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ABSTRACT

Baroclinic instability of ultra-long waves (wave numbers 1, 2, and 3) is studied with a
40-layer, geostrophic, hydrostatic, adiabatic model which is later modified to include
Newtonian heating. The assumption of a meridionally-varying zonal current linear in
pressure upon which are superimposed localized wavelike perturbations traveling in the
west-east direction and static stability dependent only upon the inverse of pressure
allows the reduction of the basic equations to a single second-order homogeneous or-
dinary differential equation in vertical pressure velocity having latitude as an implicit
parameter. The ‘“‘shooting method”, a numerical search procedure to determine the
eigenvalue, perturbation phase velocity, is employed under the simplifying boundary
conditions that vertical pressure velocity is zero at the top and bottom of the atmos-
phere. This method requires one exact solution, and a procedure is given to determine
it. The adiabatic and Newtonian models are each solved for a zonal wind profile based
upon the annual average, 1963 500 mb zonal wind from 25° N to 80° N. It is found
that perturbation instability, which is decreased by Newtonian heating, is maximum
at 35° N which, in the adiabatic model, corresponds to an e-folding time for the third
harmonic of six days. Here, the phase speed, equivalent for adiabatic and Newtonian
flow and independent of wave number, is 6 m sec~!. Near equivalence between the
models is observed in the vertical structure, the waves tilting westward with decreasing
pressure. Instantaneous energetics of the adiabatic and Newtonian models is studied
by calculation of the vertical variation and total in a latitudinal strip 10° wide centered
on the latitude of maximum instability of the normalized conversion from zonal to
eddy available potential energy, C(4,, Ag), and normalized conversion from eddy
available potential energy to eddy kinetic energy, C(4y, Kg). Here it is found, after
summing over all pressures, that C(4,, Az)>0 and C(4g, K;) >0 for both models

which agrees with the time-averaged energetics as observed in the atmosphere.

1. Introduction

On hemispherical weather charts atmospheric
motion can be described as zonal (west-east)
flow on which are superimposed disturbances.
These disturbances represent the superposition
of components having horizontal scales in a
very wide range. On hemispheric 500 mb maps
of mid-latitudinal westerly flow one clearly
observes the existence of very long waves having
wave lengths from 10 000-20 000 km. These
waves are either stationary or slow-moving.
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Eliasen (1958) describes them as slowly-moving
systems whose amplitude doubles in a few
days, oscillating around certain preferred geo-
graphical positions. For the purpose of mathe-
matically modeling the ultra-long waves one
may consider a superposition of two distinct
wave types—the stationary or quasi-stationary
waves and the transient, traveling, or free
waves. The former necessarily result from con-
stant large-scale external forcing such as ter-
rain or heat sources and sinks, while the latter
may be subdivided into barotropic and baro-
clinic modes, the barotropic describing the ver-
tically-averaged component and the baroclinic
the deviation from the vertical average.

Study of the effects of large-scale external
forces on the existence of quasi-stationary long
waves was pioneered by Charney & Eliassen
(1949), who showed the importance of large-
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scale mountains and friction, and Smagorinsky
(1953), who studied the ultra-long waves created
by large-scale heat sources and sinks and modi-
fied by friction. Later, long wave studies by
Doos (1962), who included diabatic heating;
Saltzman (1965), who incorporated mountains
and heating; and Derome (1968), who investi-
gated the effect of lower boundary topography,
distribution of heat sources and sinks, and fric-
tion on the maintenance of the time-averaged
standing eddies, augmented these works.

Recent studies of transient ultra-long waves
and their representation by a barotropic model
include those of Deland (1964, 1965) and Elia-
sen & Machenhauer (1965, 1969). In Deland’s
1965 study, an amplification of his 1964 in-
vestigation, he makes a comparison between
wave speeds calculated from daily surface-
spherical harmonic expansions of 500 mb height
in the Northern Hemisphere and theoretical
nondivergent Rossby-Haurwitz wave speeds.
It is observed that there exists a systematic
difference between these wave speeds, i.e., all
of the observed waves show greater eastward,
or less rapid westward, motion than the Rossby-
Haurwitz predicted wave speeds. A similar
study over the Northern Hemisphere by Eliasen
& Machenhauner (1965) uses the spherical har-
monic expansions of 500- and 1 000-mb height
to obtain a representation of the nondivergent
part of the large-scale horizontal motion in
terms of the spherical-harmonic components of
the stream function. Mean values of the velocity
of propagation obtained from the stream field
for the different harmonic components are then
compared with the velocities determined by
the Rossby effect modified by weak divergence
and found nearly in accordance. In Eliasen &
Machenhauer (1969) the large-scale waves are
represented by spherical harmonie components
of the height field for the whole earth as well as
for each of the two hemispheres and no attempt
is made to compute stream function components.
Velocities of propagation and amplitudes of
fluetuations of the very long waves are then, as
in their earlier work, compared with the Rossby
effect combined with a divergence effect and
essential agreement realized. These studies of
Deland, Eliasen, and Machenhauer thus con-
clude that the transient part of the ultra-long
waves to some extent can be described by a
divergent barotropic model.

In attempting to explain characteristics of
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the very long transient waves in the baroclinic
mode through the use of a mathematical model,
both the analytical and numerical approaches
have been applied. Burger (1958) derived
through the vehicle of scale analysis a quasi-
stationary vorticity equation in the very long
wave regime, an expression derivable from the
geostrophic relations. This effectively threw
doubt on the simplified vorticity equation from
which most earlier baroclinic theories began.
Phillips (1963) later amplified Burger’s conclu-
sions in a review of the general problem of baro-
clinic instability within the framework of geo-
strophic motion. Welander (1961) found analyti-
cally explicit solutions for only neutral trave-
ling waves of very long wave length in a model
in which both wind speed and density were
linear in pressure. His solution, worked out for
the beta-plane approximation, consisted of
slowly-moving waves, independent of wave num-
ber.

