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ABSTRACT

The linearized continuous baroclinic model of Eady with planetary vorticity gradient is
studied by considering a normal mode disturbance. The problem is reduced to a con-
fluent hypergeometric equation with proper boundary conditions. The stability of this
problem is expressed in terms of the behavior of an analytical function. A proof is
given to show the existence of neutral waves. Fjortoft’s advective model with planetary
vorticity gradient is obtained by letting the static stability vanish in Eady’s model
with planetary vorticity gradient. A comparison of the two models shows that they
are very similar. Static stability leads to a lower level of non-divergence than in the
pure advective case. An expansion technique is used to study the deviation near the
advective model. Although this method is useful only for medium-scale unstable waves,
it gives a simple formula for the phase speed and growth rate.

1. Introduction

The problem of baroclinic instability has been
studied extensively for more than two decades.
The pioneer works of Charney (1947), Eady
(1949) and Fjortoft (1950) showed different
aspects of the same problem. Charney’s model
includes the effect of the planetary vorticity
gradient (B-effect) but without the upper bound-
ary. Eady’s model has both upper and lower
rigid boundaries but no g-effect. These two
authors considered quasi-geostrophic normal
mode disturbances. Fjértoft considered the
bounded, non-geostrophie, advective model.

In order to study both the g-effect and the
effects of the rigid top-and-bottom boundaries,
Green (1960) solved Eady’s model {with the
B-effect) numerically by finite difference ap-
proximations. He found that unstable waves
existed in the long wave spectrum where Char-
ney found only neutral waves. Burger (1962)
showed analytically that the unstable waves
existed in Charney’s model except for an infi-
nite number of discrete wave lengths for & given
zonal wind shear. Later Miles (1964a, b, ¢, d)
obtained similar results analytically. Hirota
(1968) solved Green’s problem numerically again
by finite difference approximations in order to
study the wave structures and the energetic
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processes. The most recently published work of
Garcia & Norscini (1970) solved Green’s problem
by numerically truncating the series solution,
and confirmed and extended the results of
Green & Hirota.

While there are extensive studies of the
statically stable models, relatively few published
studies have been made with regard to the
statically neutral model (i.e. Fjortoft’s advective
model) e.g. Holmboe (1959), Wiin-Nielsen
(1967). The physical mechanism of the waves
was clearly exhibited in Holmboe’s study where
he introduced the method of symmetric waves.

In the present study we discuss (1) the stabi-
lity of the statically stable model (Eady’s
model, 80) and (2) the stability of the advec-
tive model as the limiting case when the static
stability vanishes in Eady’s model (8+0). A
bridge is established between the two models
by analytical methods whenever possible and
by qualitative physical arguments when the
analytical methods no longer work. Hereafter
B +0 is implied in all cases.

2. Eady’s model

The model consists of a baroclinic layer
bounded above and below by rigid horizontal
planes separated by a distance 2k. The entropy
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Fig. 1. The statically stable model (Eady’s model).

field increases linearly upward and southward
with no variation in the zonal direction in the
undisturbed state (Fig. 1). The entropy with the
factor C, (specific heat at constant pressure)
omitted can be written as
In6=In6, -ty +o2 (2.1)
where 8 is potential temperature, y is distance
northward, z is distance upward and 7 and o are
positive constants. Within the Boussinesq
approximation the temperature field is balanced
by the zonal wind with constant shear, namely,
U, =gt (2.2)
where f is the Coriolis parameter at a constant
latitude, g is the acceleration of gravity, and
the subscript 2 denotes differentiation with
respect to z. In a frame of reference which
moves with the air at the middle level, the air
moves to the east with the speed U at the upper
boundary and the same speed to the west at the
lower boundary.

Let us superimpose on this basic state a small
amplitude wave disturbance which has & sinus-
oidal variation in the zonal direction and no
variation in the meridional direction. The
entropy is then given by

In6=Inb,—-t(y—Y) +oz (2.3)
where Y is the meridional displacement of the
igentropic surface from its equilibrium latitude.

With the assumption that the motion is
adiabatic, the isentropic surfaces are material
surfaces which move with the air. The adiabatic
equation is obtained by taking the individual
change of (2.3) and letting it venish, namely:

DY 9.4
cw=1 U—E (2.4)
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Vertical differentiation of the geostrophic
equation with the hydrostatic and Boussinesq
approximations finally gives the thermal wind
formula,

Y,=v,/U, (2.5)
This equation states that the wind shear is
parallel to the isentropic contour lines.

