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ABSTRACT

A fluid system comprised of a mass of gas isolated in space from outside mechanical
influences is studied from the standpoint of its differential rotation. A necessary condi.
tion is sought that this rotation be consistent with dynamic principles when all the
motions are steady and axisymmetric. The flow is taken to be nonmagnetic, and the
only forces acting in the zonal direction are taken to be those due to pressure and to
friction. Various cases arise depending upon the choice of the angular velocity distribu­
tion. In agreement with recent results of R. Hide, certain of these turn out to be im­
possible, suggesting that more general motions with departures from zonal symmetry
are needed to maintain such angular velocity distributions considered now as averages
with respect to longitude. Possible applications to the atmospheres of Jupiter, the earth
and to other actual gaseous systems are considered briefly.

Theoretical formulation

where r is the perpendicular distance to the
polar axis, R cos q,. The longitude is taken to
increase in the direction of rotation of the system

comments, these latter are not discussed here,
but their discussion in terms of the present mode
of treatment may be the topic of a future
article. This mode of treatment was suggested
in part by the so-called "anti.dynamo theorems"
of magnetohydrodynamics. Thus e.g., Cowling
(1957) excludes the possibility of an axisym.
metric dynamo.

Let us study the motions of a gaseous, or
more generally, fluid system, isolated in space
and subject to no external torques. It is con­
venient to use an inertial, nonrotating spherical
polar coordinate system (R, A, q,) where R is
radius and A, q, may be spoken of as siderial
longitude and latitude, although the orientation
of the polar axis is yet to be fixed. The origin
of the coordinates is supposed to be located at
the center of mass of the system and to remain
there. The absolute angular momentum of a
unit mass of fluid about the polar axis is denoted
by M, so that one may write that

(1)M ~ru

Introduction

The purpose of this paper is to discuss in
some detail the mechanics of hypothetical
circulations of gaseous atmospheres which
possess zonal symmetry in their motions and
other properties. The study has been stimulated
by the circumstance that certain limitations of an
over-all nature exist for the form of such simple
hypothetical regimes, as has been suggested in
various connections, for example, by Ward
(1964), by Hide (1966, 1969, 1970), by Gilman
(1966) and by Starr & Gilman (1968). The
treatment below is nonmagnetic, hence certain
difficulties arise concerning solar applications.
From this viewpoint, the most likely possible
application of the results is for the atmosphere
of the planet Jupiter, although there we are
hampered by the lack of sufficiently detailed
observations. Since tl:e important cases are
those for which there exists an equatorial
acceleration, there is some possibility that the
arguments to be made are of pertinence to the
higher layers of the earth's atmosphere where
such a feature is found. On the other hand the
tropospheric circulation in this system offers an
interesting counterexample of the point to be
made. Since, ideally speaking, simple models
of the kind outlined are in the end excluded,
presumably they are to be replaced by other,
more plausible models. Aside from general
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(to be defined presently), so that if t is time,

d).
u=r-

dt
(2)

so that

oeM
-- + V"eMv= -V'.'t"

ot
(7)

We now have, in virtue of the inequality of
Schwarz, that

where 'm is an integral invariant, namely the
total mass. From (7) we get

Since we are dealing with a closed system
we shall now integrate over a volume T large
enough to include all of it. From (5) we thus get

{eMdT=Ma {edT=Ma'm=A (10)

{eM2dT=(M2)a {edT=(M2)a'm (11)

(8)

(9)~f eMdT=O; JeMdT=A
dt T T

~f edT=O; JedT = 'm
dt T T

where A is another integral invariant, the
total angular momentum. It is here to be said
that we choose the direction of the polar axis so
as to maximize A, this direction then also is a
dynamic invariant of the system-unless A
is zero for all axes. The direction of mean rota­
tion A is taken to be positive, thus defining the
sign of variables such as u, M, etc.

We may next define a mass average M a of M
and also a mass average (M2)a of 1l!2. Thus

is the linear zonal particle velocity in this
direction.

We assume that the medium is electrically
nonconducting, so that hydromagnetic forces
are not included. It is further assumed that
the only forces acting in the zonal direction are
pressure and frictional forces. As pointed out
elsewhere (Starr & Peixoto, 1962), there is the
the possibility of a component of gravitational
force to be exerted zonally, but in view of
further assumptions which are to be made
later we may omit this effect for our present
purposes, since it would then vanish identically
in any case, in the further manipulations.
More will be said about this point below. The
dynamical equation for zonal motion may
now be written as (see Starr & Gaut, 1968)

dM op
e-= --+rF

dt 0).

where e is density, p is pressure and F is the
frictional force per unit volume.