Another analytical attack on the internal
dynamics of ultra-long baroclinic transient
waves was launched by Wiin-Nielsen (1961)
which might be considered an extension of
Welander’s (1961) study containing more simpli-
fications but no restriction to neutral waves.
Utilizing Burger’s (1958) quasi-stationary vorti-
city equation, he investigated the stability and
structure of the waves. In the two-parameter
model he showed that the stationarity of the
vorticity equation (neglect of 07/0t) acts as a
filter to eliminate Rossby waves from the solu-
tion of the linearized equations, while the re-
maining waves move with a speed independent
of wave number. Expanding to the three-para-
meter model, the smallest resolution allowing
for the possibility of unstable solutions, he
found only slowly-moving waves possible and
the appearance of unstable waves for sufficiently
large vertical wind shears.

The studies by Miles (1964, 1965) are both
analytical. In the earlier study, for adiabatic,
nonviscous motion of & perfect gas with small
Rossby number (Ro) and large Richardson
number (Ri), the equations are reduced to a
singular Sturm-Liouville problem and approxi-
mations deduced for small and large wave num-
bers. The latitude (p) appears as an implicit
parameter. Much attention is devoted to the
singular Sturm-Liouville problem, but no phy-
sical interpretations of unstable waves such as
their structure or energy conversion process are
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offered. In his later investigation, Miles formu-
lated the eigenvalue problem governing baro-
clinic disturbances relative to zonal flow of
waves having length comparable to the circum-
ference of the earth. Several theorems governing
the existence of such disturbances were deduced,
but calculations of the complex phase velocity
were made in only two limiting cases: §—0,
oo where 8 =Ro Ri cot ¢.

Most recently Hirota (1968), using the quasi-
geostrophic equations, investigated numerically
the stability of a zonal current and characteris-
tics of wave perturbations by a finite difference
approximation of the linearized perturbation
equations applied to a multi-layer model. He
found three types of baroclinic transient wave
solution: (1) a pair of amplifying and decaying
waves, (2) neutral waves without steering levels
(levels where the basic zonal current and wave
speed are equivalent) in the basic current, and
(3) neutral waves with a steering level. Thorough
discussion is given to the nature of the unstable
waves—their vertical structure and energy
conversion process—and to the comparison be-
tween the characteristics from theory and those
of the ultra-long waves observed in the atmos-
phere.

This study most nearly resembles Hirota’s
(1968). Like him, a numerical solution to the
linearized perturbation equations for a wave
perturbation on a zonal current in a multi-
layer model is obtained and much effort given
to the vertical structure and energy conversion
process of the unstable, baroclinic transient
waves. Unlike him, however, we assume geo-
strophy rather than quasigeostrophy and, be-
sides investigating adiabatic flow, obtain com-
plete solutions for the unstable waves modified
by the addition of Newtonian heating. Detailed
comparison between the two models is made
with the intent of determining the effect of
Newtonian heating on the wave stability, struc-
ture, and energetics.

2. The adiabatic model

We neglect mountains and friction, not that
these are of no importance, but partly for con-
venience in solving the equations and partly
because we desire to isolate the system’s internal
dynamical factors. For the ultra-long waves in-
vestigated, we consider zonal wave number n ~
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1, 2, 3, giving a horizontal scale of motion,
L ~107 m, the order of magnitude of the radius
of the earth, a=(2/x) x10’m. The vertical
scale of motion, H, approximates 10* m, while
we assume the characteristic horizontal and
vertical speeds, from observation,tobe V~15m
sec™! and W<0.1 V, respectively. For these
scale values the equation for the vertical com-
ponent of velocity can then be approximated
by the hydrostatic relation, in which case it is
convenient to use pressure instead of height as
vertical coordinate.

For Ro =V/fL <1, where the Coriolis para-
meter f =2 Qsing~ 107% sec” ! for mid-latitudes
and Q=17.3 x10-% sec~? is the earth’s angular
velocity, the horizontal pressure and Coriolis
forces in the horizontal equations of motion
nearly balance each other so that the geostro-
phic approximation is well satisfied as shown
by Burger’s (1958) and Miles’ (1965) scale
analyses. Further, the type of motion we con-
sider is an example of geostrophic motion of
type 2 (see Phillips, 1963) and, as shown by
Phillips, use of the g-plane is invalid. In
spherical coordinates the basic equations take
the form

1 e .
2Qasing op 1)
v———l——-@ 2.2)
2Qasinpecosp 84 (.
@ -
ap [ .
dw 1 ou Qvcosge
—= - —+ (2.4)
ap acosg \oi op
2 (a(D) u @ (ad) v 8 (a(D
—\—)+ —|—=]+-——(— )+t ow=0
ot \op acos @ 84 \ép aop \op
(2.5)

where we assume the equation of state is the
ideal gas law,

pax=RT (2.6)
Equations (2.1) and (2.2) express the geostro-
phic relations, (2.3) the hydrostatic equation,
(2.4) the continuity equation and (2.5) the ther-
modynamic energy equation for adiabatic flow.
The independent variables are time (¢}, latitude
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(p), longitude (1), and pressure (p). The depend-
ent variables are the velocity components (u,
v, ), where u increases eastward, » northward,
and w =dp/dt is the ‘“vertical velocity’; geopo-
tential ® =gz, where g is the acceleration of
gravity and z is the height above mean sea level
of isobaric surface p; and specific volume «. T
represents the temperature and R is the gas
constant for air. In eq. (2.5) o, & measure of
the static stability, is expressed as

(2.7)

where § is potential temperature. From Pois-

son’s equation
~Ricp
=T (1’)
Py,

where ¢, is the specific heat capacity at constant

pressure for air. Substituting (2.3), (2.6), and
(2.8) into (2.7) we obtain

2’0 c,lod

o=—g+———

op  cypop

(2.8)

(2.9)

where ¢, =c, — R is the specific heat capacity
at constant volume for air.
Inserting (2.1) and (2.2) into (2.4) we find

o -2 (2.10)
ap 2Qa sin” @ 94

In solving (2.1), (2.2), (2.5), (2.9), and (2.10) we
desire to linearize the equations by perturbation
theory. Consider a steady, axially symmetric
basic state having only zonal wind with pertur-
bations superimposed upon it,

u =Ulp, p) +w'(t, 4, ¢, p) (2.11a)
v =v'(t, 4, 9, p) (2.11b)
w =w'{t, 4, ¢, P) (2.11¢)
© = Op,p) + O A p. D) (2.114)
o =0o,(p, p) ta'(t, A, ¢, p) (2.11e)

where the primed terms are perturbations. Be-
cause we work with spherical coordinates, it is
convenient to define the basic state angular
velocity,

