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ABSTRACT

A system for continuous data assimilation is presented and discussed. To simulate the
dynamical development a channel version of a balanced barotropic model is used and
geopotential (height) data are assimilated into the models computations as data become
available. In the first experiment the updating is performed every 24th, 12th and 6th
hours with a given network. The stations are distributed at random in 4 groups in
order to simulate 4 areas with different density of stations. Optimum interpolation is
performed for the difference between the forecast and the valid observations. The
RMS-error of the analyses is reduced in time, and the error being smaller the more
frequent the updating is performed. The updating every 6th hour yields an error in the
analysis less than the RMS-error of the observation. In a second experiment the up­
dating is performed by data from a moving satellite with a side-scan capability of
about 15°. If the satellite data are analysed at every time step before they are introduced
into the system the error of the analysis is reduced to a value below the RMS-error of the
observation already after 24 hours and yields as a whole a better result than updating
from a fixed network. If the satellite data are introduced without any modification the
error of the analysis is reduced much slower and it takes about 4 days to reach a com­
parable result to the one where the data have been analysed.

I Introduction

The purpose of this investigation is to
study how the accuracy in the analysis depends
upon different kinds of observational updating.
In order to understand the basic problems in
such a comparison we will undertake the
experiments by as simple a system as possible.
In order to let the experiments have some
connection to reality, however, we will invosti­
gate a non-linear system.

The updating will thus be performed with a
balanced barotropic model and the data to be
used are data generated by that model. A very
similar experiment also performed with the
barotropic model has quite recently been
reported by Miyakoda & Talagrand (1971 a,
1971b).

, Permanent affiliation: Swedish Meteorological and
Hydrological Institute, Stockholm, Sweden.
2 The National Center for Atmospheric Research is
sponsored by the National Science Foundation.

Two experiments in updating will be con­
sidered here. In the first experiment we will
update with observations from a network cor­
responding to the actual network of upper air
soundings. This updating is performed at
synoptic observation times only. The second
experiment simulates updating with observa­
tions from a polar-orbiting satellite.

The assimilation of past data in a scheme of
meteorological dynamical analysis is by no
means any new idea. In fact, it has been used
operationally in numerical objective analysis
for a long time (Gilchrist & Cressman, 1954;
Bergthorsson & D66s, 1955).

The different procedures which have been
applied operationally have been fairly heuristic
and only a few systematic experiments have
been performed to investigate how the degree of
accuracy depends upon the different techniques
used.

Among the different methods of objective
analysis which have been investigated so far,
there are clear indications that the one based
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standard deviation

where we take ensemble averages.

~ deviation between ob­
servation and the nor­
mal.

= deviation between the
analysis and the nor­
mal,

variance mkkt = {'P~(t)} {'P~(t)}

If k and l are two different points in the area
we also have:

{ A' )}N A N'Pt (t = 'Pt (t) - 'Pt

{'Pnt)y = 'Pf(t) - 'Pf(t) = deviation between ob­
servation and forecast,

{'Pf'(t)y ='Pt(t)-'Pr(t)~deviationbetween ana­
lysis and forecast,

upon the so-called optimum interpolation is the
most efficient to minimize the error in the
analysis (Eliassen, 1954; Gandin, 1963; Kruger,
1968).

In the following we have used a version of
the optimum interpolation, where we have
analysed the difference between the valid
forecast and the actual observations. In the
case of the simulation of satellite updating the
procedure of optimum interpolation has been
somewhat modified and the autocovariance is
assumed to vary in time and space. At every
time step and at every grid point the autocovari­
ance is modified by the probable mean square
error of interpolation combined by an assumed
mean square error in the numerical forecast.

Since the updating also is performed every
time step some adjustment must be done be­
tween odd and even time step in order to get a
stable solution. This was achieved by reanalys­
ing observations from the proceeding time
step modified by the predicted changes for the
corresponding time.

2. The objective analysis
mklt

autocorrelation flklt = J==~=
Vmkkt• mm

Before we start to give a description of the
objective analysis, we will introduce some
definitions:

~ the "true" value of 'P in
the point i at the time t,

We now assume that {'Pt'(t)} can be expressed
as a linear combination of the available observa­
tional deviations. In the following index i
refers to the grid points and k and l to the
observations.

n is here the number of observations influencing
the analysis in the grid point and Pk is the weight
of observation k.