The vertical component of the vorticity equa-
tion with the Boussinesq approximation is
given by

D
— v+ fo=fw, (2.6)

D

From (2.2), (2.4), (2.5) and (2.6) we obtain
the so-called linearized quasi-geostrophic poten-
tial vorticity equation,

2 zd AN
(g-i- U;'a;) [Uu‘i‘ (—) vzz] + ﬁvz=0
(2.7)

where subscript  denotes differentiation with
respect to x and N is the buoyancy frequency
which is defined as N? =og.

Let us consider the disturbance to be a normal
mode such that

v =Real part of {V(z) exp [k (x +C¢)]} (2.8)
With the definitions,

x=khN/f (2.9a)

- (<_7 +2 2.9 b

C=n ) (2.9b)

a=2Ugp/U (Ug=plk") (2.9 )

=Vt (2.8 @)

substitution of (2.8) in (2.7) gives a confluent
hypergeometric equation,

Ch +(2-20)¢ +(x—2)p =0 (2.10)
where the super-dot means differentiation with
respect to {. The boundary conditions are that
the vertical velocity vanishes at the level rigid
boundaries. Let us put w =0 in (2.4). Then with
the aid of (2.5), (2.8) and (2.9a, b, d), we obtain

$=¢ at C:C*=x(%il) (2.11)
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(2.10) and (2.11) form the boundary value
problem which we are going to solve. (2.10) is &
second-order differential equation which has
two independent solutions ¢ and y such that

¢ =Ap +By (2.12)
where A4 and B are arbitrary constants whose
relation to each other has to be determined from
the boundary conditions (2.11). The series solu-
tions of ¢ and y can be obtained by the method
of Frobenius, the results are

., 2r—a
¢=§a,é‘ a,,=l,a,.=Ra,_1,R=r(r+l)

(2.13)

11 2
¢=¢m¢-—(—+2b,z') (by=2+a)
a\& o

(2.14)

24
b,.=Rb,_1 + m(d,+2

With the definition,

v-y_ _Plp-¢)+Py

FE)= —- , (y="Po)
-9 -9

(2.15)

substitution of (2.12) in (2.11) yields

4 ~-y_ +
B F(™)y=F(™) (2.16)

Let us differentiate F with respect to {, and
substitute ¢ and Pg separately in (2.10). The
results are

F=P(-af) (—"’) (2.17)
P-9

where

P =2[ef/(Zg)]? (2.18)

The constant A is determined by substituting

the series solutions (2.13) and (2.14) in (2.18)
and taking the limit as { ~0. The result is

. 1
A=lim[P(¢p)’] = - (2.19)
{0 o
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Substituting (2.19) in (2.18) and (2.18) in (2.17),

wo Obt&in

Let us now consider a neutrally stable mode.
Since ¢ is real in this mode, ¢ in (2.13) and its
derivative are real. Therefore, /7 in (2.20) is real
and, except for an unknown integration con-
stant, F({) is a real function of {. But this
integration constant does not affect the bound-
ary conditions in (2.16), so without loss of
generality we may take F({) to be real. For any
given value of « we see that F = co at { =0 and
¢ =¢ from (2.20), so the F-curve has vertical
asymptotes at (=0 and ¢=¢ as shown in
Fig. 2a. It is continuous between the asymptotes
and has a minimum point at { =a. Any hori-
zontal line above the minimum point intersects
the F-curve in a pair of points whose abscissas
are [ =(*. From the definitions of {* in (2.11)
we can determine x and C as follows

(2.20)

x=({t—(7)/2 (2.21)
v
= FTE U=U (2.22)

The minimum point of the F-curve in Fig. 2a
gives the very long modes,

2->0: 2> xC0/U~a =xUg/Uor C =Upx

This result has already been obtained earlier by
Holmboe (1959, 1968) for the very long modes
in & general quasi-geostrophic model. For the

Fig. 2. (a) Schematic graph of the [F({) = —(p — )/
(p —¢)l-curve for the neutrally stable modes. (b)
The wave length of the shortest neutrally stable
mode as a function of the wind shear of the baro-
clinic layer (solid curve).
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shortest neutrally stable mode, we have from
the distance between the asymptotes,

x> 3t v L0 @(2x) = @(2xy)

