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ABSTRACT

An exponential solution to the thermocline equations is scaled and calibrated for the
intermediate circulation in middle latitudes of the open ocean in accordance with the
scaling and results of the more complete numerical models of Bryan & Cox. Evaluation
of the average potential vorticity for a number of stations is a main feature of the
calibration method. The results of tests on the calibrated model in which the wind
stress parameter K is varied show good qualitative agreement with the published numer-
ical rosults for the region in which the analytical model is valid.

The effects of varying the vertical thermal diffusion parameter K are investigated.
A gignificant feature of the results is the lack of appreciable difference in temperature
distributions for the cases when E = K =1 (the reference case) and £ =1, K =0 (the
purely advective case). The relative sizes of terms in the heat-balance equation are
investigated. It is shown that the dominant balance near the surface (but beneath the
frictional layer) is between horizontal and vertical advection if the ratio E/KC>1,
where C is the dimensionless thermocline scale parameter evaluated from the potential
vorticity equation. The value of the above ratio is approximately 5 in the reference
case. For all values of the parameters it is shown that the ratio of horizontal advection
to vertical diffusion is not less than one just beneath the surface layer in middle latitude

regions of surface downwelling.

I. Introduction

Analytieal solutions to various forms of the
steady thermocline equations have been found
by Welander (1959), Fofonoff (1962), Blandford
(1965), and Needler (1967). The equations and
solutions are restricted to certain regions of the
open ocean beneath the surface frictional layer.

It is not clear what constitutes a proper set of
boundary conditions for these solutions. As
Veronis (1969) pointed out in a review article,
the solutions contain certain arbitrary functions
of integration which can be over-determined by
specifying too many equally reasonable condi-
tions. Moreover, the necessary role played by
vertical diffusion of (apparent) heat in the
solutions is questioned. It is clear from Veronis’s
review that what is needed is a more definite
connection between the thermocline solutions
and real ocean circulations.

With the publication of numerical solutions
to a more complete set of equations (Bryan &
Cox, 1867, 1968) it becomes possible to treat
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the analytical solutions semiempirically. Results
of the numerical experiments suggest an appro-
priate analytical model and boundary condi-
tion, and provide a means of calibrating the
remaining uncertainties and then testing the
calibrated model.

The model equations employed in the present
study are the thermocline equations derived by
Robinson (1960). Their validity for the open
ocean in middle latitudes beneath the surface
frictional layer is verified by Bryan & Cox
(1968), in which the magnitudes of various terms
in the heat- and vorticity-balance equations are
considered.

The solution chosen here to the model
equations is perhaps the simplest known solu-
tion capable of giving realistic results in quali-
tative agreement with those of the above
numerical studies: an exponential-type solution
for the temperature corresponding to the purely
baroclinic flow in an infinitely deep ocean.

The boundary condition to be applied is the
Ekman condition on vertical velocity at the base
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of the frictional layer as prescribed by a given
wind-stress distribution at the surface. It is
clear from Bryan & Cox (1967) that the value
of a certain wind parameter must play an
important role in the circulation. The re-
maining degrees of freedom are evaluated from
Bryan & Cox’s numerical studies.

Omne difficulty in Bryan & Cox’s numerical
model can be partially removed in the analytical
model. Because of the complexity of the more
complete model, Bryan & Cox found it necessary
to set the dimensionless vertical-diffusion
coefficient equal to one (except for regions of
convective instability in higher latitudes, where
it was effectively infinite). In the following, the
diffusion coefficient will be allowed to take on
various constant values.

The study consists of three phases: (1)
scaling and calibration; (2) variation of the
wind parameter to check the calibrated model;
and (3) variation of the thermal-diffusion
parameter with discussion and interpretation of
new results in terms of heat-balance components.

I1I. The model

Scaled equations

Let the z-axis be directed eastward along
the equator, the y-axis northward, and the z-
axis vertically upwards from a level surface (as-
sumed plane) just beneath the surface frictional
layer. Robinson (1960) derived the approximate
governing equations appropriate to extraequa-
torial regions, based on a scale analysis of
dimensionless numbers relevant to large-scale
oceanie cireulations. The Boussinesq approxima-
tion is employed in Robinson’s derivation, and
horizontal eddy transport processes are neglec-
ted. The resulting equations, written in dimen-
sionless form, are
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where Eq. (2.5) relates the perturbation density
¢ to a dimensionless function 8(x, ¥, z) that will
be called the temperature.