Before proceeding further, the right hand
side of (3) may be rewritten in terms of properly
chosen components of the general stress tensor,
without however assuming any relation be·
tween the stresses and the motion field. We
define a vector't" having the components rTR.il'

rT.il.ilo rrq,.il' These are the customary linear
stresses, each multiplied by r to give compo­
nents of angular momentum flux in the R, )., r/>

directions, respectively. Equation (3) may now
be put in the form

dM
e-= -V'.'t"

dt
(4) (12)

To this we add the general continuity equation

where v is the vector particle velocity. With the
aid of (5) we may write Euler's relationship
between total and partial time derivatives for
a particle as

oe
- + V" ev= 0
ot

d() oe()
e-=-+V"e()v

dt ot

(5)

(6)

We see therefore that the mass integral of M2
has a lower bound which is an absolute dynamic
invariant of the system. It obviously corre­
sponds to a condition of uniform angular
momentum. To this result we may contrast
the following.

In similar fashion we may define an average
of the angular velocity Wb = (u/r)b and also an
average (W2)b of the square of the angular
velocity. Both of these averages are now de­
fined not with respect to mass, but with respect
to the moment of inertia, as follows
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(13)
o{ 2} 2 U
- I] ~ + l]uv'Vu-V'I]~ v+ -V'I]Mv
M 2 2 r

(14)
U

- -V·,
r

(20)

= 2 x kinetic energy of zonal motions
After rearrangement of the last term on the
left by parts and further use of (1), one gets

As before it follows that

(22)

(21)

Integrating over T

This is the balance equation for total zonal
kinetic energy, whatever the details of the
motions may be. We have of course integrated
the divergence terms and their boundary contri­
butions vanish due to our assumption of a
mechanically closed system. Radiational ex­
changes with space are not excluded, but direct
mechanical effects like radiation pressure are
assumed negligible in the present context.

We may now consider the fact that , essen­
tially contains the pressure effect in generating
or destroying zonal kinetic energy. Aside from
this component, the remainder of , is a frictio­
nal, two-dimensional vector in the meridional
plane. It is to be noted that if the effect of
friction were to be an accelerative one, this
vector part of , would have to have a compo­
nent toward higher angular velocitites, Le.,
there would have to be present a negative
viscous action (see Starr, 1968). This would have
to be true whatever might be the details of the
motions or the more precise relation of ,to the
motions. For molecular viscosity and probably
for a certain spectral range of small scale eddy
viscosity in actual systems, this is not true.
Consequently, the ultimate action of friction, if
unopposed, is to abolish the gradients of angu­
lar velocity, producing a uniformity of this
quantity and also a minimum of the kinetic

~{I] ~}+V, e ~"v+I]UV . VU-I]Mv· v(~)
at 2 2 r

(19)

(18)

(17)

(16)

(15)

( )2 ( )2 01]
()V'I]( )v=V'I]-v---

2 2 ot

O{ 2 ou U U
- I]u} -I]u - + - V 'I]Mv ~ - - V·,m M r r

It is easy to show that the continuity equation
(5) permits us to write the theorems

o{U
2
} u20e U U

- 1]- + --+ -V'I]Mv= -- V·,
at 2 2 ot r l'

upon the use of (1) and some rearrangement.
Further rearrangement yields

If we use (18) to eliminate aelot from (17), we
may write

showing that under the side condition (13), the
integrated kinetic energy for the totality of gross
zonal motions of the entire system is least for
the state having uniform angular velocity for
all particles, other conditions being constant. It
is to be noted that the third integral in both
(13) and (14) is the moment of inertia about the
polar axis-a quantity which is not an invariant,
since the radial distribution of the density
may change. In certain problems the constancy
of the moment of inertia. may be a sufficiently
close approximation to render valid particular
conclusions reached on that basis.

The equation of motion for zonal flow (7)
may be written in the form, after multiplication
by u,
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Fig. 1. Meridional cross section through a hypothetical gaseous system in a state of differential
rotation about the polar axis. In schematic fashion the heavy lines indicate a symmetrical angular
velocity distribution in arbitrary units, while the dashed lines show the angular momentum distribu­
tion, in like manner. The clos3d thin lines show the meridional circulation. Symmetry of the two hemis­
pheres is assumed.

