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ABSTRACT

The potential vorticity equation and the barotropic vorticity equation represented in
spectral form in terms of solid spherical harmonics have been truncated to allow in-
teraction between only one planetary wave and an arbitrary zonal flow. The analytic
solutions in time which ensue from these truncated systems have been investigated
in terms of the allowed nonlinear energy transfers. An energy flow diagram including
potential and kinetic energy has been prepared and shows the direction and magnitude
of exchange as it depends on the initial conditions. Maximum energy transfers and
limitations of exchange amongst wave components are discussed. The linear solutions
are considered and evaluated in terms of the exact solutions. Phase propagation and
momentum transport in these systems are also investigated.

1. Introduction

The exchange and conversion of energy
amongst different scales of motion in atmos-
pheric flow are phenomena whose detailed
understanding is handicapped by our limited
knowledge of nonlinear processes. Although
many theoretical, linear studies have given
valuable insight into the scale of maximum
instability of the energy conversion process—
a scale range which has been substantiated by
observation—the scale transfer of energy sub-
sequent to conversion is a purely nonlinear
event which is generally not accessible to
analytic analysis. There exist, fortunately,
highly truncated systems of equations which
represent barotropic and baroclinic flows, prob-
ably realizable only in “dishpan” type experi-
ments, which have analytic solutions in time,
thereby allowing a detailed discussion of
energy exchange and/or conversion. While we
emphasize that the flows described by the
truncated systems may not be physically re-
alizable in the atmosphere, which always has
many active scales, the insight gained from the
exaet solutions should prove valuable in dis-
cussing less truncated and hence more realistic
flows.

The systems for which energy exchanges will
be considered are highly truncated forms of
the spectral barotropic and baroclinic models,
the barotropic model having been discussed by

Platzman (1960) and the baroclinic model by
Baer (1970). With the spectral expansion given
by solid spherical harmonics, both models al-
low for an arbitrary zonal flow with two active
wave components each having the same plane-
tary wave number. The exact solutions show
periodic amplitude fluctuations in time given
by elliptic functions. The character of the solu-
tion is therefore determined by the initial
energy distribution and the choice of trunca-
tion (zonal configuration and wave compo-
nents).

Although highly truncated, the models show
characteristics which are somewhat comparable
to observation. They furthermore yield rela-
tionships amongst energy components (wave
and zonal, kinetic and potential) in the wave
domain which are obscured by more general
models. One may see clearly, for example, how
the amplitude of energy exchange between the
waves and the zonal flow varies during one
cycle depending on the initial distribution.
Furthermore, the models are compared to their
linear counterparts and the deviations there-
from discussed.

Properties of the systems not directly related
to the energy exchange—but influenced by it
—are also considered in terms of the initial
configuration. These include momentum trans-
port, behavior of trough and ridge lines, in
fluence of phase angles, and the tilt of waves
with height (baroclinic) or latitude (barotropic).
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2. The low-order equations

The physical systems for which exact solu-
tions may be determined by suitable trunca-
tion include the non-forced barotropic, quasi-
geostrophic model, and a two level baroclinic
model with fixed static stability as described
by Lorenz (1960). The prediction equations
describing those systems are

F]
E;V’tp = J(Vzap +f9)+J (Ve 1)

%(V”—r2)1=J[(V2—rg)t,tp]+J(V’tp+f,‘t) {1

where y represents the mean stream field, 7 is
the shear stream field, 3 = f;/o with ¢ a constant
stability parameter, and the other symbols
have their usual notation. Clearly for the
barotropic case the shear field vanishes; i.e.,
7 =0, leaving only the first of (1). The stream
fields which depend on longitude (1), sin of
latitude (x) and time (f) may be represented
by a zonal field (independent of 1) and a wave
field:

v =P, ) +y'(p, 4, 1)
T =7(u, t) +7'(u, 4, t). (2)

Assuming an expansion in terms of solid spheri-
cal harmonics Y (4, u)—see for example Hob-
son (1955)—which satisfy the differential equa-
tion

ViY, = ¢, ¥,

Cy =Ng(n, +1) (3)

in a spherical surface, the zonal flow may be
represented by an arbitrary series of zonal
polynomials with time-dependent coefficients.
The wave component is described by two har-
monics in the same planetary wave, o =n, +1l
and f§ =ng+il, where n denotes the ordinal
wave number and ! is the planetary number.
For the barotropic model both & and f describe
components of the wave field, whereas in the
baroclinic model the « component represents
the mean wave field and the § component cor-
responds to the shear wave field. Thus we have,

Perip,t)= % 'l’y(t) Yy(,“)

war(h 16 8) = 9 O) Y oy 1) + 95(8) Y pld, 1)
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Tac(u, ) = g wy(t) Yo ()

V’LC(}" s )= 'I’a(t) Yaz; T’BC(}H s t)= 'Pﬂ(t) Yﬁ

Paclu, t) =2, ¥,Y,, ¥, indep. of time (4)
b4

where BT and BC represent barotropic and
baroclinic respectively, and y =n, for all de-
gired values. The time dependent coefficients
are in general complex (although the zonals
are real). Substitution of (4) into (1) results in
the following equation for determining the rate

of change of the zonal components:
1};), = 2a, Im waw; ()

where a, is a constant depending on the y in-
dex, the dot represents time differentiation
and the asterisk denotes conjugation. Since (5)
implies a linear relationship between all y,,, we
need concern ourselves with only one zonal
component, say y, for y =n. In terms of this
component we may write the complete system
for the unknowns (y,, y,, ¥;) as

v, = 2a, Im wawz (6)
Vo = ~10a¥a T PapVp +100aWVe +190sVa¥p
Vg = —iep0p +ihgle +iGpa0a% g + 10 pa Ve