The above symbols, except for K, are defined
in Table 1. The numerical values shown are
appropriate to the North Atlantic or North
Pacific. The scale constants (except for D, see
below) have been chosen in accordance with the
scaling given by Bryan & Cox (1967).

Parameters

The dimensionless thermal diffusion coeffi-
cient K in Eq. (2.6) is the first of three para-
meters used in the present analysis:

K- V‘mﬁz (thermal diffusion parameter) (2.7)
¢
Ve .
- %2 (vina parommoter 28
¢
- C*D (exponential scale parameter (2.9)

2() ~thermocline scale)

where x is an assumed constant coefficient of
vertical eddy thermal diffusivity. Its value is
uncertain and varies with geographic location.
Veronis (1969) gives estimates of 0.2 <x<2.0
cm?/sec for the thermocline region based on the
models and analyses of others. Veronis also
points out that x>0 is merely a sufficient
condition to give deep upwelling.

As will be seen below, the wind parameter E
results from application of the Ekman condition
on surface vertical velocity. As seen from the
definitions of V, and V,in Table 1, E~1/D".
The depth scale D has been deliberately left
undefined; however, when D =d (the thermal
diffusion scale, see Table 1), then K =1 and E =
y —1, where y is Bryan & Cox’s (1967, 1968)
wind parameter. These authors found that y ~2
can give results that realistically model the
ocean circulation. Thus, in the present analysis
there is the possibility of a realistic model when
K~E~]1.

The exponential scale parameter C arises
from the form of solution assumed below to the

Tellus XXIII (1971), 4-5
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See text for definitions of the parameters K, E, and C

Dimensionless Representative
quantity® Physical meaning Scale constant scale value
z,y Horizontal coordinates a, earth’s radius 6.37 x 10® cm
y = ¢, latitude
z Vertical coordinate D, depth scale 300 m
%, v z, y, velocities V,; (see below) 1.62 cm/sec
w z velocity ViDla 0.81 x 10-¢ cm/sec
P Perturbation pressure g,xAbgD 1.45 x 10 dynes/cm?
(departure from
hydrostatic)
[4 Perturbation density 0,270 4.6 x 10-3 gm/cm?
0 Apparent temperature Af 18°C
(ad Zonal wind stress waf27 1 dynejcm?
f=sin ¢ Coriolis parameter 2Q 1.46 x 10—¢/sec
f=cos ¢ dfjdé 2Q/a 2.29 x 10~13/em/sec
Other
constants Physical Meaning Representative value
vV «AbgD/2Qa, thermal-scale velocity 1.62 em/sec
Ve wa[200,D, wind-scale velocity 1.25 cm/sec
w Maximum of 8v%/oy 10-8 dyne/em?
d (2Qxa?[aAbBg)}, vertical thermal 320 m°®
diffusion scale
x Vertical eddy thermal diffusivity 2.5 ecm?[sec
o Coefficient of thermal expansion 2.5 x 10~4/deg C
Qo Density of deep water at 1.03 gm/cm?
atmospheric pressure
g Gravity 980 cm/sec?

¢ Dimensional functions and variables are obtained by multiplying the dimensionless quantities by the

appropriate scale constants.

® A linear combination of temperature and salinity. See Fofonoff (1962), p. 368.

¢ The value of x is highly uncertain. See text.

system of equations (2.1) through (2.6). Both C
and its dimensional counterpart C* are arbitrary.
The exponential or thermocline scale depth is
2Q/C*. This constant will be evaluated from
Bryan & Cox’s (1968) results.

Model basin and surface boundary condition

The model basin and applied wind stress
chosen are similar to that of Bryan & Cox (1967).
See Fig. 1. The dimensions of the basin are

O<x<l
and (2.10)
10° =n/18 <y =¢ <1 +n/18~67.3°
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The depth of the model ocean is taken to be
infinite.

