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ABSTRACT

The stability of a barotropic shear flow u* = Utanh (Y*IL) of a stably stratifiedfluid
of depth H to three-dimensional disturbances, is investigated by a linear analysis.
Both the basic-state and perturbed motion are hydrostatic and the Brunt-Vaisala
frequency and Coriolis parameter are assumed constant. A neutral solution is found,
under the condition that 1- (UIcg j)' > 0, where cgi denotes the phase speed of a gravity­
inertia wave which is characterized by zonal and vertical wave numbers IX* and n;n;/H
respectively. With the aid of this solution, some characteristics of the unstable waves
are found by numerical methods. It is then shown that, for values of the parameters
characteristic of large-scale mid-latitude flow, the basic current is stable to the internal
baroclinic modes (n'!= 0) but unstable to the barotropic mode (n ~ 0) in the quasi-gee­
strophic range, Ro = UlfL<l. Instability to the internal modes does not set in until
Ro> 1- ;n;-l ~ 0.682, well-outside the quasi-geostrophic range. Characteristics of the
instability are presented and discussed.

Cg = ±N [(n;n;jH)' + 1X··r i (3)

and the basic flow is scaled so that u* vanishes
at its inflection point. Conditions (1) and (2)
are not in general independent, since the form of

model with 'reduced' gravity and constant
Coriolis parameter, leads to a complicated
stability equation which is not easily analyzed
for stability criteria of more general basic flows.

In a recent investigation, Blumen (1971)
examined the stability of a barotropic flow of a
Boussinesq fluid of depth H to three-dimensional
non-divergent and nonhydrostatic disturbances.
The Coriolis parameter j and Brunt-Vaisala
frequency N were assumed constant. Under
these conditions it was shown that, in a statio
cally stable atmosphere (N' > 0) the sufficient
condition for stability to a normal mode disturb­
ance, characterized by vertical and zonal wave
numbers n;n;jH and IX*, is the Rayleigh-Fjertoff
criterion

(1)

(2)

Here cg is the internal gravit.y-wave speed

u*ju*lI1I >0
together with

The barotropic stability of a zonal flow
u* (y*) to small-amplitude motions on a fl­
plane, has been analyzed under the assumption
that the disturbances are either two-dimen­
sionally nondivergent (Kuo, 1949) or that the
divergence which is permitted in the model is
that implied by first-order quasi-geostrophic
theory (e.g., Lipps 1963; Jacobs & Wiin-Niel­
sen, 1966). In these studies it is possible to
establish the necessary condition for insta­
bility, in analogy with the Rayleigh-Fjertoft
theorem (e.g., Drazin & Howard, 1966), because
in each case the stability equation has the same
form as the Rayleigh stability equation. Con­
sequently, the physical mechanism of baro­
tropic instability may also be interpreted in
analogy with the Rayleigh problem.

The stability of a barotropic current to non­
geostrophio disturbances apparently had not
been considered until the investigation of Sela &
Jacobs (1968). A numerical approach was used
to determine stability characteristics of a
cosine jet for relatively small values of the
Rossby number, just outside the quasi-gee­
strophic range. This model, a shallow-water

1. Introduction
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x*, y* ~L, z* ~H, t* ~LjU, u*, v* ~ U

where r a is the adiabatic lapse rate.
In order to cast the equations of this model

into dimensionless form, we introduce the
characteristic values:

transverse variation of the basic current and H s
denotes scale height. The neglect of the y*­
variation of the basic thermodynamic field, due
to rotation, is implied by (4 a) (Greenspan,
1968); while the attendant approximations
associated with (4b) have been discussed else­
where (e.g, Ogura & Phillips, 1962). For later
reference, (4 a) may be written

(6)

(7)

R o = UjfL

fLU jgH ~ (/2 L'jgH) Ro < 1 (5)

where

denotes the Rossby number, whose magnitude
will remain unspecified for the present.