The details for generating spectral equations
has been presented by Platzman (1960). The
coefficients in (6) depend entirely on the
spectral truncation (choice of y, x, f). If we
now represent the complex wave coefficients
in terms of amplitude and phase such that,

wy=By; .= (2)"B,e%, et
Eq. (6) reduces to

4
(B,)'= 2 b,B} (7)

i=0

which has solutions in terms of elliptic functions.
The details of the reduction and also the solu-
tion of (7) and the phase angles have been pre-
sented by the writer (Baer, 1970, to be referred
to in the sequel as LOAS) and will not be
repeated here. It is sufficient to note from (7)
that the solution to the entire system (1) may
be given in terms of B, and that n may be
chosen with complete generality as the small-
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est index for which an active zonal component
exists,

3. Energy considerations

Since we have seen from Section 2 that the
entire solution is dependent only on the time
variation of the lowest active zonal compo-
nent, B,, it should be possible to describe the
energy (both kinetic and potential) as well as
the energy changes and the transfer processes
in terms of this variable also, and consequently
in terms of time.

The kinetic energy per unit mass for the
models considered herein and described by (1)
may be written as,

K= —wa’wdA -f1V’rdA (8)

where dA4 represents an element of area on the
unit sphere. Although 7, which describes the
shear stream field for the baroclinic problem,
is undefined for the barotropic problem, we
may redefine the barotropic variables so that
(8) will be applicable to both cases. With ref-
erence to (4), let y in (8) represent the a-wave
and the inactive zonal components (those
components for which a, =0). If we now let v
represent the f-wave and the remaining (ac-
tive) zonal components, (8) will describe also
the energy in the barotropic case except for
Ny =Ng, & disallowed barotropie truncation {see
LOAS).

The available potential energy necessary to
satisfy the energy conservation conditions
applicable to (1) is given as

P=p f :dd (9)

where 72 has been defined in Section 2. Since
there is no available potential energy in the
barotropic case, we define 72 (barotropic) =0.

Not only is the energy distributed between
potential and kinetic, but in each of these
categories some of the energy is in the zonal
flow and some in the planetary wave. The
distribution of the energy in all categories may
be determined by introducing the expansions
for the stream field, given by (4) into (8) and
(9) and performing the integration. The results
are as follows:

F. BAER

K-K+K,+K,+K,
P=P2+Pﬁ

K +P = const. (10)

In (10), K represents the kinetic energy in the
zonal flow which does not change with time
(the mean zonal flow for the baroclinic case),
K, represents the KE of the changing zonal
flow (the zonal shear flow for the baroclinic
case), K, and K, represent the KE in the «-
and f-waves respectively, P, represents the
PE in the zonal shear flow and Pg is the PE
in the B-wave (shear flow). Clearly the last
two quantities do not exist for the barotropic
case. Applying the relations for amplitude
dependence on B, from LOAS, we have,

K= ¢, ¥ (y’s for which a, =0, thebarotropic
v

case)

K,=zycy33 =G,(t) 2, By = 6y(ky, By, + oy, B, + Kyp)

:
»

Pz=r’ZB§' = CTKz=rz(kzzB31+klan+koz)
Y

Kg=¢g By=cplk,p By +Jy5 By + kop)
rz
2
Pﬁ=7‘ Bﬁ = C—‘Kﬂ
(]

Ka=caBtzz=ca(kzaBgl+klan+koa) (11)
The coefficients used in (11) depend on the
spectral truncation and initial conditions.

We note, immediately, that the potential
and kinetic energies in the f-wave (wave energy
in the shear flow) are related to each other by
a fixed constant, r’cgl, for all time. Similarly,
by defining a mean eigenvalue for the zonal
flow, €,(t), we may show that there is a rela-
tionship between the zonal kinetic and po-
tential energies. Although this relationship is
time dependent, we may establish limits on
the ratio. From the definition of the eigen-
values ¢, (3), we note that they are positive
and monotonically increasing for increasing 7.,
Thus ¢, is bounded by the values

cy (min) <0,(f) <c, (max)

which is readily verified from (11). Thus the
potential energy in the zonal shear flow is con-
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Table 1. Extremes of energy components

Component B, for Extreme

K, _anzcv’yay/zcya;
P, - ku/ 2"::

Kp, Pg - klﬁ/ 2heap

K, — Koyaf 2heg

fined by the kinetic energy in the shear flow.
‘We shall discuss the significance of this result
later in this section.

If we are interested in the combined energy
in different components (zonal or wave) it is
simply necessary to replace the eigenvalue cy
by d,=c, +7? an eigenvalue appropriate to
the baroclinic problem. Thus, for example,

K,+P,=2 d,B)=d,> B}
b4 k4

The formulas for the energy components (11)
all depend on the dependent variable B, which
in turn has been described in LOAS as a peri-
odic function of time. It can be seen that the
energy components have their maxima and
minima at the same times as the function B,.
They have, moreover, other possible extremes
which are listed in Table 1; the quantities s,
depend on initial conditions.

For initial conditions appropriate to the
earth’s atmosphere, the extremes listed in
Table 1 do not seem to be attainable. There-
fore, in the following discussion, we shall con-
centrate our attention on the energy extremes
which correspond to the extremes of B,. Since
we shall suggest in the following section that
the initial phase angle between the «- and §-
wave may be chosen as 0, = (0, —8z), =0 with-
out loss of generality, it can be shown that
B, must have an extreme at ¢ =0 and, since
it is periodic with period 7', it will also have
an extreme at ¢ = T'/2 (see LOAS for a detailed
discussion).

