm*C, + S naf 'm*S,

+ §n’nzf'm’z cos 2z + Inaf 'm’C,
m
_ 2m2f”S3 _ E f/f// cos 22 _ :%mfpfn

_ mzf"Cd (90)
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The two conditions at top and bottom now
yield

nw
ge + 39;=M (1)
g=Mi (92)
where M is
2 140 n 1 11,2 2 1 g4
M=n—nff[l—(1)]+ﬁmfnn—gfm (93)
The wave speed is
nn oM .
=-— - 0 94
Nz (@) (94)
or
2af

[1-(-1)"+0@") (95)

¢ = constant —
nm

Again if n is even there is no tendency to this
order for the waves to break, but if n is odd
and the fluid speed increases with height, the
wave tends to break forward. As in Section 4,
this behavior is opposite to that found for a
two-fluid system.

6. Waves on a g-earth

In this section, we discuss the tendency
for wavebreaking for Rossby waves on a
fB-earth (Rossby, 1939). These waves are dif-
ferent physically from the internal gravity
waves but the mathematical similarity is close.
The single differential equation that governs
this motion is

P} o oy 8 oy @
L (Usby) - LA
o o’ oz ex’ ox’ 82
2, 2, ’
P P) P!
O3 b 4 Y S (96)
ox oz ox

where we have introduced a basic shear in the
west-wind current. As in the stratified case,
finite-amplitude waves satisfy the exact non-
linear equations if the shear is neglected. The
scaled equation is

Ye + Wazr + Myt + MAZY 50 + MUY 7t + MAZUY 27

+ WPrre — O (Wazr + UWazg) + 02 (9.2,

+/‘V’.z‘zz) =0 (97)
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where
i,
v'=Uay, ' =2, 2’=hz, ¢’ = o pr =U

bh a IS
Ty & axT T, /":j?ym

U h (98)

b2
"~ Ua

The zeroth-order approximation, assuming rig-
id walls at two latitude circles a distance H
apart, is

¥ = f,(x,t) sin z (99)
where
f=/(x—zbft) (100)
2
giH
oF o (101)
The first-order approximation is
P = @/'nnz cos z — mf (" cos z — 2 8in z)
4 4
+g(x,t)sinz (102)
The second-order approximation is
m m m’
wf) = - E i E f'1”” cos 2z + —8_ ngnzf”z cos 2
ninﬂ

m*f'C, + I minaf’S, +mg, S,

2
3, 20, 82008 = 7 g
+agmf'naCy—jm’f 3—210‘

—1mg,z cosz+h(z,t) sinz+ k(z,t) cos z

(103)

The conditions at the two walls yield

nr
yﬁ;gﬁM, g=M: (104)

where

4
M= — f"F[1- ()" + fgmn’a’f —Fmf” (105)
3nn
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The displacement function is

’ ’
2 —Z

h

o=

= ap —ma'2zy + 0(c”) (106)

The speed of propagation of a given value of
dis

e (c 1M e0eh (107)

3nn

c=const. —

with a dimensional form which is, approxi-
mately,

4ba
¢’=const. - —f[1-(-1)"] (108)
3nn

Then, for example, if the wind decreases with
latitude, as is normally the case, the erests
steepen in their eastern portions when n is odd.

7. Effects of vertical accelerations

In the previous sections we have completely
neglected vertical accelerations by assuming
that the wave lengths of the disturbances are
very long. Although the assumption may be
justified for the small times for which the
above analyses are valid, tendencies for steepen-
ing involve a shortening of the wave length and
an increasing importance of non-hydrostatic
pressures as time goes on. The disturbance may
then lose its tendency to steepen and develop
into a solitary or cnoidal wave or some other
stable configuration. The problem is very dif-
ficult, but some insight may be obtained from
the corresponding water-wave problem. This
was studied long ago by Boussinesq (1872) and
Korteweg & deVries (1895), but a simpler ver-
sion of the governing differential equation is dis-
cussed by Cole (1968).2 The result is

2

@t +igs— — — g

5 (109)

where @(Z, I) is the first approximation to the

velocity potential at the bottom of the channel,
K =pfa, and

1 Cole’s equation (5.2.124) conteins an arithmeti-
cal error. An equation similar to (109) is integrated
numerically by Zabusky & Galvin (1971) and the
results compared with experiment. There is sub-
stantial agreement.

l=uat

T=x-t (110)
where z and ¢ are non-dimensional distance and
time. If K is taken to be zero, the pressure is
hydrostatic and we obtain breaking waves
with a first approximation to the wave speed
as given in Eq. (1). However, it is evident that
the steepening process will eventually make the
right-hand side of (109) important for any K.