We shall adopt the formalism of Ogura &
Phillips (1962), assuming small deviations from
an adiabatic atmosphere whose pressure p~

density Q~ and temperature T~ at the earth's
surface are denoted by (p~o, Q~o, T~o)' The basic
temperature structure of the atmosphere T * =

- rz* is characterized by a constant value of
the Brunt-Vaisala frequency N, defined within
the present model by

the basic profile affects the allowable modes of
oscillation. However in the limiting case,
N' = 00, the flow becomes two-dimensional and
only condition (1) is applicable. In this latter
case u*ju*yy < 0 is a necessary condition for the
existence of a neutral disturbance (e.g., Drazin &
Howard, 1966)_ A fluid in stable stratification,
but not rotating, is an analogue of the compress­
ible flow problem studied by Lees & Lin (1946).
By analogy, u*ju*yy <0 is a necessary condi­
tion for the existence of a neutral subcritical
disturbance, i.e., a mode which satisfies 1 - (u*j
cg ) ' > O. We shall show, by example, that this
latter result carries over when the fluid is in
uniform rotation if 1-(u*jcg j)'>O, where Cg j

denotes the speed of a gravity-inertia wave. It
is also interesting to note that although u*j
u*yy > 0 implies stability in the Rayleigh
problem, instability of profiles of this type is
not precluded when the fluid is stably strati­
fied.

This investigation is concerned with the
instability of a shear layer, represented by the
hyperbolic-tangent velocity profile, for which
u*ju*yy <0. A neutral solution, whose locus of
eigenvalues in parameter space forms a sta­
bility boundary, is first displayed. Then the
instability characteristics of the barotropic
mode (n = 0) and the lowest baroclinic mode
(n = 1) are computed and some comparisons
made with the geostrophic model studied by
Jacobs & Wiin-Nielsen.

w* ~ UHjL, p*je~o=n* ~ U', T*jT~a

2. Boussinesq model (8)

We consider a rotating stratified atmosphere
in hydrostatic balance. A basic zonal flow
u*(y*) of amplitude U is directed along the
x*-axis, positive to the east, with transverse
variation along the y *-axis, positive to the
north. There is no variation of this flow in the
vertical z*-direction, which is parallel to the ro­
tation vector fkj2 and antiparallel to gravity g.

Introduction of the Boussinesq approxima­
tion implies that the range of parameters is
restricted by

where (u*, v*, w*) are the (x*, y*, z*) velocity
components and t* is time. Then the linearized
set of nondimensional Boussinesq equations
takes the form

Cu +v(uy _R;l) = -nz (9)

Cv+R;lu~-ny (10)

0= -nz +0 (11)

(a)

(b)

fLUjgH < 1 }

ntn,« 1
(4)

where C ~ojot +uojox and

(13)

where L is a length scale associated with the F' = (UjNH)' (14)
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The fluid is assumed bounded from above and
below by rigid horizontal surfaces. Consequently
the vertical velocity satisfies

For this purpose, we eliminate u from (10)
using (9), and eliminate 0 between (II) and (13)
to obtain

W(x, y, t) = 0, z =0, (15)

Each wave disturbance will be represented as a
normal mode. In particular, the solution satis­
fying (15) may expressed as Next w is eliminated from (23) by means of (12)

and (9) is again used to eliminate u, yielding
W = {;;(y) sin nnz exp [i<x(x -ct)] (16)

(23)

all perturbation amplitudes = 0, Y = ± 00. (17)

The perturbation energy equation of this
system (9-13) is given by

where <X denotes the real x-wave number and
the complex phase speed is C = c, + i c j '

Instability corresponds to <Xcj > O. At the
boundaries (Yl' Yz) the normal velocity vanishes.
However, here we shall consider an unbounded
fluid and require

(26)

n = ITA sech Yy cos nnz exp (i<XX)}
(25)

v = A sech Yy cos nnz exp (i<Xx)

Guided by a previous analysis of the hyper.
bolic-tangent profile (Blumen, 1970), we set
cr =c j =0 and introduce into (22) and (24)

where y, A and IT are constants. The resulting
pair of equations contain only terms propor­
tional to unity and tanh Zy. The following
expressions result from setting the coefficients
of unity and tanh Zy separately equal to zero:

(18)a JOO foo- Edy= Q.oTuvdy
at 00- -00

where the perturbation kinetic plus available
potential energy, averaged over one wave
length ), = 2nJ<X and fluid depth, is denoted by

v~exp (-ylyl) as Iyl~oo (29)

The locus of neutral eigenvalues in parameter
space («, n, F, R o) is given by (28). However,
we note from (25) that the amplitude of v, say,

(28)

(27)

<X 2 + (nn)Z F'(1 - ROl)Z = I

(20)

(19)

f l 1 fA
T= - - uvdxdz

0), 0

f
l

l fAE = t - Q.o(UZ+ vZ+ FZOZ) dx dz
0), 0

and

is the average of the Reynolds stress per unit
mass. When instability occurs, (18) shows that
the transfer of energy from the mean flow to
the unstable disturbances is carried out via the
horizontal Reynolds stress.

Boundary condition (17) is satisfied if y > 0,
which further constrains F and the allowable
modes n if R0

1 < 1. In order to elucidate this
condition, we write

3. Neutral solution

yZ = {I - (nn)Z F2(1 - R 0
1)2}{1 - (nn)'F2}

+ (nn)Z F2 Ro' (30)

In order to investigate the stability problem,
posed by this atmospheric model, we shall
first seek neutral solutions (c, = 0) correspond­
ing to the zonal flow

and then introduce (28) to obtain

y2 = <X2 (nn)2 F2{(nn)-2F-2 + (Ro<X)-Z -I} (31)

This expression (31) is positive if

u = tanh y, (1 - 00<;;' y<;;. 00)
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denotes the phase speed of a hydrostatic gravity­
inertia wave.

Thus we have shown that, within the scope
of the present model, a neutral solution exists
for modes satisfying (32) when ujull ll < 0. Modes
which satisfy a radiation condition at in­
finity are associated with imaginary y. Hence
they are not admissible solutions here, because
(27) is real.

When R01
= 0, (26), (27) and (28) reduce to

(u -c) (vllll - a'V) -ull ll V = ° (39)

barotropic disturbance mode. It follows from
(9-13) and (16), that the vertical velocity and
temperature perturbation vanish identically
while the remaining perturbation quantities are
independent of height and of the fluid stratifica­
tion. The remaining equations combine to yield
the Rayleigh stability equation

where [
N' r ]tc -+ ---+­

gt - - (nnjH)' a*'
(33)

and the neutral eigenvalue is given by

a=y-l (40)

This case is the analogue of the compressible
flow problem investigated by Blumen (1970).
Correspondence is accomplished by replacing
nnF in (34) by the Mach number M.

Hereafter, we shall focus attention on the
regime of large-scale mid-latitude flow in which°< R o"; 1. Under these conditions it is conveni­
ent to let

N ~ 2 X 10-' sec-I, H < 2 X 103 m

Typical values under consideration are:

This result (40) was obtained by Michalke
(1964), who also computed the unstable
eigenvalues and growth rates. The presence of
R01=j=0 does not affect these calculations,
although the amplitude of the eigenfunction n
is modified by (26).

Eigenvalues

It is convenient to consider e (36) and the
mode of oscillation n given and view (37) as the
equation for an ellipse in the a, 1 - R o plane.
For e = I, say, there will be a neutral curve for
each value of n chosen. The unstable eigen­
values were determined by the numerical
method used previously by Blumen (1970) and
described therein. We note from (37) and
reference to Fig. 1, that instability for n=j=O
does not set in until

4. Instability characteristics

(34)

(35)

(36)

F' =sR~

s~ (jLjNH)'=O(I).

II = ia-
1

)

I' = 1 -(nn)' F' = a'

a' + (nn)' F' = 1

where

In the quasi-geotrophic regime of flow (Ro<I),
(37) reduces to

The restriction imposed by (5) is satisfied under
these conditions, since R o < 1.