The unique property of the nonlinear solu-
tion available here is the time variation of the
amplitudes of the individual components (or,
equivalently, energy components), a property
not available from the linearized equations.
The maximum changes of these amplitudes
may be found by calculating their difference
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between their maximum and minimum times.
With reference to energy components, such a
calculation will specify the amount of energy
which any component can exchange with the
other active components. For precision we shall
define energy range of any component as the
value at its first extreme minus the value at
its second extreme. Since we have already seen
that the energy components have their extremes
at the same times as B,, and furthermore that
B, has extremes at £ =0 and ¢ =T/2, we have
for any energy component E,

AE = E(B,(0)) - E(B,(T/2)) (12)
Let us now define the mean and difference of
the variable B, at its extremes, as well as simi-
lar quantities for the time-dependent eigen-
value c'y (¢) as

B = B,(0) + B,(T/2)
AB = B,(0) —Bn(T/z)
& =¢6,0)+¢,(T/2)

Ac = ¢,(0) —¢,(T'/2) (13)
The latter two definitions are necessary to
describe the range of the zonal kinetic energy.
If we now apply the range operator (12) to
the different energy components (11), we may
express the maximum energy exchange in
each component in terms of the mean differ-
ence of the basic variable B, (13) as follows:

¢AB = Ac
AK,= _2— (kye B+ky,) + ;

k _ _
x (-;—‘ (AB) + B} +k, B+ kw)
AP,=1*AB(k,, B +k,;)
AKg= 65 AB(kypB + k) = j—‘,’ AP

AR, =c,AB(k,, B+k,5) (14)

Since the maximum exchange of energy de-
scribed by (14) depends on the coefficients
ks, we see that the initial values and the sys-
tem truncation are of primary importance in
determining what these exchanges will actually
be. Furthermore, one may normalize the ex-
change values listed above by the initial value
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of the time-dependent energy, thereby deter-
mining the percent of activity of each com-
ponent. Because of the relatively different
magnitudes of the kinetic and potential ener-
gies, it is preferable to normalize the kinetic
energies by the total initial KE and the po-
tential energies by the total initial PE. The
interchange between the different components
of energy and its magnitude may then be
readily studied as a function of the initial values
and the spectral truncation.

As an example, as AB approaches zero, we
see that the energy ranges approach zero (ex-
cept for the zonal kinetic) and thus the system
under which this condition prevails (AB-0)
may be described by linear processes. The non-
vanishing of the zonal kinetic energy implies a
nonlinear transfer amongst the individual
zonal components. If, however, only one zonal
component is allowed to exist, Ac will vanish
and AK, will be proportional to AB. Further-
more, under this last assumption, the kinetic
and potential energies of the zonal flow will
be proportional by a time-independent constant
since c'y(t) =c¢, =constant.

By using standard atmosphere temperature
values, one finds that the nondimensional
constant r?~200. To measure the relationship
of kinetic to potential energy, we must compare
r* with ¢, for the wave energy and with ¢,
for the zonal energy. Recalling that the cigen-
values (c,) are given approximately by the
square of the latitudinal index of the solid har-
monics (n,), we see that the two forms of
energy are roughly equivalent for indices n, ~
13-14. Characteristic zonal profiles of the at-
mosphere including jets arc well represented
by coefficients with eigenvalues less than ¢, =
n.(n, +1) and hence we may conclude that
since ¢, <c,, the zonal potential energy will
always have more energy than the zonal kine-
tic. More specifically, it is rarely necessary to
include zonal indices n,, >9. Thus we may say
that in the models considered in this paper,

KZ < iAPZ

which is also observed in the atmosphere
(Wiin-Nielsen, 1967) and in less truncated
general circulation models (Phillips, 1956;
Smagorinsky et al., 1965).

For the planetary waves, we see that the
potential energy of the longest waves will be

F. BAER

considerably greater than the kinetic, whereas
for shorter waves, [ >12, the kinetic energy
will exceed the potential. For very short
waves, the kinetic energy will dominate, but
the approximations made in deriving this
system, (1), may not be appropriate to such
small scales.

The average properties of the energy ex-
change are described by (14). However, since
we know the sclution for all time, it is possible
to describe the instantaneous exchange at
any time. For convenience of notation, we
shall define a time-dependent variable R, such

that
- 2B, (4, d,
R,= ( a’B + a”’) (15)
dg~cy a’, a,
On summation over all y we have that
~2B d, a
A=2R,= "3 (B,~B,,) (16)
y

dg—cgy ay

where B,,, represents the value of B, at the
time when the total zonal energy (PE plus KE)
would have an extreme value, not including the
times Bn =0. This extreme value,

angdyar Sy
BZCI - zdy a;

v
has already been discussed (see Table 1) in
terms of energy extremes.