The north/south component of wind stress is
neglected and the east/west component is taken
to be

= - 1 sin 271(¢ — ¢,)
2n

where (2.11)
1
%1878
The Ekman boundary condition is
w(z,y, 0) =wg (2.12)
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Fig. 1. Model basin and z-component T¥ of the ap-
plied wind stress.

where

wE=Efc-eurIG) = E%F(qs)

and (2.13)

T

F(4)=7($) — tan ¢ j

F is the Sverdrup stress function.

Exact solution

There exists a fairly general class of exact
exponential-type solutions to the system of
equations (2.1) through (2.6). See Needler (1967)
and the review article by Veronis (1969). The
simplest of these, corresponding to the purely
baroclinic flow in an infinitely deep ocean, is
chosen for the present model. The temperature
and velocities are

6 =6,(x,y) e’ (2.14)

w- -1 [6—6% A, (1 - 92)]302” (2.15)
Clay |} f
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in which the function 6, >0 and the constant
C >0 are arbitrary. The quantity CK/f in Eq.
(2.17) is the deep asymptotic vertical velocity
Wy, (Blandford, 1965).

Surface temperature

The function 0, is the temperature immediate-
ly beneath the surface frictional layer. This will
be called the surface temperature.

Application of the boundary condition Eq.
(2.12) to the vertical velocity Eq. (2.17) gives
an equation for 90,/0x which can be integrated.
One finds

CK EF()

8, = 0,(4) + —
($) + 5 ;

o [CK
f

](l—x) (2.18)

where an arbitrary function of latitude has been
associated with the eastern-boundary surface
temperature 6, (more precisely, the surface
temperature just outside the eastern boundary
region). The quantity in brackets is proportional
t0 Wo, ~wy. As shown by Needler (1967), 06/0x
is proportional to this difference.

III. Calibration

Eastern boundary surface temperature
We set

0, =4 cos? ¢ (3.1)
where A is a normalizing constant chosen to
make the maximum value of 0, equal to one.
Thus, the form of 6, is fixed, but its amplitude
will depend on the values of the parameters.

The cos? ¢ form for surface temperature is
reasonable and was used by Bryan & Cox (1967).
However, 8, is strictly the temperature beneath
the surface frictional layer just outside the
eastern boundary region. Equation (3.1) should
not be confused with a surface-temperature
boundary condition.

It is expected that the results will not be too
gensitive to any reasonable form assumed for 6,.
Compare Bryan & Cox (1967) with Bryan &
Cox (1968) in which a linear distribution (in ¢)
of surface temperature was assumed. In the
present analysis several test cases were computed
in which a linear function was employed in
place of Eg. (3.1). Only minor quantitative
differences were found.

One difficulty in the present model is that 6,
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should be ‘“‘normalized’ (using the constant 4 in
Eqg. (3.1)) to some value less than one when
making detailed comparisons with the numerical
models of Bryan & Cox (1967, 1968). In the
latter, the maximum 0 occurs at the model sea
surface but not below the surface where
comparisons with the present formulation can be
made. Sample calculations indicate that choices
of Oppe, >~ 0.8 to 0.7 give more accurate quantita-
tive agreement with Bryan & Cox beneath the
surface layer (z= —0.5d to —0.6d) in middle
latitudes. However, this approach was aban-
doned as being too subjective, and it was decided
to make 0,,,, =1. Qualitative comparisons with
Bryan & Cox can still be made even though
values of temperature may differ by 30 to 40
percent. (In any event, the real ocean has a well-
mixed surface layer in which temperature is
nearly uniform in the vertical. Therefore a
maximum temperature of “one” occurring at
the sea surface would also occur at the base of
the mixed layer where the present (model is
thought to apply.)

Thermocline scale constant, C

Several methods were employed to evaluate
C. The best of these was found by noting that
]‘av6 =Co (3.2)
172
The left-hand side of the above represents a
form of potential vorticity that is conserved
(following a fluid parcel) in the model with K =
0 and may be approximately conserved for
certain regions of the real ocean (Phillips, 1963).
If both sides of Eq. (3.2) are divided by 6 the
resulting expression can be employed to evaluate
C.