Introduction of (35) into (28) yields

which cannot be satisfied by any of the baro­
clinic disturbance modes (n=j=O) for the range of
parameters considered. Thus neutral modes of
this type do not exist in the present model.
However, (37) may be satisfied if n =0, the

a' + (nn)' s(1 - R o)' = 1

a' + (nn)' s~ 1

(37)

(38)

R o > 1 -s-ln-1 ~ 0.682, (s= 1) (41)

well-outside the quasi-geotrophic range. The
neutral curve for n ~ 1 is shown in Fig. 1 to­
gether with the curve of maximum growth rate
aCt. Table 1 displays some instability character­
istics for modes n = 0, 1. Unstable modes
(c, = 0, ci > 0), contiguous with the neutral
solution, only occur for a less than the neutral
a given by (37). This result has previously been
established for barotropic modes which satisfy
the Rayleigh equation (39), e.g., Drazin &
Howard (1966). Moreover, numerical inte­
grations, carried out as indicated above, have
failed to reveal the existence of unstable baro­
clinic modes when a exceeds the neutral value.
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The computations were made with e = 1, L ~ 400
km and / = 10-4 sec :".

Table 1. The maximum growth rate acc l , corre­
8ponding wave length), and e-foUling time To are
displayed as a function of the R088by number

Eigenfunctions

The amplitude A in (25) is arbitrary. We may,
however, insure that the eigenfunctions are
continuous at the intersection of the neutral
curve with the ee-axia by requiring A ...... O as
ac ...... O. A value which satisfies this requirement is

-- ..... .....
"- -,

\
\

\
\
\
\
\
\
\
I

r.o

0.6

Q2

0.8

0.4

a

0.1 0.2 0.3 0.4
1- RO

Fig. 1. Neutral curve (--) for n = 1, s = 1. The
maximum growth rate ace p for a given value of Ro'
occurs along the dashed line.

T. (days)

n=O n=1

0.6 0.9
1.2
1.6

0.7 2.3
4.0

0.8 9.1
0.9 83.0
6.1

n=O n=1

5650 4740
4790
4900
5240
5710
6980

12570

). (km)

n=O n=1

0.190 0.129
0.105
0.082
0.059
0.036
0.017
0.002

1.00
0.95
0.90
0.85
0.80
0.75
0.70
0.10

(42)

The eigenfunction v and the initial value of
the Reynolds stress T, associated with the most
unstable baroclinic wave (n = 1), are displayed
in Figs. 2 and 3 respectively. Since u ll = sech 2y > 0
the total energy conversion is directed from the
mean flow to the unstable disturbances as
required by (18), although TUII becomes slightly
negative away from the origin.

0.16

3

5. Remarks

y y

Fig. 2. The real v r (symmetric) and imaginary VI

(antisymmetric) parts of vfor n = 1, ac = 0.53, R o= 1.

4,------,----.,

3

Fig. 3. The Reynolds stress T associated with the
eigenvalues given in Fig. 2.

The present model was chosen to demonstrate
some properties of barotropic instability, be­
cause the availability of a neutral solution led
to a simple relationship between the various
characteristic parameters (28 or 37) and thereby
the numerical labor involved in delineating the
unstable eigenvalues was considerably reduced.
Yet this model is not unrealistic, in the sense
that the results do provide some insight into the
physical mechanism of barotropic instability in
a stratified fluid.

"I
S?2
"...

-2 -I
y

2
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Physically, the instability examined here is a
manifestation of inertial instability associated
with the inflection point in the basic velocity
profile. Moreover instability may be realized
by both two- and three-dimensional disturb­
ances which correspond to n =0 and n=l=O
respectively. However, when the motion is
three-dimensional, some of the available energy
from the basic flow must be used to do work
against buoyancy before any becomes available
to initiate instability. Hence, the maximum
growth rate, for a given R o' is associated with
the two-dimensional barotropic solution. The
fact that the neutral baroclinic disturbances
reduce to two-dimensional inertial modes when
Ro = 1 does not alter the basic feature of the
instability discussed above, because the un­

stable baroclinic modes associated with R o = 1
are not two-dimensional.

