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ABSTRACT

A method is presented to reduce the error in meteorological date analysis by using
observations taken prior to analysis time, extrapolating them to the present time with
the prediction equations, and mixing them with the present observation data. The
equations can be non-linear, irreversible, and three-dimensional in space. The time
span of the extrapolated data is several days. One-dimensional linear as well as two-
dimensional non-linear vorticity equations are treated as examples. The best estimate
of the analyzed field is the linear combination of a number of the predicted solutions
from the past data with weights included that depend on predictability decay as

functions of the data’s age.

1. Introduction

Suppose that an atmospheric model is
completely accurate, and that the exact solu-
tions of the equations are obtainable. Then,
new observations are not needed after an
initial condition is given precisely once and for
all.

In reality, of course, the situation is much
different. The model is far from perfect;
observations always suffer some error; the
atmosphere is constantly receiving unpredict-
able perturbations from outside; a finite
difference method with its inevitable error is
required to treat the differential equations; and
uncertainty is intrinsic as a dynamical property
of the atmosphere.

However, an advantage can be taken, to a
limited extent, from the above implication, by
supplementing an insufficient data set and
thus reducing the error in the initial condition.
The prediction model is used to retrieve the past

1 Some part of these contents was presented by
Miyakoda on the conference on the Plan for United
States participation in GARP, held in Boulder,
Colorado, October 15-17, 1969.

2 On leave from le Centre National de la Recherche
Scientifique, Paris, France.

data and assimilate them into the present
condition.

The ides is not new. The mixing of the output
of the yesterday’s data is being performed
operationally in the ‘“objective analysis’ (see
e.g. Gilchrist & Cressman, 1954; Bergthorsson &
Do6s, 1955), though it is used only as the
“first guess’ field. In 1961, Thompson studied
the problem of reconstructing the meteoro-
logical condition in the ‘data-hole’” region
which is surrounded by a data-rich area. He
proposed a method of combining the analysis
and prediction; aceurate data is advected into
the “hole” area from outside (see also Richard-
son, 1961; Smith, 1962).

In the communication and control theory,
Kalman (1960) discussed the prediction of sig-
nals and the separation of signals from noise.
Jones (1965a, b) and Petersen (1968) introduced
this approach into the meteorological field.
They modified the deterministic dynamical
system to a kind of stochastic-dynamical
gystem, where the equation to predict the next
time step is designed so as to combine the
previous prediction and current observations
with the proper weights. This is one of the
promising methods for continual data assimila-
tion (so far, at least, as the linear dynamical
equation is concerned).
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On the other hand, Sasaki (1869) devised a
technique of ‘“‘objective’” analysis, in which not
only the observed data but also any complicated
dynamical constraints can be included, and
thereby the off-time data at several time levels
apart can be assimilated. Tadjbakhsh (1969)
proposed a scheme for updating the solution of
a linear equation by using newly received data
and avoiding local discontinuity between the
existing solution and the new data.

The objective of the present article is to
propose & method to compute the initial condi-
tion using the time sequential data for a period
of one day or perhaps several days. The purpose
i8 not to design a system for the stochastic-
dynamic prediction, but is just to determine an
initial condition. In that sense, our study is
similar to those of Gilchrist & Cressman (1954),
Gandin (1963), and Sasaki (1969).

But the data to be used in our analysis are
scattered over a period of several days, and the
skill will crucially depend on the long range
performance of the model. The governing
equations are not linearized, but non-linear, and
could be irreversible and complex. In that
respect, the approach resembles that of Thomp-
son (1961).

Our main concern does not lie in “‘updating”
of the meteorological information, which is so
relevant to the management of ‘‘real-time’’ data.
The increase of accuracy in the analysis is our
purpose. It turns out that a most important
aspect is the determination of weights for the
prediction and observation, and in this way, the
discussion is close to that of Kalman and
Petersen.