Ulg, p)

Me,p)=———
aCOS(p

(2.12)
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In determining the basic state solution we as-
sume U(p, p) i3 given and express Q. (p, p)
and o,(p, p) in terms of it. From (2.11) into
(2.1) and (2.9), we find

20,

p” (2.13)

= - 2QasinglU = ~2Qa’sin pcos pA

_ &P, 100,
ep"  c,p op

o, (2,14)

Differentiating (2.13) with respect to pressure
gives

2 (o0, 1 oA
—|-—] = —2Qa singcosp—  (2.15)
op\ op op

while by integrating (2.13) with respect to lati-
tude we get

®
D,(p, p) = Du(p) ~ 2Qaf¢ Ulg’, p)sing'dg’
L
(2.16)
where @, is the lower latitude limit, 25°N, ¢’
the integration variable, and ®,;, = ®, at ¢,. In-

serting (2.16) into (2.14) completes the basic
state solution,

® U
0,= 0, — 2Qa sing’{ —; +
2= Oz J“VL ? (apa cyP P

where

0, =08t ¢

To obtain perturbation equations we substi-
tute (2.11) and (2.12) into (2.5) and (2.10),

giving
; , ' 5 (50
g(a(b) + Ag(ad)) +U—E(J) +om’ =0
at\ ap oA\op] adp\op

2w’ 1 o®’
ap 2Qa’sin’g aA

After re-expressing the third term of (2.18)
using (2.2) and (2.15), (2.18) becomes,

o (20’ 8 (60 oA ad’ ,
— + A— -— + o0 =0
at\ op A\ op op éA

(2.20)
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In solving (2.19) and (2.20) we consider the
solutions as local, & solution at one latitude
being uncoupled with respect to a solution at
another latitude. Using the method of the sepa-
ration of variables in this localized sense, we
introduce perturbations of the form
()y=(")enten (2.21)

where (") is assumed to be a function of p only
and ¢, the phase velocity of the perturbations,
is in general complex, ¢ =¢, +ic¢;. We thus as-
sume that the perturbations are wavelike distur-
bances, periodic in the east-west direction and
time, and that the flow can be represented by a
single component of a Fourier series in A. For
¢; > 0 the rate of growth is n ¢,;, the motion being
unstable through the growth factor, et multi-
plying all the dependent variables. For ¢; =0,
we term the flow neutral and for ¢; <0, stable.
Equation (2.21) into (2.19) and (2.20) gives

dd n

— = 2.22
dp 2Qa’ sinzqy(I> ( )

, dd dA ,
inf(A-c) —~ —d| +e.6-0 (2.23)
dp dp

which, after substituting (2.22) into (2.23) redu-
ces to the single equation,

dAdd g,

2Qa’sin® ¢

=0 (2.24)

We specify the boundary conditions for & to
be =0 at p=0 and p =p,=1000 mb. The
lower condition is obtained by expanding o in
the z-coordinate system, removing the hori-
zontal pressure advection through the geostro-
phic approximation, and assuming a negligible
pressure tendency to arrive at

Assumption of level terrain at pressure p, im-
plies w(p =p,) =0 from which we get the desired
boundary condition.

In seeking a numerical solution we enhance
the accuracy of our calculations by eliminating
in (2.24) the first derivative, recasting the eigen-
value problem incanonical form. This is achieved
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by letting & =VM W for M =A —c and sub-
stituting in (2.24) to get, after dividing by M*/?

d’W+ [1 1d*M 31 (dM)’

4 |eMdp  aMP\dp

2l o (225
2Qa’ sin® o M ’

It is convenient to nondimensionalize pressure

and phase velocity by

P ¢ (2.26)
D= "5Ce =7 .
* Do * ,Ao,
where |A,| =s8A,, implying that s= +1 for
A¢>0 and s= -1 for A, <O0.
We assume a linear variation of U with pres-
sure at each latitude,

Ulg, pi) = Uo(@) (1 —py) or
Alg, 2,) = Aolg) (1 —p,)

the wvalidity of which is shown by Welander
(1961).

From observations ¢, is proportional to p:
where k varies between -1 and -2. For
mathematical expediency we choose the former,

(2.27)

)

O = (2.28)
Dy

We use throughout this study o,=1 in the
MTS system, this being based upon results
obtained by Peixoto (1960).

Now substituting (2.17), (2.26), (2.27), and
(2.28)into (2.25) gives us, for M = Ay(1 —py —8cy)

dz_W._[ 1 ( 0o Po
dps | Dalpy— (1—s0,)] \2QA sin’ ¢
ecosgp [° .
+ = U,sing’dg’
Uosinztpfwz, oSInY <p)
3 1
I g, P
4 [px— (1 —8c,)]

(2.29)

where ¢ =c,/c,.

The boundary conditions are W =0 at p, =0,
1. We avoid regularity difficulties at the equator
by confining the range of latitudes to 25-80° N.
Further, we examine only cases having U, %0,
precluding a similar type of singularity. Finally,
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investigation of (2.28) reveals the existence of
singularities at p, =0 and p,=1-sc,. The
former is avoided by virtue of the fact that it
coincides with the upper boundary where (2.29)
is not applied. The latter will only occur when
¢y i8 real. For the latitudes considered only one
yielded real c,;

Latitude U, Cy
25°  14msec” ' (—.3521928,0)

Here, s = + 1. The eigenvalue ¢, <0 implies that
singularity can only occur for p, >1. Thus, all
singularities are avoided in the numerical solu-
tion of (2.29). For given ¢ and Uy(¢"), < ¢’< g,
we solve for ¢, using the ‘“shooting method”.
This is a numerical search procedure in the
complex plane which requires an exact solution
Cxe for some U,, at latitude ¢, to start it and
provide a test condition for the search procedure.
We now desire to find this exact solution.