We may discuss an analogous approach for
the problem of Section 3. If we let u = Ka, the
first approximation is of the same form as (47):

p! = f(zx, t) sin 2, & = f(x, t) sin 2z (111)

where f(z, t) is arbitrary. The next approxima-
tion is also straight-forward. It is

a _ _zcosz

Yz 5 (2mfy— Kfzp2) + %

x(z’cosz—zsinz)+gsinz  (112)
where g(z, t) is arbitrary and we have imposed
the kinematic condition at the lower boundary.
The condition at the upper boundary yields

nma .
fe '*_2_ fe=¢ sz E=’2;;’/ (113)

If we use new, independent variables similar to
those in Eq. (110),

t=t
E=x+§nat (114)
we get
fi =¢frzs (115)

For initial conditions f = f,(Z), the solution is

272

f = £o (@) + ebf D + 52—{ P (116)

For a single Fourier component of the initial
disturbance, this becomes

f=A cos [kz + (3 nk — ek°) t] (117)

which signifies that the effect of non-hydro-
static pressure is to change the speed of pro-
pagation without any tendency, to this order,
for steepening. For a superposition of waves,
the effect is to make the system dispersive.
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The next approximation may be carried
through for arbitrary f,. The results are compli-
cated but the importance of the non-hydro-
static terms is undeniable. Indeed, one may
demand that the disturbance does not suffer a
change of form. The analysis then yields the
solitary and cnoidal waves.

The effects of vertical accelerations in a two-
fluid system, bounded above and below by rigid
horizontal planes, may be investigated in a
manner similar to the analogous problem of
long water waves. With the same notation as in
Section 2, we non-dimensionalize as follows:

’ ’ H_h
q)‘izq)l! £=x’ y_=y’ t/l/g—=t3R=__l'

Vg’hi‘ ky hy h, hy
U ’ e -e
ok = F, %=n, S=g—’, g’=g——‘e g (118)
1 1 1 1

where ¢/ is the velocity potential in either layer,
7’ is the height of the interface above the un-
disturbed level A, at |&’| =co, and we have
assumed the upper layer has a basic velocity
U in the «’-direction. We move our coordinate
system so that the lower fluid is basically at
rest.

A combination of the two Bernoulli equations
at the interface yields

\ S S
— @it + Sy + @iz + 1y) — §(¢31+¢§y)+n= - §F2
(119)

and the two kinematic conditions at the inter-
face yield

Pry t N Pz, =0 (120)

Py TN — Paghly =0 (121)
We now assume expansions of the velocity
potentials similar to that used by Rayleigh in
his study of the solitary wave (Lamb, 1932):

2 4
Yy Yy
‘P1=F1—§!F111+Z!F1uu+m (122)
y-1-Ry
9= —Fx+Fy,— TFzzz
y-1-R)*
+ n Forper ¥ (123)

Tellus XXIV (1972), 2

where F, and F, are functions of « and ¢. These
satisfy Laplace’s equation and the kinematic
conditions at the top and bottom of the chan-
nel. In addition these expansions are inherently
suitable for our problem since we assume that
the disturbances are long. Then higher deriva-
tives in the z-direction are small. Specifically,
Wwe assume

2 @
2.2 ¢

oxr ot (124)
where « =a/h,, and a is the maximum amplitude
of the disturbance. We assume, of course, that
o is small. Since n~a, it follows from the
Bernoulli equation that ¢, and, therefore, ¢,
are also of order a.

Using (122)-(124),
become

equations (119)-(121)

8
_F1L+SF2t+§F1n't_§R2F2:1t+iF?I

S
-3 (F3.—2FF,, + R°FF,.)+n=0") (125)

~ P ypr~ Fiza+ (lj Firoprt i~ Fypne= 0(111/') (126)
)

- nFaz +RF,;, - - m

6
—(Fpe— F) .= 012 (127)

The equations of the first approximation may
be combined to yield

SFY\ _SF s \
N |1~ )~ 2 N 1+1—2 =0(x')

R R
(128)

‘We choose the solution,
n=n(z—bt) + 0(’) (129)

where

SF l/ S FS
—+1+=-
R R R

b= 130
S (130)
1+=
R
It is now convenient to choose new independ-
ent variables,
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T=x-bt
I=t (131)

Egs. (125)-(127) become

b
n—Fip+bF g+ SFy; —bSFyz — if"lam

2

SR LS,
+ TbFeﬁiﬂL%F}:s* 2 (Fig~2FF o

+ R*FF.zz5) = 0()° (132)