2. The case of the linear vorticity
equation

To explain some of the essential features of
the method, we begin with a simple linear
equation which is used to simulate the time
variation of an atmospheric wave (Charney &
Eliassen, 1949).

Dynamical system

The one-dimensional, linear vorticity equation
i8:
ol e

—+U—=-+8v=0
on

o (2.1)
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where U is the basic eastward flow which is
constant, v is the perturbed flow of y-component,
¢ is the vorticity, and f# is the latitudinal
change of coriolis parameter taken as a constant.
It follows that { =av/ox.

With a certain initial condition for v (in
practice, the actual data of January, 1966) and
under the assumption that v is cyclic at the
lateral boundary for », equation (2.1) is solved
numerically for any time as a function of x
approximating the time and space derivatives
by centered finite difference. Let us call the
solution thus obtained the ‘‘true solution”’, i.e.,
vtrue‘

Next we take a solution of v at an arbitrary
time. Out of the total gridpoints for », we select
some points (80 out of 143 in this case) randomly,
which are assumed to be the ‘‘observation
stations’’. v at these stations is deliberately
disturbed by small random amounts, which may
correspond to ‘‘observation errors”. Thus we
have another set of values, i.e., the ‘“‘observed
data’’, vype.

The problem posed is as follows:

Take a certain time t,. Assume that observed data
Vops are available at the stations for t, and also for
the previous times t_,, t_,, ... Under this con-
dition, compute v at t,, 30 that the computed v
will compare well to the true solution at t,.

Spatial analysis and prediction

First with vy, at a certain time, say ¢_,, an
“objective analysis’ is made for v, so that values
of v are determined at all gridpoints. v,n,,;
denotes the “‘analyzed data’. Gandin’s (1963)
analysis procedure for space was employed.

With v,p,, at t_, as the initial data, the pre-
diction is carried out with equation (2.1) from
t_pn to ¢, Let us denote the solution at ¢, vyeq
(tolt—n) or simply vpqq (6= 1)

Synthesis method
Likewise we compute vy.g (£— 1), vppeq (¢—2)
etc. (see Fig. 1). It is assumed for simplicity
that the observation stations remain the same
for all cases.
In order to get a supposedly better estimate,
a synthesized solution is constructed as follows,
1 N-1
Vayn(le) = N [”aml(to) + z 'Upred(t—n)] (2.2)
ne=l
If there is no systematic bias in the measure-
ment error or in the application of Gandin’s
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Fig. 1. Scheme of data assimilation. For instance, v( —2) =v(t-2).

analysis, the errors in v, are random, and
consequently they should cancel each other by
averaging a sufficient number of solution vy,
as in equation (2.2). Fig. 2 is an example of the
solution thus obtained. N =11 is taken in this
particular case. v, is indicated by small
Crosses. vy, is the solid curve. v, at ¢, is shown
by small dots. The agreement between v, ; and
Vypue 18 €Xcellent.

Discussion

For the solution in Fig. 2, the root-mean-
square error of v is evaluated, i.e.,

b3
rms= I:z(”syn - Utrue)Q/n:I (2.3)
i

where >, is the summation over the entire
gridpoints and n is the total number of grid-
points.

In a way similar to the above, the synthesized

METER /SEC

solutions of v are obtained for N =1, 2, 3 ...,
which means that one, two, three ... solutions of
Vpreq» Tespectively, are used for the synthesis.
The rms error for each vy, is computed. For
each N, several values of v, have been com-
puted. The results are shown in Fig. 3. The
central curve is the ensemble mean E (rms) of
all values of rms for N. The upper limit and the
lower limit in our test cases are also displayed.

With increase of N, the error expressed by the
rms is reduced. If the differences between the
predictions and the true solutions at time ¢,
were absolutely random, the curve would be
proportional to N~ ¥ (dashed line), but in reality
there is a slight deviation (solid line). Probably
this is due to the bias in the spatial objective
analysis or a biased selection of observation
stations. The range marked by ‘‘Assumed range
of observation error” in the figure is the range
of the error between an ‘‘observed state’’ and
a “‘true state’.