Inserting (2.17), (2.26), (2.27), and (2.28) into
(2.24) we obtain

¢ do 1 o Do
—(l=-sc ) l—=—F 5|z
e = =se) e = e ™ o [2QA,, afsin’ g
cos 4
+i,;’f—f Uosinq;'d(p’]a‘)=0
UOSIII (14 ?r

(2.30)

Transforming to a new independent variable,

£ =p,/1 —scy, (2.30) becomes

e dé N
2QA, @ sin’ @

&&-1) &

ag® " dg

L2089 [T 1 inerde’| 6=0

— in b=

UOS' z‘p oL 0 @ op
(2.31)

under the boundary conditions & =0 at & =0,
1/1 — sc,. Equation (2.31) is Gauss’s differential
equation, known also as the hypergeometric
equation, a special case of the generalized hyper-
geometric equation. The standard form of
Gauss’s equation is

&E-1 vé + 1)& ]dd) + 2B =0

-1) +B+1)E+ =
E-1) g+ et fr 1§71 50+ afd

(2.32)
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Equating (2.31) and (2.32), and setting ¢ =¢, =
L

y=0, a+f+1=-1 (2.33)
= —q (2.34)
where
2
TGy Po
. s — 2.35
g 20M,, a’sit g, (2.35)
Combining (2.33) and (2.34),
a=—-1+7r, f=-1-r (2.36)
where
r=V1+q (2.37)

From Kamke (1961), page 467, for y =0 and «
and B as determined in (2.36), the solution to
(2.32) is

b =0;d, +Cyd, (2.38)
where
Wy =& F((r, ~1; 2; &) (2.394a)
@y =(1 —r2)EIn £, F (r, —1; 2; &) + power
series in £ starting with “1”  (2.39b)
Here, Gauss’s function is
Fila, by d; ) = § (@) (B) 2" (2.40)

n=o (d)n!

where (a), =a{a +1) (@ +2)... (@ +n—1) and a,
b, d, and z can be real or complex, but d cannot
be a negative integer.

From (2.39a) and (2.39b), for the upper
boundary condition at & =0, &, =0 and &, =1.
Since & =0 here, C, must be 0. To satisfy the
lower boundary condition we seek & =§&, such
that

il =13 2556} =0 (2.41)

where ¢, is determined from §&,=1/1 —sc,.
Thus,
S—1

Cy = E (242)

From Kamke (1961), for integer n (not zonal
wave number),

ga-o dn
clc+1)...(c+n-1)dE"
ETA-H"TT] (243
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Combining (2.41) and (2.43),

n=r, a=0, c=2 {2.44)

and celling upon (2.37), (2.35), and (2.12), we
have

__ gypicosg,
% 2Qasin’ g (n' - 1)

(2.45)

Given ¢, =g¢;, this varies only with arbitrary
integer n >1. Combining (2.3%a), (2.43), and
(2.44) we now get

(1-¢*a~
Y+ 1)de”

A

[E"1-9"""  (2.46)

from which we can easily determine c,,. Let us
consider several special cases.

(1) n=2

Equation (2.46) simplifies to & oc £(1 — &) At
the lower boundary condition, & =0 obtains
from &, =0, 1 which substituted into (2.42) and
discarding the meaningless solution at &, =0
gives ¢c,, =0.

2) n=3
Equation (2.46) simplifies to

docE(L-£) (1-38).
To satisfy the lower boundary condition,
& =0, 1, 2/5 which gives ¢,, =0, —1.5.

3) n=4

Equation (2.46) simplifies to doc&(1 —&)2
(782 — 65 +1). The lower boundary condition is
satisfied when &, =0, 1, 3/7 +y2/7 which gives
Cye =0, =2 +y2.

Either of these is a satisfactory exact solution
for ¢ =¢;.

3. The Newtonian heating model

Here we retain all of the assumptions made
previously except the adiabatic assumption.
Thus, the thermodynamic energy equation,
(2.5), now becomes

g(a_d>)+ u g(am v (o
ot\op acos g oA \ap adp\op

R1
+tow=~-—-@Q
cp P

(3.1)
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where @ is the diabatic heating per unit time
and unit mass. We consider the diabatic heating
to be Newtonian in form so that

Q ~¢,q(Tg—1T) (3.2)
where ¢ is the heating or cooling coefficient and
Ty(p, p) is the equilibrium temperature toward
which the diabatic processes are driving the
atmosphere. This is the hypothetical tempera-
ture which would be established in the absence
of large-scale motion but in the presence of
radiation and small-scale convection. A value
of 0.4 x 10-® sec-? for ¢ was obtained by Wiin-
Nielsen, Vernekar & Yang (1967) using the
calculated value of the generation of eddy
available potential energy from observations.
This constant value for g will be used through-
out this study. The Newtonian heating assump-
tion, eq. (3.2), says that the atmosphere is
heated in regions where the temperature is
below the equilibrium temperature, while it is
cooled where the temperature exceeds the equi-
librium temperature. It certainly represents an
oversimplification of the heating in the atmos-
phere, especially so because of the role of con-
densation in large-scale flow patterns as studied
by Fjertoft (1959). However, eq. (3.2) does
agree with the average behavior of the atmos-
phere, and it is on this basis that we justify
its use.

Expressing temperature as a steady, axially
symmetric basic state upon which is super-
imposed a perturbation, we have

T=T[p, p) +T(t, 4 @, D) (3.3)
Inserting (2.11a)-(2.11e), (3.2), and (3.3) into
(3.1) we obtain

oo, ) (W 220, w2

ot\ep op acosp 9A\op op
v 8 (oD, ad’
+——|—+ + (o, +0) 0’
a op\ op op
—Ryq ,
-—A(Tp-1,-T) (3.4)
P
which gives the basic state expression
—p—(TE- T;})=0 (3.8)
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In seeking & revised perturbation energy equa-
tion we first express 7" as a function of 2@’/op
through the ideal gas law and hydrostatic
equation, and then substitute into (3.4), to get

o’

o (o®’ o (0@ oA’

- + A= -———tg,0'=—¢q

at\ ap oA\ ap ap oA op
(3.6)