Bryan & Cox (1968) computed the left-hand
side of Eq. (3.2) from their numerical model and
tabulated the results for several locations. If
their values are divided by the arithmetic
average temperature for each temperature
interval, the resulting numbers are as shown in
Table 2.

The numbers used to calculate C are denoted
by asterisks. The values at 10° N are too close to
the equator and the upper values at 20° and
30° N are too close to the frictional layer. From
the six values used calculations of the average
and standard deviation give C =0.19 +0.04.
Since only one-figure accuracy is considered
justified the value
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0=0.2 (3.3)

was chosen, and is held fixed throughout the
remainder of this study.

The dimensional exponential decay depth is
(D/C) sin ¢. For D =340 m and C =0.2, this
gives a depth of 850 m at 30°N. If the tempera-
ture at that latitude is 20°C at 150 m depth,
the temperature at 1000 m depth is about
20/e~7°C.

A second method employed to evaluate C in
accordance with the Bryan & Cox studies con-
sisted of measurement of exponential-scale
depths. A third method involved setting E = K
= 1, computing surface temperature distributions
for various C, and comparing the resulting east/
west temperature gradients in low latitudes with
the numerical results. The total range of values
found from all methods was 0.14 <C <0.29.

The above method employing Eq. (3.2) can
be used to evaluate C from oceanographic data
although somewhat more scatter can be expec-
ted in the results. Calculations of & log ¢,/0z for &
number of hydrographic stations in the sub-
tropical North Atlantic indicate that C ~0.2 is
reasonable for intermediate waters i.e. for
depths ranging from approximately 200~250 m
to 1 000-1 500 m. [Values of C (~stratification)
are typically an order of magnitude smaller for
deep water.]

Finding C ~0.2 from observation in agree-
ment with the Bryan & Cox model is perhaps
not surprising because these authors scaled
their model for the North Atlantic. Since the
important calibration constant is C (the results
are not sensitive to reasonable forms for 6,) it
follows that the semiempirical model results
should not depend crucially on the numerical
model.

IV. Results

Variation of the wind parameter, E

The purpose here is to test the calibrated
model against published results from the
numerical models. We hold K =1 and C =0.2
fixed, set £ =0, 1, 3 (y =1, 2, 4), and compare
temperature distributions with Bryan & Cox
(1967). The results are shown in Figs. 2-4.

Good qualitative agreement is found in middle
and lower latitudes, below about 50° N. (Lati-
tudes below about 10° N are excluded from both
models.) Agreement is fair to poor in higher
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Table 2. Values of sin ¢ A8/0Az computed from
Table 4 of Bryan & Cox (1968, part I)

Latitude
Isotherm
Interval 10° 20° 30° 40°
0.6 to 0.5 0.16
0.5 to 0.4 0.10 0.16
0.4 t0 0.3 0.12 0.16* 0.17
0.3 t0 0.2 0.15 0.14* 0.15%
0.2 to 0.1 0.09 0.22% 0.23* 0.24*

The values denoted by an asterisk were used to calculate C

latitudes. This is to be expected because of the
convective instability in higher latitudes as
found in the numerical model but not accounted
for in the analytical model. In Fig. 2¢ (strong-
wind cese) the analytical model prescribes
negative temperatures at the surface (density
greater than that of deep water) to the north-
west of the zero-degree isotherm. [The difference
in latitudinal scales is perhaps unfortunate, but
is not critical. Bryan & Cox use spherical
coordinates (Mercator projection) whereas the
present model uses beta-plane coordinates.
Prior to making comparisons with the numerical
studies I had already done a considerable
amount of work employing the z, y, z coordinate

67

system, and decided not to change. Differences
become appreciable only in higher latitudes.]

For increasing E, some points of agreement
are:

1. There is an inereasing east/west tempera-
ture gradient in lower latitudes corresponding
to a more pronounced subtropical gyre.