In order to find the weight Pk' we require
that the mean square error between the "true"
state and the analysis should be a minimum:

'Pf (t) ~ the forecasted value of
'P in the point i at the
time t,

= the analysed value of
'P in the point i at the
time t,

= the observed value of
'P in the point i at the
time t,

(1)

N
'l{Jt

{ , }N N'l{Jt(t) = 'l{Jt(t) - 'Pt

the "normal" value of
'I{J in the point i,

~ deviation from the nor­
mal,

or

(2)

we now introduce

{ , }F F'l{Jt(t) ~ 'l{Jt(t) - 'l{Jt (t) = deviation from the fore­
cast,
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{VJ;(t)} {VJ~' (t)} ~ mIld

{VJ;(t)}
2

= mitt

We have also assumed that the observational
error is constant in time. mk/t is the value of
the autocovariance function of VJ for the points
k and l at the time t and a% is the mean square
error of observations at the observational
point k.

Formula (2) can now be written

n n n n

E= L L PkPlmklt+ L p%a%+m7u- 2 L Pk mikt
k~1 1-1 k~1 k~1

(3)

At the minimum value of E, we must have

oE
- = 0 (j = 1, 2, ... n)
oPJ

Derivation of (3) with respect to Pi yields

n n

0= L PkmJkt+ L PlmlJt+ 2PJaJ-2mtJtk-1 1~1

Since according to definition mikl = mkJt we ob­
tain the minimum value for,

n
L mkltPk+a;PI=mm (l= 1, 2, ... n) (4)
k~1

where we now have replaced i by l;

Let us now first assume that we are inter­
ested in making an objective analysis at the
time t =0. We also assume that we have no
valid forecast available at that time so we put

According to Gandin we assume that the vari­
ance of {VJd is the same at all points and all
times, that is

Dividing the expression (4) by mOOD yields

n

LflkIPk+1]IPl=flH (l=1,2, ... n) (5)
k-1

where 1]1= aUmooo is called the relative square
error of observation.

Solution of equation (5) gives us then the
weights Pk and it is then easy to compute
{VJA' (o)}.

In the case of large n and when stations are
close to each other the system (5) might be ill­
conditioned resulting in very large positive and
negative numbers for the weights. If the obser­
vation errors are large this can lead to very
serious errors in the solution. However, it is
possible to check the system for ill-conditioning
and if necessary change it by, e.g. averaging of
closely situated observations (Kruger, 1969). In
order to avoid ill-conditioning and also according
to experience (Gandin, 1963) n is taken to be 8.
(See Fig. 2).

It should be pointed out that this technique
of objective analysing differs from the so-called
correction method, still used operationally by
many weather services, in that the correction
method does not take into account the proper
combined effects of the different observations.
The simplified expression (5) will not be used for
the more general case when we are analysing the
difference between the observations and the
valid forecast, {VJr (t)}F instead of the difference
between the observations and the normals
{VJf' (t) }N. In such a case, both the autocovari­
ance and the autocorrelation will change in
time.

The time dependence is naturally very large
for the autocovariance since this is now simply
a measure of the error in the forecast. However,
for the autocorrelation the time dependence is
not so pronounced. (Fig. 1 shows the forecast
error autocorrelation for the 500 mb geopoten­
tial in a quasi-geostrophic model computed
from about 200 cases.)

The physical explanation for this is quite
obvious. Even short-range forecasts have an
error spectrum which is fairly wide. The error
spectrum becomes slowly wider and wider as the
forecast interval is extended. For a 5-day
barotropic forecast, it is almost comparable to
the one computed from the monthly mean.

In this experiment, we would like to simplify
the problem as much as possible and we have
therefore assumed that the autocorrelation is
constant in time. We will, however, let the
autocovariance vary. For the autocovariance,
we then get

(7)

One somewhat heuristic way to do this is to
compute the probable mean square error of
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We also introduce a relative covariance

We now devide equation (4) by m'ftBX and we
also introduce 1/~ aUm'ftBX after which we get
the following system for optimun interpolation.