The function A(t) is clearly a periodic func-
tion of time with period T and changes sign
where Bn =0. From limited computations
which show that the energy does not reach
extremes other than at extremes of B,, we
may assume for the subsequent discussion
that B, does not generally take on the value
B,,, and hence that A(¢) changes sign only
once during a period (provided that B,(0) =0).
Let us further define the sum,

%cyRysc;(t)A(t) (17)
where c;(t) is an averaged value of the cy
weighted by the R, and is not necessarily
bounded. We shall, however, concern ourselves
primarily with times at which

¢y (min) <cj () <c, (max) (18)
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To discuss the instantaneous energy ex-
change, we now write the time rate of change
of the energy components listed in (11):

cy+ca—cﬂR

K,=c,A—cgA-17*>
: Y e

. Cy+Cy—
Pom TR

¥ v
5 * z(cﬂ_ca:_c;)
Kg=—-cgAd+e, A+r'———"A
dp
Pﬁ=r’A—7's(c—ﬂ:Lc:)A
dg
K,=cgA—c; A (19)

These equations are derived by differentiation
of (11) and substitution of the amplitude form
of (6). The barotropic exchanges may be seen
clearly simply by setting r =0.

The contributions from divergence listed as
the last terms in (19) and describing the ex-
change between potential and kinetic energies
in the zonal and wave separately, may be cal-
culated from the vorticity equation and ther-
modynamic equation for the baroclinic model
before they are combined to form the second
of Eqs. (1) (see LOAS for details). To examine
the nature of this exchange in more detail, let
us assume that

T’Z (ey+ce— cﬂ)

dy

Ry~(cy +ca—cg)A  (20)

Y

based on our earlier observation that we may
truncate » with reasonable fidelity to atmos-
pheric zonal wind profiles such that ¢, (max) <
r3/2. Recalling the constraint on active y-
components given by Baer & Platzman (1961),

| g ~np| <n, <ng, +ngy

thereby establishing the maximum and mini-

mum values of n., as

n,(min) | n, —ng|
n,(max) ~n, +ng
we may write

Tellus XXIII (1971), 3
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¢e— g~ t[c, (max) c, (min)}t  +for N >ng
—for n,<ng (21)

¢a+ cg~3lc, (max) + ¢, (min)]

Substitution of (21) and (20) into the diver-
gence terms of (19) now allows us to establish
the exchange of energy within the zonal and
wave separately. Subject to the condition that
c; >0 (considerably weaker than (18)) and
A(t) >0 which occurs during half the time
period, Table 2 describes the direction of this
energy flow. Clearly for the other half period
when A(t) <0, these directions are reversed.

We note from this table that if the shear
wave is longer than the mean wave (n, >ng),
the direction of flow does not depend on the
magnitude of c: , but only on the sign of A(f).
If, however, the shear wave is shorter, we see
that the direction of flow from PE to KE is
the same for the zonal and wave exept for the
restricted range where

V;y (min) ¢, (max) <c; <% (cy (max) + ¢, (min)).

The entire energy flow diagram, listing all
five energy terms defined in (11) may be seen
from Fig. 1. The direction of flow shown in
the figure is based on the condition that 4(¢) >0,
c: >0, and the choice of transfer within the
zonal and wave can be established from Table
2. The barotropic exchange is described by
simply ignoring the boxes for available po-
tential energy.

Applying the following replacements to Fig. 1,

K,~K,+P,

Cy —ch = Cy — 1t (22)
the lower three boxes will also describe the
exchange of total energy without distinguish-
ing between potential or kinetic.

When approximation (20) is substituted into
(19) and one considers the cycle during which
A(t) >0, it is easily seen that the zonal kinetic
energy decreases whereas the shear wave ki-
netie energy (Kj) increases. By combining the
kinetic and potential energies, the following
equations result:
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Table 2. Energy flow within zonal and wave for different values of c; >0 and A(t) >0

Zonal
Range Ng>1ng ng>ny B-wave
c; < Vc,, (min) ¢, (max) K,—»P, K,«P, Kg<«Pg
Ve, (max) c,, (min
o2  (max) oy ( ) K,~»P, K,~P, Rp«Pp
3 (¢, (max) + ¢y (min))
c: >} (¢cy (max) + ¢, (min)) K,—»P, K,~P, Kg—~Pg

E,=K,+P,=(ci—cp) A : (cy)
EﬂEKﬁ+Pﬁ=(C;—G:)A : (05)

E,=K,~(cg—cy)A : (c3) (23)
The quantities in parentheses after the colon
in (23) may be considered as ‘“modified eigen-
values” associated with the energy function
which each follows. Equations (23) then state
that energy will flow into or out of the component
whose “‘modified eigenvalue” is of intermediate
value, at the expense of the other two components.
This result is identical to one derived by
Fjortoft (1953) for the two dimensional baro-
tropic model and compares here to the case
where #=0 and ¢ =c¢,. Certain observations
may be drawn from this result.

(@) When the energy of the wave mean flow
is in a long wave, i.e., ¢, <72, c: will be negative
and on the assumption that cj >0, the mean
wave energy will never be the sole recipient of

2
B r‘A B
0,\&" "%,
c A
K, < Kg
%q s
Ke

Fig. 1. Energy transfer diagram for all allowed
energy forms based on the conditions that A(t) >0
and c;' >0 (see text).

energy from the other two (shear energy)
sources, or vice versa.

(b) If the shear wave energy resides in a
wave shorter than or equal to the mean wave,
the “modified eigenvalue’ of the shear wave
will always be greater than that of the mean
wave, cp > ¥,

(¢) In application to typical atmospheric
zonal wind profiles, if the energy in the shear
wave is not in too long a wave, both the mean
wave and the shear wave will feed the zonal
energy and vice versa; i.e., cj <c’;, <cg.

The above results, especially with regard to
maximum energy transfer during a half period
between extremes of B,(t), may also be derived
by invoking the concept of conservation of po-
tential vorticity appropriate to the baroclinic
model discussed herein and following the
technique utilized by Fjortoft (1953).