30

— TRUE VALUE
« OBSERVATION
. x SOLUTION

Allids

—x GRID

Fig. 2. A synthesized solution of v as a function of ¥ in the one-dimensional case.
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meter/sec.
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Fig. 3. The root-mean-square error of v in the one-dimensional case. The abscissa is the sample number N.

3. The case of the two-dimensional
non-linear equation

In the prediction treated in the previous
gection, the magnitude of prediction error does
not grow with time. Namely,

1
o 2 (Vrealt | f) = Virue(8)'/n = comst. (3.1)

This is because the equation does not contain
any process of dynamical instability, which
mathematically corresponds to the fact that
equation (2.1) is linear. As a consequence, all
the different predictions at time #, contain as
much useful information and the same weight
1/N was given to all of them.

We shall next take a more general example,
where the error increases with time.

Dynamical system
The non-divergent inviscid vorticity equation

on a rotating frame, with use of the stream
function y, is written as

aV'y

123

- J(Vy+fp)=0 (3.2)

where J is the Jacobian operator, and f is the
coriolis parameter.

For the numerical computation, the finite
difference approximation is used, and Arakawa’s
(1966) formulation is employed for spatial
differentiation. The “leap-frog’ scheme is used
for time integration.

Tellus XXIII (1971), 4-5

The domain is a zonal channel encircling the
globe with the north-south edges at 65° N and
15° N latitudes. The boundary conditions are
that y is cyclic in the x-direction, and that y is
constant along the north or south boundary.
The total number of gridpoints is 72 x 11 (the
»- and y-directions).

Spatial analysis and prediction

The procedure is the same as for the one-
dimensional case. A run for a given period was
made from an initial state taken from a real
gituation of January, 1966, and the solution is
used as the reference run, assumed to represent
the time solution of the system. As for the
simulation of the observations, 352 ‘‘observation
stations’ were randomly chosen from the two-
dimensional array of 792 gridpoints. The root-
mean-square of the ‘‘observation error” of
geopotential height is agsumed to be 20 m. (Geo-
potential height =fy/g, where g is the acceler-
ation of gravity and f is taken as the value of
45° latitude.) An objective analysis is performed
in the same way as in the previous case, accord-
ing to Gandin’s method. In order to evaluate
the root-mean-square error of the analysis
alone, a number of analyses were taken,
independent of the observation error, and the
analysis error was found to be 17.5 m.

The key time ¢, was chosen as the final time
of the reference run. All the synthesized states
were computed using predictions taken from a
set of 25 different forecasts, which had been
performed from states ‘“‘observed’” at regular
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Fig. 4. The root-mean-square error of fy/g in the case of the non-linear vorticity equation. The abscissa is
sample number in terms of days.

intervals 6 hours apart for the period from¢,— 6
days to t,.

The streamfunction field y (not the velocity
field, as in the one-dimensional case), was used
to compute synthesized states and to determine
an ‘‘optimal estimate’’, as will be seen below.

Preliminary study

The synthesized solution of y was first ob-
tained, as in the one-dimensional case, by

1 N-1
‘Psyn(to) = X] ngo y’pred(t - n)’ (3-3)

where .4 (ts) =¥ana (o). Two series of syn-
thesized solutions were computed. In the first
one, N varying from 1 to 25, all the forecasts,
performed from initial times 6 hours apart,
were used. (The addition in the synthesis of a
new forecast for each new value of N is achieved
antichronologically for example, for N =2,
Yeyn = 1/2 (Wprea (%0) + ¥prealt-1))- In the second
series, N varying from 1 to 13, the forecasts per-
formed from initial times 12 hours apart were
used.