Introducing perturbations of the form (2.21) into
(3.6) we arrive at

; [(A ) 4 A b a
m —-C) >~ — — + =-q
dp dp %0 " ap
Eliminating & by (2.22), it follows that
¢ dAdd
[(A%)‘F o B PAZO, =0
in]dp” dpdp 2Qa’sin’g

which is easily transformed, after applying
(2.17), (2.26), (2.27), and (2.28) to

g Jd*¢ dé 1
Pe—(—8Cyy) + — 4| — —— - =
[* *N) ’nAo]dpi

2 ®
Gy Do £cOS @ .
— — Uysing’ dp’ |6=0
[2QAoazsm<p Uosinzzpfwj, oS (p]w

(3.7)

where ¢,y is the nondimensional phase velocity
for the Newtonian heating model. In seeking to
determine c,y it is very useful to compare (3.7)
with its adiabatic equivalent

s do 1 6, P4
[Pa—(1-8¢40)] = — — ——[——“"

dpy dp, p,|20A,0%sin’g
gcosg (° .
— Uysing’ do’ | =0
UOSin2¢f¢L o ‘P]w

(2.30)

where c,, is the nondimensional phase velocity
for the adiabatic model. We note the equivalence
of the two equations in all terms but the coeffi-
cient of d*d/dpk which, for the Newtonian heat-
ing model, may be expressed as {py ~[1 —8(Cyp +
(g/sn Ag)i)]} as compared with [p, —(1 —sc.,)]
for the adiabatic model. It is therefore clear
that, for given @, n, and A,, a solution c,, will
suffice to calculate ¢,y from the equality,

q .
Cen T — 1=Cyq
o snA, *
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or applying (2.12),

qacos g .
!

CxN=Cyqq — ;LU— (3.8)
0

This precludes the necessity to apply the
“shooting method” for the Newtonian heating
model once the adiabatic phase velocities have
been obtained. We note that, whereas c,, is
independent of zonal wave number n, ¢,y is
dependent upon it in the sense that increasing n
tends to cause perturbations in both westerlies
and easterlies to become more unstable, as s
Uy >0 in either case. In contrasting the two
models, one can show that complex values of
phase velocity necessarily occur in complex
conjugate pairs for the adiabatic model but not
for the Newtonian heating model.

4. Method of solution

For given ¢ and Uy(¢"), ¢, < ¢'< ¢, we desire
to solve eq. (2.29) under the boundary condi-
tions, W =0 at p, =0, 1, for ¢, by a numerical
search procedure in the complex plane. This
search procedure is referred to as both the
“shooting method’ and the “Biblical method”,
the latter deriving from the Scriptural text,
Matthew 7:7, “‘Seek and ye shall find”, for the
process is based upon an iterative algorithm
whereby a crude eigenvalue is continuously
changed until the boundary econditions are
“satisfied”. After the finite difference equiva-
lent of (2.29) is obtained and the atmosphere
divided into N levels—N =40 was chosen for all
eigenvalue calculations—W =0 is specified at
the upper boundary and an arbitrary value at
the first level below the upper boundary. Suc-
cessive values of W are then calculated from the
finite difference equation at lower levels until W
at p, =1 is determined. This absolute value is
then normalized by dividing by the maximum
absolute value of W. We notate this normalized
W at the lower boundary by Q. In the absence
of computer round-off and truncation errors,
@ =0 for each eigenvalue. This not being the
situation, however, a small number, , must be
calculated to serve as an upper limit for the
lower boundary condition in eigenvalue caleula-
tions. It is in the determination of J that an
exact solution, cy, for some U, at latitude g¢,,
to (2.29) is required. To eliminate the integral

Tellus XXIII (1971), 4-5
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in (2.29) ¢, is chosen as ¢;, while Ug, from
(2.45) and c,, are determined by selection of
integer n > 1. After some numerical tests it was
found that, for n =4 and c,, = -2+y2, 6=
0.560 x 10-? gave the optimum convergence cri-
terion.

5. Results

Having assumed a linear variation of basic
zonal velocity with pressure as shown in (2.27),
we obtain the meridional distribution of U, by
doubling values of the zonal average of U at
500 mb from data taken during 1963. We con-
sider only the annual average as shown in Fig. 1.

Fig. 2 displays instability as measured by c,
as a funetion of latitude for adiabatic and
Newtonian flow. Eq. (2.29) reveals the former
to be independent of wave number, while eq.
(3.8) shows this not to be the case in the Newto-
nian model. Maximum instability is observed
to occur at 35° N with a monotonic decrease to
the north and south. In the Newtonian model,
for ¢ >0 and ¢ U, >0, it is clear from (3.8) that
(Can)i <(Cag)y indicating that heating tends to
stabilize the flow. The degree of stabilization is
directly proportional to g, the heating or cooling
coefficient, and cos ¢, while inversely propor-
tional to wave number and amplitude of basic
zonal velocity. The maximum stabilizing effect
of heating takes place when the degree of insta-
bility is maximum, while the difference between

60—

50—

Annual

[s] 1 L 1 | 1 1 1 1 | S

20 25 30 35 40 45 50 35 60 65 70 75 80 85 90
LATITUDE

Fig. 1. Zonal wind at p =0 as a function of latitude

as calculated for a linear profile by doubling 500 mb

data of the annual average, 1963.
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Fig. 2. Imaginary component of phase velocity as a

function of latitude for adiabatic model; and

Newtonian model at n=1, 2, and 3.

adiabatic and Newtonian instability diminishes
with increasing latitude. The similar shapes of
the waves indicate that variation of instability
with latitude in the adiabatic and Newtonian
models is very much alike. As wave number in-
creases, the Newtonian curves approach the
limiting adiabatic curve, crowding closer to-
gether. Further, whereas the minimum ¢, in
adiabatic flow was non-negative, for Newtonian
heating ¢; can be negative, indicating damping
or stable flow at particular latitudes and wave
lengths. Maximum damping occurs, of course,
for n =1.

Fig. 3 displays another measure of instability,
e-folding time (7,)—the time it takes for the
amplitude of the perturbations to increase by a
factor of e-—as a function of latitude for the
adiabatic model. From (2.21) it follows that
T,=1/nc;, and thus that, for either model,
there must be wave length dependence. Fig. 3
reveals a minimum e-folding time, or maximum
instability, for the third harmonic of about six
days in adiabatic flow. Larger e-folding times
would necessarily follow for Newtonian flow.