2. There is an increasing north/south tempera-
ture gradient in middle latitudes near the
western boundary.

3. Colder water appears at the surface to the
northwest.

Some points of disagreement are:

1. There are disrepancies in the temperature
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Fig. 2. Horizontal temperature patterns at z =0 from the analytical model (a — ¢, compared with the numer-
ical results of Bryan & Cox (1967) at z= — 0.6 d (d —f). From leit to right E =0 corresponds to no wind,
E =1 to moderate wind, £ =3 to strong wind. The parameters K =1 and C = 0.2 are held fixed.
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Fig. 3. East/west temperature sections at 32° N from the analytical model (a — c) compared with the numer-

ical results (d — f) of Bryan & Cox (1967). From left to

right E =0 corresponds to no wind, E =1 to moderate

wind, and E =3 to strong wind. The parameters K =1 and C =0.2 are held fixed.

distribution in higher latitudes as noted above.
Such discrepancies may be related to the
temperature condition imposed in the numerical
model in which surface temperature is a pres-
cribed function of latitude. Improved qualitative
agreement is found between the reference case
E =K =1 and the numerical results of Bryan

Depth/d

(1969) in which the surface temperature con-
dition is relaxed. However, in the latter study
a more detailed equation of state is used; there-
fore, comparisons of the apparent temperature
of the analytical model with the thermo-
dynamic temperature of the more recent
numerical model are not strictly valid.

Depth/d

(c)

3 £=0 E=09 E=2.9
3
673 60 50 a0 30 20 10 673 60 50 40 30 20 10 67.3 €0 50 40 30 20 )
Degrees latitude Deqrees lotitude Degrees |atitude
(d) (e) (f)

Fig. 4. North/south temperature sections bisecting

the basin, (@ —c) analytical model, (d —f) Bryan &

Cox (1967). From left to right E =0 corresponds to no wind, £ =1 to moderate wind, and E =3 to strong

wind. The parameters K =1 and C = 0.2 are held fixed.
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2. There are discrepancies in the distribution
in the immediate vicinity of lateral boundaires.
Such discrepancies are to be expected because
boundary processes are not accounted for in the
analytical model.

3. In the case of pure thermohaline circula-
tion (K =0) isotherms are more nearly parallel
to latitude circles in both models (Fig. 2a, d).
However, there is a tendency for isotherms to
slope slightly equatorward to the east in the
analytical model which is not noted in the
numerical model.

4. Quantitative discrepancies in the values of
temperature are noted. This is due to the
normalizing problem discussed in Section III.

Other tests of the analytical model were made.
For example, the values of terms in the heat-
balance equation, Eq. (2.6), were compared
with those given by Bryan & Cox (1968). Good
qualitative agreement was found in the sub-
tropics. Discussion of this is postponed to a
later section to help explain other results.

Variation of the thermal diffusion parameter, K

Except in high-latitude regions of convective
instability the value K =1 was held fixed
throughout the numerical studies reported by
Bryan & Cox (1967, 1968). The results of their
1968 study suggest that diffusion is unimportant
below the surface layer in middle latitudes. It
is a relatively simple matter to investigate and
interpret the effects of K in the analytical
model.

Holding E =1 and C =0.2 fixed, we set K =
0, 1, 3. In doing so we regard the depth scale D
as fixed and the eddy diffusivity x» as variable.
(The scale d depends on x.) One way to do this
is to define D = (wa?/p,x40g)}. In this way D is
independent of », and K =1 by definition. The
resulting surface temperature distributions are
shown in Fig. 5, in which Fig. 2b (K =1) is
repeated in order to facilitate comparisons.

The most striking feature is the lack of any
significant difference in results for the cases
K =0 and K =1. With nearly identical surface
temperature distributions and with C fixed it
follows that all vertical sections will look nearly
the same for the two cases.

More detailed comparisons of the three cases
show that the general effect of increasing K is
to make surface water colder in middle lati-
tudes. This is physically reasonable because

R. C. ALEXANDER

surface water is being cooled at an increased
rate by vertical conduction.

A warming trend for increasing K can be
noted to the northwest. However, its applicabili-
ty to the real ocean is doubtful because the
model may break down in high latitudes.