To compare the synthesized solutions with the
true solution, the root-mean-square error was
computed for each synthesized solution. The
results for both series of solutions are shown in
Fig. 4 (curves marked equal weight) which gives

the rms error as a function of the time span over
which the initial times are distributed for the
forecasts used in the synthesis. It is interesting
to note that the error first decreases with time
until 0.5 days and then increases rapidly. This
means that for large N the synthesis was not
successful. Evidently the old aged data were
given too large a weight and damaged the
analysis rather than improved it.

The optimal estimate
Instead of equation (3.3) let us take the more
general formula
N-1
Yayn(ls) = 2 Wy Yorealt—n)

n—0

(3.4)

where the weights w, satisfy the condition

N-1
> wy=1 (3.5)
n=0
Next let us consider the rms error F
————H
F = E(yyrue — Yoyn)” (3.6)

—H
where ( ) means an average over the two-
dimensional area and E a statistical average.!

1 Actually, due to the fact that the stream-func-
tion y is determined, up to an additive constant, ¥
is to be replaced in formula (3.6) and the rest of the
paragraph, by v — ¥,
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In order to make the optimal estimate of gy,
we want to determine wy(n =0, 1, ... N-1) such
that F becomes a minimum.

Using (3.4) and (3.5), F is written

315

Table weight wy

““Age” of the forecast (days)

Time

interval 0  0.25 0.5 075 1 125 L5

F=E > w, w — E_a)( -
n.zk n " Wl Wirao = ¥orealt—n)) (Veruo 6 hours .519 .196 .135 .083 .009 .046 .018
12 hours .617 251 1068 067

~Yprealt) (3.7)

Let us define the “‘error covariance”

P(n, k)= E(perge — Yorealt-n)) (Wiruo — Yprealt—x)) "
(3.8)

This quantity is similar to that defined under
the same name by Kalman (1960). Hence,
F= 3 w, w,P(n,k) (3.9)

n,k
Using the method of Lagrange’s multiplication,

we find w,’s which minimize the quadratic
form F, i.e.,

aF
—+i=0
ow,

forn=0,1,... N-1

(3.10)
Z wy=1
k

where 1 is the multiplier. (3.10) is a system of
N +1 simultaneous linear equations with N +1
unknowns (the N of w, plus 1).

The quantities P(n, k) were determined from
statistical studies on a certain number of the
runs. Six different statistical estimates of each

of the quantities (Pyue— P(E_7)) (Wyuev(E_k )H
were obtained, and P(n, k) were taken as the
averages of these estimates. From these values
of P(n, k), the optimal weights w’s were deter-
mined. The table gives the examples of values of
uy’'s both for a 6 hour interval (k=1, 2, 3 ...
corresponding to the ‘“‘age” of 0, 0.25, 0.5 ...
days) and a 12 hour interval (k=1, 2, 3 ...
corresponding to 0, 0.5, 1 ... days).

Beyond one and a half days, the wy’s turned
out to be small values and to fluctuate in an
apparently random way, showing a low statis-
tical significance. So no useful information can
be derived from forecasts older than 1.5 days.
When N varies, the w,’s remain practically
constant beyond certain values of N.

Tellus XXIII (1971), 4-5

Fig. 4 shows the variation with N of the rms
error between the synthesized states and the
true state, for both cases of 12 hour interval and
6 hour interval (marked computed weight). The
error decreases with increase of N but levels off
after about 1.5 days corresponding to the fact
that a negligible weight is given to the addition-
al forecasts introduced in the synthesis. The
reduction from the original rms error (N =1 or
O0th day) is about 209%; the reduction is a little
larger in the case of the 6 hour interval probably
because more statistical samples are used. It
must be noted, too, that in both cases (6 hour
and 12 hour intervals) the final reduction of the
error is not much more than that achieved after
0.5 days. The asymptotic level probably depends
on the spatial and temporal distributions of the
observed data, and the measurement errors,
and also on the error of the spatial ‘“‘objective
analysis’. This level, in the case of the present
results, is close to the level of the systematic
error occurring in the objective analysis process
(marked ‘‘analysis error” on the diagram).
Further studies (Part II of this paper) seem to
indicate, however, that the closeness of the two
levels is coincidental. Still the problem remains
as to what factors really determine the final
level of reduction of the error and by what
means it can be reduced further (especially,
modification of the data density and frequency,
and of the objective analysis technique).