Furthermore we define a primed quantity as a
departure from the zonal mean, i.e.,

energy integral within the general conditions
discussed above.

Until now, within wide limits, we have
placed n'J restrictions upon the details of the
motions in the system, nor upon the density
distribution. Let us now propose to treat a
system in which the physical properties and
motions are independent of longitude. In order
to define the system conveniently, we may
adopt the following notation. Let the square
brackets denote an average with respect to
longitude along the length of closed latitude
circle, so that

()=[( )]+()'

(23)

(24)

space variables R, r/> only, while the primed
quantities are functions of all three, R, A, r/>.

Our present assumption, stated at the head
of the foregoing paragraph, is that all the pri­
med quantities are zero. In this case the brac­
kets are redundant, and will therefore not be
retained, but for the sake of clarity each equa­
tion for which zonal symmetry is assumed in
all the variables will be denoted by a superscript
asterisk for the equation number. It is to be
understood that [u] is written as u, [u]" as u·,
[v] as v, etc. Formally, in terms of printed
symbols (21) and (22), for example, will remain
the same except that for the symmetric case they
will be referred to as (21 *) and(22 *).

We now make a second assumption in regard
to the system, namely that conditions are in
a steady state. From (21 *) and (22*) it follows
with the aid of (18), or more directly from
(17), that

We may apply this symbolism not only to
scalars but also to vectors, thus

(26*}

v ~ [v] +v'; 1: = [1:]+1:' (25)

so that, for example, [v] is a vector whose
components are [w], [u], [v] in the R, A, r/> direc­
tions in order; w, u, v being the linear particle
velocities in the same directions. Likewise v'
has components w', u', v' as defined by (24).
The quantities in brackets are functions of the

which shows that for the entire system the
losses of mean zonal kinetic energy must be
balanced by countergradient advection of
momentum. It should be noted for further
reference later that in the symmetrical case
the contribution of the component [rTvJ of
[~] vanishes in such equations as (4*), (7*),
(21 *), (22*), (26*), etc.
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for the toroidal volume bounded at S by the
outer limit of mass at the top in Fig. 1 and on
the bottom by a surface of constant w. The top
makes no contribution, and the bottom contri­
bution will be positive in accordance with our
concept of friction as stated previously. It is
clear that there must thus be a predominant
divergence of angular momentum transport by
friction in the vicinity of the angular velocity
(and angular momentum) maximum near E.
Closer to the polar axis there must be a com­
pensating convergence, the location depending
upon the particular distribution chosen for w.

Let us illustrate this condition further through
the consideration of a mathematical model
which is highly artificial in a quantitative
sense, but is simple enough to illuminate the
subject qualitatively. We now assume that

In order to discuss further details of the
processes in our specialized system to better
advantage, let us consider the schematic
diagram in Fig. 1, which shows a meridional
cross section with hypothetical distributions
of the angular velocity [w] ~[u]/r, and stream­
lines of the meridional part of [v]. The first of
these has been chosen so as to depict an equa­
torial acceleration, while the streamlines are
drawn so as to show a net momentum conver­
gence into the equatorial zones across surfaces
(e.g., ~ ~ ~I) of constant latitude, i.e., so that
the more exterior branches of these circulations
carry more angular momentum toward the
equatorial plane than the corresponding pole­
ward branches at deeper levels carry away
from the equator. The angular momentum is
indicated by the dashed lines in the figure. We
have chosen a condition in which the symmetry
is near-spherical, so that the outer circle is one
at which the density is sufficiently close to
zero and for this and other reasons the interior
may be considered to comprise a mechanically
closed system.

Since M ~ r'w, the isolines of M and w must
intersect, those of M being flatter in the figure.
By the same token, the value of Jl,1 at B must
be larger than that at A. For the case of "t" ~ 0,
with which alone we are now concerned, let us
evaluate the quantity

the frictional effect is due to small enough mass
exchanges, e.g., molecular and the like, so that
we may make the simple supposition that "t' is
given by

(30*)

(28*)

(29*)

-KV'w-KV· (Vw)

V'w ~ F(R,~)

"t' = -KVw; V· "t'

where F is a chosen function, subject to the
boundary condition that ow/on ~ 0, n being the
normal at that surface.