~ P25~ Frez+ § Frazez+ m — bye ~ Frzng =0 /#)
(133)

3

—nFozz+ RFozz —- o Fozzez+ng — bz

—n2(Foz~ F) - 0(s]2) (134)

From (129), 57 = 0(«'1). Then the integrals of
the first approximations to (133) and (134) yield

by = — Fiz +0(a®) (135)
(b~ F)n = RFyz +0(a?) (136)

Using these relations in the higher order terms
of Egs. (133) and (134), we obtain

b 7
Fizz= 2bnnz — g e bnz+ 0@’y (137)
RF = 2020 +R2 b-F)
22 B TET (6 F)nzze
—nF +bnz— Fnz+ 0(’?) (138)

We now differentiate (132) with respect to &,

using (130) and (135)-(138). The result, neglect-
ing higher order terms, is

nr + mymz +nnzzz=0 (139)
where
28
=26+ — (b-F) (140)
R
38
m=3b"~ = (b- F)* (141)
R
v 2
n=g+iSR(b—F) (142)
This may be put in the form,
nr+ e+ K'ngez=0 (143)

by appropriate changes of variables. Eq. (143)
is the form of the Korteweg-deVries equation
used by Zabusky and Galvin (1971). In the
form (139} we see that the non-linear term may
vanish under certain circumstances, in par-
ticular when S =1 (Boussinesq approximation),
R =1 and F =0. We saw in Section 2 that there
is no tendency for steepening in this case. If the
non-linear term does not vanish, the phenom-
ena should resemble those discussed by Za-
busky and Galvin. On the other hand, if the
last term in (139) is neglected, we obtain the
results of Section 2.
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UBMEHEHHNE KPYTU3HEI NPOONIIA JJINHHBIX BHYTPEHHUX BOJH

NayyeHa gedopMalua JINHEHX BOJH B CTPaTH-
PunupoBaHHO# RUAKOCTH Orarogaps KpUBH3HE
BepPTHKAJbHOTO NPOYuUIA MIOTHOCTH, Giarogapsa
usjeHaM, npeHebperaeMuM B npnbamxenun Byc-
cuHeCKa W GJarogapA BEPTHKAJBHOMY CIBUTY
CKOpOCTH. B ciyuae HempephBHON CTpPaTHPHU-
Kauuu »TH 3PPEeKTH NPeRIONAraloTCA MAJBIMU.
JaA BOJIH C YeTHHM YHMCIOM Y3J0BEIX IOBEpX-
HOCTeff MOJIYYEeHH CIeRylolne pe3yibTaTH:
(1) Ecan npoduiabr naoTHOCTHM BOTHYT BBEpX,
BOJIHA BO3BHIIEHMA CTPEMHTCA OGDYIIMTHCH B
HanpaBJeHNH PACIHpPOCTPaHEHHA, T. €. NepegHAA
9acTh BOJHH CTAHOBUTCH Kpyd4e; eClIM npodHiIb
BBITYHJHI BBEPX, TO BOJHA CTPEMHUTCA 0oOpy-
muTheA Haszang. (2) UaeHH, KOTOPHMHU IpeHe-
6peralor B npubnu:keHun ByccmHecka, IpHBO-

Tellus XXIV (1972), 2

HAT K 06pymeHuIo BOJXHH Hasad. (3) Eciu Boana
pacnpocTpaHAEeTCA B OTPULATEILHOM HaIpaBiie-
HUM X, & CKOPOCTE FKMJAKOCTH B TOM 7K€ Hampa-
BJIEHHK PAcCTeT C BRICOTOM, TO BOJHA CTPEMHTCH
o6pymmTscAa BHepex. Ecau BOJHH HMeEOT He-
4eTHOe YHCJIO0 Y3JI0BHX mOBepXHocTe#f, To B
nepBoM NpuOINKEHMH HeT TeHJeHIun K oGpy-
menno. IlpoBemeH Tarke aHaNM3 OIA ABYX-
cuoitHolt »kuarocTn. Te ke TeHAeHIMM cymie-
CTBYIOT NpM ycloBuu (1), ecim BOTHYTHIt BBepX
npoQHIb COOTBETCTBYET 0G0Jlee MEJIKOMY HIK-
HeMy CJIOI0 KMAKOCTH. B YNOMAHYTHX BHIe
ycnoBuax (2) u (3) TeHgeHIHM K OOpYIIEHHWIO B
HeNMpPepHBHHX CHCTeMaX M B ABYXCIONHBIX CH-
CTeMaX MPOTHBOIOJIOMHH.