A detailed comparison with the results
obtained by Jacobs & Wiin-Nielsen (1966) is
not warranted, since they studied the stability
of a barotropic jet flow of a stratified fluid to
qeostrophic disturbances on a {1.plane. However,
it is interesting to note that the growth rates
and corresponding wave lengths of the most
unstable geostrophic modes are of comparable
magnitude with the unstable nongeostrophic
modes, whose characteristics are displayed in
Table 1. Moreover, their observation that the
unstable internal modes should be expected to
influence the flow pattern, since their growth
rates are quite close to that of the barotropic

mode, may be restated here under the provision
that Ro-I.

The importance of barotropic instability in
the more commonly occurring regime of small
Rossby numbers, within and just outside the
quasi-geostrophic range, has not been clearly
assessed. For instance, the absence of quasi.
geostrophic instability is a characteristic of the
model which seems to be overly restrictive,
since this phenomenon was found in the model
used by Jacobs & Wiin-Nielsen. However, the
ingredients of the two models are quite different
and it can only be conjectured whether a.
different velocity profile, a variable static
stability and/or the use of a {1-plane, for example,
would yield unstable modes as a continuous
function of the Rossby number of whether
instability would occur in discrete regions of the
R o' IX plane.
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OB YCTOfll.J:I1BOCTI1 BAPOTPOITHOrO ITOTORA C ITOITEPEl.J:HbIM C)J.BI1rOM
CIWPOCTI1 R HErEOCTPO<DI1l.J:ECIUIM B03MYIU:EHI1HM

301

C nououn.io JUmefiHOrO aaanasa aayxaerca
yCTOfi'lHBOCTb K TpeXMepHbIM BOaMYll\eHHflM

OapOTpOnHOrO nOTOKa yCTOfi'lHBO CTpaTH$H~H­

pOBaHHOfi mHlwoCTH rJIyoHHbI H C npO$HJIeM

CKOpOCTH U* ~ Uth(y*JL). RaK }l;JIfi OCHOBHOrO,
TaK H }l;JIH BOaMYll\eHHOrO nOTOKOB npe}l;nOJIa­

raerca rH}l;pOCTaTH'IHOCTb, a '1aCTOTa Bpenra­
BflHCHJIH H napaaerp ROpHOJIHCa C'IHTaIOTCfI

nOCTOHHHbIMH. ITpa yCJIOBHH, 'ITO 1 ~ (U 10Qj)2

> 0, rne 0 Qt-!fJaaoBafi CKOpOCTb rpanaruuaonno­
HHep~HoHHOfi BOJIHbI C aOHaJIbHbIM H BepTH­

KaJIbHbIM BOJIHOBbIMH '1HCJIaMH at* H nnlH,
Hafi}l;eHO nearpansaoe peIIIeHHe. C noxoumo
aroro peIIIeHHH '1HCJIeHHbIMH MeTo}l;aMR onpene-
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JIeHbI aeuoropsre xapaxrepacraaa neycronaa­
BhIX BOJIH. 3aTeM noxaaano, 'ITO }l;JIfi BeJIH'IHH

napaaerpoa, xapaxrepnsrx }l;JIfi upynaonac­
IIITaOHbIX }l;BHmeHHfi Cpe}l;HRX IIIHpOT, OCHOBHOfi

nOTOK ycronxas no OTHOIIIeHHIO K BHyTpeHHRM

OapOKJIHHHbIM MO}l;aM (n=t= 0), HO HeYCTofi'lHB K
oapOTponHofi MO}l;e (n ~ 0) B KBaaRreOCTpo$R­

'1eCHOM HHTepBaJIe '1RCeJI Ro = UIlL <.1. He­
yCTofi'lRBOCTb K BHyTpeHHHM MO}l;aM He BoaHR­
xaer no rex nop, noxa Ro > 1 - n-1 ~ 0,682, T. e.

aanoaro nOCJIe OOJIaCTH KBaaHreocTpo!fJH'IHOCTR.

ITPHBO}l;f1TCfI R oocym}l;alOTCfI xapaxrepucrmor
3TOfi HeycTofi'lRBOCTR.