Reverting to the choice just made about
V'w, the maximum of I is now seen to be at
w ~ WI' in Fig. 1. Between the point E and
w ~ WI there is a positive value of V . "t' at
every interior point. Since streamlines and
trajectories of particles coincide for steady state
motion, it follows that a particle located initi­
ally at A will at a later time appear at B. During
this time interval it will be subjected to a diver­
gence of angular momentum and assuming it
to have started with M ~ M 1 + 1.25 units,
approximately, it will arrive at B with a smaller

when the integration extends over the whole
system. We therefore must have either that
V'w == 0, or else that negative and positive
contributions to the integrand of (29*) balance
out. The first alternative is too restrictive. Since
the normal gradient of w at the outer boundary
must be zero, it follows that w would have to
be constant over the entire interior-the case of
solid rotation (as far as [u] is concerned) with
an absence of frictional effects and a minimum
of kinetic energy in the sense of (15*). We there­
fore shall deal with the case for which V'w
is negative in the upper part of the figure, say
down to w = W\O and positive below. It is to be
understood that wand V'w are connected by
Poisson's equation

We may now determine "t' and hence V· "t' at
each point in our system for a given choice of
w (or the reverse)_ The parameter K is taken as
a positive constant. However, (28*) imposes a
limitation on the possible choices of w, since
now

(27*)

I = IT V . ,dT = Is 'n dB

= frictional transport of M
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amount than this in accordance with equation
(4*), whereas about M + 4 units would be
required to make the scheme consistent. It
must therefore be concluded that the system
under consideration cannot operate in the
manner originally assumed. Retaining sym­
metrical steady conditions it would be difficult
to obviate this defect, except by major changes
of quantities and of the corresponding lines in
Fig. 1. The equatorial jet of maximum angular
velocity and of angular momentum is a region
of negative V'w, hence is a region of frictional
divergence of angular momentum. Yet individ­
ual particles from surroundings having lesser
angular momentum would have to penetrate to
its center bringing the high angular momentum
needed, by advection. The only force acting is
friction and it acts the wrong way during the
journey of the particles.

Qualitatively, the return branch of the meri­
dional circulation offers lesser difficulties,
since it takes place principally still in a region
of frictional divergence of angular momentum,
but now individual particles should suffer a
decrease of such momentum in this portion of
their migration. This fact is however of small
consequence in view of the crucial difficulty
in regard to the other portion of the circuit.

It is now to be concluded further that if a
model with a maximum of angular velocity
which is coincident with a maximum of angular
momentum is to be dynamically consistent, the
motion cannot be purely symmetrical, but
there must exist nonzonal eddies in the dynamic
variables, organized so as to furnish a negative
viscous action to supply enough angular
momentum to the maximum (see Starr, 1968).
It is obvious that the parcels of fluid thus fed
into the maximum must have a sufficiently
high momentum to maintain it. Such parcels
can attain this momentum only through the
action of zonal eddy pressure forces (see Hide,
1970). As we have seen, no zonal pressure force
exists in our zonally symmetric model.

Discussion

The character of the material examined
above is such that it has connections with
many topics, not only in planetary science, but
also in solar physics and more generally in
astrophysics. In addition to comments on the
theoretical model analyzed above, various

points may be made concerning possible relev­
ance of the material for a variety of applica­
tions to actual systems. Among items which
should perhaps be discussed are the following.

(1) We have made the simple assumption of
a linear relation in (28*) between the frictional
angular momentum transport and the gradient
of angular velocity. This simplifies the sub·
sequent formulation of the argument to be
made. Such an assumption no doubt is the
most plausible one to make if by friction we
mean molecular viscosity effects, and these
must always be present in ordinary media.
However, no doubt this assumption, which
defines friction as a dissipative effect, can to
some degree be amplified to include small
scale eddy effects, could we but be sure that
their inclusion does not in actual cases provide
a negative viscous action. As was said at the
outset we here confine our attention to a steady,
or at most to a quasi-steady regime. In the end
so long as the frictional effect is to cause a flux
of angular momentum down the gradient of w,
and therefore across the surfaces of this quan­
tity the general results should follow more or less
as described.

(2) It is to be understood that the model used
and the inferences made concerning it do not
depend upon the precise way in which ultimate
energy sources, presumably thermal, are sup­
posed to operate. The features examined are
mechanical ones, and their self-consistency is
investigated in view of the requirements of
Newtonian mechanics, which latter must be
true whatever the ultimate driving energy
source.