The present results showing little difference
between the cases K =0 and K = 1, together with
the numerical results of Bryan & Cox (1968),
offer evidence of the validity of the purely
advective model of the thermocline as originally
formulated by Welander (1959), provided the
model is interpreted as a first approximation
applying to the interior circulation in middle
latitudes in intermediate waters. Higher order
effects giving rise to deep upwelling are crucial
for studies of the abyssal circulation.

Heat-balance components

Let an overbar denote the east/west average
of a quantity. Then

&0 KO'_.
K§= p 6,0 (4.1)
ﬁ £2Czlf
VU= (4.2)
Vi o ¢
0 ———— 50
W = Uy V8- Koy (4.3
waz ~H VI-I 322 ( )

The above for K=E =1 and C =0.2 are
shown in Fig. 6 plotted versus depth at 33° N,
For comparison, Bryan & Cox’s (1968) corre-
sponding results are shown. Qualitative agree-
ment is good below the maximum of —wa6/2z in
the numerical result. Just below this point,
corresponding roughly to the surface in the
analytical model, the advection terms are
dominant and diffusion is relatively small. At
greater depths all terms are much smaller and
the dominant balance is between vertical
advection and vertical diffusion.

Further insight is gained by taking the ratio
of Eq. (4.2) to Eq. (4.1). Writing the result in
terms of the stress function and the parameters,
and taking into account the negative sign of the
stress function (~ Ekman-layer convergence) in
middle latitudes, one finds

V- Vi

i = [1 + —1}% cot ¢|F(¢)|] e (4.4)
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Fig. 5. Horizontal temperatures patterns at z = 0. From left to right, K =0 corresponds to no diffusion, K =1
to moderate diffusion, and K =3 to strong diffusion. The parameters E =1 and C = 0.2 are held fixed. Note
the lack of appreciable difference among the distributions.

The product of the cotangent and the stress
function is of order unity in middle latitudes.
Near the surface z =0 the above ratio is large
because

E E,
Rl N | (4.5)
KC K,

where E, and K, denote parameters based on
the exponential-scale depth rather than D.
(Note that E~1/D? and K~1/D3 that the
products EC*? and KC® appear in Eq. (2.18), and
that the ratio, Eq. (4.5), can be written EC3/
K(C*.) In the reference case this ratio is 5. An
intuitive explanation is that the thermal

boundary layer is not sufficiently thin to make
vertical conduction important for a fixed verti-
cal temperature difference.

A second result from Eq. (4.4) is that, for all
values of the parameters, the ratio of horizontal
advection to vertical diffusion is never less than
one at the surface in regions where the stress
function is negative or zero, i.e. in middle
latitudes. In the thermohaline limit E =0 the
ratio is one because the Ekman velocity, and
hence also vertical advection, is zero at the
surface. In this limit, vertical diffusion when
present must be balanced by horizontal advec-
tion (provided neglected terms in the heat-
balance equation are truly negligible).

0 e tr/\‘»_(‘
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—— — 4 ]
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2 balance B Pe V7O kl z
i
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3
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‘diffusive bolance
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(b}

Fig. 6. East/west average of heat balance components at 33° N for K = E =1, C = 0.2; (a) analytical model,
(b) Bryan & Cox (1968). The surface z =0 in the analytical model corresponds roughly to the point where

—wf, is & maximum in the numerical model.
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For all values of the parameters except K =0
the ratio, Eq. (4.4), tends exponentially to
zero with depth. Consistent with earlier results
(Robinson & Welander, 1963; Blandford, 1965),
vertical diffusion when present must be balanced
at great depths by vertical advection [with the
same provision as above; see Veronis (1969)
who shows that horizontal diffusion also can
give rise to deep vertical advection]. Horizontal
advection decays exponentially at twice the
rate of vertical diffusion [cf. Eqgs. (4.1) and (4.2);
because the former is the product of an expo-
nentially decaying velocity and an exponentially
decaying temperature gradient.