Substituting (2.22) in {-, and (2.13) in ¢ and ¢
above, we obtain
wosngz: C=U
X (2.23)
S (2 = 0
+2

o T

The series in (2.23) represents x, as a function of
a =%, Ugx/U. To show this curve in a wind shear-
wave length diagram, let us first select a veloc-
ity parameter U, such that

B =k U, (2.24)

where

ko = 1/C, (2.25)
and C; is the phase speed of the long gravity
wave with inertia frequency f. Next let us
define x,=koNk/f. Then ux,=xs/2 (Holmboe,
1968) and « becomes

a=xUR/U:nL£/u*=nz/(2u*x) (2.26)

0
where

L=2n/k and u* =2U/U, (2.27)
With (2.26) substituted in the series in (2.23),
we obtain numerically the boundary of the
neutrally stable waves in the wind shear-
wavelength diagram (solid curve in Fig. 25). To
see the analytic properties of the boundary of
the neutrally stable waves, we rewrite the series
in (2.23) as follows:

1
x—ng: afn,= Upf/U=2(2-«) [g (1-a)

Xr-aa
Fy— (2;@"‘] (2.28)
2 T+2a,

For very weak static stability (IV-—~0), we
have that » -~ « ~ 0, so for such cases the bound-
ary of the neutral waves is very near the
asymptotic curve, namely:

N 0: 83Uy = 4U or (kofk,)* = (Ly/Lo)* = 2u* (2.29)
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which is shown as the dashed-parabola in Fig.
2b. For very short waves, near the origin in
Fig. 26, the boundary of the neutral waves is
tangent to the (o =2)-line, namely:

,~ 0ot @ =2 Or u* = jmkefk, = dnL/L, (2.30)

Next, let us consider the shortest neutrally
stable mode. We note that this mode moves
westward with the speed C =U relative to the
air at the middle level, so it is stationary relative
to the air at the lower boundary.

The function F'({%) in (2.16) is infinite at the
boundary of the neutral waves, so B in (2.12) is
zero. Thus, the boundary conditions for this
mode are satisfied by the g-series in (2.13), and
from (2.9d) we have the vorticity amplitude of
the mode,

x =g V=Velpe 5L =un(l +2/h) (2.31)

V is zero at the lower boundary (z = —h).

Given the vorticity amplitude, the slope of
the isentropes is given by the thermal wind
equation (2.5)

UY,=hv, = v, = %V cos kx

The amplitude of the isentropic contour (¥ =4
sin kx) is then given by

UkA = =V = 2V [1 + () —1)]ge ¢

Let 4,=xV,/Uk denote the amplitude of the
isentropic contour at the lower boundary
(z= —h). At other levels inside the layer, the
amplitude of the isentropic contour is given by
x=xg A=Af1+(plp—1)]ge ™" (2.32)

The vorticity field (2.31) has the amplitude
% =%g V=Agk,U(l +2/h)pe* (2.33)

Next we wish to find the divergence amplitude
of this mode. Before doing this let us first find
the relation between the divergence and the
vorticity at an arbitrary level in the layer.
Substitution of the continuity equation

W, = —u, (2.34)

in the vorticity equation (2.8) gives

D
Lzt o=~ fu,

o (2.35)

Tellus XXIII (1971), 45
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Fig. 3. The statically neutral model (Fjortoft’s ad-
vective model).

Note that u is the zonal component of the per-
turbation velocity. On an arbitrary level let us

select the origin of 2 such that
v=Vsin (kx +y), u=—Dcoskx (2.36)

where y is the distance between the trough of
the vorticity wave and the nearest place of
zero divergence. In a frame which moves with
the air on this level, (2.35) becomes

v~ Upvy = —fu ()= §< b (237)

Substitution of (2.36) in (2.37) and separation of
the sine wave and the cosine wave yield

(In V), =H(D]V)siny
ye=f(D|V)cosy +kUp

(2.38)

y¢ i8 the intrinsic upwind phase speed of the
vorticity wave through the air.