(3) Thus far we have considered a case in
which a maximum of angular velocity more or
less coincides with a maximum of angular
momentum. Let us now imagine that there
exists a local maximum of angular velocity
isloated at the center of mass. Since the quantity
r is zero along the polar axis, we imagine that u
also tends to zero, so that the extreme value of
w is finite. In such a case M must also be zero
at the axis. We then have a maximum of
angular velocity at a location where the angular
momentum is least. The maximum of w being
enveloped in a region of frictional divergence of
M, an inward migrating particle loses M as it
approaches the center, so that no difficulty is
present formally. Generally however, on its re­
turn outward, it will suffer frictional diminu·
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tion of momentum while migrating to locations
of higher M, thus presenting the same kind of
inconsistency as was illustrated in Fig. 1.

(4) Preserving symmetry between hemispheres
as we have thus far done, we now imagine
another case in which there are two maxima of
angular velocity, one in each hemisphere,
located at the outer limits of the mass as in
Fig. 1, but removed by about 35° of latitude
from the equatorial plane. Let it be supposed
further that the meridional circulation, say in
the northern hemisphere, is the reverse of
that shown in Fig. 1. If the maxima of ware
strong enough, they will also be closed maxima
of M, and the difficulties of the original scheme
will obtain. On the other hand if the maxima of
ware still closed but weaker, they may not
correspond to closed maxima of M. The latter
may then have a single maximum at E due to
the large radius r in the vicinity. Horizontally
poleward moving particles that enter the angu­
lar velocity maxima may then find themselves
capable of bringing with them enough M to com­
pensate for the effects of the frictional diver­
gence. A possible channel of access into the w
maximum is thus provided for the advection of
lvI. So far the scheme works. If now the return
branch of the circulation can be arranged to be in
regions of frictional convergence strong enough
to cause them to arrive in the vicinity of E
with the proper M, then the cycle can be
repeated and the scheme is workable so far as
the present considerations are concerned. It
should be emphasized that what we have been
seeking are necessary, but not sufficient,
physical conditions for the operability of any
given scheme.

(5) For certain applications it would be
best to modify the scheme presented so as to
include a solid core having the cross-sectional
profile of a figure of revolution. Various condi­
tions must then be met, such as a proper rate
of rotation for the core, its size and an equality
of frictional torques at its surface.

The last would necessitate the presence of
both positive and negative relative angular
velocitites at its surface, so that considerable
complications would arise. On the other hand
one effect of the presence of such a body would
be to provide an additional means for the flow
of angular momentum from one latitude to
another through the interior of the solid by
virtue of its capacity to sustain elastic stresses.

TeUus XXIII (1971), 6

(6) Turning our attention to actual systems
concerning which we have at least some general
observational information, formally speaking,
the planet Jupiter seems to be a likely candidate.
Its atmosphere is apparently cold enough so
that hydromagnetic effects are absent. It has
a definite equatorial acceleration which for
present purposes could be likened to the dia­
gram in Fig. 1. If what has been said in
regard to such a system applies to Jupiter, the
conclusion would be that nonzonal eddy
processes must play a part in maintaining the
equatorial jet (now defined as a mean with
respect to all longitudes). Furthermore, it is
then not unreasonable to try to obtain evidence
from data of the presence of eddy processes.
The writer and his coworkers are currently
engaged in a program to accomplish this
through the use of Jupiter spot observations for
long periods accumulated for this purpose
(see Starr, 1968).

We must nevertheless be concerned about
various special conditions existing in Jupiter.
It is probable that the planet has a more solid
interior (see, e.g., Hide, 1969). Thus the topic
discoursed upon in the foregoing subsection
becomes important. Furthermore, lack of zonal
symmetry in the solid portion is probable­
and to an aggravated extent if we accept the
theory that the red spot is an extensive plateau­
like feature of the solid topography. Likewise,
the mean zonal surface velocity profile presents
the aspects of a step function rather than being
a smooth curve (see Chapman, 1969). This
perhaps is related to the familiar banded appear­
ance of the planet. To add to the complication,
the bands change their positions with time.
Also, the angular velocity of the red spot is
not constant but varies over long periods (see
Peek, 1958). It is possible that important further
new pieces of information will be obtained from
rocket probes permitting observations to be
made at close range.