1.0

0.4

0.2
n

L qkltPk+1/PI=qi/t
k-1

(12)

(13)

900 1200 1SOO 1800300 600
~----'==-.'---~

2100 km for l = I, 2, ... n.

Fig. 1. The autocorrelation for different time inter­
vals.

interpolation at every time and in every point
and then modify this estimated error, by an
assumed mean square error in the numerical
forecast.

The interpolation error can be computed with
respect to the following. Let us multiply (4)
by P I and sum from I to n. This gives:

n n n n

L PI L mklt Pk+ L pr ar = L Plmi/t (8)
1-1 k~1 I~l I~l

Inserting (8) in (3) yields:

Formally, this is the same expression as (5)
with the exception that we here have replaced
the autocorrelation /-lklt by the "normalized"
covariance qk/t"

Equation (13) can be written in the form

(14)

We see that when T tt ~ I, then equation (14)
reduces to equation (5); that is, the autocovari­
ance is in that case constant in time. When Tit

decreases, it follows that the weight of the ob­
servation is reduced and correspondingly the
relative influence of the forecast increases.

n

E=m~tt- L Pkmikt
k~l

(9)

(II)

To compute the change of the relative variance
over one time step, we have thus the simple
relation

The first term to the right is an expression of the
forecast error in the actual point and the second
term is a mixed expression of the forecast
error and the error of the observation and its
distribution.

We will now simply assume that the variance
milt increases linearly in time and that it
reaches a maximum variance, m'ftBX after a
certain time t = T. In the experiment T ~ 48
hours. In order to simplify the notations, let us
introduce the relative variance

B. •
-(V 'P)-J(V 'P+j;'P)~0
Bt

3. The dynamical system

where J is the Jacobian operator and f the
Coriolis parameter.

For the numerical computation, the finite­
difference approximation is used. The finite­
difference scheme conserves vorticity, the
square of the vorticity and the kinetic energy
each integrated over the whole area (Arakawa,
1966).

The domain is a zonal channel circling the
globe with the northern and southern boundaries
at 70° Nand 30° N latitudes. Cyclic boundary
conditions are applied in the east-west direction
and 'P is constant along the northern and south­
ern boundary. The total number of grid points

For the experiment, we have used the non­
divergent balanced barotropic model in the
form:

(10)
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ANALYSIS ERROR AS A FUNCTION OF THE NUMBER OF
RANDOMLY DISTRIBUTED OBSERVATIONS

20m

10m

_-I
20 50

'j
I

~

.~_"--- -'---_--'-_J---L._
100 200 300 400 500

NUMBER OF OBSERVATIONS

Fig. 2. The error in the analysis as a function
of the number of randomly distributed obser­
vations and fo some different values of n.
(Number of influencing stations.) n = 8 is in­
dicated by x and n = 12 by o.

in the area is 80 x 15 corresponding to mean
grid distance of about 300 km. The time step in
the integration has been 1 hour.

The experiment has been performed in the
following way. A forecast for a given period was
made from an initial state taken from a real
500 mb flow of the 1st of Januray 12.00 Z GMT
1970. This solution is then used as a reference
forecast and it is assumed that this time
sequence represents the "true" 500 mb flow.

With the aid of this reference atmosphere we
will now make two basic experiments in observa­
tional updating with the purpose to compare an
asynoptic satellite observing system and a
conventional synoptic observing system. We
will also investigate the benefit of increasing the
frequency in observations from 24 and 12 hours
to 6 hours for a fixed synoptic network of
observing stations.

4. Updating from a fixed network of
observations

In our first experiment, we will first study
how much the analysis error depends upon the
density of stations. For that reason, different
numbers of "observation stations" were ran­
domly chosen from the reference atmosphere at
time t ~ O. A random observation error with a
normal distribution is added to the "observa­
servations". The statistical mean of the error is
o and the standard deviation is 20 m.

The geopotential height is given by z ~ Uk tp)/g,

where g is the acceleration of gravity and fk is
the Coriolis-parameter at 50° N (in the middle
of the channel). An objective analysis is per­
formed according to the description in section 2.
The normal in this case is equal to wave number
(0,1) for the reference state. (0 refers to x­
direction and 1 to y-direction, computed for
twice the width of the channel). The normal
thus represents only the first mode of the zonal
flow and the RMS of the normal is about 130 m.