Let us apply (2.38) to the shortest neutrally
stable mode. Since it is neutral, we have that
(In V), =0, g0 from (2.38) y =0 and

HDIV) =y —k,Upg
Relative to the air at the middle level
o=k, U1 +2/k) (C = U)

Therefore the divergence amplitude of the mode
is given by
x =ng fD =k, UV(1 +z/h - Ug/U)

Substitution of (2.33) in the expression imme-
diately above gives

= %3 fD = Ay(k,U)* (1 +2/h)

x(1+z/h —Ug/Ulpe™" (2.39)

For Fjortoft’s advective model (Fig. 3),
N =0, 80 x,=0. Hence, we have (pe—: =1. For
weak static stability, N —~0, x, 0, q)e‘c -1, and

Tellus XXTII (1971), 4-5
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3URx->4U [from (2.29)] and we see that it has
almost the same kinematic structure as the
(83U =4U)-mode in Fjértoft’s advective model.
The variation of <pe_c for « =0, 0.5, 1, and the
curves of V and fD for « =0 are shown in
Fig. 4. The static stability reduces both the
vorticity amplitude and the divergence ampli-
tude by the factor tpe‘C, and lowers the level of
zero divergence so that the total divergence in
the air column vanishes. We see that in Fig. 4
the static stability reduces the amplitude more
in the upper part of the layer than in the lower
part of the layer, the effect is to shift the energy
of the mode to the lower levels. A similar effect
was found in the two-isentropic layer model
(Holmboe 1966, 1970).

We have considered the shortest neutrally
stable mode. For the long neutrally stable
(% <x,)-mode we find the corresponding C and
% as follows. For a given «, we substitute ¢ in
(2.13) and v in (2.14) into (2.15) to compute ¥
numerically by truncating the series solutions ¢
and y. F-l-curves for « =1, 2/3, 1/2 are com-
puted and shown in Fig. 5. The values of » and
C are obtained graphically from the formulas
(2.21) and (2.22) respectively for a given value
of a.

3. Advective model

In the last section we have touched upon
Fjortoft’s advective model (f=0) for the
(3Ug =4U)-mode. In this section we shall

Fal

f— 2uka, -] .

1D as=0

/ a=0.5

as=|

zz-h ) ) 7
f— 2 —+

Fig. 4. To the left: divergence amplitude (D) and
vorticity amplitude (V) in the shortest neutrally
stable (30U, =4U)-mode in a layer with no static
stability (o« =0). T'o the right: the height variation of
the (@e~¢)-reduction factor of the amplitudes of the
shortest neutrally stable mode in layers with weak
static stability (x=0.5) and in layers with strong
static stability («=1).
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Fig. 5. Three F-'-curves which determine the phase
velocity, C=(1+{-{x)U, of the long neutrally
stable (x < x;)-modes.

derive the advective model as a special case of
Eady’s model (§+40). For the cases of weak
static stability (N <f/kh) we recall from (2.9a)
that »<1. Using (2.13) and (2.14) for such
cases, we have

N<flkh: ¢—p= —(3a—3) (1 +0) +O(=®), (3.1)
al¥p —p) =1+ +al +0{x®)
The function F({) in (2.15) then becomes

N <fllh: F-1(5) = al*(}a —30) +O(x¢) (3.2)

Substituting (3.2) in the inverse of (2.16),
F-Y{-) =F-Y({*), and dividing it by the factor
1/2 «x®, we have, in the limit, the equation for
the advective model (statically neutral model),

weo () (£-25) - (o) |

X IR

With a/x =Ugh/U substituted from (2.9¢) and
{~/x =C/U ~1 substituted from (2.11), (3.3) be-
comes

1 U
N=0:C2—URC+§U’=0 ( = ?"
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We see that C is complex for Uy <2U/)/3, and
real for Uy >2U/)/3. Hence, for the advective
model the stability boundary is at Uy =2U/)/3.
For a given basic zonal wind shear, waves with
wave lengths longer than this wave length are
neutrally stable; waves with wave lengths
shorter than this wave length are unstable.

Let us examine the long neutral modes. From
the pair of roots in {3.4) we see that

(i) 4U/3 > Uy >2U/)/3: both modes C < U;

(ii) 4U/3 = Ug: one mode C = U, other mode
C=U/3;

(iii} 4U/3 <Ug: one mode C > U, other mode
C<U/3.