Heat-balance components for the purely
thermal case E =0, K=1, C =0.2 were com-
puted but are not shown. This case is found
qualitatively by displacing the surface in Fig.
6a downward to a depth of approximately 4.7
where vertical advection passes through zero.
All components are much smaller for this case.
While horizontal advection is relatively im-
portant at the surface, it decays rapidly and the
deep vertical-advection/vertical-diffusion bal-
ance shown in Fig. 6 is achieved at shallower
depths. This may explain why Robinson &
Welander (1963), who considered only the case
of thermal circulation, found that horizontal
advection played a relatively minor role, where-
as Blandford (1965), whose solution contained
nonvanishing vertical velocities at the surface
and therefore corresponded more nearly to the
present case with E =1, found that horizontal
advection played a relatively important role.

V. Conclusions and further discussion

Tests of the calibrated analytical model in
which the wind-stress parameter E is varied
give temperature distributions that are in qual-
itative agreement with those of the numerical
model of Bryan & Cox (1967) for the region
beneath the surface layer in middle latitudes of
the open ocean. Probably the most striking
feature that occurs in both models for increasing
E is the increasingly pronounced subtropical
high-temperature pattern (cf. Fig. 2).

Heat-balance components in the subtropics
for the reference case £ =K =1, ¢ =0.2, are in
qualitative agreement with Bryan & Cox (1968)
below the depth where downward advection is a
maximum in the numerical model (cf. Fig. 6).
For this region, both models indicate that the
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dominant balance is between horizontal and
vertical advection. Vertical diffusion plays a
relatively minor role in the reference case except
at great depths. As noted above, discrepancies
between earlier thermocline models (Robinson &
Welander, 1963; Blandford, 1965) are probably
related to the presence or absence of wind-
induced downwelling at the surface.

For more general choices of the parameters E,
K, and C, the foregoing analytical model indi-
cates that horizontal advection of (apparent)
heat is probably always at least as important as
vertical diffusion in the thermocline region in
middle latitudes.

It is known that certain results are not sensi-
tive to values of the vertical thermal-diffusion
coefficient in the order of magnitude range
0.1 <% <10 cm?/sec (e.g., Bryan & Cox, 1967;
Veronis, 1969). For example, note from Table 1
that the thermal-diffusion scale docx? is a
slowly varying function of x. This lack of
sensitivity is borne out by the foregoing ana-
lysis in terms of temperature distributions (cf.
Fig. 5). Perhaps one of the more useful new results
is the lack of appreciable difference in tempera-
ture distributions even when K =0 (E and C
fixed). The above results, together with those of
Bryan & Cox (1968), indicate that Welander’s
(1959) purely advective model, suitably inter-
preted, is a correct first approximation for the
intermediate circulation.

Quantitative discrepancies in the values of
temperature and heat-balance components from
the anlytical and numerical models are probably
not serious (cf. the normalizing problem dis-
cussed in Section III). These discrepancies are
partly related to surface-temperature boundary
conditions imposed on the ‘first generation”
numerical models. It appears likely that closer
agreement will be found between ‘‘second
generation” analytical and numerical models
as more realistic surface conditions are assumed.
(See, e.g., Bryan, 1969.)

Perhaps a more serious difficulty in the
foregoing analytical model is the neglect of the
barotropic mode (pressure and velocity compo-
nents independent of depth). It appears that the
barotropic mode is related to the finite depth of
the ocean and to associated topographic effects
(Fofonoff, 1962). The results of the foregoing
analysis suggest that barotropic effects may be
small; however, both the calibrated model and
the numerical models on which it is based
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neglect bottom topography. It is not clear, for
example, how the barotropic advection of heat
in a more realistic ocean model might change
the heat balance depicted in Fig. 6. As results
from more realistic numerical models become
available, future work on analytical models
might be directed at including the barotropic
mode. The task will be more difficult because
the Ekman velocity condition becomes non-
linear in the derivatives of baroclinic and baro-
tropic components of the unknown pressure
field, but it is not hopeless [cf. Eq. (8.6) of
Veronis, 1969].

As our confidence in the analytical models
increases, it is possible that a suitably calibrated
model can be used to parameterize the interior
circulation in order to facilitate more detailed
investigations of certain of the boundary re-
gimes. For example, in numerical investigations
of the oceanic general circulation, a denser net-
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work of grid points in the surface layer would
likely become feasible if the circulation beneath
that layer were prescibed analytically over a
considerable part of the ocean.