Fig. 4 displays the relationship of phase
speed, defined as the real part of the perturba-
tion phase velocity, to latitude. The curve repre-



278

Te (Days)

n=l

N S N S VNN H N R U B |
20 25 30 35 40 45 S0 55 €0 65 70 75 80 85

LATITUDE

Fig. 3. e-Folding time as a function of latitude for
wdiabatic model at n =1, 2, and 3.

sents all wave lengths of the ultra-long waves,
both for adiabatic flow and Newtonian heating.
This is apparent when we recall that ¢, for
adiabatic flow is independent of wave number
and, from (3.8), that the real parts of ¢,y and
C4s are identical. Only their imaginary parts
differ by a factor dependent upon wave number.
Comparing Figs. 4 and 1 we note a striking re-
semblance between U, vs. ¢ and ¢, vs. ¢. The
maximum value of phase speed is 8.2 m sec-1 at
40° N, while, for the most unstable waves, the
phase speed is 6.3 m sec—! at 35°N. These
values are in good agreement with those ob-
tained in the empirical study by Bradley &
Wiin-Nielsen (1968), where the phase speeds
ranged from 5-15 m sec—'. As can be seen, all
the waves move eastward relative to the earth
with the single exception of the retrogressive
wave at 25° N.

If our model is at all an approximation to
reality, the unstable waves which are solutions
to the linearized equations should have a vertical
structure which is in a gross sense comparable
to the structure of ultra-long waves in the atmos-
phere. In particular we investigate the vertical
structure of the most unstable waves at 35° N.
The real component of any perturbation para-

PERRY W. FISHER AND A. WIIN-NIELSEN

meter as in (2.21) normalized at a given ¢ with
respect to the maximum absolute value over all
pressures may be expressed, at time ¢ =0,

Re [( )y]=A cos (ni—d)
where subscript “N”’ indicates normalization,

A=Vd+0

and
1 f-b -
d=tan” | — ) fora=Re[( )y]and
a

b=Im[( " )yl

One of the striking results of this study is the
pronounced similarity between the adiabatic
and Newtonian models in the structure of the
most unstable waves, especially in regard to the
vertical variation of the normalized amplitude,
A4, and approximately for the vertical variation
of phase angle, 4.

Figs. 5-10 portray the vertical variation of
the phase angle and amplitude of normalized
geopotential, vertical velocity, and temperature,
respectively, for the most unstable waves in the
adiabatic and Newtonian models. Variation with

- Annual

¢, (msec’h

N =
T 1 1T 71

{41111t 4 1 1
20 25 30 35 40 45 50 55 €0 65 70 7> 80 85 90
LATITUDE

-5

Fig. 4. Phase speed as a function of latitude for
adiabatic and Newtonian models.
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Fig. 5. Phase angle of perturbation geopotential of most unstable wave as a function of pressure for adiabatic

and Newtonian models.

wave number is negligible. Further, amplitude
deviations between the models are effectively
infinitesinal, leaving us with just one curve on
the amplitude figures and two on the phase
angle graphs, where the differences between the
adiabatic and Newtonian models are large
enough to be significant.

In Fig. 5, depicting phase angle of geopoten-
tial, the most striking feature in the east-west
tilt with decreasing pressure, which indicates
northward sensible heat transport, is the maxi-
mum rate of change for 0.3 <p, <0.5, with less
rapid change occurring in the lower and upper
atmosphere. The range of 4 is approximately
220°. This compares very favorably with an
empirical study on the transient part of the
ultra-long waves undertaken by Bradley &
Wiin-Nielsen (1968) in which the tilt of surface
harmonics of both forced and free modes of
geopotential was calculated to be westward

from 850 to 500 mb and approximately vertical
from 500 to 200 mb. Extrapolating their values
in the 850 to 500 mb regime for the free mode
to the rest of the atmosphere, we find the range
of § to be 233° for » =1 and 2 and 156° for n =3,
in good agreement with our computed value of
220°. Phase angle for Newtonian heating is
about 5° west of that for adiabatic flow. Fig. 6
depiets the vertical variation of normalized
geopotential amplitude. Here we note a maxi-
mum in the wave’s intensity at the top of the
atmosphere, a secondary maximum at the
ground, and & minimum around p, =0.4. We
thus see in comparing Figs. 5 and 6, that the
wave exhibits amplitude maxima where the
tilt is least, and an amplitude minimum where
the phase angle change in the vertical is grea-
test.

In Fig. 7 we plot phase angle of vertical velo-
city, @, vs. pressure. Here as with @, both the
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Fig. 6. Normalized amplitude of perturbation geopotential of most unstable wave as a function of pressure

for adiabatic and Newtonian models.
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Fig. 7. Phase angle of perturbation vertical (pressure) velocity of most unstable wave as a function of pres-

sure for adiabatic and Newtonian models.

tilt is greatest in mid-troposphere and the phase
angle for Newtonian heating is about 5° west
of that for adiabatic flow, but the range of ¢ is
very much less, approximately 40°, indicating a
slight east-west slope of & compared with @.
Turning to normalized amplitude of & in Fig. 8,
we observe a variation very nearly opposite
to that of &. Here, minima oceur at the bottom
and top of the atmosphere to satisfy the lower
and upper boundary conditions, respectively,
while the maximum appears at p, =0.4.

Like the phase angle variation of & and &, we
observe in Fig. 9 & maximum slope of 7' in mid-
troposphere, with Newtonian heating phase
angle 5° west of that for adiabatic flow. The
range of & is 85-90°. In contrast with @, T has
a maximum tilt for 0.5 <p, <0.7, below the
layer of maximum slope for @. The variation of
the normalized amplitude of T is seen in Fig. 10,
where there is a maximum at the bottom boun-

]

dary and minimum at the top of the atmosphere
This is reasonable due to the fact that 7' CPy
from the ideal gas law. Further, we observe a
secondary maximum around p, =0.4, which,
from Fig. 6, is the level of minimum in |®|.
Combining the perfect gas and hydrostatic
equations, we obtain T'«d®/0p or, alternatively,
T «0®/0 In p which supports this behavior.