Fig. 2 shows that the analysis error strongly
depends upon the number of observations up to
about 300 observations. (In this and in the
following experiments we have assumed that the
observations only are situated in the grid
pomts.) A further increase in the number of
observations contributes very little to the
accuracy of the analysis. This agrees quite well
with much more complete investigations, e.g,
Mashkovitch (1964).

It is also possible to evaluate the root mean
square error of the analysis alone. This has
been done by Miyakoda & Talagrand (1971a)
for a similar experiment and it turned out that
the analysis error was 17.5 m. It seems, there­
fore, impossible to improve the analysis by
making use of historical updating if the number
of observations is large enough and if they have
a homogeneous distribution over the area.

This is, however, not the case in reality where
we in the area between 30° Nand 70° N have
vast areas over the oceans where the density of
observations is very low. With the same density
over the whole area as over the oceans, we
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Fig. 3. Distribution of 420 observations in 4 different areas with different degrees of density. Every z
indicates an observation.

Table 1.

Longitudinal interval Number of observations

10° W - 138.5° E 300
138.5° E - 122.5° W 20
122.5° W - 64.0° W 90

64.0° W - 10° W 10

would have a RMS-error of the analysis be­
tween 40 and 50 m according to Fig. 2.

In order to get a very crude simulation of the
existing network of upper air soundings, we
have, therefore, distributed the observations
randomly in 4 different areas (see Table 1 and
Fig.3).

An objective analysis of the differences be·
tween the observations with the same observa­
tional error distribution as in the first experi-

ment gives a figure for the error in the analysis
of somewhat more than 30 m (see Fig. 4).

It may be interesting to point out that this
corresponds to a value of about 100 stations
randomly distributed over the whole area.

We may, therefore, expect that an updating of
observations more frequent than the time it
will take for the forecast error to reach the
climatological mean will yield some improve­
ment. The analysis procedure is the one earlier
described. When updating every 6th, 12th and
24th hour, we have applied autocorrelation
functions valid for the corresponding intervals.
At every time for which new data have been
introduced, we have analysed the difference
between the forecast and the observation.
Thereafter, we have restarted the forecast by a
forward time step. The last is done only to simu­
late the operational scheme of objective analysis.

A small improvement was obtained if we

•...... RMS(tl When Updating Every 24 Hours

_.-- RMS(t) When Updating Every 12 Hours

--- RMS(t) When Updating Every 6 Hours

-- RMS(t} When Updating by 0 Moving Satellite
Sidescan Capability of ±4.5°

50m

40m

0:

~ 35m
a:
w
Vl
:; 30m
0:

20mf--......•......·

24 48 72

TIME

96 '20

RMS-Errorof
Observations

'44 Fig. 4. Variation of the analysis error in
time for different kinds of updating.
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THE TIME AND POSITION OF THE ASSIMILATED DATA. EVERY·
INDICATES AN OBSERVATION,

F5h F3hF4h '-2h ,=Oh700N ,...F_lh --'-=-'-'--'__~ .;,.,;;.c....:...::.::...,

..-- .. +--- ..

I
9O'W

I
90'E 180'E

Fig. 5. Time and space distribution of observations from a satellite.

gave a very small weight to the normal field
and also smoothed the result after the analysis.
For the updating every 6th hour, we have a 5 %
weight to the normal field and used a smoothing
coefficient of 0.125. It is planned to use a more
refined smoothing, but that experiment has
not yet been completed.

The procedure above corresponds very closely
to that used in most schemes of objective ana­
lysis in operational use.

As can be seen from Fig. 4, the error in the
successive updating reduces the error to about
the same amount as the error in the observa­
tions. As can be seen from Fig. 4, there is a
successive improvement when the updating
interval is reduced.