4. Linear Analysis

One means of linearizing system (6) which
has real physical significance, and whereby
some of the characteristics of the system may
be simplified, is to assume that the energy in
the wave components («, §) is of perturbation
amplitude in comparison with the zonal energy.
Since we have shown in Section 3 that the po-
tential energy is roughly proportional to the
kinetic energy, no loss of generality will ensue
if we confine our discussion to kinetic energy.
In symbolic form, we may say that

v'<9p
<%t (24)
where the barred and primed quantities have
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the same meaning as in {2). Following custom-
ary linearizing procedures, we shall neglect all
second order or higher terms (products of
primed quantities) on substitution of (24)
into (6). It is immediately evident that the
perturbation changes of the zonal coefficients
(if they exist) cannot be calculated directly
from the differential equation, since such
change is of second order, but we shall see that
the first order changes (implied) can be estab-
lished from the energy relations. The wave
perturbation equation may be written

i(w Et})Bi(~ 5 Goe v
dt \yp —naGaﬂ

np=0p + hpﬁ— éﬂﬂ, ete.

Gﬁﬁ=gﬁﬁBn+hﬁﬁ’ ete, (25)
The barred quantities, (_;M, ete. can be estab-
blished by substituting the initial value of the
zonal coefficient (B,) and holding this term
constant, recognizing of course that the initial
values of the other zonal terms (B,) are in-
corporated in gz, and hgg, ete.

System (25) is a linear homogeneous set
having two frequencies (y«e'*). These fre-
quencies, the roots of the coefficient matrix,
are

Og,p =0yt 0,
+ —_— -
als—’l“—zl”; 0= H(e—p) + 4G5 Gpe)t  (26)

We firgt observe that this system is capable
of instability which depends on the initial
zonal configuration and the wave number
and wave profile. The condition in terms of
the problem parameters is

~ - stable
4Ges Gﬂa Ch ’75)’ { unstable

For the barotropic problem, this stability cri-
teria should be contrasted to that given by
Kuo (1949), which may be written in terms of
spherical geometry as

LA S0 _o_
24 ({(I-p)*u)-2=0

where u represents the initial zonal wind distri-
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bution. The disparity between the two condi-
tions is apparent in that Kuo’s condition de-
pends only on the zonal configuration and not
on the wave.

The condition for instability with regard to
the baroclinic problem may be compared with
that established by Phillips (1954) for a 2-
layer model and written

N *\ 2 2
v (%)) ()
r )
where V represents a zero-order value of the
zonal wind shear, a is a characteristic wave
vector as defined in Section 2 (Phillips deals
with only one wave number in each of the two
horizontal dimensions), 72 is the previously
employed stability parameter and the asterisk
denotes conjugation. The stability properties
of the low-order systems (both linear and non-
linear) are currently under investigation and
will be discussed in a subsequent report.

We shall, for the remainder of this section
consider only stable solutions with the implied
condition that ¢, is real. The complete solutions
for the wave components y,, ¥4 require a speci-
fication of their initial values and must de-
pend on both frequencies; they may be written

as
'p-e"’“ 4 g¢,B e‘j:: ,
A B e

Substituting this equation into (25) and
ovaluating at ¢ =0 when y, =y, vz =Yg WO
find that the coefficients g, dependent on the
differential equations, and the amplitude fac-
tors 4 and B, dependent on the initial values,
have the following form:

(27)

G,g,, - Gg+ N,

G_ﬁ¢ - Gy + ’7¢
2~ Y, -
ogt+ns  Gap

optng G

W=

A= qz'l’am_'/’ﬂoE IAIGM,;;
B~ %

B = %'l’ao"'/’ﬂos IBlewb (28)

-9

The latter definitions for 4 and B imply that
the initial phase angles need not vanish. More
specifically,
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Iiliq_z Yao — ¥Bo)

tan @, =
¢ Re(g, pao— v80)
tan 6, = Im(q, Yao — ¥6o)

Re(g, Yoo — o)

Let us now use (27) to establish the energy
variation with time for the linearized system.
We have for the «-component,

Ka:2ca'/)aw:
=2c,(|A4|*+|B|*+2| 4] | B] cos

(204t +0, —6,)) (29)
If we now create a new time variable which
is linearly related to ¢ by the equation

V=t-T

7= 01,— oa

20,
we find the equation for the energy in the «-
wave,

K, =2¢,(|A4]|*+|B|?+2|4]|| B| cos 20,t") (30)

Since the frequency (20,)} is the same in both
(29) and (30), and since (29) has a form iden-
tical with (30) for zero initial phase angles,
we must conclude that except for a shift in
time of the maximum and minimum of the «-
energy, the selection of non-zero phase angles
does not contribute information to the solu-
tion of (25) different from the more simple
condition of zero initial phase angles. We shall
see subsequently that the other energy com-
ponents (B, y) have the same time dependence
as (29) and thus need not be considered in
detail in this discussion. Qur selection of zero
initial phase angles as initial conditions to the
nonlinear problem and our confidence in the
generality of those conditions is based on the
above results from the linear solution. A
complete proof would, of course, require direct
analysis of the nonlinear equations.