In case (i) both modes have a critical level
(the level at which the phase speed equals the
wind speed) inside the layer. In case (ii) one
mode has a critical level at the lower boundary
(similar to the kinematic structure in the stati-
cally stable case in Section 2), while the other
mode has a critical level inside the layer. In
casge (iii) one mode does not have a critical level,
but the other has a critical level.

Let us try to explain qualitatively, for the
statically stable case, why the mode with a
critical level cannot be neutral. Substitution
of the adiabatic equation (2.4) in the vorticity
equation (2.6) and setting ¢=0 we obtain,
together with continuity equation (2.34), the
following equation when the normal mode solu-
tion is substituted,

crvi-v\lerv) v, - Lw !
+ ;L— R + h z= 7 wz‘k-zuz

[ :(0+ U%) y,] (3.5)

Differentiation of v in the adiabatic equation
with ¢ =0 and substitution of the thermal wind
equation (2.5) yield that Y is independent of
height. Suppose there is a critical level. Then
from (3.5) there are no horizontal motions on
this level, but there is maximum vertical veloc-
ity. In the advective model with vertical isen-
tropic surfaces, the vertical motion at the level
with no horizontal motion does not cause inter-
ference. But in a baroeclinic layer with the
entropy increasing with height, the mode with
zero horizontal motion inside the layer cannot
be neutral, because in this case a buoyancy
force is created and an additional temperature

&
'

Tellus XXIII (1971), 4-5



STABILITY OF CONTINUOUS BAROCLINIC MODELS

wave is excited, i.e., a gravity wave at the
critical level is excited. Therefore, we expect
qualitatively that for the statically stable case,
the modes in case (i) cannot be neutral; only
one mode in case (ii) can be neutral (C=U,
4U/[3 ~ Up); in case (iii) one mode is neutrally
stable (C > U), but the other cannot be neutrally
stable. In fact the numerical results of Green
(1960), Hirota (1968) and Garcia & Norscini
(1970) showed that the unstable waves in case
(iii) exist.

4. The neutrally stable mode in baroclinic
layers with weak static stability

The phase velocities of the neutrally stable
(83U g > 4U)-modes for given values of a =1, 2/3,
1/2 were given in Fig. 5. In view of the steep
slope of F-1 at @(2x,) =¢(2x%,) if x, —x<ia,
that is in the relatively short neutral (4U <
3Up <12U)-modes, a good approximation of the
phase velocity can be obtained by replacing
the right-hand part of the F-l-curve by its
limiting tangent at ¢ =2x,. Substituting (2.20)
in the inverse of (2.16), we have

ns—x<a: F Y LT)=F 7 (F)n (20, — £~ — 2x)

(o) .
o 2o C('I’_'P) Le2xg

Considering the case with very weak static
stability (x<1), we have from (2.14),

ec . 2 2
1:[-— = (2 0(x*
%< [C(w—w)]c=sns (Zorseg)” + 02 )

With (3.2) substituted in F-1 ({-) in (4.1),
equation (4.1) with O(x®) ignored becomes

x,—a<x<1:a({‘")’(éa - %4“) ~ (1_ 17 ﬁ)

2%, %,
2
(13 - 1)(20%)*
o

With this divided by 2 {ax,)3, and substituting
a=x Upg/U =4 »x,/3, we obtain in the limit for
the statically neutral model,

(4.1)

N=0,Up<4U: (- [n, +1) (3¢ [n, —1)2
~4U/3U,
where §{~/x, =3(C —U)/U,

(4.2)

Tellus XXIII (1971), 4-5
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Table 1. (N =0), Ug/U tabulated

(C-U)Ug Exact (3.4) Approx. (4.2)
0 1.333 1.333
1/4 1.648 1.646
1/3 1.812 1.803
1/2 2.309 2.250

For the (3Up =4U)-mode (4.2) is satisfied be-
cause C =U. For the longer modes (4U <3Up,
<12U), (4.2) is & cubic equation which has a
real root almost the same as the larger root of
the exact quadratic equation (3.4). The dif-
ference between the exact and the approximate
value of the wave lenth for (C —~U)/U, =0, 1/4,
1/3, 1/2 are shown in Table 1. We see that the
difference is very small.