In the study of unstable waves it is of para-
mount importance to consider the energetics or
energy transfer processes involved, in particular
how the amplifying perturbation obtains its
energy. The foundation of most current energy
studies was laid by Lorenz (1955), included in
which he considered energy conversion processes
of unstable long waves associated with mainten-
ance of the general circulation. He showed that,
for an atmosphere in baroclinic instability in its
normal state, C(A4,, Az) >0 and C(Ag. Kj) >0,
where, C(4,, Ag) is the conversion from zonal

.2
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Fig. 8. Normalized amplitude of perturbation vertical (pressure) velocity of most unstable wave as a function

of pressure for adiabatic and Newtonian models.
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Fig. 9. Phase angle of perturbation temperature of most unstable wave as a function of pressure for adiabatic

and Newtonian models.

to eddy available potential energy (APE) and
C{4;, K;) is the conversion from eddy APE to
eddy kinetic energy (KE). When the instanta-
neous normalized energy conversions are cal-
culated in & thin latitudinal strip of width 5°
on each side of the latitude of maximum insta-
bility (35° N), as shown in Tables 1 and 2, we
find for both adiabatic and Newtonian flow
complete agreement with Lorenz (1955) at each
wave number. 4, is converted into K via A4g.

From Table 1 it is seen for each wave number
that the addition of Newtonian heating reduces
the total normalized C(4,, Ag) in the strip,
denoted Cyo(4,, Ag), relative to its adiabatic
counterpart by an order of magnitude, while
Table 2 presents a reduction in normalized
C(Ag, Kg), denoted Cyo(A4g, Kg), of two to three
orders of magnitude due to Newtonian heating.
At each wave number comparison of Tables 1
and 2 reveals, in the adiabatic model, values of

o

Table 1. Strip normalized C(A,, Ag) as a function
of wave number in adiabatic and Newtonian

models
n Adiabatic Newtonian
1 1.976 0.184
2 0.988 0.092
3 0.659 0.061

Cno(dg, Kg) two orders of magnitude smaller
than Cyo(4,, Ag), while in the Newtonian model
the values are three to four orders of magnitude
smaller. These results agree qualitatively with
Murakami’s (1962) scale analysis that only the
interaction between zonal and eddy available
potential energy is predominant for ultra-long
waves, exceeding all other energy conversions
by two orders of magnitude. From Table 1 it is
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Fig. 10. Normalized amplitude of perturbation temperature of most unstable wave as a function of pressure

for adiabatic and Newtonian models.

Tellus XXIII (1971), 4-5



282

-008 -0.06 -004 -002 o]
T 7 T

PERRY W. FISHER AND A, WIIN-NIELSEN

CrolAg:Ke)
002 004 006 008 O0OI0 0Ol
T T -T

0.0 T =="T
X

0.1 -

T T T

1.0 1 1 | I P i 1 1 1 1 [
o 0.2 0.4 06 0.8 10 1.2 1.4 16 e 2.0 22
CrgAz. Ag)

Fig. 11. Normalized conversion from zonal to eddy APE and from eddy KE as a function of pressure in
latitudinal strip around latitude of maximum instability for adiabatic model at n = 1.

Table 2. Strip normalized C(Ag, Ky) as a function
of wave number in adiabatic and Newtonian

models
n Adiabatic Newtonian
1 0.250 x 102 0.198 x 10—+
2 0.125 x 102 0.200 x 10-8
3 0.083 x 102 0.823 x 10-%

further seen that Cyo(4,, 4g) xn~! in both mo-
dels, while Table 2 presents the result that
Cnoldg, Ki) «n~1 in only the adiabatic model.
Investigation of the general expressions for
these conversions and their particular form in
the adiabatic and Newtonian models support
these correlations. Fig. 11 depicts the vertical
variation of Cyo(4,, Ag) and Cyo(Ag, Ki) for the
adiabatic model at n =1, showing that conver-
sion proceeds from A, to Ay at every level, in-
creasing as pressure increases, while K is con-
verted into Ay for p, <0.56, while the reverse
is the case below. The near balance between
these regions explains why total Cyo(dg, Kg) in
the strip is negligible compared with total
Crold4,, Ag). Similar vertical variation of Cyo(4,,
Ag) and Cyo(A4g, Ki) is obtained for the Newto-
nian model at » =1 and for both models at
n =2 and 3.

6. Concluding remarks

We have examined the internal dynamics
with regards to stability, structure, and ener-
getics of ultra-long, transient, baroclinic wave

perturbations superimposed on a meridionally-
varying zonal current in adiabatic, frictionless,
geostrophic flow and how the addition of New-
tonian heating modifies the results. The zonal
wind is assumed linear in pressure and is based
upon the annual average, 1963, 500 mb wind
between 25° N and 80° N. Applying the pertur-
bation theory, a single second-order ordinary
differential equation for adiabatic flow is de-
rived and numerically solved by the “‘shooting
method” in a 40-layer model for the normally
complex perturbation phase velocity, ¢. From
this the corresponding quantity for Newtonian
heating is easily determined. Knowledge of the
eigenvalue, phase velocity, suffices for complete
analysis of the structure and energetics of
the disturbance in the two models.
Investigation of instability as measured by
the imaginary component of phase velocity, c;,
reveals no dependence upon wave number, 7,
for adiabatic flow, while instability increases as
wave number increases for Newtonian heating,
which itself exerts a stabilizing effect. This
effect is maximum at maximum instability
which occurs at 35° N. Here, in the adiabatic
model, e-folding time for the third harmonic is
approximately six days. The phase speed, de-
fined as the real part of the phase velocity of the
perturbation wave, is equivalent for both adia-
batic and Newtonian flow and is independent of
wave number. Its variation with latitude closely
resembles the input distribution of zonal wind
with latitude. The maximum value of phase
speed is 8.2 m sec! at 40° N, while the most
unstable waves travel at 6.3 m sec~!. The
vertical wave structure of only the most un-
stable waves is investigated and is found strik-
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ingly similar for the adiabatic and Newtonian
models at n=1, 2, and 3. Wave number is
negligible as well as amplitude variation be-
tween the models. Only phase angle, §, which
tilts westward with decreasing pressure for every
parameter, reveals any distinction, those for
Newtonian heating being approximately 5° west
of those for adiabatic flow at each level.
Instantaneous energetics of the adiabatic and
Newtonian models is studied by calculation of
vertical variation and total over all pressures in
a latitudinal strip 10° wide centered on the
latitude of maximum instability of the normali-
zed conversion from zonal to eddy available po-
tential energy, Cyo(4,, Ag), and normaelized con-
version from eddy available potential energy to
eddy kinetic energy, Oyo(4g, Kg). We conclude
that the instantaneous energetics in both models
in the region of maximum instability is in agree-
ment with the time-averaged energetics as
observed in the atmosphere and predicted by
Lorenz (1955). It is found for each wave number
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that Cyo(4,, Ag) is positive at every level and
increases monotonically with increasing pressure
from zero at the top of the atmosphere, while
Crol(dg, Kg) is negative for p, <0.55 and positive
below, the total being several orders of magni-
tude smaller than Cyo(4,, Ag) in both models.
Addition of Newtonian heating reduces the
total adiabatic strip Cye(4,, Ag) by an order of
magnitude and the total adiabatic Cyo(A4z, Kg)
by two to three orders of magnitude. Variation
of the energy conversions with wave number—
Crold, Ag) xn~! for both models and Cyo(4g,
K;) xny! in only the adiabatic model—obtain
from the numerical results, but may also be
shown theoretically.