Note Dr J. A. Johnson of the University of
East Anglia, Norwich, sent me a preprint of a
paper which, like the present one, is apparently
aimed at making a more definite connection be-
tween the thermocline solutions and ocean cir-
culations in closed basins. Johnson’s method is
theoretical as opposed to the semiempirical
method used here, so that the two papers may
be complementary. (See “On the wind-driven
circulation of a stratified ocean’ to appear in
J. Marine Res.)

Dr Welander has recently published a more
general set of solutions to his (1959) advective
thermocline problem in J. Marine Res., Vol. 28,
No. 2, 1971, pp. 60-68.
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PE3IOME

OKCIOHEHTHOE pellieHie TEPMOKJINHHKHX ypaBHe-
Hu#l cHaleHHO WKanol M KaaubGpHPOBAHHO
I [POMERYTOYHOM NMPKYJNALMM B CPEJHHX
WKPOTaX OTKPHITOIO OKEeaHa B COOTBETCTBUM CO
UIKAJoN U pe3yJbTaToMu 6oJee MOTHBIX YUCIeH-
HbIX Mopese#i BpamHa m Hokca. OnpeneneHue
CpellHUH TOTEHUMAJbHHN 3aBUXPEHHOCTH IJIA
HeCKOJIbKUX CTAHIMHA ABJAETCA riaBHON yepToit
cnocoba KanmGpanuu., Pedynbrarel mcrneTaHuMit
Ha KaauOpupoBaHHOM! MoZesaH, B KOTOpoil nmapa-
MeTp BeTpoBOft Harpysaku E u3MeHsercd, Io-
KaskHBaOT XOpolloe KayecTBEHHOe corjacue
¢ OnyOIHMKOBAHHHIMM YHCJIEHHBHIMH Pe3ylbTa-
TaMM [JA palloHa B KOTOPOM aHAJNTHYeCKasd
MOJeab TeHACTBUTEIbHA.

CnepcTenA n3MeHeHHA NapaMeTpa BePTHKAIh-
HHl Tepmuyecko#t 1uddysun K uccieaoBawoTCcA.
3HauuTeNbHON YepTOM Ppe3yAbTATOB SABJIAETCA
OTCYTCTBME BaMETHHIA pasHUUU B TeMIepaTyp-
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HEIX pacnpefeleHHAX AJa caydelt wkorga E =
K =1 (xonTponsumit cayvait) m E =1, K=0
(4MCTO afBeKTUBHBIH cixyuvait). OTHOCHTeIbHEIE
BeJIMYMHLEI TEPMUHOB B YPaBHEHNH TENJIOBOTO
6anmanca wmuccienposaiorcAd. IlokasaHo uro po-
MuHupywmu#t GajaHc B OJIN3UM NOBEPXHOCTH
(Ho mox QPHKIMOHHOM CIOEM) ABJIAETCA MEMAY
TOPM3OHTAJBHON M BePTHMHAJNBHON amBeKIWH
ecan coorHomenue E/KC>1, rae C aBuaerca
6e3apasMepHHM TepMOKIWHHHM IIKAJbHLIM Ta-
paMeTpoM onpejelleHHHM YPaBHEHHEM TMOTeH-
IUaJbHON 3aBHXPEHHOCTH. BejMumHA BHIIIE-
TIOKa3aHOr0 COOTHOLIEHMS MABJAETCA HpuGIN-
BUTeJIbHO 5 B KOHTPOJBHOM cuyudae. [lua Bcex
BEIMYHMH I1apaMeTpoB MOKA3aHO 4YTO COOTHOMIe-
HHe TOPUBOHTAJILHOW AXBeKIMM K BepPTHKAJb-
Hoit muddysum He MeHbIue ENMHMIN KaK pas
1oJ, TIOBEPXHOCTHBEIM CJIOEM B CpeJHEIMPOTHHX
paitoHax MOBEPXHOCTHHX HUCXOAAIIUX HOTOKAX.