5. Continuous updating with satellite
observations

In the final experiment, we have investigated
the problem where we have got observations
which are assumed to corne from a satellite
making vertical soundings along its track. The
orbit of the satellite is assumed to take 2 hours
in accordance with the specification for the
Global Observing System. In order to simulate
an unfavourable situation, we assumed that the
width of the band where we get observations is
only about 600 krn, which means that we have
only 3 observations per latitude at every hour
(see Fig. 5). It will thus take more than 24
hours to cover the whole area.

It should be pointed out that in the simula­
tion experiment reported by J astrow et 11.1.
(1970), 2 satellites, 90° out of phase, are used.

It is also found that the minimum requirement
for the side-scan capability is ±30°. It is easily
seen that in Jastrow's experiment every grid
point over the whole globe will be covered in 6
hours. It is assumed that side-scan capability
is the largest angle between the senson and the
vertical direction.

In this experiment with continuous updating
we have used centered time integration all the
time. We have also in order to obtain stability
introduced a very simple but efficient way of
adjustment between odd and even time steps.
At every time step, we re-analysed the observa­
tions from the time step before plus the predic­
ted change during the elapsed time. This implies
a stable solution. Another very similar method of
adjustment is to make a centered time step
before the updating and then a non-centered
time step for the corrections made. A more
sophisticated way to adjust between odd and
even time steps has been proposed by Thompson
(1969).

For continuous data-assimilation the following
scheme can be applied:

1. Use a normal fields as initial field
2. Put rit =rio = 1.0
3. Perform a preliminary analysis using very

few observations (20 in the experiment)

4. Compute rio: = rio - L~=l Pk qiko

5. Perform a forecast step t =T, T = 1,2,3, ...
6. Increase error estimate r it = min (ri(T- Lit)

+ -dt/T, 1.0)
7. Analyse observations from t =T together with

observations from t = T - ~t modified by the
predicted change between T - ~t and T.
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- RMSm When Updating Using Objective Analysis

--- RMS{t) When Updotino Without Any Objective Analysis

'30m

Q:; 60m
o
a:
~ ~Om,
<J>

~ 40m

30m

20m

24 48 72 96

TIME

120

RMS-Error of
Observations

144

Fig. 6. Time variation for the RMS for 2
different kinds of data assimilation of ob­
servations from a satellite. Full line indi­
cates that the observations have been
objectively analysed, dotted line that they
have been inserted without any space
adjustment.

8. Compute error estimate

rlT : = max (rIT - L.f-lPl..qtkt, 0.01)

9. Perform next forecast step (back to point 5).

When this scheme was applied a minimum
error level of about 14 m was reached after 24
hours. The error remained constant during the
whole integration period (see Fig. 6). This result
can be compared with an experiment where the
observations were introduced into the grid
points without any kind of objective analysis.
In this case a minimum error level of 17-18
m was reached after 80-90 hours. It is quite
obvious that optimum interpolation substan­
tially speeds up the updating.

It may also be very interesting to compare
updating with a satellite with the updating
from a conventional network. It can be seen
from Fig. 4 that the updating with a moving
satellite can be compared with a network of
400-500 randomly distributed stations and is
more efficient that the investigated actual net­
work.

6. Conclusions

Finally, the question is to what degree we can
generalize the results from this investigation.
We are quite convinced that a similar result
would have been obtained if we had used a baro­
tropic model for a hemispheric area. The next
question is if a similar result would have occurred
if we had used a balanced or quasi-geostrophic
baroelinic model.
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If the error distribution in the observations
is random or has a small scale, we cannot fore­
see any problems by an updating of the com­
plete 3-dimensional temperature field. In fact,
as has been shown by Obukov (1960) and
Holmstrom (1963), it is possible to describe
more than 99 % of the variance of vertical
variations in the 3-dimensional mass-field by
four empirical orthogonal functions. There is
thus a high degree of redundancy in the ver­
tical soundings and it may be possible, there­
fore, to substantially reduce the error in the
measurement.

If, on the other hand, we would like to per­
form the updating with a primitive model, the
problem is much more complicated. In the
experiment which has been reported by J astrow
et al. (1970), it is found that one needs to insert
temperature data almost every 3rd hour in
order to reduce the error in the windfield to an
acceptable level. The time for the adjustment
was extremely long, about 14 days. At the
moment, we do not know if this is due to adjust­
ment problems in the tropics or if the time of ad­
justment will be comparable in time at high
and middle latitudes.