This study pertains solely to the transient
baroclinic mode of the ultra-long waves. The
existence, in addition, of & stationary mode and
a transient barotropic mode suggests that an
empirical investigation be conducted in the
ultra-long wave regime to determine the divi-
sion between the three modes.
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O BAPOKJIMHHON HEYCTONYMUBOCTH YJIbTPALJNHHBIX BOJIH

BapoknuHHas HEYCTONUMBOCTD YJIBTPARIMHHBIX
BOJIH (BOJNIHOBBIe HOMepa, 1, 2 u 3) mayuaerca
¢ noMoulbio 40-ypoBeHHUlt, reoctpoduyeckoil,
ruapocTaTHueckoll, aguabaTHyeckoit Mojenw,
KoTOpad B paJbHeilmiem Moxudmnupyerca ¢
11€J1b10 BKI4YEeHHA HbIOTOHOBCKOTO HarpeBaHWA.
Mantie BOBMYUICHHS HAJOMKEHH HA 30HAJbHBIN
MOTOK, U3MeHAINMICA 1o MepuauaHy, U JH-
HeitHblli mo paBieHulo. Craruveckasa ycToldnm-
BOCTH IIpeAnojaraercd o6paTHO TNPOMOPIHUO-
HasnbpHON faBienno. IlpuHATHe ponyieHusa
NO3BOJAIOT CBECTH MCXOAHBIE YPABHEHMA K
OJTHOMY OZHOPOJHOMY OOBIKHOBeHHOMY Tudde-
PEHLUMAJBHOMY YPaBHEHHIO BTOpPOro NOPAAKA
AN BePTUKAJIBHON CHODOCTM B p-CHUCTEME KO-
OpAMHAT ¢ NapaMeTpU4eCKO#l 3aBUCHMOCTBLIO OT
mupoTH. JIns 4HCReHHOTro onpemeieHUA cob-
CTBeHHHIX 3HavyeHuUit (PasoBHX CKopocTell BO3-
MYIIeHHuI) UCI0Nb3yeTCA MeTOR Npob NpM ynpo-
LIEHHBIX KPAeBHEIX yCJIOBUAX — PaBeHCTBE HYJIIO
BEPTHKAIbLHON CKOPOCTU B p-CUCTEME KOOPANHAT
Ha BepXHell m HMkHel rpaHMLax aTrMocQeps.
Takoit metog TpeGyeT OJHOT0 TOYHOTO pelICHHU A,
M 103TOMY HPHUBOJAUTCA HPOLEAypa NMONyUEHHSA
nociaeanero. B ofeumx Mmomenax — aaunabaru-
YeCKo!l ¥ HBLIOTOHOBCKON — MNpoQuilb 30HANb-
HOTO BeTpa OCHOBAH HA CPeFHErOROBHIX KAHHEIX
3a 1963 r. nna nmoeepxuocru 500 6 B mojaoce oT
25° ¢. m1. go 80° c. L

Haiineno, 4To HeyCTONYMBOCTE MO OTHOUISHUIO
K MaJHIM KoJeGaHMAM, YMeHBIIAIOWMAHACA NpH
HAJIMYUU HBIOTOHOBCKOrO HArpeBaHH#A, ROCTH-
raer Makcumyma npu 35° c. ur., 4To B aguabaTh-
4eCKO# MOJeNIN COOTBETCTBYeT YBeJINYeHUIO
aMIUIMTY[B TpeThell TapMOHMKM B e pa3 3a
mecTs pHelt. PazoBasd CKOPOCTh, OZMHAKOBANA
AnAa obeux Mofeneit, He 3aBUCUT OT BOJHOBOTO
Yucaa u cocraBisaeT 6 m/cex. IlpuGammxenHasn
SKBHBAJIEHTHOCTH MOJeNell IpOsABIAAETCA B Bep-
THUKAJIBHOU CTPYKType -— B CIBUTE BOJH C BHI-
COTO¥ K 3amany.

Nayuaerca mMraoBeHHas oHepreTuKa afguada-
THYECKO! M HBIOTOHOBCKOHN MoOfesell myTeM BBI-
YHCIEHUA HHEPreTHIECKMX XAPAKTEPHUCTHK B
nonoce wupnHo 10° ¢ meHTPpOM HA IIHMpOTe
MaKCUMAaJbHON HeycroiumBocTH. Brunciasiores
HOPMaJIM30BAHHLIE NPEeBpPALIeHUA 30HAJBHON B
JAOCTYHHYIO BUXPEeBYIO MOTEHIIMAIbHYI0 dHEPIHIo
C(A,, Ag) ¥ BUXpeBOH JOCTYIHOM MOTEHIMAJIb-
HOIf 3HepruM B BUXPEBYI0 KUHETHUYECKYIO DHep-
ruio C(Ag, Kg). Onpepensiercd 3aBHCHMOCTD
HTUX BEJINYMH OT BHICOTH M UX CyMMapHBIe 3HA-
yennna. Halimeno, 4To mocie CyMMHUPOBAHHA MO
BceM ypoBHAM pamiaeHua C(A, Ag) >0, »n
C(Ag, Kg) >0 pna obenx Mopesieif, uTo coria-
cyerca ¢ HabilogaeMoll cpefgHell 1o BpeMeHM
sHepreTuro armocdepsl.
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