Table 2 shows the values of UL,/U obtained
from (4.1) for «a=1 and 1/2, and the same
selected values of (C —Ug)/Uy, as in Table 1.
The values of Ug/U in Table 2 for the selected
values of (C —U)/Ug do not differ much from
the corresponding values in Table 1 in the
statically neutral case. With the same wind
shear the neutrally stable modes propagate
westward relative to the air at the middle
level a little faster in the statically stable layer
than in the statically neutral layer. However,
the difference is small. The results shown in
Tables 1 and 2 are shown in Fig. 6. The exact
asymptotic values in Table 1 are shown by the
dashed parabolas in Fig. 6 with the formula:

u* = 2U/U, =2(U/Up) (L/Ly)*  (4.3)

5. Expansion near the advective model

The boundary wvalue problem given by
(2.10) and (2.11) can also be written non-
dimensionally

(24} (Vag—n' V) + Ug'V'=0
(2" +c¢") V;»— V=0 atz-=+1

(5.1)
(5.2)

where 2z’ =z/h, ¢’ =CjU, Uy =U,/U, V’ is non-
dimensional and all these have the order of
unity respectively. x» is a small quantity, say
order of 10-. Hereafter for convenience let us
drop the primes.

Let us expand V and c in terms of x,
V=Vo+xV,+22V,+522V,+xV,+... (5.3)

C=cCot+xC; +ulcy +xlcy +utey+... (5.4)
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Table 2. U,/U tabulated

a=1 a=1/2

cC-U

U, Fig. 5 Eq. (41) Fig.5  Eq. (41)
0 1.291 1.291 1.311 1.311
1/4 1.610 1.600 1.641 1.614
1/3 1.778 1.750 1.806 1.765
1/2 2.281 2.152 2.304 2.181
where Vi, Vy, Vi, Vg, Vi oovs €4, €1, €5 Cgy g5 -

are all of the order of unity.

Substituting (5.3) and (5.4) in (5.1) and (5.2)
and separating each order of x», we have bound-
ary-value problem for each order of x. Solving
each boundary value problem, we obtain

O("): Vy=z4¢, (2+0¢,%0) (5.5)
Oy Vy=ay(z+c)+e (5.6)
2
00): ¢, U 4 ]/in 1 (5.7)
2 4 3
1, 1
V,= ézs + é(co— UR)z2 +
Ug
+ay(z+e,)+ 6t cia+ ey ~2~
0(<): for 2¢,+Uz, ¢,=0 (5.8)

1 1
and V,=a, [ézs+ é(co— Upg) z?‘] + ay(z +¢,)

Ug
+(co+C)a, +c, ~?

(5.9)

Since we are only interested in c, the expression

for ¥V, is not written down. ¢ in (5.4) is then
¢ =¢q + 22y, +O(x®) (5.10)

where ¢, is given by (5.7) and ¢, by (5.9). Note
that (5.7) is exactly (3.4).

CHUNG-MUH TANG

First let us take an example to see the devia-
tion from the advective model. Select Uy =1 in
(5.7) and (5.9). {5.10) becomes

(3

= -+

+(0.288675 - 0.038490 %) 4 + O(")

RO |
W R

The percentage deviation for this case is

2 2
8Cr=§”

1 2
Eci :7T2‘7¢

This example shows that medium-scale unstable
waves (wave length shorter than that at Uy =
2/y3, but longer than that of maximum growth)
with static stability, has a faster westward
phase speed relative to the air at the middle
level than those with vanishing static stability
(advective case), and the growth rate is smaller.

Next, as an example, let us compare a value
of ¢ computed from (5.10), (5.7) and (5.9) with
that obtained by substituting (2.13) and (2.14)
in (2.16) (Tang, 1970) and solving numerically.
The parameters of this example are «=1/2,
L[Ly=7/2% =3.003, x =0.52308. Strictly speak-
ing, this value of x is not small, but to the order
of »? as in (5.10), O(x?®) is small enough. The
results are

this method: ¢ = 0.56840 +0.29456 ¢ + O(x®)
numerical method: ¢ = 0.54022 4 0.30105 %
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Fig. 6. Solid curves: the wave length of the neutrally
stable (x < »,)-mode for selected values of the phase
velocity in Table 2, Broken curves: the corresponding
asymptotic values from Table 1 and eq. (4.3).
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Fig. 7. Stability diagram.

Ignoring O(x?®), we find the error in ¢, is 5% and
the error in ¢; is 29%,.