Returning to the discussion of energy varia-
tion, we note from the definition of the f-wave
energy in terms of y,, Egs. (11) and (27), that
the time dependence is identical to (29) which
describes the «-wave energy. For the zonal
energy, multiplying by 2y, ignoring the vari-
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able part on the right-hand side (v, ~%,), and
integrating, the variation may be given as

K, - 4cya},¢},f1m tpawgdt +const.  (31)

which is a second order variation (§, is the
initial value of y,). Assuming now that 4 and
B are real—based on our observation that zero
initial phase angles are completely general—
and substituting (27) and (28) into (31), we find

AB
K,-4) ¢y Q, Py =— €08 20,t+const. (32)
4 Gup

With this presentation of the different energy
components, we may investigate the range of
energy variation (maximum energy exchange)
as defined by (12). Since the extremes occur at
t =0 and ¢t =n/20,, we have from (29), (32) and
the f-energy relation,

AK,= - 8¢, AB (33)
Consider now the total kinetic energy in the
system to reside in the zonal flow such that it
can be characterized by a mean zonal wind 4,.
Further, consider latitudinal profile parameters
A, specified such that the initial stream coeffi-
cients may be written as,

‘Py=glAy (34)
where y represents « and § for l40, the wave
components, and g; is proportional to @,. Fi-
nally we define a parameter ¢ which measures
the relative energy in the l-wave to the total
energy in the system. The dependence of the
exchange on the level of total energy (i,) and
the relative energy in the wave {g) may now
be established from the product AB. The ini-
tial stream coefficients used in 4 and B may
be represented in terms of the amplitude g,
and profile parameters 4,, A 4 as seen from (34).
Combining this form with the definition of ¢
and the dependence of K; on g; from (8) and
(34), we find
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Table 3. Comparison between exact monlinear solution and linear solution for several

amplitude values

Listed as a function of g—th> ratio of perturbation energy to total energy—are the exact energy range
AKq«/Kq and the percent error of the linear value to the exact

Ty =0.075 fig=0.135 iy =0.275
[ AK, /K, exact % of error AK, /K, exact % of error AKq/K, exact % of error
.02 —.01917 - 1.26 —.02249 - 1.23 —.02358 - 1.23
.05 —.04614 - 5.20 —.05419 - 5.01 —.05687 — 4.94
.10 —.08681 —11.8 —.1022 —11.3 —.1074 —-11.1
.15 —.1228 —18.6 —.1451 -17.7 —.1527 -17.3
.20 —.1549 —25.4 —.1835 —-24.1 —.1934 -23.5
.30 —.2087 —39.4 —.2493 -37.0 —.2637 —35.8
.40 —.2518 —54.2 -.3033 -50.1 -.3233 -48.1
Linear Slope
—(8caS/K,) ~0.9708 ~1.138 —1.194
K 7 the limiting case of no initial energy in the
=—'=ﬂ(c AL+ cgAR) g gy
=r 8 ata T CRLLp wave—i.e., ¢ =0—no motion would occur, a
such that result which is evident also from (6).
A Whereas the energy range (AK) is linearly
B=-¢S proportional to ¢ with zero intercept, the slope
K of the line is dependent on the amplitude #,.
8= —.2—%———2— Noting from (34) that the initial zonal coeffi-
8oz(ce Ag+cgAp)

(919, A+ Ap— (6, +0) A Ap)  (35)
In (35), K represents the zero order energy ini-
tially placed into the system and does not change
for variation in g. Therefore we see that the
maxtmum energy exchange among the compo-
nents is linearly proportional to the relative
amount of energy in the wave components. In
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LATITUDE
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-
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Fig. 2. Zonal wind profile and wave profile for I =3
of meridional wind component plotted on a relative
scale vs. latitude.
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cients (§,) are proportional to @, and the pro-
file parameters 4, and that G,;, Gg4, are pro-
portional to the $,» We may observe from (33)
that the variation of slope with @, is incorpo-
rated entirely in the function § (35). The defi-
nitions of ¢, and ¢, from (28) yield required
coefficients in the function S, (35), in terms
of known quantities as follows:

8, + 8,4,
4H+e:= -
0

—
s _ G

o2 = 4_._2 ({8, +8, ao)’ —44¢,4; )
Uo

’122
K- ch,,A; (36)

where s, and s, depend only on the profile
parameters. Substituting the results of (38)
into (35), the #, dependence of S is shown to
be

=3
0

EcyAi
2(cq Ay +cp Af)
y (9,9, A%+ Aj—38, A, Ag)a,— 8, A, Ag

(8, +8, 'Zo)s ~44, 9, iy

(37)
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This is not a simple formula. We may, how-
ever, note that since we have chosen to con-
sider only stable solution, o7 will not change
sign and therefore the denominator will also
be of one sign for all allowed values of @,. The
slope will change sign, however, about the
critical value of @,

8, A, Ag
4 q,A2+A§—e, AuAﬂ‘

@,(c) =

When 4, =1i,(c), the linear system is inactive,
independent of the value of g. Such initial
conditions have been observed in calculations
of the nonlinear system and have been discussed
elsewhere (Baer, 1968).

To describe the comparison between linear
and nonlinear solutions, Table 3 has been
prepared, based on calculations with a given
initial state but variable g. The initial con-
figuration applies to the barotropic problem
with the atmospheric zonal jet and profile for
wave I =3 described in Fig. 2. Three amplitude
values {#%,), nondimensionalized using the earth’s
rotation rate for time and the mean radius of
the earth for space, have been chosen to show
the variation of solutions both with g and @,.
We have chosen to describe the energy range
in the x-component; the ranges of the other
components are available (and computable
from (33)) and show similar variations. The
linear slope described in Table 3 is propor-
tional to S and is given as