Error covariances

The forecasts to determine P(n, k) were
extended to stndy the property of the error
growth in the model. Twelve samples were used
and 30 day predictions were made. Fig. 5 shows
P(n, n), which are the diagonal elements in the
matrix consisting of P(n, k), and correspond
to the variance or the mean-square-error of y.
The upper limit and the lower limit of the error
among 12 samples are also indicated.
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Fig. 5. The mean-square error of ¥ with time for the case of the vorticity equation. The solid line is the
ensemble average of the mean-square error. This curve indicates the “predictability decay’.

This may remind us of the similar quantity
computed by Lorenz (1965), Charney (1966)
(National Academy of Sciences) and Smagorin-
sky (1969), Sundstrom (1969) in the study of
the ‘‘predictability”, though they are for the
baroclinic equations except the last paper. The
curve in the figure is the ‘“‘Predictability decay’’.
The prediction error grows due to the existing
dynamical instability, however small the initial
disturbance is.

Fig. 5 shows that the error starts at a small
value, increases first exponentially (with a
characteristic time of about 2.5 days), then
linearly, and levels off after 9 days. The range of
the variability is very small in the first 7 days,
and it is then broadened. (Apparently the time
of level-off in the barotropic case is shorter than
that in the baroclinic case. It is later than 3
weeks in the latter case.)

4. Conclusions

The observation error can be curtailed by
averaging a number of prediction results which
are obtained from past data with a dynamical
equation. For the case of a linear equation, the
residual of error decreases as the sample number
increases.

For a non-linear equation, a simple average of
the prediction results did not improve the
accuracy of analysis, but actually increased the
error as the sample number increased. This is
due to the continuous error growth with time
in the prediction, which is called “‘predictability
decay”’.

The optimal assimilation of the past data is
achieved by ascribing proper weights according
to the data’s age. The weights are determined by
the error covariance which reflects the predict-
ability decay. However, the accuracy of the
dynamical analysis was not able to be reduced
beyond a certain limit.
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NCITOJBb30OBAHHNE INTPOUIJIBIX JAHHBIX B METEOPOJIOTUYECKOM
AHAJIU3E YACTb I

IlpencraBiieH MeTo[, yMeHblalomuit omwubxu
NPy aHAJIM3e METEOPOJOTMYECKUX NAHHBIX Ty-
TeM MCHONb30BaHMA HaG/IONeHUI 3a MpensbIny-
1H1e CPOKM, DKCTPANONANNHA HX K MOMEHTY aHa-
I¥3a C MOMOLIBI0 HPOrHOCTHYECKHUX ypaBHEHMI
U KOMOMHUPOBAHUA TOJYYEHHHX JaHHHIX C
AaHHBIMM TeKyIIMX HabulofeHuil. Y paBHEHUA
MOTYT OBITH HeJdMHENHBIMU, HEOOPATUMBIMU M
TpexmMepHuMu. JaHHbIE INA BKCTPANOIALMM
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UCHOJB3YIOTCHA 32 HECKOIBKO NHeit. B rauectse
NPHUMEPOB PACCMATPUBAIOTCA ONHOMEpPHOE JIH-
HellHOe W HABYMepHoe HeauHelfiHoe ypaBHeHusA
BuxpA. Hanaydmee npnGinuseHue K aHAIU3N-
pyemMoMy moJ0 JaeT JuHeffHaA KOMOMHALusA
NnpefCKa3aHHKX pelledMit ¢ BecaMil, 3aBMCH-
LIIMHI OT NpPEACKAa3yeMOCTH, KOTopas ABJAETCA
¢pyHKIMEeN TPOrHOCTHYECKOI'0 NHTEpBAJIA.