6. Concluding remarks

Let us consider Fig. 7. For waves to the left
of those at Uy =2U/y3, we find from (5.10)
that the stronger the basic zonal wind shear the
more the instability. The static stability is a
stabilizing effect in this case. The waves with
4U/3 > Up>2U/y3 have the same property as
those with Uz <2U/y3 in the sense that the
stronger the basic zonal wind shear the more
the instability. For waves to the right of those
at 3Uy =4U, starting from the top of the dia-
gram, the static stability destabilizes one of the
long modes in the advective model (the long
mode with critical level inside the layer). But
the properties of instability on both sides of the
curve 3U, =4U are different. To the left of the
curve 3Uy =4U, the more the basic zonal wind
shear the more the instability. To the right of
the curve 3U, =4U, it is different. We can show
from the adiabatic equation (2.4), the thermal
wind equation for the basic state (2.2), and the
vorticity equation (2.6), that with no basic
zonal wind shear the normal mode disturbances
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are Rossby waves C =Uyj which are neutrally
stable. This is the case that the insentropic
surfaces are horizontal surfaces (r =0, w=0,
but ¢ =0, the waves on the abscissa of Fig. 7).
Therefore, if unstable waves exist at all to the
right of the curve 3U, =4U, there exists at least
one maximum instability between infinite basic
zonal wind shear and zero basic zonal wind
shear. It turns out numerically that there are
several maxima (Green, 1960; Hirota, 1968;
Garcia & Norseini, 1970). Burger (1962) showed
that in an upper unbounded model (Charney’s
model) there were an infinite number of maxi-
mum instabilities separated by « =2, 4, 6, 8,
10, ... However, the recent numerical calcula-
tion of Garcia & Norscini (1970) in Eady’s
model (8 +0) shows that the neutral lines repre-
sented by the even number of « (positive) in the
stability diagram (Fig. 7) were the tangents at
the origin of the stability diagram.
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YCTONYMNBOCTD HEINPEPBIBHBIX BAPOKJMHHLIX MOILEJER C§
IF'PAIUEHTOM IIJTAHETAPHON 3ABUXPEHHOCTHU

IIpoBogmTca wucciaegoBanue HA COOCTBEHHEBIE
3HaYeHMA IMHEApU30BAHHON HENpepHIBHON MO-
fean Vau ¢ rpagueHTOM IIIaHETAPHON 3aBNXPEH-
HOCTH. 3ajadya CBOAMTCA K M3YYEHHI0 BHIPOIK-
IeHHOTO THIepreoMeTphYecKoro ypaBHEHUA O
COOTBETCTBYIOIMMY TDAHHYHBIMM yCIOBHAMH.
IIpoGaema ycTOWYMBOCTH B 9TOil 3agade CBASH-
BAaeTCA C IMOBeJeHNeM HeKOTOpOH aHAIUTUYECKOI
¢ysxnuu. JlaHO IDOKA3aTENBCTBO CYLIECTBOBA-
HMA HellTpadbHuIX BoaH. Ilytem crpemienus K
HYJI0 TIapaMeTpa CTATHYECKO! YCTOWYMBOCTH B
Mojenun Mpmum ¢ rpagmeHToM mJIaHeTapHORt 3a-

BUXPEHHOCTH MOJy4YeHa COOTBETCTBYIOU[AA afg-
BeKTUBHAA Moflenb OpopTofra. CpaBHeHHNe IBYX
Mogesell MOKAa3BIBAeT, YTO OHU OYEHb NOXOMM,
CraTnyecKkana yCTOHYMBOCTB HMPUBORUT K Oojee
HUBKOMY YpOBHIO Ge3[UBEDreHTHOCTH, 4eM B
4UCTO aABEKTUBHOM ciaydae. [[J1A U3yyeHUA OT-
KIOHEHHN OT agBEeKTUBHOM MOJENIM MCHOIb-
3yeTcA TeXHUKAa pasioskeHui. XOoTA 3TOT METOX
TNoJe3eH TOJIBKO [JISL HEYCTOMYMBHIX BOJH Cpef-
HUX MaciTaloB, OH AaeT MpocThie GOPMYJIHl IIA
$a30BoOit CKOPOCTH BOJH M CKOPOCTH poCTa MX
aMOITATY/IEL.
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