Co S

Linear Slope =
a

where K, is the initial available kinetic energy,
differing from the initial kinetic energy only
by inactive zonal components. The error in
the linear solution, described as the difference
between the exact and linear values normalized
by the exact value and represented as a per-
cent, follows an expected pattern. For increas-
ing values of p, the linearization hypothesis
becomes less and less valid. Although the ac-
tivity of the «-wave increases for increased
energy in the system—larger i, —the errors
decrease slightly. We may conclude, therefore,
that for p< 1, linear calculations give a reason-
able approximation to the nonlinear solutions.
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5. Phase characteristics and other
flow properties

The phase angles 6, and 6; may be calculated
as functions of time, as described in LOAS.
These solutions indicate that the angles need
not be periodic with period T, although their
difference (6 =8, —05) must. If we assume that
the phase angle periods differ from 7' (the non-
linear energy exchange period), then the spa-
tial distribution of a wave component added
to the zonal field need not show a repeating
pattern until a modulation eycle between the
energy (amplitude) period and the phase period
is completed. This is especially true in the
barotropic problem where the wave configura-
tion may be more complicated.

For the baroclinic problem, the wave tilt
with height is immediately calculated from
the phase angle of the shear wave, 0 P If, more-
over, one assumes that the wave vectors « and
B are equal—which does not imply that 6, and
6; are equal—then the wave has only one
component, since P, =P, where P, represents
the normalized Legendre Polynomial for wave
vector «, and no horizontal exchanges will
exist. Such a condition applied to the baro-
tropic problem would yield trivial solutions.

Although the equations for the individual
phase angles are reasonably complex, we may
draw certain conclusions from §, their dif-
ference. For convenience we repeat here the
variation of 6 with time,

B,
ta erz_
T g

G=(d, +d,B,) B, +d, (38)

The variation of B, has already been es-
tablished, and since it is periodic with period T,
it has a limited range. There are three possi-
bilities for the variation of G(B,) in the range
mT <t <(m+1)T where m is any positive in-
teger, and they depend on whether @ has zero,
one, or two roots in the allowed range of B,.
Since we have selected 0 =0 at ¢t =mT, it will
also be zero at ¢t =(m +3)7T. The range of 0
may be summarized in terms of the number of
roots of G and is listed in Table 4. We have
noted that 0 must pass through zero at ¢ =
(m +3)T; thus 6 remains either positive or
negative during one half period and reverses
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Table 4. Range of 6 in terms of the number of roots of G in one nonlinear period

No. of Roota 0 1

Range

—n<f<m

its sign during the other half. The direction of
0 at the beginning of the period is specified as
follows:

B, (mT)min.; GmT)>0

OmT +¢)>0 {
B, (mT)max.; GimT)<0

0(mT +6)<0 { B, (mT)max.; GmT)>0

e<T B,(mT)min.; GmT)<0  (39)
Aside from the information on the position of
the wave components relative to each other
during the period which Table 4 and (39) yield,
we shall see how the variation of 6 is related
to the variation of other flow characteristics.

Phase frequencies may be calculated directly
from the differentiated form of (38) once B, is
known. These frequencies include the Rossby-
Haurwitz contribution, & linear coniribution
based on the jet configuration, and a nonlinear
term. The frequencies undergo a periodic
variation with the same period as B,. They
have maximum and minimum values at the
same times as B,, but they may have other
relative extremes depending on whether or not
'6",_ £ =0 in the allowed range of B,. Differentiat-
ing (38) twice with respect to B, and setting
the resulting equation to zero will yield a
quartic equation, the roots of which will re-
present the values of B, at which the phase
frequency will have extremes. These values
may then be compared with the allowed range
of B, to determine whether extra maxima or
minima do indeed exist.

Let us now consider the horizontal distribu-
tion of the wave at any time. We shall focus
our attention on the barotropic problem since
the wave distribution is more complex, but the
results can easily be extended to the mean
wave field of the baroclinic model. We have
from (4) and the equation above (7) that

¥'(h 1, 1) = 24(B,P, () cos (1A +6,)
+BgPg(p) cos (14 +0,))
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(40)

from which we may determine the meridional
velocity component after substitution of the
definition,

e=Ii+0, (41)
and recalling the definition of 6 =6, —0,. The
resulting equation for meridional velocity » is,

-3
v=(1-p7t= "2

= - 241 - 4*) " ¥(ByPg+ B, Py cosb)

x gin g + B, P, 8in 8 cos ¢) (42)
Since the trough or ridge line is defined as the
longitude at which the motion is zonal, the
trough (ridge) longitude, 4,,, is given from (42)
by

B,P,sing
B, P,cos§+BgPy

tan 8”(/1, t) - (43)

We see immediately that the latitudinal de-
pendence of 4, is related to 68, for when B, is
at an extreme, and hence 6 =0 or x. the trough
(ridge) is north-south. The slope of the line is
related both to the magnitude and sign of 6
and can be evaluated as follows. Differentiat-
ing (43) with respect to u, solving for the varia-
tion of 4, and using the first of (6), we find

ady 1 d tan g,
du U1+ tan® &) du

B, P,Ps— Py P,
la, | By P, e+ By Ppe|*

(44)

Eq. (44) indicates that the trough slope goes
through a periodic cycle, beginning with no
slope at ¢ =mT (north-south), bending to one
side for one-half period, returning to zero at
t=(m+37T, and then bending to the other
side for the second half period. Since the
numerator of (44) may have roots in the al.
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lowed range of u, the direction of the trough
line at any time will be a function of latitude
and may change sign.