(7) Save for the presence of an equatorial
jet at high levels, the terrestrial atmosphere
resembles the case described under item (4)
above. One would conclude that, so far as
present arguments are concerned, a symmetric
steady state regime could exist. To some extent
one can argue that this is true at low latitudes
where the so-called Hadley circulation appears
to operate in the right sense to help maintain
the longitudinally averaged zonal flow. How-
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ever, as has been shown by numerous studies,
the nonzonal eddies, present at practically all
latitudes including (significantly) the subtropics,
act in the manner of a strong negative eddy
viscous process, feeding momentum into the
two angular velocity maxima from the equa­
torial side in each hemisphere. From the pre­
sent viewpoint this fact is related to an his­
torical question. Certain early writers on the
general circulation of the earth's atmosphere
(see Lorenz, 1967) were struck by the fact that
if a basically symmetrical process were taking
place and true friction were small, parcels of
air migrating from the tropics into the jets
under conservation of angular momentum
would arrive there with far too great angular
velocities. They correctly ascribed the actual
result to the presence and action of the large
eddies which bring into play the effects of eddy
zonal pressure gradients. One way to look upon
this situation, which probably is too general a
statement, is to say that the presence of eddies
renders the following of individual particles
no longer a process that can easily be visualized
and probably can be done only through the
introduction of much more complex pictures
including details of the eddy motions. In any
case the maxima of angular velocity (averaged
zonally) are located considerably poleward of
the Hadley circulations, in regions of equator­
ward mean meridional flow [v] (see Starr,
Peixoto & Gaut, 1970).

(8) In the solar instance the case is compli­
cated by the fact that magnetic forces are
present. On the other hand, historically any
number of axisymmetric models for the cir­
culation have been proposed, so that the matter
is an important one (see, e.g., Gilman, 1966).
We may take one of two views of the subject.
One assumption that we can make is that the
magnetic forces are too weak to derange sig­
nificanly the nonmagnetic mechanism which
drives the circulation. This mode of thinking has
much in common with the so-called kinematic
dynamo theory of the magnetic phenomena.
On this basis the present question is answered
by considering the conditions in Fig. 1, since
the main immediately visible feature of the
solar circulation is the equatorial maximum of
angular velocity and momentum. The conclu­
sion is then that a symmetrical solution is
ruled out. This is in accord with the observa­
tional result first obtained by Ward (1964),

that eddy transports of angular momentum have
much to do with the maintenance of the equa­
torial acceleration (see Starr, 1968). The second
view is that the magnetic forces exert a signifi­
cant feedback on the thermal driving mech­
anism, chanlling tho essential character of the
motions produced by the latter. Along this
line Starr & Gilman (1965) considered the
effects of Maxwell stresses on the mean zonal
flow. In such a case the present kind of analysis
becomes more difficult, but further study should
find proper ways to proceed. At any rate
numerous theoretical studies have recently
appeared presenting solutions for the solar
circulation, which embody eddy effects due
either to the meteorological type of baroclinic
instability or to the Rayleigh type of convective
instability in the solar convective zone or
otherwise.

(9) At times the proposal has been made that
the interior of the sun has an angular velocity
considerably greater than the exterior (see
Dicke, 1964 and comments by Roxburgh, 1967).
It has been argued that such a rapidly rotating
core may be a remnant of a previous condition
of the entire sun, whose exterior has by now
been retarded by external torques, while the
interior persists in its high rotation because
of the smallness of viscous effects in the con­
vection-free radiational equilibrium zone. Since
the state is not truly steady, the discussion in
item (3) does not apply. Nevertheless, should it
be true that viscous action or some equivalent
of it is considerably larger, so that at least a
quasi-steady state is maintained by a driving
mechanism, then the discussion does apply. We
then would conclude that the driving mechan­
ism cannot be a zonally symmetric one.

On the other hand, there is no formal diffi­
culty from the viewpoint of the present discus­
sion in supposing that the interior does in
fact rotate faster, the rapid rotation being
supported by a negative eddy viscous process
associated with the convective zone. The shear
in angular velocity itself would presumably
cause the upward and downward convective
currents to tilt away from the meridional planes
in the proper sense to insure an eddy transport
of angular momentum inward near the equato­
rial plane. See Starr, 1971.