It seems yet reasonalbe to assume that the
shock effects created in Jastrow's experiment
can be reduced considerably by a space ana­
lysis of the moes-jield, every time we introduce
new temperature values. The corresponding
shock in the wind field may, except for the
tropics, be eliminated by correcting the wind
field with a value which can be computed by
the balance equation from the analysed change
of the temperature field. However, before we
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have got a satisfactory solution on the problem
of updating with a primitive model, we may use
a balanced model for the updating and then
introduce the corrections in the primitive
model by aid of the balance equation.

On the other hand, if the Global Observing
System yields data with a frequency high
enough and if there is no probability that the
system will break down, we may not bother
about the long time for adjustment. It would,
however, be very interesting to make perfor­
mance comparisons between 1) an updating
with a balanced model followed by an initial-

ization and 2) a continuous updating with a
primitive model.
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8KCITEPl1MEHT ITO YCBOEHl1lO AAHHblX B AIiHAMI1QECKOM AHAJIl13E

ITpeACTaBJIeHa H oticyamaercn CHCTeMa AJIfI
HenpepI,lBHoro yCBoeHHIl AaHHI,IX. AJIIl MOAeJIH­
pOBaHHIl AHHaMH'leCHHX npOl\eCCOB HCnOJII,­
ayerca C6aJIaHCHpOBaHHall 6apoTponHall MO­
AeJII, B no noce MemAY AByMIl HpyraMH maporsr,
MOAeJII,IO YCBaHBaIOTcll nanasre no reonorea­
l\HaJIY no Mepe Toro, Hal' OHH CTaHOBflTCIl AO­
cTynHI,IMH. B nepnox 3HcnepHMeHTe nannsre
nocTYlIaIOT HamAble 24, 12 H 6 'laCOB no aanau­
HOll: cerxe. CTaHl\HH pacnpenenensr CJIyqall:HhiM
06paaOM no 4 rpynnaa, Cl\eJII,IO MOAeJIHpOBaHHIl
4 OOJIaCTell: C paanoa nJIOTHOCTI,IO craanaa.
OCYll\eCTBJIlleTCfI OnTHMaJII,Hall HHTepIIOJIIll\HIl
paaaocra MemAY nporuoaoa H nocronepnsma
Ha6JIIOAeHHIlMH. Cpenaaa HBaApaTH'lHafl
onrafixa aHaJIH3a YMeHI,maecll co apexeaex H
CTaHOBHTCIl TeM MeHI,me, 'leM xame nocTYlIaIOT

naansre. ITocTylIJIeHHe AaHHblX HamAble 6 'laCOB
AeJIaeT oumoHy aaannaa MeHI,mell:, 'leM cpeuaaa
HBaApaTwlHafl omHoHa HaOJIIOAeHHll:. Bo BTOpOM
aacnepaxeare AaHHI,le nocTYlIaIOT C ABHmYll\e­
roes clIyTHHKa C OOJIaCTI,IO cHaHHpoBaHHfI 5°.
ECJIH CIIYTHHHoBble naanue aHaJIHaHpYIOTcll na
HamAOM mare IIO BpeMeHH AO HX BBeAeHHfl B
cHcTeMy, omHoHa aaanaaa YMeHI,maeTcll AO
BeJIH'll'lHbl HHme cpennen HBaApaTH'lHoll: omH6KH
HaOJIIOAeHHll: yme 1I0CJIe 24 'laCOB H naer B ne­
JIOM JIy'lIlIHll: peayns'rar, 'leM B crryxae IIO­
cTynJIeHHII AaHHblX C «pHKcHpoBaHHoll: cera,
ECJIH cnyTHHHoBble AaHHble BBOAflTCIl oea
MOAH«PHHal\HH, OiliHOKa aHaJIH3a YMeHI,IlIaeTCH
3Ha'lHTeJIbHO MeAJIeHHee H HeooxoAHMO 4 AHII
AJIIl AOCTHmeHHIl peaym.rara, cpasaaaoro co
cnyaaex, xorna nanaue aHaJIH3HpYIOTCIl.
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