The transport of momentum across a lati-
tude circle has been shown to depend closely
on the slope of troughs and ridges (Starr, 1948)
and thus to the development of jets and baro-
tropic instability. Continuing our discussion of
the barotropic problem, the momentum trans-
port may be defined as

1 [ -
M= — u'u(l—y)d}.
2 0

(1-u')} [oy oy
= R 4
2n oA au A (45)

We again use the wave stream function y’
from (40) since it is apparent that the zonal
components will make no contribution to the
integral. Substituting ¢ and 6 for 6, and 6,
and performing the required differentiations
and integration as indicated by (45) we find

B ,
M=za—"(P¢P,,-PﬁP;)(1—M)* (46)
n

The momentum transport is therefore periodic
with period 7', zero at t=mT, (m+3})T, and
opposite in direction during the two half cycles.
Rather than discuss the details of (46), we
shall show that the momentum transport is
directly related to the tilt of the trough. By
combining (46) with (44) we have,

dher

M=__
au

(*(2—u")}| B, Py By Ppe'®[*) (47)
The results of this analysis, which show the
momentum transport linearly related to trough
slope with the same sign, are in complete agree-
ment with general theory.

Finally, we may consider the mean square
vorticity for both the barotropic and baro-
clinic models. For the baroclinic problem, the
conservation condition must be converted to
conservation of potential vorticity. In spectral
terms, this modification is trivial, implying
merely that we substitute d, for ¢, as eigen-
values. From the basic Egs. (6) we find, there-
fore, the mean square vorticity (the squared
vorticity integrated over the entire domain) to
be given by the relation,
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F-3d;B+c;By+dj B} (48)
This parameter must be conserved for the
flows considered herein, and the constraint
thus imposed has already been implied in our
discussion of energy exchanges in Section 3.

6. Conclusion

Our understanding of nonlinear energy ex-
change processes in the atmosphere is severly
restricted by the complexity of observed flows.
Hopefully, insight into more simple flows and
their exchange processes may yield clues to
the more general flow problem. To this end, we
have considered the nonlinear interactions of a
single planetary wave with an arbitrary zonal
flow based on a physical system described by
the two level potential vorticity equation with
constant static stability. Fortunately, when
the equations for this system are written in
spectral form and the suggested truncation
imposed, the resulting equations have exact
solutions which show periodic properties with
time. Thus the nonlinear energy exchange may
be discussed in terms of initial conditions and
zonal and wave profiles.

Because of the periodic nature of the solu-
tions, all energy components (both wave and
zonal) are characterized by a maximum varia-
tion during a time cycle. This range is directly
related to the initial energy distribution and
may be used predictively to establish the ex-
tent of nonlinear exchange. At any time dur-
ing the cycle, an energy diagram may be drawn
showing the direction of energy transfer
amongst the components for both kinetic and
potential energy. This diagram shows proper-
ties similar to those derived from numerical
models and observational data. Although the
spectral truncation is severe (only one planetary
wave is allowed) the system suggests that the
zonal kinetic energy should be less than one
half of the zonal potential energy, a well es-
tablished observation of atmospheric flow. The
direction of transfer of energy amongst the
allowed components is not entirely arbitrary;
one finds that the transfer is restricted by a
theorem comparable to that derived by Fjortoft
(1953) for barotropic flow.

Linear analysis of our truncated (low-order)
system shows stability criteria for both baro-
tropic and baroclinic flows comparable to those
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derived for non-spectral models. For stable
initial configurations, the maximum energy
exchange during a time cycle is shown to be
linearly proportional to the initial energy in
the wave relative to the total energy. Provided
this ratio remains small, the linear solution
compares favorably to the exact (nonlinear)
solution for various total energy levels of the
system.

Finally, although our truncation is severe,
the time variation of the phase of the wave al-
lows for a continually changing flow configura-
tion. The transport of momentum and the
distribution with latitude or height of the

231

troughs and ridges is given in relation to the
time dependence of the phase and the cor-
respondence of these processes agrees with more
general theory.
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SHEPTETHUKA CIIEKTPAJLHOI CUCTEMEI HUBKOTO ITOPAOKA

VpaBHeHKe H0TeHTUANBHOTO BUXpA U 6aporpon-
HO€ YypaBHeHUe BHXPH, BaNUCAHHBIE B CIEK-
TpalbHOHt dopme ¢ momoibio chepayecKnx rap-
MOHUK, AQNNPOKCAMHUPYIOTCA TaK, uYToGH onu-
caTh B3aUMOfeHCTBUHE TOJBKO MEKAY ONHON
IIaHEeTAPHOM! BOJHON M NMPONSBOJBHBIM 30HAJb-
HBIM IOTOKOM. Ilonydaemeie JJIf TAKHX CUCTEM
aHANUTHYECKHUE PeLIeHUA MCCIENYIOTCA C TOYKH
3peHMA HeIMHeWHOro mepeHoca sHepruu. Co-
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CTaBIeHA AMATPAMMA I[IO0TOKA YHEPTUH, BHKJIO-
Ya0Iasa NOTeRIUAIbHYI0 M KUHETHYECKYI0 JHep-
THH, HKOTOpPAd IOKA3HIBAET 3ABHCUMOCTH Ha-
npaBiieHNd ¥ BeJIMYWHH 00MeHAa 0T HAYAJbHHX
ycnoBult. O6cyuaerca oOMeH dHepruell Mexmy
BOJIHOBHIMM KoMmmoHeHTamM. Paccmarpusalorca
JIMHeapU3WpPOBAHHLIE pellleHNA N CPAaBHHBAKOTCA
¢ TounnMna. Mccienyiores Takike $asoBne CKo-
POCTH BOJIH M NEPEHOC KOJINYECTBA ABUMKEHNA.