The subject of the rotation rate of the solar
interior, aside from its intrinsic interest, is
important because a high rate of such rotation

Tellus XXIII (1971), 6



DYNAMIC ASPECTS OF THE JOVIAN AND OTHER ATMOSPHERES 497

would imply a considerable departure from
spherical symmetry of the mass distribution.
In turn, since such an altered form could no
longer exert a gravitational attraction corre­
sponding to a single mass point at its center,
a component would be added to the rate of
advance of the perihelion of Mercury, and to a
smaller degree of other planets. Unless this
action is known, no precise check of the validity
of general relativity theory can be made on the
basis of the directly observed advance.

(10) It is of interest to consider that the kind
of friction assumption stated in (28*) may
also be incorForated into (22), the balance
equation for zonal kinetic energy which includes
nonzonal eddy components of motion. As
written the right hand side of (22) contains or
in its general form which has a nonfrictional
pressure torque component in the zonal direc­
tion. If we write this separately, as would result
from retaining it by itself from equation (3) in
the prior operations, then the remainder of or
represents a frictional vector in the meridional
plane as in (28*) but now eddy variations
in longitude are retained. Also as in (28*) we
need retain only that part of V(u/r) which lies
in the meridional plane, but now we include
the presence of eddy components. We may
finally write the frictional part of the right
hand side of (22) as

t T' V (;) dT- - t KV (;) . v(n dT

- -KLI V(;)rdT (31)

Observing that the last integral has a positive
definite integrand, we conclude that the action
of friction in (22) is to reduce the total kinetic
energy of zonal flow whatever the details of the
motion. As stated before, this would still be
true more generally, without introducing a
friction coefficient K, so long as the angle
between or and V(u/r) in the meridional plane is
not less than n/2, for otherwise we should be
dealing with a negative viscous effect. Since
the formalisms we have used in writing (31)
and the more general remarks we have just
made could be repeated with needed reformula­
tions for the balance equations for total kinetic
energy of motions in the Rand q, directions,
and all three added, we arrive at the conclusion
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that so long as negative viscous actions are
avoided, friction will destroy kinetic energy
for the system. If it is desired to increase the
kinetic energy of the system by friction in
any of the three components, negative friction
must be introduced.

(11) It was pointed out by the writer some
years ago (Starr & Peixoto, 1962), that a mass
distribution which has a spiral tendency with
respect to the axis of rotation, either of regular
form or merely as a statistical effect, would
result in the existence of zonal force compo­
nents and torques due to gravitational attrac­
tion. The action has certain similarities to
mutual torques within composite systems like
the earth and the moon. It is obvious that
such an action cannot be present within the
systems we have considered in the case of zonal
symmetry. In the more general case when
eddies are present the situation could be
different, provided the eddies show evidence of
a spiral tendency, say in the equatorial plane.
Vis-a-vis of the discussion under item (9), it is
interesting to note that galaxies of the spiral
kind apparently have rapidly rotating interiors.
According to certain arguments (see Starr,
1968 and references there given) an inward eddy
transport of angular momentum takes place
in these systems, in addition to an outward
transport due to gravitational torques. For­
mally, if the convective motions in the solar
interior possess a tilt, i.e., have a spiral tenden­
cy, the systems could be similar. This is, of
course, a highly speculative matter.

(12) No doubt the development followed in
this paper could be made more brief and com­
pact mathematically, without sacrifice of the
main conclusions, but such an aim was not the
only guiding principle followed presently.
Instead, it was felt that it is better at this
point to remind the reader of various general
facts that surround the problems treated, in
order to encourage the attitude of physical
thinking, especially since further insight might
be gained through more consideration of
general physical arguments. This is of increased
importance prior to the planning and formulation
of future detailed new solutions constructed on
the basis of various assumptions and approxi­
mations for particular individual systems.

(13) A question of philosophical nature which
looms in the background of this discussion a·s
well as many other studies of planetary atmos-
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pheres, concerns the fundamental nature of
eddy viscous processes. Why is it that in the
case of molecular viscous action we find a
positive effect,' while in the eddy case the action
can be of either sign? While the material
above does not help much to clarify the issue,
it gives further and clear instance to the point
made by the writer elsewhere (Starr, 1968),
namely that in the eddy case the parcels being
exchanged are not free but interact continuously,
through pressure forces, with neighboring
parcels, whereas in the case of molecules a
mean free path does exist during which a
particle may move without interactions with
others and therefore retain its momentum
(assuming potential forces and the like to be
negligible). These pressure forces may then act
either to diminish or to increase the parcel
momentum depending upon the location with
respect to the eddy structure and other factors.
If the high momenta thus generated are accumu­
lated preferentially by the eddies in places of a
specified direction of flow, then a systematic
effect results giving the necessary correlation
between velocity components. Perhaps quasi­
geostrophic flow is a case where these arguments
can be followed more easily.

(14) In previous writings on the subject of
the kinetic energy of zonal motions of the
earth's atmosphere, the writer and his associates
(see Starr & Gaut, 1969; Starr & Sims, 1970)
have used the approximation that tho density
(! may be taken as temporally constant and
horizontally uniform in space. One may observe
that in the present context thcse simplifications
were not mado. Use of the theorems (18) and
(19) furnishes an aid to the treatment of sub­
jects such as those with which we are concerned,

making no restrictions necessary on the varia­
bility or spatial distribution of density. In
still further manipulations, beyond those needed
here, the simplifications may still be desirable
for other problems, however.

(15) Finally it should be mentioned that the
only actual system for which we are in posses­
sion of reasonably complete data to study effects
like the present ones observationally is the
earth's atmosphere. It possesses, as has been
seen, two jets in the troposphere and an equa­
torial one in the lower stratosphere. A number of
quantitative pictures on the patterns of Fig. I
could be made for different seasons (including
the southern hemisphere) by utilizing such
compliations as the M.LT. General Circulation
Data Library. Plans for the necessary evalua­
tions are being made, although many problems
will no doubt be encountered.

Existing meteorological data permit, in addi­
tion, the incorporation in observational studies
now contemplated of the effects of the eddy
zonal pressure gradient forces in producing eddy
concentrations and deficits of absolute angular
momentum. As has been the case up to the
present, although terrestrial meteorological
findings do not as a rule have identical counter­
parts in other atmospheres, they are highly
suggestive of the physical actions taking place
in these entities.
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HEKOTOPbIE ,lJ;IIHAMIIqECKIIE ACIlEKTbI ATMOC<I>EPbI IOIlIITEPA II

,lJ;PYfIIX IlJIAHET.

mH~RaH cMcTeMa, COCTOHII1aH Ha MaCChI ra3a,
H30JmpOBaHHaH B npOCTpaHCTBe OT BHeIIl­
lUIX MeXaHHqeCRMX BJlHHHHlt H3yqaeTCH C

TOqRM apeHMH ~M4>4>epeHI1HaJlbHOrOBpalJ.1eHHH
IIlJ.1eTcH He06xop;HMoe YCJloBHe Toro, '[To6hI 3TO
BpalJ.1eHMe 6blJlO COBMeCTHMO C ~HHaMHqeCRHMH

npHHI~Hna~lH, Ror~a Bce ABHmeHHH CTanMO­
HapHhI H ocecHMMeTpHqllbl. TeqeHHe CqHTa·
eTCH HeMarHHTHhIM H ep;HHCTBeHHblMH CHJlaMH,
~eltcTBYIOIJ.1MMM B aOHaJlbHOM HanpaBJleHHH,
HBJlHIOTCH CHJlhI p;aBJleHMH H TpeHHH. B 3aBHCH­
MOCTH OT BhI60pa pacnpep;eJleHHH yrJloBolt CRO'
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pOCTH B03HHKalOT pa3J1UqllbIe cJlyqau. B COOT'
BeTCTBUH C He~aBHUMH pe3YJlLTaTaMH P. Xaltp;a,
HeROTopble U3 HHX ORaahIBalOTCH HeB03Mom­
HhIMU, U3 qero CJlep;yeT, 'ITO P;JlII nOAP;epmaHHII
TaRHX pacnpep;eJleHHlt yrJloBolt CROpOCTH, pac­
CMaTpUBaeMhIX KaR ocpep;HeHHhIe no IIIHpOTe,
HymHhI GOJlee 061J.1He ~BMmeHHH C OTRJlOHe­
HHIIMU OT 30HaJlbHolt CHMMeTpuH. KpaTRO pac­
CMaTpuBalOTCH BoaMomHble npHMeHeHuH K aT­
Moc4>epaM IOnHTepa, 3eMJlH U p;pyrHM peaJlb­
HhIM raaOBblM CHCTeMaM.


